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Activation of subcombination internal resonances in trans-
versely excited cantilever beams is investigated. The effect
of geometric and inertia nonlinearities, which are cubic in
the governing equation of motion, is considered. The method
of time-averaged Lagrangian and virtual work is used to de-
termine six nonlinear ordinary-differential equations govern-
ing the amplitudes and phases of the three interacting modes.
Frequency- and force-response curves are generated for the
caseΩ ≈ ω4 ≈ 1

2(ω2 + ω5). There are two possible re-
sponses: single-mode and three-mode responses. The single-
mode periodic response is found to undergo supercritical
and subcritical pitchfork bifurcations, which result in three-
mode interactions. In the case of three-mode responses, there
are conditions where the low-frequency mode dominates the
response, resulting in high-amplitude quasiperiodic oscilla-
tions.
Keywords: beams, subcombination internal resonance, bifur-
cations

1. Introduction

Sometimes exciting a structure near one of its natu-
ral frequencies can result in a complex response con-
sisting of two or more modes. This coupling among the
modes is usually attributed to internal resonances in-
herent in a nonlinear system. One type consists of com-
bination and subcombination internal resonances. For
systems with quadratic nonlinearities, combination in-
ternal resonances have the formωk ≈ ωi ± ωj , where
thekth mode is the directly excited mode. For systems
with cubic nonlinearities, combination internal reso-
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nances have the formsωm ≈ ωk ± ωi ± ωj andωm ≈
2ωi±ωj and subcombination internal resonances have
the formωm ≈ 1

2(ωi±ωj), where themth mode is the
directly excited mode (Nayfeh and Mook [7,8]).

Tezak et al. [14], Yamamoto et al. [16,17], and
Ibrahim et al. [4] investigated combination internal res-
onances in extensional beams, whereas Zaretzky and
Crespo da Silva [18] investigated these resonances in
inextensional beams. Sridhar et al. [11,12] and Hadian
and Nayfeh [3] theoretically investigated the combina-
tion internal resonanceω3 ≈ 2ω2 + ω1 in clamped cir-
cular plates. They found that multimode vibrations oc-
cur only whenΩ ≈ ω3. Sridhar et al. [11,12] and Ha-
dian and Nayfeh [3] found that the equilibrium solu-
tions of the modulation equations undergo a Hopf bi-
furcation, which results in periodic, quasiperiodic, and
chaotic motions. In these systems, the nonlinearity is
cubic. On the other hand, Bux and Roberts [1], Cart-
mell and Roberts [2], and Nayfeh et al. [9] investi-
gated combination internal resonances in systems with
quadratic nonlinearities, namely two-beam structures.

Two recent experiments that clearly show the acti-
vation of subcombination internal resonances in struc-
tures were conducted by Oh and Nayfeh [10] and
Tabaddor and Nayfeh [13]. Oh and Nayfeh [10] inves-
tigated the response of (−75/75/75/−75/75/−75)s
epoxy-graphite cantilever plates that are transversely
excited atΩ ≈ ω8 ≈ 1

2(ω2 + ω13) whereω2 =
132.52 Hz,ω8 = 1036.90 Hz, andω13 = 1963.90 Hz.
They found that, as the forcing amplitude increases, the
single-mode response undergoes a supercritical pitch-
fork bifurcation and the response becomes quasiperi-
odic. Further, as the forcing amplitude increases, the
response becomes dominated by the low-frequency
mode.

In the second experiment, Tabaddor and Nayfeh [13]
investigated the nonlinear response of a cantilever
metallic beam to a transverse harmonic excitation.
When the beam was mounted vertically, they found
that direct excitation of the fourth mode results in the
activation of the second and fifth modes via a sub-
combination internal resonance. When the beam was
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mounted horizontally, they observed two subcombina-
tion internal resonances:ω4 ≈ 1

2(ω2 + ω5) (same case
as when mounted vertically) andω6 ≈ 1

2(ω2 + ω8). In
this paper, we investigate subcombination internal res-
onances in beams.

Usually, one assumes that the response amplitude
of a structure to a low-amplitude high-frequency ex-
citation is quite small and therefore the vibrations are
safe. However, in certain cases, modal interactions can
result in transferring energy to a low-frequency mode
and in the process produce a large motion. Unless one
plans for such a situation in a design, failure remains
a possibility. The experiments of Oh and Nayfeh [10]
and Tabaddor and Nayfeh [13] clearly show that a sub-
combination internal resonance can be a mechanism
for this type of behavior, and hence it is very important
to gain a theoretical understanding of it.

