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Abstract. In this paper, nonlinear dynamics and chaos of electrastétiactuated MEMS resonators under two-frequency
parametric and external excitations are investigatedytioally and numerically. A nonlinear mass-spring-dangpimodel is
used to accounting for squeeze film damping and the parddied plectrostatic force. The micro-structure is excitgélc bias
electrostatic force and a harmonic force with a frequenagduclosely to their fundamental natural frequencies (dpation
oscillation). The quality factor is calculated for the nucantilever beam of the resonator considering squeezedimpahg. The
effect of nonlinear squeeze film damping on the frequencyaese, quality factor, resonant frequency and nonlineaachc
characteristics of the dynamic system are provided withemigal simulations using the bifurcation diagram, Poicauaps,
largest Lyapunov exponent and phase portrait. The resuits $hat the dynamic system goes through a complex nonlinear
vibration as the system parameters change. Itis indichtdhe effect of nonlinear squeeze film damping should beidered

due to its decreasing the quality factor and changing thémear phenomena of the MEMS resonators.
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1. Introduction

Recent technological advances have enabled the fabricaftiesonators down to micro- and even nano- scales.
The relevance of nanotechnology is well recognized, so neveldpments and applications based on nonlinear
dynamics, chaos, fractals, and nonlinear control, are day&reached in an interdisciplinary framework [1,2].
Resonant MEMS devices are widely used to measure straig tordisplacement [3-5]. Electrostatically actuated
resonators have the advantages of simple structures tloat ahsy batch fabrications and they form a major
component in many MEMS devices, such as capacitive switghilfgr [4], and mass sensor [5].

During the past decade, many researchers had paid attdotithe applications of parametric excitation for
MEMS/NEMS devices [6—26]. Carr et al. [6] and Zalalutdind\ak [7] studied the parametric amplification of the
motion of resonators through electrostatic and opticalatain. However, the reported methods should be used to
discuss the instability and control strategies. It is neagsto benefit from the parametric amplification phenomena
which had not remarked. A demonstration of the phenomenaraimpetrically excited vibrations in MEMS/NEMS
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was reported in [8,17]. Abdel-Rahman and Nayfeh [9] and &hir et al. [10] applied the super-harmonic
and combination parametric resonances as suitable eéanitaethods to minimize electrical “feedthrough”. The
phenomenon of the parametric excitation in spatially ed¢ehMEMS/NEMS was investigated theoretically by
Lifshitz and Cross [11]. Gallacher et al. [12] studied thelagation of combined external forcing and parametric
excitation to the micro-ring gyroscope in order to enablapeetric amplification of the dynamic gain of the primary
mode by at least two orders of magnitude. Napoli [13] gavedyr@amic responses of a parametrically excited
micro-cantilever using the linear and nonlinear Mathieuatpns. The study on the array of parametrically excited
strings were carried out both experimentally [14] and th&oally [11]. Hu et al. [15] discussed the resonances
of electrostatically actuated micro-cantilevers, whilasBaran and Turner [16] demonstrated the coupled modes
parametric resonance. It should be noted, however, thahpartant feature of parametric excitation is the ability
of stabilizing a statically unstable system. Krylov et 48] investigated the possibility of parametric stabiliaat

of electrostatically actuated microstructures under ffects of ac component and dc component voltages. Younis
and Nayfeh [19] and Abdel-Rahman and Nayfeh [9] studied theathic responses of an electrostatically resonator
to a primary-resonance excitation [19], a superharmoesomance excitation of order two [9], and a subharmonic-
resonance excitation of order one-half [9]. It can be cotetlithat these models gave accurate results for small
ac amplitudes and hence small motions. Younis et al. [3]iapghe shooting method to simulate the dynamics
of a novel MEMS switch excited near primary resonance andertguing large motion. Mestrom et al. [23]
modelled the dynamics of a MEMS resonator numerically angeementally considering the effect of thermal
noise. Kacem et al. [24] studied the nonlinear dynamics afongechanical beam resonators to improve the
performance of NEMS-based sensors. Alsaleem et al. [2Bktiyated the nonlinear phenomena, including primary
resonance, superharmonic and subharmonic resonancis;timstatically actuated resonators both experimantall
and theoretically. However, the dynamic response of thetrelstatic MEMS resonator to a combination resonance
excitation has not been paid more attention in literatureis Work aims at extending our previous studies [20,22,
26] and is a step toward modeling and understanding of théineam dynamics of the electrostatically actuated
resonator under combination resonant condition with tfecebf nonlinear squeeze film damping.

