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The nonlinear planar response of cantilever metallic beams
to combination parametric and external subcombination res-
onances is investigated, taking into account the effects of
cubic geometric and inertia nonlinearities. The beams con-

sidered here are assumed to have large length-to-width as-

ing frequency? ~ w;+wj;, wherewy, is the natural fre-
guency of thekith mode. When the excitation is direct,
an external combination resonance can occur in sys-
tems with quadratic nonlinearities whéh~ w; & w;
and in systems with cubic nonlinearities whéh =
lw; + w; £ wg| or 2 ~ |2w; £ wj|. An external sub-
combination resonance can occur when a forcing fre-
guency is near one-half the sum or difference of two or
more natural frequencies (Nayfeh and Mook [9]).
Dugundji and Mukhopadhyay [4] investigated the
response of a thin cantilever metallic beam to combi-
nation parametric resonances involving the first bend-
ing and torsional modes (i.€2 =~ wp1 + wr1) in One

pect ratios and thin rectangular cross sections. Hence, the case and the second bending and first torsional modes

effects of shear deformations and rotatory inertia are ne-

(i.e., 2 ~ wpy + wr1) in another. Their experimen-

glected. For the case of combination parametric resonance, atg| results show that the beam exhibits significant os-

two-mode Galerkin discretization along with Hamilton’s ex-

tended principle is used to obtain two second-order nonlin-
ear ordinary-differential equations of motion and associated
boundary conditions. Then, the method of multiple scales is
applied to obtain a set of four first-order nonlinear ordinary-
differential equations governing the modulation of the am-

cillations both in bending and in torsion. In addition,
at large excitation amplitudes they observed the beam
shapping-through and whipping around. Cartmell and
Roberts [3] theoretically and experimentally investi-
gated the stability of a cantilever beam-mass system

plitudes and phases of the two excited modes. For the case Possessing the two simultaneous combination para-
of subcombination resonance, the method of multiple scales metric resonance® ~ wpi + wr1 &~ wp2 — Wr1.

is applied directly to the Lagrangian and virtual-work term.
Then using Hamilton’s extended principle, we obtain a set of
four first-order nonlinear ordinary-differential equations gov-

erning the amplitudes and phases of the two excited modes.
In both cases, the modulation equations are used to gener-
ate frequency- and force-response curves. We found that the

trivial solution exhibits a jump as it undergoes a subcritical
pitchfork bifurcation. Similarly, the nontrivial solutions also
exhibit jumps as they undergo saddle-node bifurcations.

Keywords: Beams, combination resonance, parametric reso-

nance, subcombination resonance, bifurcations

1. Introduction

When a system is parametrically excited, combina-

tion parametric resonances may occur when the forc-
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They analyzed their system using the method of mul-
tiple scales and found good agreement between the-
ory and experiment within certain ranges of the exci-
tation frequency. However, in other regions where pe-
riodic modulations can occur, the correlation was not
satisfactory because the theoretical solution could not
predict nonstationary responses.

Kar and Sujata [5] investigated the instability of an
elastically restrained cantilever beam subjected to uni-
axial and follower forces. They found that combination
parametric resonances of the difference type do not oc-
cur when the force is uniaxial or supertangential, but
that they are predominant when the force is tangential
or subtangential. Kar and Sujata [6] also investigated
the instability of a rotating, pretwisted, and preconed
cantilever beam, taking into consideration the Corio-
lis effects. They found that the Coriolis force may in-
crease the instability regions in the case of combination
parametric resonances.
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Anderson et al. [1] experimentally investigated the
response of a thin metallic cantilever beam with an ini-
tial curvature to a combination parametric excitation.
The first four natural frequencies are 0.65 Hz, 5.65 Hz,
16.19 Hz, and 31.91 Hz. They found that, over a range
of forcing frequency above 32 Hz, the first and fourth
modes are activated by a combination parametric reso-
nance with the first mode dominating the response.