In this paper, we investigate the response of a uni-
form homogeneous cantilever beam to a primary reso-
nance of one of its modes, which is involved in a sub-
combination internal resonance with two other modes.
Both geometric and inertia nonlinearities are included,
but the effects of shear deformation and rotatory iner-
tia are neglected as the beam considered is assumed to
be relatively long and thin (Timoshenko [15]). We an-
alyze the response using the method of time-averaged
Lagrangian and virtual work (Nayfeh [5,6]). Then, we
use the modulation equations governing the amplitudes
and phases to determine the behavior of the equilib-
rium solutions.

2. Problem Formulation

For planar flexural oscillations, the nondimensional
equation of motion is given by

v̈ + cv̇ + viv = −
{(
v′2v′′′ + v′v′′2

)
+

1
2

(
v′
∂2

∂t2

∫ s

1

∫ s

0
v′2 ds ds

)}′
+ F cos(Ωt) (1)

and the boundary conditions are

v = 0 and v′ = 0 ats = 0, (2)

v′′ = 0 and v′′′ = 0 ats = 1, (3)

where the prime denotes differentiation with respect to
the axial coordinates and the overdot denotes differ-
entiation with respect to timet. Distances are nondi-

mensionalized using the undeformed lengthL of the
beam and time is nondimensionalized using the char-
acteristic time

√
mL4/EI. The corresponding nondi-

mensional Lagrangian and virtual work are given by

L =

∫ 1

0

{
1
2
v̇2 +

1
2

(
1
2
∂

∂t

∫ s

0
v′2 ds

)2

− 1
2

(
v′′2 + v′2v′′2

)}
ds, (4)

δW =

∫ 1

0
Qvδv ds

=

∫ 1

0

{
F cos(Ωt)− cv̇

}
δv ds. (5)

Next, we consider the subcombination internal res-
onanceωm ≈ 1

2(ωl + ωn) when themth mode is ex-
cited with a primary resonance (i.e.,Ω ≈ ωm). In the
presence of damping, the steady-state response of the
beam will consist only of thelth,mth, andnth modes
involved in the internal resonance. Therefore, we ap-
proximatev(s, t) as

v(s, t)≈ vl(s, t) + vm(s, t) + vn(s, t)

≈ φl(s)ηl(t) + φm(s)ηm(t) + φn(s)ηn(t), (6)

where theφj(s) are the orthonormal mode shapes. For
cantilever beams,

φj(s) = cosh(zjs)− cos(zjs)

+
cos(zj) + cosh(zj)
sin(zj) + sinh(zj)

[
sin(zjs)− sinh(zjs)

]
, (7)

wherezj is thejth root of 1+ cos(z) cosh(z) = 0. The
nondimensional natural frequencies are given by

ωj = z2
j . (8)

The first five natural frequencies areω1 = 3.516,ω2 =
22.0345,ω3 = 61.6972,ω4 = 120.9019, andω5 =
199.8595.

A first-order uniform expansion for theηj is taken
in the form

ηj = ε
[
Aj(T2)eiωjT0 + Āj(T2)e−iωjT0

]
+ · · · , (9)

where the overbar denotes the complex conjugate,ε is a
small nondimensional bookkeeping parameter,T0 = t,
andT2 = ε2t (Nayfeh [5]). In order that the nonlin-
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earity, damping, and resonance balance, we scaleF as
ε3F andc asε2c. Also, we introduce the detuning pa-
rametersσ1 andσ2 such that

ωm =
1
2

(
ωl + ωn

)
+ ε2σ1 and

Ω = ωm + ε2σ2. (10)

We substitute Eqs (6), (9), and (10) into Eqs (4) and (5),
perform the spatial integrations, retain the slowly vary-
ing terms, and obtain the time-averaged Lagrangian
and virtual work as

〈L〉
ε4

= iωl
(
AlĀ

′
l − ĀlA′l

)
+iωm

(
AmĀ

′
m − ĀmA′m

)
+ iωn

(
AnĀ

′
n − ĀnA′n

)
−SlmAlĀlAmĀm − SlnAlĀlAnĀn

−SmnAmĀmAnĀn −
1
2
SllA

2
l Ā

2
l

− 1
2
SmmA

2
mĀ

2
m −

1
2
SnnA

2
nĀ

2
n

−Λ
(
A2
mĀlĀne2iσ1T2

+ Ā2
mAlAne−2iσ1T2

)
+ · · · , (11)