The outline for this paper is as follows. In Section 2, thegified mass-spring-damping dynamic model of
an electrostatically actuated MEMS resonator is presentiedsection 3, perturbation analyses of the governing
equation using multiple scale method is given. Additiopatiumerical simulations and results of the resonant
frequencies, frequency responses, quality factors antineam dynamic properties are described and discussed in
Section 4. Finally, some conclusions are drawn in Section 5.

2. Dynamic model

De and Aluru [27,28] suggested that it is easier to undedstha physics behind the dynamic properties of
electrostatic MEMS with a simpler mass-spring-damping ebo@herefore, a microcantilever beam was considered
in this work and the electrostatically actuated MEMS stiuetwast.5 um x 80 um x 200 um in dimensions [29],
and the dynamic model was shown in Fig. 1. The simplified nsasisg-damping system can be written as

mé (t) + ci (t) + ka (t) + kex (t)° = F.(x,t) + Fy (z, ) (1)

wherem is the massk andc are the effective spring stiffness and damping coefficiénhe simplified system,
respectivelyf. is the cubic nonlinear stiffness, ad and I, are the squeeze film damping force and nonlinear
electrostatic force, respectively. The electrostaticédr, is given by

EoAQ 1 2 )
F. (x,t) = 5 (dg + dgw) Ve(t) 2
where the input voltag¥ (¢t) = Vi, + Vi coswt, in which V. andV,,. are dc bias voltage and alternating current
(ac) voltage, respectively, is the absolute dielectric constant of vacuwy & 8.85 x 10712F/m), Ayis the
overlapping area between the two plates, éni the gap.

The surrounding gas medium plays an important role on thamhyes of the cantilever in MEMS resonators. For
a rectangular cantilever beam [30], when the quality facfdihe fundamental mode of the cantilever in gas exceeds
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Fig. 1. Simplified dynamic model of a micromechanical elestatic resonator.

1, which is typically satisfied when the cantilever is pladedir, the relationship between the vacuum resonant
frequencyw,q. and the resonant frequency in ggs, can be given by [31]

-1/2 —1/2
Wyas mpB ( T )
— =11+ ' (woas = (14 —III''(wgas 3

vac ( 4ch[ ( g )) 4 ( g ) ( )

wherep is the density of the gas, the nominal widthis the dominant length scale in the gas flgw,and H
are the density and thickness of the cantilever, respéygtimad the natural scaling parametedis= £2.. The

pcH
hydrodynamic function§(w) is defined a§” = I + jI'; [30,31], in whichl’, = a; + - andl; = b,
and g = 1.0553,a3 =3.7997,h = 3.8018, and b= 2.7364 [31].
The quality factor for the bending modes can be written a$ [31
ans _ ﬂpBQ + F (Wgu,s) _ % . % + F7-(wgas) (4)

Fz (wgas) Fi (wgas)

At a few microns in size, squeeze film damping should be usesht@sent the gas-film damping experienced by
the moving plates [32,33]. For a rectangular plate, the sgeiélm damping forcé’ (z, #) can be given by Taylor
series, i.e.

: 13 :
Fs (x,2) = —cs (d_g + d—gw) by (5)

where the effective damping coefficient= 16uC,.W?3L, in which y is the viscous coefficient, add” and L are
the width and length of the cantilever, respectively, @hd= 1 — 0.6, (O < ¥ < 1)
The dimensionless variables are defined as

CsWn, k

T = wpt, =Vk/m, Q=w/w,, (= , B=—"3 y=-2d}, X =ux/dy, X =dX/dr,
mw dg k
.. A oA oA
X = de d 2 — 0% 2 = o0 cVac = 0 y2
[dr, o= 2mw2d3 Vie mwd3 VaeVac, a3 4dmw2dd ¢

Then, the equation of motion can be rewritten in the dimenisis form as

X 4 (X +F, (X, X) (1 — 2a1 — 2as cos 7 — 2a3 cos 207) X + 4 X? = Z am cos[(m — 1)Qr]  (6)
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3. Perturbation analysis