Sridhar et al. [12] investigated the response of a
hinged-clamped beam to the subcombination reso-
nancef? ~ 3(w, & w;) and the combination reso-
nancef? =~ w, + wp + w.. Yamamoto et al. [16,17]
theoretically and experimentally investigated the non-
linear response of simply-supported beams to combi-
nation and subcombination resonances, respectively.
They [16] found that, in order to excite the external
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Fig. 1. A schematic of a cantilever beam under (a) combination para-
metric resonance and (b) external subcombination resonance.

combination resonance, one needs a time-independent

component in the excitation. However, they [17] found

two interacting modes. The modulation equations are

that the external subcombination resonance can be ex-then used to generate frequency- and force-response

cited with only a harmonic excitation. In both cases,
they found that only additive-type resonances can be
activated. In these three studies, nonlinearities due to
mid-plane stretching were included in the analysis.
The experimental results of Dugundji and Mukho-
padhyay [4] and Anderson et al. [1] confirm the oc-
currence of such resonances in structures. More im-

curves.

2. Combination parametric resonance

The nondimensional equation of motion for inexten-
sional cantilever beams where the effects of shear de-
formation and rotatory inertia are neglected is given by

portant, their results demonstrate that such resonances

can be a mechanism where a high-frequency excitation
can activate low-frequency large-amplitude modes. For
example, the ratio of the excitation frequency to the
natural frequency of lowest mode excited was ap-
proximately 18: 1 in the experiments of Dugundji and
Mukhopadhyay [4] and 49:1 in the experiments of
Anderson et al. [1]. The analyses of Cartmell and
Roberts [3] and Kar and Sujata [5,6] did not take into
consideration the effect of nonlinearities inherentin the
system.

In this paper, we investigate the response of a uni-
form thin metallic cantilever beam to either a combi-
nation parametric resonance or a subcombination res-

onance of two modes (see Fig. 1). Because such reso-

b+c®+v|v _ (,UIZ,U/// +UI //2)

( atz// ngdS)

+ F(s,v) cos(2t), 1)

where the dimensional timé = ¢/mL*/ET and the
dimensional deflection and arc-length afe= Lv and
s* = Ls. The boundary conditions are
v=0 and v"=0 ats=0,
=0 ats=1

)
3)

v =0 and "

nance phenomena cannot be adequately explained byThe corresponding nondimensional Lagrangian and
using linear theories of vibrations, it is necessary to in- Virtual work are given by

corporate the effects of nonlinearities in the analysis.

Furthermore, because the presence of a low-frequency
component in the response may cause the beam to os-

cillate with large amplitudes, we account for both ge-
ometric and inertia nonlinearities. The method of mul-
tiple scales is used to determine two sets of four first-
order nonlinear ordinary-differential equations govern-
ing the modulation of the amplitudes and phases of the

10
20t

LRI

112 + 0120112)} dS, (4)

fz(

1
6W:/ Q,0vds
0
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1 1 .
- / {F(s,v) cos@t) — ci}svds, () +5 (14 8ampy, + 2080mn + 8oy ),
0
(

. . o + (6702, + MmTn + 69 ) T
where the prime denotes differentiation with respect to )

the arclengtty and the dot denotes differentiation with

2,2 2,2 4 3
. . —5 Wit T W) — Q1 — Q215,70
respect to time. Eqs (1)—(5) are valid for beams that 2( )

are uniform, homogeneous, long, and thin. For stubby — P2 — agnmn — asnt, (10)

or thick beams, shear deformation and rotatory inertia

effects may not be negligible (Timoshenko [14]). W = = [2ptmTim + (frmmMm + frntin) €OSE2t)] 67m
In the presence of damping, all of the modes that are )

not directly excited or indirectly excited by an internal = 2870 + (famm + fantin) COSE21)] 81

resonance will decay with time. Hence, for the case of = Qumbnm + Qnbnn, (11)

combination parametric resonance or external subcom-
bination resonance of theath andnth modes, where where the;, a;, 15, andf;; are defined in Appendix A.

the ¢; are the orthonormal mode shapes, the long-time By applying Hamilton's extended principle,
response of the beam will consist only of these two

modes if neither of them is involved in an internal res- d/ oL 0L
onance with any other mode. Therefore, we assume a dt\ 37, )  Onm = Qm, (12)
solution forv in the form d/ac or
a¥<a.)5—-Qn, (13)
v(8,t) = Pm(8)m(t) + Pn()nn(t). (6) In MIn
we obtain

For cantilever beams,

m@q{mm@@m%@
= —(4aan3, + 3azn?,nn + 230,02 + aan’)
cosg;) + coshé;)

51777271 + 2620 mnn + 5377721)7.7.m
sin(z;) + sinh(z;)

