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The simplified governing equations and corresponding boundary conditions of vibra-
tion of viscoelastically damped unsymmetrical sandwich shells are given. The asymp-
totic solution to the equations is then discussed. If only the first terms of the asymptotic
solution of all variables are taken as an approximate solution, the result is identical
with that obtained from the modal strain energy method. By taking more terms of the
asymptotic solution with successive calculations and use of the Padé approximants
method, accuracy of natural frequencies and modal loss factors of sandwich shells
can be improved. The lowest three or four natural frequencies and modal loss factors
of simply supported cylindrical sandwich shells are calculated. © 1996 John Wiley &

Sons, Inc.

INTRODUCTION

It is well known that structural vibration can be
reduced by utilizing layers of viscoelastic damp-
ing material. The constrained layer damping treat-
ment is an effective approach and is described in
Torvik (1980) and Nashif et al. (1985). Flexural
vibrations of damped sandwich plates and struc-
tures have been investigated by a number of au-
thors. The governing equations of flexural vibra-
tion of symmetrical and unsymmetrical sandwich
plates were given in Mead (1972) and Rao and
Nakra (1973). Flexural vibration of damped sand-
wich plates was also analyzed in Lu et al. (1979).
In Johnson and Kienholz (1982) the modal strain
energy (MSE) method was suggested for analysis
of viscoelastically damped sandwich plates and
structures. In He and Ma (1988) the simplified
governing equations and corresponding boundary
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conditions of flexural vibration of damped unsym-
metrical sandwich plates were given. The analyti-
cal exact solution and an asymptotic solution
were obtained for simply supported rectangular
plates. Ma and He (1992) gave a finite element
analysis associated with an asymptotic solution
method for the harmonic flexural vibration of
damped unsymmetrical sandwich plates. Calcula-
tions were carried out for rectangular plates with
either simply supported or clamped edges. The
numerical results verify the reliability of the finite
clement analysis associated with the asymptotic
solution method given there.

The constrained layer damping treatment can
also be used to abate vibration of shells. In Vas-
wani et al. (1984) the governing differential equa-
tions of motion for flexural vibrations of a doubly
curved sandwich panel, consisting of stiff face
layers sandwiching soft viscoelastic core, were
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derived using variational principles. Alam and
Asnani (1984a) presented the governing equations
of motion of a general multilayered cylindrical
shell. The solution for a radially simply supported
shell was obtained. Numerical results were re-
ported in Alam and Asnani (1984b). In EI-Raheb
and Wagner (1986) and Lu et al. (1991) analyses of
the response of damped cylindrical shells carrying
discontinuously constrained viscoelastic layers
were presented. EI-Raheb and Wagner (1993) ex-
tended their earlier techniques (1986) to analyze
the damping of a toroidal segment of shell in-
cluded in configurations enclosing an acoustic
fluid. In Ramesh and Ganesan (1993) a finite ele-
ment analysis of vibration and damping of conical
shells with a constrained viscoelastic damping
treatment was given.

In the present work a set of simplified governing
equations and corresponding boundary condi-
tions of vibration of viscoelastically damped un-
symmetrical sandwich shells are given, and its
asymptotic solution is then discussed. Harmonic
vibrations of cylindrical sandwich shells with sim-
ply supported ends are calculated. The lowest
three or four natural frequencies and modal loss
factors of the shells are given.

GOVERNING EQUATIONS
OF VIBRATION

To derive the governing equations of vibration
of unsymmetrical sandwich shells, the following
assumptions are made:

1. The thickness of the shell is small compared
with the radii of curvature of the middle
surface;

2. the face layers are elastic and isotropic and
suffer no transverse shear deformation;

3. the core carries transverse shear, but no
tangential stresses; it is linearly viscoelastic
and has a complex shear modulus;

4. no slip occurs at the interfaces of the core
and face layers and all points on a normal
to the shell move with the same normal dis-
placement;

5. although the metallic material of the struc-
tural layer and the constraining layer may
be different, e.g., steel or aluminum, the
values of their Poisson ratios may be ap-
proximately equal;

6. when the sandwich shell is in flexural vibra-
tion, the rotatory inertia effects of the shell
are ignored and only the inertia effects due

to the normal and tangential displacements
are considered.

These assumptions are used to establish a set of
simplified governing equations of unsymmetrical
sandwich shells.