〈δW 〉
ε4

= QlδAl +QmδAm

+QnδAn + cc+ · · · , (12)

where

Sjj = 2
∫ 1

0

(
3φ′2j φ

′′2
j − ω2

jγ
2
jj

)
ds, (13)

Sjk =

∫ 1

0

[
2φ′2j φ

′′2
k + 8φ′jφ

′
kφ
′′
jφ
′′
k

+ 2φ′2k φ
′′2
j − 2

(
ω2
j + ω2

k

)
γ2
jk

]
ds, (14)

Λ=

∫ 1

0

[
φ′lφ
′
nφ
′′2
m + 2φ′lφ

′
mφ
′′
mφ
′′
n

+ 2φ′mφ
′
nφ
′′
l φ
′′
m + φ′2mφ

′′
l φ
′′
n

−
(
ωlωm + ωmωn

−ω2
m − ωlωn

)
γlmγln

]
ds, (15)

γjk =

∫ s

0
φ′jφ

′
k ds,

Qj = 2iωjµjĀj +
1
2
fδjme−2iσ2T2, (16)

µj =
1
2

∫ 1

0
cφ2
j ds, f =

∫ 1

0
Fφm ds. (17)

Next, we apply Hamilton’s extended principle

d
dT2

(
∂〈L〉
∂Ā′j

)
− ∂〈L〉
∂Āj

= Q̄j (18)

to Eqs (11) and (12) and obtain the following three
complex-valued modulation equations:

−2iωl
(
A′l + µlAl

)
= SllA

2
l Āl + SlmAlAmĀm + SlnAlAnĀn

+ΛA2
mĀne2iσ1T2, (19)

−2iωm
(
A′m + µmAm

)
= SmmA

2
mĀm + SlmAmAlĀl + SmnAmAnĀn

+ 2ΛĀmAlAne−2iσ1T2 +
1
2
feiσ2T2, (20)

−2iωn
(
A′n + µnAn

)
= SnnA

2
nĀn + SmnAnAmĀm + SlnAnAlĀl

+ΛA2
mĀle

2iσ1T2. (21)

Equations (19)–(21) can be converted into polar
form by introducing the transformation

Aj =
1
2
aje

iβj (22)

and separating the real and imaginary parts. The result
is

a′l = −µlal −
Λ

8ωl
a2
man sinγ1, (23)

a′m = −µmam +
Λ

4ωm
alaman sinγ1

+
f

2ωm
sinγ2, (24)

a′n = −µnan −
Λ

8ωn
ala

2
m sinγ1, (25)

alβ
′
l =

Sll
8ωl

a3
l +

Slm
8ωl

ala
2
m

+
Sln
8ωl

ala
2
n +

Λ

8ωl
a2
man cosγ1, (26)
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amβ
′
m =

Smm
8ωm

a3
m +

Slm
8ωm

a2
lam

+
Smn
8ωm

ama
2
n +

Λ

4ωm
alaman cosγ1

− f

2ωm
cosγ2, (27)

anβ
′
n =

Snn
8ωn

a3
n +

Sln
8ωn

a2
lan

+
Smn
8ωn

a2
man +

Λ

8ωn
ala

2
m cosγ1, (28)

where

γ1 = 2σ1T2 + 2βm − βl − βn and

γ2 = σ2T2 − βm. (29)

There are two possible solutions:al = 0, an = 0, and
am 6= 0 andal 6= 0, an 6= 0, andam 6= 0. Whenal,
am, andan 6= 0, Eqs (26)–(29) can be combined into
the following two first-order differential equations for
γ1 andγ2:

γ′1 = 2σ1 +
1
4

(
Slm
ωm
− Sll

2ωl
− Sln

2ωn

)
a2
l

+
1
4

(
Smm
ωm

− Slm
2ωl
− Smn

2ωn

)
a2
m

+
1
4

(
Smn
ωm
− Sln

2ωl
− Snn

2ωn

)
a2
n

+
Λ

2

(
alan
ωm
− a2

man
4ωlal

− a2
mal

4ωnan

)
cosγ1

− f

ωmam
cosγ2, (30)

γ′2 = σ2 −
Slm
8ωm

a2
l −

Smm
8ωm

a2
m −

Smn
8ωm

a2
n

− Λ

4ωm
alan cosγ1 +

f

2ωmam
cosγ2. (31)

Equations (23)–(25), (30), and (31) constitute an au-
tonomous system of five first-order ordinary-differen-
tial equations governing the behavior of the amplitudes
al, am, andan and the phasesγ1 andγ2.