Let us consider the weakly nonlinear dynamic system andnasgu= eC, B = ef, v = e anda,, = cim
(m =1 ~ 3), in whiche is a small parameter. The equation of the motion has the form

3 3
X+X=¢ {Fs (X,X) —AX3 (X +2 Z am cos[(m—1)Q7] - X + Z G, cos [(m — 1)(27']} @)
m=1 m=1
The desired functiotX (1) can be represented in terms of a series using multiple soatleod [34]
X(rie) = Xo(To, Th) + e X1 (To, T1) + - - (8)
whereT,, = e"r.
Then the first and second derivatives are defined respegtasfollows
d d?
E:DO+ED1+"'; W
whereD,, = 3/(8Tn). Substituting Egs (9) and (8) into (7), equating the coedfitiat equal powers af, and
limiting ourselves by terms af?, a set of recurrent equations yield

= Dg +2eDoD;y + - -- (9)

3
D3Xo+ Xo = Z am, cos [(m — 1)) (10)
m=1
B ~ 3
D§X1 + X1 = —2DgD1Xo — (Do Xo + Fao — 7X§ +2 Y @ cos [(m — 1)QTy] - Xo (11)
m=1

whereF, is the damping term anfl,, = —3 (Do X, + 3XoDoXo).
The general solution of Eq. (10) has the form

2
Xo=Acos(To + ¢) + Z Ay, cos(wiTo) (12)
k=0
whereA = A(Ty) and¢ = ¢(T1) are vibration amplitude and phase, respectively, Apd= ffﬁ andwy =
k
EQ (k=0,1,2).
Substituting Eq. (12) into Eq. (11) and eliminating the dacterms fromX;, for the combination resonant
conditionw; + ws &~ 1 + €0, i.e.wy; = 2wy ~ 2, yields
A" = —1TgA+ 4T siny
A¢ = =} 2401 — A (342 + T2)] — 4T cos
WhereFQ = 54’ B + BBAO, Iy = a2A2 + a3A1 — 3"~)/AOA1A2, I's = 3A% + %A% + %A% and’l/) =0l — gf)
For the steady-state motion @t = 1’0, that is the singular points of Eq. (13), the frequency respoof the
system under combination oscillations can be obtainedlEsvi®

(13)

2
4T3 + (40 +2a; — 23Ty — gwﬁ) A% =412 (14)

Equation (14) is an implicit equation for the amplitude of tiesponsel as a function of the detuning parameter
o and other parameters, includingg, Ve, Vi anddg.

4. Numerical smulation results and discussion

In this section, numerical simulations on the importantaiyic characteristics of the electrostatically actuated
MEMS resonator, including resonant frequency, frequersponse and nonlinear dynamics, are given in detail.
The selected parameters are as follows:= 3.5 x 10~ kg, k = 0.17N/m, ¢ = 1.78 x 107%kg/s and 4y =
1.6 x 1079m?2 [29].
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Fig. 2. Relationships between the effective stiffness hedit bias voltage and the ac voltage: Yg) = 0V anddy = 3 um; (b) V4. = 20V
anddp = 3 um.

4.1. Resonant frequency

Resonant frequency is one of the important parameter canfirthe exerted force in MEMS devices. It depends
on both the electrostatic force and the deformation of theMM@Eesonant structure. The nonlinearity in spring
stiffness includes a combination of softening materiallimearities and hardening geometric nonlinearities. The
relative “spring-softening” or “spring-hardening” efteaf the electrostatic force can be explained by the analitic
expression (2)F.(t) is only a function ofi(¢) at small displacements. However, with the increas¥ @, x/do
increases and, hendg,(¢) depends on as well. As aresult, the electrostatic foegt) acts like a negative spring,
which leads to “spring-softening”.

It can be obtained from Egs (1) and (2) that the effectivérs#sk. ;s = k — 8‘5%‘0 (Viae + Vae coswt)2. The
expression indicates thag ; is a periodically time-varying function depending on thebis and ac voltages and
gap. The electrostatic force softens the stiffness of thi@Eesonant structure periodically. Numerical simulasion
of the effective stiffnesg. ;¢ can be seen from Fig. 2. Figure 2(a) illustrates that thect¥e stiffness decrease
periodically with the increase of the frequenewf the ac voltage and the variation increases with largenmibade
of the ac voltagé’,. whenV,. = 0V anddy = 3 um. When the dc bias voltadé€;. is consideredl;. = 20V, the
effective stiffness also decrease periodically but with-filequency components @nd2w) as shown in Fig. 2(b).

