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Investigation of subcombination internal
resonances in cantilever beams

Haider N. Arafat and Ali H. Nayfeh nances have the forms,, ~ wy, + w; + w; andw,, ~
Department of Engineering Science and Mechanics, 2w; £w; and subcombination internal resonances have
MC 0219, Virginia Polytechnic Institute and State the formw,, ~ 3(w; +w;), where thenth mode is the
University, Blacksburg, VA 24061, USA directly excited mode (Nayfeh and Mook [7,8]).

Tezak et al. [14], Yamamoto et al. [16,17], and
Received 29 May 1998 Ibrahim et al. [4] investigated combination internal res-
Revised 18 September 1998 onances in extensional beams, whereas Zaretzky and

Crespo da Silva [18] investigated these resonances in
Activation of subcombination internal resonances in trans- inextensional beams. ,S”dh"’.‘r et alj [11,12] and Ha.dlan
versely excited cantilever beams is investigated. The effect @nd Nayfeh [3] theoretically investigated the combina-
of geometric and inertia nonlinearities, which are cubic in tion internal resonance; ~ 2w, + w1 in clamped cir-
the governing equation of motion, is considered. The method cular plates. They found that multimode vibrations oc-
of time-averaged Lagrangian and virtual work is used to de- cur only when(? ~ ws. Sridhar et al. [11,12] and Ha-
termine six nonlinear ordinary-differential equations govern- dian and Nayfeh [3] found that the equilibrium solu-
ing the amplitudes and phases of the three interacting modes. tions of the modulation equations undergo a Hopf bi-
Frequency- and force-response curves are generated for thefyrcation, which results in periodic, quasiperiodic, and
casef? ~ ws ~ 3(w2 + ws). There are two possible re-  cpantic motions. In these systems, the nonlinearity is
sponses: ;lngle-mode and'three-mode responses. The _s'_ngle'cubic. On the other hand, Bux and Roberts [1], Cart-
mode periodic response is found to undergo supercritical mell and Roberts [2], and Nayfeh et al. [9] investi-

and subcritical pitchfork bifurcations, which result in three- ted bination int | . t ith
mode interactions. In the case of three-mode responses, there9aled coMbInation Internal resonances in systems wi

are conditions where the low-frequency mode dominates the guadratic nonlinearities, namely two-beam structures.
response, resulting in high-amplitude quasiperiodic oscilla-  TWO recent experiments that clearly show the acti-

tions. vation of subcombination internal resonances in struc-
Keywords: beams, subcombination internal resonance, bifur- tures were conducted by Oh and Nayfeh [10] and
cations Tabaddor and Nayfeh [13]. Oh and Nayfeh [10] inves-

tigated the response of-{5/75/75/ — 75/75/ — 75),

epoxy-graphite cantilever plates that are transversely
1. Introduction excited atf2 ~ ws ~ i(w, + wiz) wherew, =

13252 Hz,wg = 103690 Hz, andv;3 = 196390 Hz.

Sometimes exciting a structure near one of its natu- 1€y found that, as the forcing amplitude increases, the

ral frequencies can result in a complex response con- Single-mode response undergoes a supercritical pitch-
sisting of two or more modes. This coupling among the for_k bifurcation and the response _becor_nes quasiperi-
modes is usually attributed to internal resonances in- dic. Further, as the forcing amplitude increases, the
herentin a nonlinear system. One type consists of com- '€SPonse becomes dominated by the low-frequency
bination and subcombination internal resonances. For Mode. _
systems with quadratic nonlinearities, combination in- !N the second experiment, Tabaddor and Nayfeh [13]
ternal resonances have the foup ~ w; + w;, where mvestl.gated the nonlinear response of_ a captllt_ever
thekth mode is the directly excited mode. For systems metallic beam to a transverse harmonic excitation.

with cubic nonlinearities, combination internal reso- When the beam was mounted vertically, they found
that direct excitation of the fourth mode results in the

*Corresponding author. Tel.: +1 540 231 5453; Fax: +1 540 231 activation of the second and fifth modes via a sub-
2290; E-mail: anayfeh@vt.edu. combination internal resonance. When the beam was
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mounted horizontally, they observed two subcombina-
tion internal resonancesy ~ %(wz + ws) (same case
as when mounted vertically) ang =~ %(wz + wg). In

this paper, we investigate subcombination internal res-
onances in beams.