The equilibrium solutions (fixed points) of Eqs (23)–
(29) correspond to settinga′l, a

′
m, a′n, γ′1, andγ′2 = 0.

There are two possibilities: (a)al andan = 0 while
am 6= 0 and (b)al, am, andan 6= 0. In the first case,
Eqs (24), (27), and (29b) reduce to

µmam =
f

2ωm
sinγ2, (32)

am

(
Smm
8ωm

a2
m − σ2

)
=

f

2ωm
cosγ2. (33)

Squaring and adding Eqs (32) and (33), we obtain a
single equation foram in terms of the forcing ampli-
tudeF and the detuning parameterσ2. The result is

a2
m

[(
Smm
8ωm

a2
m − σ2

)2

+ µ2
m

]
=

f2

4ω2
m

. (34)

To determine the stability of this solution, we consider
the linearized complex-valued modulation equations.
We substitute

Al = CleλT2+2i(σ1T2+βm), (35)

An = Cneλ̄T2, (36)

whereCl andCn are constants, into Eqs (19) and (21),
use Eq. (29b), and obtain[
−2ωl

(
λ+ µl

)
+ 4ωl

(
σ1 + σ2

)
− Slm

4
a2
m

]
Cl

−Λ
4
a2
mC̄n = 0, (37)

−Λ
4
a2
mC̄l +

[
−2iωn

(
λ̄+ µn

)
− Smn

4
a2
m

]
Cn = 0.

(38)

The characteristic equation forλ is given by

λ2 +

[(
µl + µn

)
+ 2i

(
σ1 + σ2

)
+

i
8

(
Smn
ωn
− Slm

ωl

)
a2
m

]
λ

+

{
µlµn + 2iµn

(
σ1 + σ2

)
+

[
i
8

(
Smn
ωn

µl −
Slm
ωl

µn

)
−1

4

(
σ1 + σ2

)Smn
ωn

]
a2
m

+

(
SlmSmn − Λ2

64ωlωn

)
a4
m

}
= 0. (39)

Equations (35) and (36) show thatAl andAn grow ex-
ponentially with time and hence the single-mode solu-
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Fig. 1. Frequency-response curves for the caseΩ ≈ ω4

≈ 1
2(ω2+ω5) whenF = 10,σ1 = −5,µ2 = 0.0635,µ4 = 0.0573,

andµ5 = 0.0400. Solid lines (—) denote stable fixed points and
dotted lines (· · ·) denote unstable fixed points. SN denotes a sad-
dle-node bifurcation.

tion loses stability when the real part ofλ crosses the
imaginary axis from the left-half to the right-half of the
complex plane.

For the second case, a closed-form solution is not
available so that numerical methods are employed. It
follows from Eqs (23) and (25) that

a2
l =

µnωn
µlωl

a2
n. (40)

We note that the internal resonance defined in Eq. (10)
cannot be activated if the excitation frequency is near
either ωl or ωn. This is so because in these cases
Eq. (40) would be replaced with

a2
n = −µmωm

µnωn
a2
m or a2

l = −µmωm
µlωl

a2
m, (41)

which are only satisfied whenam = an = 0 oram =
al = 0, respectively.

To compare our analysis with the experimental re-
sults of Tabaddor and Nayfeh [13], we next consider
the resonance caseΩ ≈ ω4 ≈ 1

2(ω2 + ω5). In Table 1,
we present the corresponding numerical values for the
constantsSjk, Λ, andf .

In Figs 1 and 2, we present typical frequency-
response curves when the forcing amplitudeF = 10.
In Fig. 1,σ1 = −5, and in Fig. 2,σ1 = 10. We note
that the curves for both the single- and three-mode so-
lutions are bent to the left, indicating that the effect of
the nonlinearities is softening. It follows from Fig. 1

Table 1

Values of the constantsSjk,Λ, andf for
Ω ≈ ω4 ≈ 1

2(ω2 + ω5)