It is demonstrated that the effective stiffness decreassgedically with the increase of the ac voltage and dc bias
voltage.

Figure 3 gives the relationship between the first resonaguiency and dc bias voltage when the ac voltage
V.e = OV at different gaps for the MEMS resonator. It can be obserkied'd$pring-softening” at three different
gaps and indicated that the mechanical nonlinearity isrdlakee to the large deformation [28]. It is also shown that
the resonant frequency increases with the increase of {hatghe same dc bias voltage. In addition, the resonant
frequency is a monotonically decreasing function of insieg dc bias voltage when the ac voltage has not been
considered in this case.

4.2. Quality factor

Squeeze film damping is one of the key parameters for the digmasponses of the micro-devices. The larger
the squeeze film damping is, the higher the noise level isdett tan be obtained from Eq. (3) that the numerically
simulations of the ratio of the fundamental resonant fregyén gas to that in vacuumyqs /wyqc-

Figure 4 shows the ratio of resonant frequencies in vacuuingaswg,s /w.q. as a function of the Reynolds
numberR, at different natural scaling parametér It can be seen from Fig. 4 that,,/wyac iS increasing with
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Fig. 4. Relationship between the vacuum resonant frequengy and the resonant frequency in gagas (wgas/wvac) as a function of the
Reynolds numbeR. at different natural scaling paramefdr

the increase of Reynolds numhBr andw,,s/w.q. decreases with the increase of the scaling paraniktée

can obtain from Eq. (4) that the quality faciQy,s as a function of both natural scaling parametésandlIl, as
illustrated in Fig. 5. Itis indicated that the quality factg,, increases with the increase of the Reynolds number
R. and the decrease of the natural scaling paraniétéfieanwhile, when the natural scaling paramétdends to

be a larger value (in the caseldf= 10), the quality factolQ) ;s has small change. As displayed in Fig. 5, whién
changes from 10 to 100, the quality fact@y. has very small change.
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Fig. 5. Quality factorQ 44 as a function of the Reynolds numbRg for the fundamental mode at different natural scaling patenil.
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Fig. 6. Effect of squeeze film damping on frequency respohse-a0.2, V. = 30V, V4. = 10V ande = 0.01.

4.3. Freguency responses

It can be seen from Eq. (14) that the frequency response ofdMiesonant structure is governed by the dc bias
voltage, the ac voltage, as well as the squeeze film dampidghengap. To demonstrate the dependency of the
steady-state behavior of the MEMS device, the frequengorese for nonlinear squeeze film damping are illustrated
graphically.

Figure 6 shows the variation of the squeeze film damping offréggiency response of the MEMS resonator. It
should be noted that, in the absence of damping, the peaktad®is infinite and the frequency response curve
consists of two branches having as their asymptotes. Wétintlreasing the damping, the amplitude of the oscillation
can diminish as expected as possible. Therefore, decgetisrdamping will result in the increase of the quality
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factor of the resonant structure, which is considered atipegphenomenon. The effect of damping has two main
roles in MEMS dynamics. It could be used to control the systemaining within the physical boundasy < 1,
and it must be as low as possible to increase the qualityrfattbe resonator.

Figure 7 illustrates the variation of the amplitude of thgp@nse with the squeeze film damping at several values
of o, in which the values ofy = 0.2, V. = 30V andV,. = 10V are the same for all curves. It can be found that
these curves can be obtained directly from Eq. (14). It shbalnote that all the curves are single-valued depending
on the value of. It shows from the frequency response that dc bias and aagesithave softening effects and shift
the resonant frequency to the lower values. In additionstheeeze film damping has the least effect on resonant
frequency with high effects on decreasing the peak amp#wd the response of the resonator.

4 4. Bifurcation and chaos behavior

This section aims at numerically investigating nonlinearamics of a electrostatically actuated MEMS resonator.
The 4th order Runge-Kutta method is used to integrate thefded. (6). A small integration step £2200) has to
be chosen to ensure a stable solution and to avoid the nuahériergence at the points where derivativegpfind
F are discontinuous. The effects of system parameters orythenic behavior of the cantilever vibrating system
are investigated by using the bifurcation diagram, Poimcaaps, largest Lyapunov exponent, phase portraits, time
histories and amplitude spectrum.