Usually, one assumes that the response amplitude
of a structure to a low-amplitude high-frequency ex-
citation is quite small and therefore the vibrations are
safe. However, in certain cases, modal interactions can
result in transferring energy to a low-frequency mode
and in the process produce a large motion. Unless one
plans for such a situation in a design, failure remains
a possibility. The experiments of Oh and Nayfeh [10]
and Tabaddor and Nayfeh [13] clearly show that a sub-
combination internal resonance can be a mechanism
for this type of behavior, and hence it is very important
to gain a theoretical understanding of it.

In this paper, we investigate the response of a uni-
form homogeneous cantilever beam to a primary reso-
nance of one of its modes, which is involved in a sub-
combination internal resonance with two other modes.
Both geometric and inertia nonlinearities are included,
but the effects of shear deformation and rotatory iner-
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mensionalized using the undeformed lendttof the
beam and time is nondimensionalized using the char-
acteristic timey/mL*/EI. The corresponding nondi-
mensional Lagrangian and virtual work are given by

1 s 2
U VEL I
E—/O {21) +2(28t/0 v ds)
%(UNZJrv/ZUNZ)}dS, (4)
1
6W:/ Q,0vds
0
1
:/ {FCOS(Qt)ci)}évds. (5)
0

Next, we consider the subcombination internal res-
onancew,, ~ %(wl + wy) when themth mode is ex-
cited with a primary resonance (i.€2, ~ w,,). In the
presence of damping, the steady-state response of the
beam will consist only of théth, mth, andnth modes
involved in the internal resonance. Therefore, we ap-
proximateuv(s,t) as

tia are neglected as the beam considered is assumed to

be relatively long and thin (Timoshenko [15]). We an-
alyze the response using the method of time-averaged
Lagrangian and virtual work (Nayfeh [5,6]). Then, we
use the modulation equations governing the amplitudes
and phases to determine the behavior of the equilib-
rium solutions.

2. Problem Formulation

For planar flexural oscillations, the nondimensional
equation of motion is given by

,UIZ,U/// + ’UI’UHZ

)

/.S / v ds ds) } + Fcos@t) (1)
1 0

and the boundary conditions are

i}+c1}+vi“:—{(

&

Yo

1
2

v=0 and v =0 ats=0,

v"=0 and v =0 ats=1,

)
®3)

v(s,t) = v(s,t) + v (s, t) + va(s, t)

~ ¢l(s)77l(t) + d’m(s)nm(t) + ¢n(s)77n(t)! (6)

where thep;(s) are the orthonormal mode shapes. For
cantilever beams,

¢;(s) = coshg;s) — cosg;s)

cosk;) + coshg;) ;. .
sin(z;) + sinh(z;) [S'n(ZjS) - Slnh(zjs)],

(7)

wherez; is thejth root of 1+ cosg) coshg) = 0. The
nondimensional natural frequencies are given by

(8)

wj = ZJ.
The first five natural frequencies avg = 3.516,w; =
22.0345,w3 = 616972,ws = 1209019, andvs =
199.8595.
A first-order uniform expansion for the; is taken
in the form

nj = e[Aj(T)e T + A;(To)e i) ..., (9)

where the prime denotes differentiation with respectto where the overbar denotes the complex conjugasea

the axial coordinate and the overdot denotes differ-
entiation with respect to timé Distances are nondi-

small nondimensional bookkeeping paramétgr- ¢,
andT, = % (Nayfeh [5]). In order that the nonlin-
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earity, damping, and resonance balance, we scals Q; = 2iwipu;A; + }fé- g 2021 (16)
3 5 . . J GHG gm '
e°F andc ase“c. Also, we introduce the detuning pa-
rametersr; andos, such that 1 /1 5 1
b= /0 ci?ds, [ /0 Fonds.  (17)