Sll −142282.2707

Smm −1.1623× 108

Snn −8.9508× 108

Slm −927411.9209

Sln −1.4422× 106

Smn −5.7032× 107

Λ 5.8709× 106

f 0.1819F

that only the fourth mode is excited; there are three
branches: two are stable and one is unstable. There-
fore, depending on the initial conditions, the response
may have either a small or a large amplitude. On the
other hand, whenσ1 = 10, it follows from Fig. 2 that
the high-amplitude single-mode solution loses stabil-
ity via two bifurcations: a supercritical pitchfork PF1
and a subcritical pitchfork PF2. From the first bifurca-
tion point, branches of stable three-mode solutions em-
anate smoothly from the single-mode solution. Once
the solution is multimodal, the amplitude of the second
mode continues to grow asσ2 is decreased, and eventu-
ally its amplitude becomes larger than that of the fourth
mode. Consequently, the beam’s oscillations may grow
to be dangerously large, in qualitative agreement with
the experimental results of Tabaddor and Nayfeh [13].
From the second bifurcation point, branches of unsta-
ble three-mode solutions emanate and a jump occurs.
We note that, in the region between the two pitchfork
bifurcation points, stable single-mode solutions coex-
ist with the three-mode solutions and hence the beam
response depends on the initial conditions.

Going back to Eqs (34) and (39), we note that al-
though the single-mode response is independent of the
detuning parameterσ1, its stability is dependent on
σ1. This can be clearly seen by comparing Figs 1 and
2(a). Changingσ1 does not affect the shape of the
single-mode curves, but it does affect their stability. We
should also note that, for a lightly damped system, both
the low-amplitude and high-amplitude single-mode so-
lutions lose stability, giving rise to three-mode interac-
tions.

The steady-state response of the free end of the beam
is shown in Fig. 3 whenσ1 = 10 andF = 10. The
values ofσ2 in parts (a) and (b) are−10.5 and−11.0,
respectively, which lie immediately above and below
the supercritical pitchfork bifurcation PF1. Asσ2 is de-
creased past PF1, the constant amplitude unimodal re-
sponse becomes modulated due to contributions from
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the second and fifth modes. Asσ2 decreases further,
these contributions become more pronounced, causing
the amplitude of the modulated response to increase

considerably, as shown in Fig. 3(c) forσ2 = −20.
In Figs 4 and 5 we present amplitudes-response

curves whenσ1 = 10. In Fig. 4,σ2 = −10, and in

Fig. 2. Frequency-response curves for the caseΩ ≈ ω4 ≈ 1
2(ω2 + ω5) whenF = 10,σ1 = 10,µ2 = 0.0635,µ4 = 0.0573, andµ5 = 0.0400.

Solid lines (—) denote stable fixed points and dotted lines (· · ·) denote unstable fixed points. PF1 and PF2 denote supercritical and subcritical
pitchfork bifurcations, respectively, and SN denotes a saddle-node bifurcation.

Fig. 3. Steady-state response of the beam at the free ends = 1 whenΩ ≈ ω4 ≈ 1
2(ω2 + ω5), σ1 = 10,F = 10, andε = 0.1. (a)σ2 = −10.5,

(b) σ2 = −11, (c)σ2 = −20.
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Fig. 4. Amplitude-response curves for the caseΩ ≈ ω4 ≈ 1
2(ω2+ω5) whenσ1 = 10,σ2 = −10,µ2 = 0.0635,µ4 = 0.0573, andµ5 = 0.0400.

Solid lines (—) denote stable fixed points and dotted lines (· · ·) denote unstable fixed points. SN denotes a saddle-node bifurcation.

Fig. 5. Amplitude-response curves for the caseΩ ≈ ω4 ≈ 1
2(ω2 + ω5) whenσ1 = 10, σ2 = −15, µ2 = 0.0635,µ4 = 0.0573, and

µ5 = 0.0400. Solid lines (—) denote stable fixed points and dotted lines (· · ·) denote unstable fixed points. PF2 denotes a subcritical pitchfork
bifurcations and SN denotes a saddle-node bifurcation.

Fig. 5,σ2 = −15. It follows from Fig. 4 that only the
fourth mode is excited. Whenσ2 = −15, the upper
branch loses stability via a subcritical pitchfork bifur-
cation asF is increased, resulting in a sudden jump
that marks the activation of a three-mode response.

3. Conclusion

The planar response of cantilever beams to sub-
combination internal resonances has been investigated.
We used the method of time-averaged Lagrangian and

virtual work to derive a set of six first-order nonlin-
ear ordinary-differential equations governing the mod-
ulation of the amplitudes and phases. We found that
the single-mode response can lose stability via super-
critical and subcritical pitchfork bifurcations, giving
rise to three-mode responses. Depending on the forc-
ing frequency and amplitude, contributions from the
low-frequency mode may be significant, resulting in
large-amplitude oscillations of the beam, in qualitative
agreement with the experimental results of Tabaddor
and Nayfeh [13].
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