[ sin(z;s) — sinh(;s)] }

67773n + 68777717771 + 697731 ﬁn
(1) )

wherez; is theith root of 14 cosk) cosh¢) = 0 and

¢; is chosen so tha};)l gbf ds = 1. The nondimensional

—(
— (
— (620 + 6210) 72, — 2(6270m + 831 ) Thm 11
— (68 — 8a)mm + (269 — 85) ]2

—(

natural frequencies are given by FmmMm + fmnnn) cos(2t), (14)

w; = 2’12 (8) Tin + 2010 + w721777l

— 3 2 2 3
The first four nondimensional frequencies arg = = —(a2ny, + 203175, + 3aan;, + asiy)
3.5160,w; = 220345,w3 = 616972, andws = _ (5777§n + SgNmnn + 5gni)ﬁm
1209019. 5 .
For the case of combination parametric resonance, - (5477m + 2650 m M + 667777,)7771

we let — [(267 = 62) 1 + (68 — 63) ] 12,

F(s,v) = —[v"(s = 1)+ V'] f. 9) — 2(841m + 6510 ) T

p— -2
Substituting Egs (6)—(9) into Egs (4) and (5) and inte- (8511m + Betin ) 1,
grating the result over space, we obtain the discretized — (famm + fannn) cOSE2L). (15)
Lagrangian and virtual work as

1 5 o To determine a second-order uniform expansion for
L=3 (1+ 81miy, + 2620m 1 + 83m3, ) 1, the solutions of Eqs (14) and (15) for the case of com-
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bination parametric resonance of the additive type, we

scaley; and f;; ase?u; ande?f;; and introduce the
detuning parameter so that

Q2 = wp + wp + €20, (16)
wheree is a small hondimensional bookkeeping pa-

rameter. Next, using the method of multiple scales
(Nayfeh [7]), we obtain

N = & [An(T2)e T + A (To)e ™) 4 (17)
Tn =¢€ [An(TZ)eiwnTo + An(TZ)e_iwnTo] +- (18)

whereTp = t, T> = ¢, andA,,, and A,, are governed
by

_2iwm(A;n + MmAm) = SmmAEnAm

_ 1 .
+ Sm7LA7”/A7LAn + §f7”/77/A7lelo-T2! (19)
—2iw, (A;l + unAn) = SunAZ A,
_ 1 _ .
+ Sn'f”/A7l A'f”/Am + § f7l77LA7TLeIUT21 (20)

the prime indicates the derivative with respectito
and

Sm = 12001 — 202 61,

Spn = 1205 — 2w2 8,

Spn = Snm = dag — 2w2,03 — 2w28s.  (21)
The S;; and f;; were calculated for combination
parametric resonances of the additive type for differ-
ent pairs of the first four modes. The results are shown

in Table 1. It follows from Table 1 tha$;; > 0 and
S22, S33, andSy < 0. Hence, the nonlinearity is of the
hardening type for the first mode and of the softening
type for the higher modes.

The complex-valued modulation equations (19) and
(20) can be transformed into a real-valued form by in-
troducing the transformation

1 .
Ay = Zan€® and A, =

1 .
Za,e"". 22
5 zane' (22)

Substituting Eqgs (22) into Egs (19) and (20) and sepa-
rating real and imaginary parts, we obtain
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Uy = — [l — L{ZZ a, sinv, (23)
A B, = g:;: ad, + g;: ama?
+ A{ZZ an, COSY, (24)
an = —pinay — ‘ZZ—T:am sin-, (25)
anfBl, = g:;: a2 a, + gzz ad + ﬁg: am COSy, (26)
where
¥ =012 — Bm — B (27)

Substituting Egs (22) into Egs (17) and (18) and then
substituting the result into Eq. (6), we find that the
beam response is given by

v(8,t) & &[amdm(s) cOS(wint + Bm)

+ andn(s) cOS(wnt + )], (28)
where thea; andj; are given by Eqgs (23)—(27). Us-
ing Egs (16) and (27) to eliminate,, and 3,, from
Eq. (28), we have

(s, 1) ~ e{ampm(s) COS(wmt + )
+ an(bn(s) COS[(Q - Wm)?f - Bm - ’7} } (29)

The equilibrium solutions or fixed points of
Eqgs (23)—(27) correspondi), = 0,a,, = 0, andy’
0, which in turn correspond to two-period quasiperi-
odic responses of the beam according to Eq. (29).
There are two possible equilibrium solutions: 4g) =
0 anda,, = 0 and the beam is not excited and ¢h) #