1 2
m = A n and . .
“ 2 (wl Tt ) teo Next, we apply Hamilton’s extended principle

2 =wy, + £20y. (10) d /(L) L) -
dr, ( A, ) T4, C Y (18)
We substitute Egs (6), (9), and (10) into Egs (4) and (5), J /
perform the spatial integrations, retain the slowly vary- to Egs (11) and (12) and obtain the following three
ing terms, and obtain the time-averaged Lagrangian complex-valued modulation equations:
and virtual work as

—2iw; (A} + i A)
L) (A — A4 ] : .
e4 A H4 = SpA?A; + Spn Ay A Ay + Sin AL AL A,
tHwm (Am AL, — A Ay,) + AAR A, T2, (19)
+iwp, (A Al — AAL ) —Ziwm(A;n + umAm)
SlTrLAlAlATrL m SlnAlAlA A = SmmAanm —+ SlmAmAlAl —+ SmnAmAnAn
_ _ _ _ _ 1 .
— S Am A An A, — ES”AZZAZZ + ZAAmAlAnefZIchz + EfeIGZTZ’ (20)
S A2 A, 25, AR —2iun (4}, + inAr)
o A(AZ AlAneZia'sz - SnnAiAn + SmnAnAnLATn + SlnAnAlAl
_ . AA2 Ajg?orTz, 21
+A72nAlAne_2|UlT2) R (11) + m*l ( )
W) = Qi6A; + QA Equations (19)—(21) can be converted into polar
form by introducing the transformation
+QndA, +cc+ -, (12)
1
Aj = Za;€P 22
where 77 2% (22)
1 and separating the real and imaginary parts. The result
2.2 .
Sjj =2 /0 (367672 — winj;) ds, 13 s
! = A sin (23)
Sjk — / [2(%2 2 + 8¢ ¢k¢” " a; = —pa; — 8w, aman Y1,
0
A .
+ Z(b ”2 Z(WJZ + w}%)’y‘jz-k} ds, (14) a;n = —UmGm + %—malaman Siny.
- / (164,072 + 20161 + =L siny, (24)
0 2Wm
(BPYASv/BN 12 11 1
+ 201,00, 01 P, + O by, ), = —pnan — &Uialafn sini, (25)
— (wlwm + Wmwn g g
ll lTn 2
—w?, - WiWn ) YimYin ] ds, (15) af] = a; + 8w A1y,

Vik = /o ¢’ ¢}, ds, + %ala + %aman cosy;, (26)
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Slm 2

Smm 3 a2a
1dm
Swm

a7n +

8w,

am ﬁzn =

mn

A
——— Ay, Gy, COSYL
8wm 1AmUn Sy

2
Am A, +
4w,

+

COSYy2, (27)

2w7n

Sln 2

;S 3 aca
10n
8w,

an n — an +

8wy,

mn 2

as Qn +
8w, ™

A
——aja?, cosy;, (28)

+ 80,

where

7 = 20112+ 28, — B — B and

Y2 = 0212 — Bm. (29)
There are two possible solutiong: = 0, a,, = 0, and
am # 0anda; # 0, a,, # 0, anda,, # 0. Wheng;,
am, anda, # 0, Eqs (26)—(29) can be combined into
the following two first-order differential equations for

71 andyz:
Sy S\ 2
20, )

1( Sim
71=201+Z<l—

(30)

S7nm a2 . S7nn a2
8w,, ™ "

A
— %—alan COSv1 + (31)

m

COS2.

mYm

Equations (23)—(25), (30), and (31) constitute an au-
tonomous system of five first-order ordinary-differen-
tial equations governing the behavior of the amplitudes
ay, am,, anda,, and the phaseg and~s,.