Squeeze film damping coefficient and ratio are the key paemnébr the dynamic responses of the MEMS
devices. The larger the squeeze film damping, the loudeenuils exist. Considering the effect of squeeze film
damping coupling with the electrostatic force on the systeaponse and using the squeeze film damping as the
control parameter which ranges from 0.0 to 1.0, Figs 8 and@lay the bifurcation diagrams and largest Laypunov
exponent maps of squeeze film damping ratifor the coupling nonlinear dynamic system with differenplgd
voltages, i.eV;. = 0 andV,,. = 40V, andV,. = 40V andV,. = 40V.

It can be seen from Figs 8 and 9 that the system response dagtgeen periodic and chaotic motion alternatively
wheng < 0.2, and then it enters into synchronous with period-1 when 0.2. In addition, with the increase of
dc bias voltagé/;., we can find that the chaotic motion components increaseslaftd to the lower squeeze film
damping ratio. It is indicated that reasonable increasedifids voltage can reduce the effect of nonlinear squeeze
film damping on the dynamic response of the coupling system.

Figures 10 and 11 show the Poincare maps and phase plar@tsatdifferent squeeze film damping raimn
the responses of the coupling system with = 40V andV,. = 40V. The system response comes into synchronous
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motion with period-3 a3 = 0.1, as illustrated in Fig. 10(b), from chaotic motion @&t= 0.04, as displayed in
Fig. 10(a), then it leaves synchronous motion with pericah@ enters synchronous motion with period-1 when
G > 0.2. At 8 = 0.04, the chaos are shown in Fig. 10(a) and Fig. 11(a), the strattigestor has a fractal structure,
the corresponding largest Lyapunov exponent is positivith We increase of squeeze film damping ratio, we can
find the period-3 motion with three isolated points in Porea@ap and three circles in phase portrajfat 0.1, as
illustrated in Fig. 10(b) and Fig. 11(b), the correspondargest Lyapunov exponent becomes negative, which can
be seenin Fig. 11. Therefore, the effect of squeeze film dagnpm the system response can not be neglected for
MEMS structures at micro-scale.

The nonlinear dynamic characteristics of the electras#lyi actuated MEMS resonators will alter with the change
of the ac voltage and dc bias voltage, as shown in Fig. 12. itd&cated that the nonlinear dynamic system
displays very rich nonlinear phenomenawhen the ac voltagela bias voltage have been investigated as the control
parameters. With the increase of ac voltage and dc biasgp®lthe system response changes from periodic motion
to chaotic motion, and then returns to periodic motion.
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5. Conclusions

We have presented analytical and numerical study of thetadfesqueeze film damping on the dynamic responses
and nonlinear dynamics of the electrostatically actuat&M®& cantilever resonators under combination resonant
condition. The effect of nonlinear squeeze film damping erftbquency response, quality factor, resonant frequency
and nonlinear dynamic characteristics of the dynamic aystee provided using the bifurcation diagram, Poicare
maps, largest Lyapunov exponent and phase portrait. Thésehow the effective stiffness decreases periodically
with the increase of the ac voltage and dc bias voltage andefenant frequency increases with the increase of
the gap at the same dc bias voltage. In addition, the resdreantency is a monotonically decreasing function
of increasing dc bias voltage when the ac voltage has not t@esidered. It is demonstrated that decreasing the
squeeze film damping will result in the increase of the qualftthe MEMS resonators, which is regarded as a
positive phenomenon. The dynamic system responses diggigyich nonlinear dynamic characteristics under the
effects of squeeze film damping, ac voltage and dc bias wltagd show an alternate charging process beween
the periodic motion and chaotic motion. The mass-springgaag dynamic model of the electrostatically actuated
MEMS resonator utilized in this work could be used to preditt dynamic responses for various parameters
qualitatively and in some cases even quantitatively. Gitarstic nonlinear dynamic steady-state behaviour is als
very well predicted by this simplified dynamic model. It iglinated that both the analytical model and the numerical
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simulations can be used very effectively to explain theaféd squeeze film damping on the dynamic responses of
the MEMS resonators.
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