0 anda,, # 0 and the beam response is quasiperiodic.
In the latter case, Egs (24), (26), and (27) can be used
to eliminatefs,,, andj3,, to obtain the following equa-

tion for ~:
Yoom (G Sy (S S
) Cosy. (30)

8w7n
Thus, for nontrivial solutions, the modulation equa-
tions are reduced from four to three first-order differ-
ential equations. For equilibrium solutions, we set the

S’rwn
8(“)”

amfn7n

4a,,wy,

anf’mn

- <4amwm
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Table 1

Values of the coefficients;, 6;,.5;;, and f;; for different combinations of the
first four modes

Modesm & n Smm, Smn = Snm Snn
1&2 7.6680 —11222408  —1002796731
1&3 7.6680 —159289047 —68188718310
28&3 —1002796731 —758352975 —68188718310
1&4 7.6680 —345945220  —1.1042x 10°
2&4 —1002796731  —9274119209 —1.1042x 1C®
3&4 —68188718310 —40175171670 —1.1042x 10°

Modesm & n fmm fmn = fam fan
1&2 1.5709f —0.4223f 8.6471f
1&3 1.5709f —1.0721f 24.9521f
28&3 8.6471f 1.8901f 24.9521f
1&4 1.5709f —0.8731f 51.4591f
2&4 8.6471f —3.6434f 51.4591f
3&4 24.9521f 8.3383f 51.4591f

time derivatives in Egs (23), (25), and (30) equal to

zero and solve fot,,, a,,, and~, yielding the follow-
ing closed-form solution:

2 Hm + Hn fmnfnm
aeas, =0+ — L fns (31)
om vV Mo om, 16*men e @
2 M7nwmfn7n 2
a;, = ————a.,, 32
" /annfmn " ( )
iy = — Hmm Om __ Hinwn G
fmn Gnp fnm am

/ Hom PhnWmWn
fr— :l:4 7’ 33 T ] T I T | T
fmn fnm ( ) -1.0 -0.5 0.0 0.5 1.0
c

where
Fig. 2. Frequency-response curves for a combination parametric res-
11Smm = Sam onance of the additive type involving modes 1 and 2 foe= 10,
Qe = é w + w p1 = 0.0137,u, = 0.0635. Solid lines (—) denote stable fixed
m " points and dashed lines (- — -) denote unstable fixed points.
+ ( S’rnn + Snn ) me'rn fnm ] (34) 1

The stability of a nontrivial equilibrium solution can
then be studied by calculating the eigenvalues of the
Jacobian matrix of Eqgs (23), (25), and (30) evaluated
at this equilibrium solution.

To determine the stability of the trivial equilib-
rium solutions, we study the stability of the linearized , 1 , 1 2
complex-valued modulation equations (19) and (20). A= 75(‘“” + i i) & (Z(um + i +10)
To this end, we let

2iwn (5\ + Mn)cn + %fnménL =0. (37)

Hence,

H fmnfnm 1/2
Am = Cme)\TZ-HUT2 and An = Cne;\T2 (35) ~hn (Mm + IJ) + 164)7nwn> ' (38)

in the linearized equations (19) and (20) and obtain It follows from Eqgs (35) that the trivial solution is sta-
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Fig. 3. Amplitude-response curves for a combination parametric resonance of the additive type involving modes 1 aneh 22106137 and
uz = 0.0635. In part (a)0 = —1 and in part (b)g = 1. Solid lines (—) denote stable fixed points and dashed lines (— — —) denote unstable

fixed points.

ble if the real parts of both’s are negative.

In Fig. 2, we show typical frequency-response curves
for a combination parametric resonance of the additive
type of the first two modes when the excitation am-
plitude is f = 10. Clearly, the first mode dominates
the response. Although the nonlinearity is hardening
for the first mode and softening for the second mode,
the frequency-response curves are bent to the left, in-
dicating a softening behavior for both modes. This is
so because

;S

pL= 8o,

(39)

according to Eq. (24). Althoughi1 is positive, Si2
is negative and its magnitude is much larger tisan

0.04

0.03 .
. 4

0.02 —

0.01 —

0.00

-1.0 10

Hence, the nonlinearity decreases the frequency of the Fig. 4. Frequency-response curves for a combination parametric res-
first mode, and hence bends the frequency_responseonance of the additive type involving modes 1 and 4 foe= 10,

curves to the left. It follows from Fig. 2 that, depend-
ing on howo is varied, the trivial solution loses stabil-
ity via either a subcritical or a supercritical pitchfork
bifurcation.