The equilibrium solutions (fixed points) of Eqs (23)—
(29) correspond to setting, a/,, a/,, 74, andy, = 0.
There are two possibilities: (a) anda,, = 0 while
am # 0 and (b)a;, a,,, anda,, # 0. In the first case,
Egs (24), (27), and (29b) reduce to
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M G, = L Sinw, (32)
2w,
S’m'm
m < 80, a2, — 0‘2) = ZwLm COSYs. (33)

Squaring and adding Eqgs (32) and (33), we obtain a
single equation for,, in terms of the forcing ampli-
tudeF’ and the detuning parameter. The result is

S 2
2 mm 2 2
A |:< &Um A 02) + um:|

To determine the stability of this solution, we consider
the linearized complex-valued modulation equations.
We substitute

f2

(34)

A =C e(\T2+2i(01T2+ﬁm)’ (35)

A, =C,e, (36)

whereC; andC,, are constants, into Eqs (19) and (21),
use Eq. (29b), and obtain

[—sz (/\ + uz) + 4w, (01 + 02) - &Tmafn} C

A5 = L x S,
fzafnC’l + {ZIwn ()\ + un) —

The characteristic equation faris given by

)\2 + |:(Ml + Mn) + 2i(01 + UZ)

SlTn ) agnj| A
wi

8
+ {Mlun + 2ipt, (01 + 02)

Slm
— —in
wi
Smn az
w m

SlT)’LSTTLn - AZ 4 o

Equations (35) and (36) show that and A,, grow ex-
ponentially with time and hence the single-mode solu-

i S’mn
+

Wn

(39)
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Fig. 1. Frequency-response curves for the cage w4

~ 1(wz+ws)whenF = 10,01 = —5, iz = 0.0635,114 = 0.0573,
and us = 0.0400. Solid lines (—) denote stable fixed points and
dotted lines {- -) denote unstable fixed points. SN denotes a sad-
dle-node bifurcation.

tion loses stability when the real part dfcrosses the
imaginary axis from the left-half to the right-half of the
complex plane.

For the second case, a closed-form solution is not
available so that numerical methods are employed. It
follows from Eqgs (23) and (25) that

w.
g2 = Hnn 2.

wi

(40)

We note that the internal resonance defined in Eq. (10)
cannot be activated if the excitation frequency is near
either w; or w,. This is so because in these cases
Eq. (40) would be replaced with

2 HmWm 2 2 _

r HmWm 2
L m Or -
n

™m?

Wi

(41)

n

which are only satisfied when,, = a,, = 0 ora,, =
a; = 0, respectively.

To compare our analysis with the experimental re-
sults of Tabaddor and Nayfeh [13], we next consider
the resonance case ~ ws ~ (w2 + ws). In Table 1,
we present the corresponding numerical values for the
constantsS, A, andf.

In Figs 1 and 2, we present typical frequency-
response curves when the forcing amplitude= 10.

In Fig. 1,07 = -5, and in Fig. 2g; = 10. We note
that the curves for both the single- and three-mode so-
lutions are bent to the left, indicating that the effect of
the nonlinearities is softening. It follows from Fig. 1
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Table 1

Values of the constantS;, A, and f for
Q= wy~ 3wz + ws)

Su —1422822707
Smm —1.1623x 10°
Snn —8.9508x 10°
Sim —9274119209
Sin —1.4422x 10°
Smn —5.7032x 10’
A 5.8709x 10°
f 0.1819F

that only the fourth mode is excited; there are three
branches: two are stable and one is unstable. There-
fore, depending on the initial conditions, the response
may have either a small or a large amplitude. On the
other hand, whea; = 10, it follows from Fig. 2 that
the high-amplitude single-mode solution loses stabil-
ity via two bifurcations: a supercritical pitchfork PF1
and a subcritical pitchfork PF2. From the first bifurca-
tion point, branches of stable three-mode solutions em-
anate smoothly from the single-mode solution. Once
the solution is multimodal, the amplitude of the second
mode continues to grow as is decreased, and eventu-
ally its amplitude becomes larger than that of the fourth
mode. Consequently, the beam’s oscillations may grow
to be dangerously large, in qualitative agreement with
the experimental results of Tabaddor and Nayfeh [13].
From the second bifurcation point, branches of unsta-
ble three-mode solutions emanate and a jump occurs.
We note that, in the region between the two pitchfork
bifurcation points, stable single-mode solutions coex-
ist with the three-mode solutions and hence the beam
response depends on the initial conditions.