In Fig. 3, we show amplitude-response curves for a
combination parametric resonance of the additive type
of the first two modes. In part (a), the frequency detun-
ing parametesr = —1, and in part (b = 1. When
o = —1, there are two branches of nontrivial fixed-
point solutions, one stable and the other unstablef As
is increased away from zero, the trivial solution loses
stability via a subcritical pitchfork bifurcation, causing
the response to jump up to the stable branch of nontriv-
ial solutions. Similarly, a fixed-point on the stable non-
trivial branch loses stability via a saddle-node bifurca-

w1 = 0.0137,u4 = 0.0573. Solid lines (—) denote stable fixed
points and dashed lines (- — —) denote unstable fixed points.

tion asf is decreased, resulting in a jump down to the
trivial branch. Whens > 0, there are only branches

of stable nontrivial fixed points, as shown in Fig. 3(b).
The nontrivial solution is activated gradually as the
trivial solution undergoes a supercritical pitchfork bi-

furcation.

In Figs 4 and 5, the frequency- and amplitude-
response curves are presented when the first and fourth
modes are activated by the combination parametric res-
onance. The forcing amplitude in Fig. 4 fs= 10 and
the detuning parameter is = —1 in Fig. 5(a) and
o = linFig. 5(b). We note that the behaviors in Figs 4
and 5 are similar to those in Figs 2 and 3. However, the
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Fig. 5. Amplitude-response curves for a combination parametric resonance of the additive type involving modes 1 aneh 4106137 and
ng = 0.0573. In part (a)g = —1 and in part (b)g = 1. Solid lines (—) denote stable fixed points and dashed lines (- — —) denote unstable
fixed points.

amplitudes when modes 1 and 4 are excited are aboutwhere ¢,,,(s) and ¢,,(s) are the mode shapes corre-
an order of magnitude smaller than those when modes sponding to the natural frequencieg, and w,, and

1 and 2 are excited. @(s) is governed by the boundary-value problem
Anderson et al. [1] experimentally investigated the

response of a cantilever beam whete ~ 2w; ~ O _ (2P — }f(s) (41)

w1 + wa. They found that over a small region of fre- 277

guency detuning, only the first and fourth modes were

excited by a combination parametric resonance. The #0)=0, &'(0)=0
results shown in Fig. 4 agree qualitatively with their N »
frequency-response curves. $7(1)=0, and 97(1)=0. (42)

Results for the case of a combination parametric res- _ _ _
onance of the difference type can be obtained by re- We note that 20(s) cos(2¢) is the particular solution

placingw,, by —w,, ands,. by — G in Eqs (23)—(32).  of the linear undamped beam equation and associated
However, it can be seen from Eq. (32) that this reso- boundary conditions. Whef(s) is constant, the solu-
nance cannot be activated in this system. tion of Egs (41) and (42) can be expressed as

P(s) = ¢y Sin (\/ﬁs) + e COS(\/ﬁs)

3. External subcombination resonance + e5sinh (\/ﬁs)

In this sectionZ we consider the response of the beam Ty cosh(\/ﬁs) _ Lz (43)
to the subcombination resonanfe~ i (wy, = wn,). 202
In this case, the excitation, which is transverse, is as-
sumed to be hard. Therefore, we s, v) = ¢f(s)
in Egs (1) and (5). Furthermore, in order that the cu-
bic nonlinearities and damping balance the resonance, “
we scale: ass?c. We use the method of time-averaged f sinv2coshv/2 + cosv/ 2 sinhv/2
Lagrangian and virtual work to determine a uniform a2 1 + cosv/12 coshv/2
first-order expansion. To this end, we let

where

= —Cs

, (44)

. [ 14 cosV2coshv/2 — siny/2sinhy/2
U(S, To, TZ) ~eE [Am(T2)¢m(3)elwm 0 2= m 1+ COS\/ﬁ COSh\/ﬁ '

+ Ap(T2)pn(5)E“ 70 + B(s)€ ™0 + cc], (40) (45)
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f 1+ cosv/2 coshv/2 + sm\/—smh\/_
1+ cosv/2 coshv/2

(46)

Clearly, Eqgs (44)—(46) break down wheéhis near any
of the natural frequencies of the beam. In the present
case? ~ %(wm + wy), which is away from any of the
natural frequencies.
Next, we introduce the detuning parametesuch
that
n=

W, + wn) + &%0. )

5(
2

Substituting Eq. (40) into Egs (4) and (5), using
Eq. (47), and retaining only slowly varying terms, we
obtain the following time-averaged Lagrangian and
virtual work:

E) i (Al — A AL)

Fiwn (Ap Al — A, AL) = Ty A Ay,

—TAA, — SmmAanfn
SmAgAi SmnAmAm Ay Ay,

— A(An AT + A Apem?T?)

+ constant- - - -, (48)

O — Do (Anb A — A A
— 2iwnin (AndAn — ApdAy) + -+, (49)

where theS;; are defined in Egs (21), the; are de-
fined in Appendix A, and?,,, I5,, andA are defined in
Appendix B. In Table 2, we present the numerical val-
ues for the coefficients,,,, I,,, andA for external sub-
combination resonances of the additive type for differ-
ent pairs of the first four modes. Applying Hamilton’s
principle to Eqs (48) and (49), we obtain the modula-
tion equations

I Am +SmmA A

m

— 2wy (AL, + ptmAm) =
+ SmnAmAnAn + AAnezlaTz! (50)
—2Iwn (A;L + ,LLnAn) - FnAn + SnnLAmAnzAn

+ S A2 A, + AA,, "2, (51)

Substituting the polar transformation, Egs (22), into
Egs (50) and (51) and separating real and imaginary
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Table 2

Values of the coefficientd’,, I',, and A for different combina-
tions of the first four modes

Modesm & n I'm Iy A
1&2 —0.0107f2  —0.1268f2 0.0130f?
1&3 —0.0005f2  —0.0420f2 0.0051f2
2&3 —0.0111f2  —0.0531f2 0.000612
1&4 —0.0588f2  —15.3290f2 0.9893f2
284 —0.0045f2  —0.0298f2 0.0161f?
3&4 —0.0135f2  —0.0420f> —0.0041f?

parts, we obtain the real-valued modulation equations

ay, = —pmm — =———ay, Sin7y, (52)
I S
; m mm 3
am By, = 20, 0 + 8, m
Smn A
+ 8(_4_)m amai + Zw—man COS"}/, (53)
ar, = —pinQy — =y, SiNY, (54)
F S’rwn 2
anﬂ + 8wn ’m
S’nn A
+ Swnal + o nam C0sv, (55)
where
Y= ZJTZ - 57n - ﬂn (56)

We note that, except for the linear shifts/2w; in the
natural frequencies, Eqgs (52)—(56) have the same form
as Egs (23)—(27) obtained for the case of combination
parametric resonance if we pfit,, = 24 and replace
o with 2.

There are two possible solutions for Egs (52)—(56):
@) am = a, = 0and (b)a,, # 0 anda,, # 0. In
the first case, it follows from Eq. (40) that the beam’s
response is given by

v(s,t) = 2eP(s) cos((2t) + - - -, (57)

which is periodic having the same period as that of the
excitation. In this case, the external subcombination
resonance is not activated. The stability of this triv-
ial solution can be analyzed by investigating solutions
of the linearized complex-valued modulation equations
(50) and (51). To this end, we let

Ay, = @122 and A, = ¢, (58)
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in the linearized equations (50) and (51) and obtain
Pmm@m+A+m@+J%%m+A@:o, (59)
ACp, + [Ziwn (Mn + 5\) + Fn:| cn =0. (60)

For nontrivial solutions,

I T,
A2 mt ) +i( 20 — =2 + =2 )| A
+{(u +u)+l<a Zmerzw”ﬂ
N d}+ﬂﬂ}—ﬁ
/’[/’H'L/’[/TL n %mwn

. It Thpim

i( 200, — =0. 61
+ ( e )} (61)

It follows from Eqs (58) that the trivial solution loses
stability as one of the\’s crosses the imaginary axis
along the real axis from the left-half to the right-half of
the complex plane.
For nontrivial solutions, we use Egs (53), (55), and
(56) to eliminates,,, andg,, and obtain
v =20 — =