Going back to Egs (34) and (39), we note that al-
though the single-mode response is independent of the
detuning parametes, its stability is dependent on
o1. This can be clearly seen by comparing Figs 1 and
2(a). Changingr; does not affect the shape of the
single-mode curves, but it does affect their stability. We
should also note that, for a lightly damped system, both
the low-amplitude and high-amplitude single-mode so-
lutions lose stability, giving rise to three-mode interac-
tions.

The steady-state response of the free end of the beam
is shown in Fig. 3 whew; = 10 andF’ = 10. The
values ofo; in parts (a) and (b) are 10.5 and—11.0,
respectively, which lie immediately above and below
the supercritical pitchfork bifurcation PF1. As is de-
creased past PF1, the constant amplitude unimodal re-
sponse becomes modulated due to contributions from
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the second and fifth modes. As decreases further,  considerably, as shown in Fig. 3(c) fes = —20.
these contributions become more pronounced, causing In Figs 4 and 5 we present amplitudes-response
the amplitude of the modulated response to increase curves whers; = 10. In Fig. 4,0, = —10, and in

(a)

0.02 —

a. 001

0.00 —

P2 PFI

Fig. 2. Frequency-response curves for the dase w, ~ %(wz + ws) whenF = 10,01 = 10, up = 0.0635,14 = 0.0573, andus = 0.0400.
Solid lines (—) denote stable fixed points and dotted lines) denote unstable fixed points. PF1 and PF2 denote supercritical and subcritical
pitchfork bifurcations, respectively, and SN denotes a saddle-node bifurcation.

0.08

(a)

0.04 —

v(l,5) 0.00 —illh

-0.04 —

-0.08
0.08

(&)
0.04 —

v(1,r) 0.00

-0.04 —

-0.08
0.08

0.04 | L

WLy 000 1

-0.04

-0.08 : | ;

Fig. 3. Steady-state response of the beam at the free end when(? ~ w4 ~ %(wz + ws), o1 = 10, F' = 10, ande = 0.1. (a)oz = —10.5,
(b) oo = —11, (C)op, = —20.
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0.015

a,
0.010 —

a; i Ay
0.005 — SN
a,
0.000
a,,as
: | :
0 50 100
F

Fig. 4. Amplitude-response curves for the case: w4 ~ %(w2+uJ5) wheno; = 10,02 = —10,u2 = 0.0635,14 = 0.0573, andus = 0.0400.
Solid lines (—) denote stable fixed points and dotted lines) denote unstable fixed points. SN denotes a saddle-node bifurcation.

0.015

(a) (b)

a;
0.000 — Phy
T [ T | T T T
0 50 100 0 50 100
F F
Fig. 5. Amplitude-response curves for the cadex~ w, =~ %(wz + ws) whenoy = 10,0, = —15, up = 0.0635,u4 = 0.0573, and
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s = 0.0400. Solid lines (—) denote stable fixed points and dotted line$ enote unstable fixed points. PF2 denotes a subcritical pitchfork

bifurcations and SN denotes a saddle-node bifurcation.

Fig. 5,0, = —15. It follows from Fig. 4 that only the  virtual work to derive a set of six first-order nonlin-

fourth mode is excited. Whenm, = —15, the upper  ear ordinary-differential equations governing the mod-
branch loses stability via a subcritical pitchfork bifur-  ylation of the amplitudes and phases. We found that

cation asF’ is increased, resulting in a sudden jump
that marks the activation of a three-mode response.

the single-mode response can lose stability via super-
critical and subcritical pitchfork bifurcations, giving

rise to three-mode responses. Depending on the forc-

3. Conclusion ing frequency and amplitude, contributions from the
low-frequency mode may be significant, resulting in
The planar response of cantilever beams to sub- large-amplitude oscillations of the beam, in qualitative

combination internal resonances has been investigated.agreement with the experimental results of Tabaddor

We used the method of time-averaged Lagrangian and and Nayfeh [13].
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