F’f”/ + Fn
2\ w,;,  wp
} Smm+Snm az
8 wn m
1
il )t
an

Sun
2 o)
+ Ccosy.
WinGm

Wr,
2

The fixed points of Eqs (52), (54), and (62) correspond
toa,, = 0,a,, =0, andy’ = 0. They are given by

1

Wm
Smn

w’fﬂ

+

(62)

WnQn

1/1;, I,
Qea?, =20 — = + —
2\ wm  wp
Hm + fin Az
+ — Hmbn, (63)
VEmpn \ dwmwn
ai — M7nwm 72n, (64)
HnWn
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—_ + - am
8\ wm Wn
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Fig. 6. Amplitude-response curves for an additive-type external sub-
combination resonance involving modes 1 and 2 dor= —1,

u1 = 0.0137 andu, = 0.0635. Solid lines (—) denote stable fixed
points and dashed lines (- — —) denote unstable fixed points.

1(Sun , Sun) 2
8\ w, wy )"
A —1
Gl an) @
2 \ WG WnGn
where
l |:S’m7n Snm <S’mn S’nn) umw7n:|
Qe = = + + +— | —|.
8| wm Wn Wm W HnWn
(67)

In Fig. 6, we show typical amplitude-response curves
for the subcombination external resonance of the first
two modes foto = —1. The trivial solution loses sta-
bility via a subcritical pitchfork bifurcation as the forc-
ing amplitude is increased, resulting in a jump in the
response amplitudes. On the other hand, as the forc-
ing amplitude is decreased from a large value, the triv-
ial solution loses stability through a supercritical pitch-
fork bifurcation, resulting in a gradual increase in the
response amplitudes. In either case, the nontrivial so-
lution loses stability agf is decreased via a saddle-
node bifurcation. Comparing Figs 3 and 6, we con-
clude that the linear shift in the natural frequencies
I';/2w; and the nonlinear dependence of the effec-
tive forcing A (A o« f?) on the excitation amplitude
have dramatic qualitative and quantitative effects on
the force-response curves.
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10 | 02

Fig. 7. Frequency-response curves for an additive-type external sub- F19- 8- Amplitude-response curves for an additive-type external sub-
combination resonance involving modes 1 and 2 for= 20, combination resonance involving modes 1 and 3 dor= -1,

111 = 0.0137 andu, = 0.0635. Solid lines (—) denote stable fixed ~ #1 = 0-0137 andug = 0.076. Solid lines (—) denote stable fixed
points and dashed lines (- - -) denote unstable fixed points. points and dashed lines (———) denote unstable fixed points.

In Fig. 7, we show typical frequency-response curves 03
for the same resonance whén= 20. As in the case of
combination parametric resonance, the curves are bent
to the left, indicating a softening-type nonlinearity. Be-
causel; and I are negative and proportional i,
there is a strong decrease in the linear natural frequen-
cies with an increase ifi. Consequently, fof = 20,
unlike the combination parametric resonance, the ex-
ternal subcombination resonance is activated only for
negative values of. We also note that increasing the
forcing amplitude causes both the stable and unstable
branches to shift to the left, with the latter being shifted
more than the former.

In Fig. 8, we show typical amplitude-response curves ,
for a subcombination external resonance of the first -5 -4 3 2 -1 0 1
and third modes for = —1. Comparing Figs 6 and o
8, we note that th? amp“tUde'rESponse curves for the Fig. 9. Frequency-response curves for an additive-type external sub-
external subcombination resonance of modes 1 and 3 combination resonance involving modes 1 and 3 for= 50,
are qualitatively different from the amplitude-response p; = 0.0137 andus = 0.076. Solid lines (—) denote stable fixed
curves for the external subcombination resonance of points and dashed lines (- —-) denote unstable fixed points.
modes 1 and 2. As in Fig. 6, the trivial solutionin Fig. 8
loses stability via a subcritical pitchfork bifurcation as  resonance. Therefore, the effects of the linear shifts in
f is increased, resulting in a jump in the response am- the natural frequencies and the nonlinear dependence
plitudes. However, the amplitudes of the nontrivial so- of the effective forcing/ on the excitation amplitude
lutions in Fig. 8 increase ais increased, in contrast ~ f do not change qualitatively the amplitude-response
to the results in Fig. 6, where the amplitudes of the curves.
nontrivial solutions decrease #ss increased. In Fig. 9, we show typical frequency-response curves

Comparing Figs 3(a) and 5(a) with Fig. 8, we note for the external subcombination resonance of modes 1
that the amplitude-response curves for the external and 3 whenf = 50. Again the curves are bent to the
subcombination resonance of modes 1 and 3 are sim- left, indicating that the nonlinearity and the linear shift
ilar to those obtained for the combination parametric I3/2w; decrease the frequency of the dominant first
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mode. Furthermore, similar to the combination para- subcritical, thereby producing nontrivial responses.

metric resonance, this case of external subcombination When the pitchfork bifurcation is supercritical, the

resonance may be activated for positive as well as neg- change in amplitudes is gradual and therefore the tran-

ative values ob. sition is smooth. When the pitchfork bifurcation is sub-
Of the cases mentioned in Table 2, we found that critical, the change in amplitudes is abrupt and is asso-

the responses obtained for the external subcombination ciated with a jump. In addition, the nontrivial solutions

resonance of modes 2 and 4 are qualitatively similar lose stability via saddle-node bifurcations as the exci-

to those obtained for the external subcombination res- tation amplitude is decreased below a critical value, re-

onance of modes 1 and 3, whereas the behaviors of thesulting in a jump down to the trivial solution.

remaining cases are qualitatively similar to the external  For cantilever beams, we found that combination

subcombination resonance of modes 1 and 2. parametric and external subcombination resonances of
Finally, we note again that the case of external sub- the difference type cannot be activated. Rather, only

combination resonance of the difference type can be additive-type resonances can be excited.

studied by replacing,,, by —w,, andg,, by —3,, in

Egs (52)—-(56). However, it can be seen from Eq. (64)

that this resonance cannot be activated. Acknowledgment
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The nonlinear flexural responses of cantilever beams
to combination parametric and subcombination reso-
nances have been investigated. For the case of combi-
nation parametric resonance, the beam is excited lon-
gitudinally, whereas for the case of external subcombi-
nation resonance, the beam is excited transversely. In L .
the parametric case, the Lagrangian and virtual-work ¢ :/ (/ o2 ds) ds
term are discretized using a two-mode Galerkin tech- 0 m ’
nigue and Hamilton’s extended principle is used to ob- 1 s
tain two second-order nonlinear ordinary-differential &, = ¢, :/ (/ P2 ds) (/ by D, ds)
equations of motion. Then, the method of multiple
scales is used to obtain a set of four first-order nonlin-

57547/ (/¢¢ds> ds,

Appendix A

ear ordinary-differential equations governing the mod-
ulation of the amplitudes and phases of the two ex-

cited modes. In the subcombination case, the method P
of time-averaged Lagrangian and virtual work along %5 = / (/ O dS) </ n ds) ds,
with Hamilton’s extended principle are used to obtain
the modulation equations. 6 :/ (/ o2 ds) ds,
We found that the excitation amplitude must exceed 0 o

a certain threshold for either resonance to be activated. 1 s s
For the external subcombination resonance, two qual- §g = 83 +/ (/ P2 ds) (/ P2 ds) ds,
itatively different amplitude-response behaviors were 0 0 0
found. In the first, the external subcombination reso-
nance will not be activated if the excitation amplitude
is chosen beyond a certain limit. In the second, simi- / #2512 ds,
lar to the case of combination parametric resonance, no
upper limit on the excitation amplitude exists for the
resonance to be activated. ap = / (¢ i s + @l Bz, ) ds
In both parametric combination and external sub-
combination resonances, the trivial solution loses sta- 1/t
bility via pitchfork bifurcations, both supercritical and ~ *3 = 2/ (¢

V2O + AL, b bl b + G B7) ds
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1
4= / (61, 0L 0% + ¢lh, 512¢0) ds
0

1t 2 12
:E/o ¢%¢Z ds,
1
ui:%/o cgbfds,

1
fij = / [6(s — 1)+ ¢}|¢; fds, i,j=m,n.
0
Appendix B

I = / 1 {20;'-'2@'2 + 8¢ 0/ D"
0
R 2
+ 2¢22¢l/2 _ 2((4112 + QZ) (/ ¢;¢/ ds) :| ds,
0

A — / |:2¢Tn¢//¢/¢// + 2(25’/"/’1(25’/’145/@//
0

0P + O]
+ (92 + Wi Wn, — Wi §2 — wn())

([ ) ([ v

- Q an + wn)

( / G ds) < / P ds)] ds.
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