The unsymmetrical sandwich shell configura-
tion is shown in Fig. 1. The thicknesses of the
constraining layer (face 1), the viscoelastic layer
(face 2), and the structural layer (face 3) are ¢,
t,, and t;, respectively. The thickness of the shell
is h, h = t; + t, + t;. A system of orthogonal
curvilinear coordinates is defined by the coordi-
nates af and aj corresponding to the lines of
curvature on the geometrically middle surface of
the sandwich shell and the coordinate z along the
normal to the middle surface. The Lamé parame-
ters and the normal radii of curvature in the direc-
tions of a§ and «F of the middle surface are de-
noted by A, A¥ and R}, R¥, respectively. The
tangential displacements of the points in face 1
and face 3 are given as follows:
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Here UY, VD, z,and UY, VO | 7, are the tangen-
tial displacements and the value of the coordinate
z of the points at the middle surface of face 1 and
face 3, respectively. W(e,, a,, f) is the normal
displacement of the shell. As in He and Ma (1988)
one can introduce

Uylat, a3, )

= [y, + v Ullat, o, 0 + yUat, af, 1),
Valat, a3, 0

= [y + )y Videt, af, ) +yVilat, af, 0l
UACHINGEN ) (2)
= (UUWNat, af, ) — USNat, af, 1)),

Plaf, af, 1)

= UV Dat,af, ) - VaF, af 1],

m



Viscoelastically Damped Sandwich Shells 405

FIGURE 1 The configuration and the displacements of a damped sandwich shell.

where

v =E /(1 = v?),
Y3 = E3t3/(1 - Vz), (3)

C=t2+%(t1 + 1),

in which E, and E; are the elastic moduli of the
faces 1 and 3, v is their common Poisson ratio,

U, and V,, may be regarded as the weighted mean
tangential displacements of the unsymmetrical
sandwich shell, and ; and s, are the rotatory
angles of a line connecting the two corresponding
points at the middle surfaces of faces 1 and 3 after
deformation. According to the assumptions, there
are uniform transverse shear strain components
3 and 7, in the viscoelastic layer. They can be
expressed approximately as

Yz =y — @)lty, yn=c@— @)/t;, 4
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where
aw m
ﬁol(aik’a;"t) = —A;gaaik +]T;|<’
v )
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¥ ¥ = — + —.
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The expression of the strain energy density per
unit middle surface area of the shell can be ob-
tained as

1
Uy,= E[N]"sl + Nie, + S*yp + M{*xi* + My*rh*
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Here N¥,N5- - - Q;*areall generalized internal
forces. They can be expressed in terms of defor-
mation as

N¥ = ND, + D3)(g, + vey)la?,

Nj = ND, + D;)(&, + ve))/a?,

S* = N1 — v)(D, + D3y, 2a%,
M {* = Y(D, + D3)(k1* + v3*),
M3* = Y(D, + Dy)(kj* + vk %),
H"™ =(00-v): YD, + Dy«if, ®)
M7* = (D, + D3)(k* + vk3™),
M3* = (D, + D3)(k3* + vk,

H"™ = (1 —v)D, + Dy)x'5,

1* = Yg(Dy + D)y, — ¢ ))/d?,

2* = Yg(D, + Dy)(y, — <p2)/a2,

where a is a tangential dimension of the shell,

D. = Et} _ E;t3
120 -0y TP 1200 = w2y

Y= 7173C2/(71 + v3)(Dy + Dy),

g =7 (vi t ya*lyysts, v, =Gy,

in which G, is the shear modulus of the core 2,
which is taken as a real quantity temporarily. Y,
A, and g are called two ‘‘geometric parameters”’
and the ‘‘shear parameter,’” respectively.

For the sake of convenience later on, the fol-
lowing dimensionless variables are introduced:

Aldal =A;kdaik/a, AdeYz:Aikda;‘/a,
u,=U,la, v,=V,la, w=Wla,
R,=Rfla, R,=R}%la, (10)
K{=ak{*, kj=aky*, k{,=ax¥,
ki =ak*, «k3=ak3y*, «ki,=axi¥.

Here a, and «, dimensionless coordinates. A,,
A, and R,, R, denote the dimensionless Lamé
parameters and the dimensionless normal radii of

curvature, respectively. Then the strain energy
U of the shell can be written as
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The dimensionless generalized internal forces
N, - - - Qj are expressed as

N, =\Ng, tvey), N,=M\e,+ ve)),
S = N1 = vyy,»/2,

M= Y +vky), M;=Yk;+ vk,

(12)
= Y(1 — v)kiy,
M=k +vky, Mi=«5+vk], H"'=(1-v)ki,

01=YgW,— @), Q=Yg ®2).

The kinetic energy of the shell T is approximately

m : avl" an’>2
et ()« () (5
AlAzdal daz,

where p is the mass per unit area of the shell.

According to Hamilton’s principle, one can ob-
tain a set of simplified governing equations of
motion of unsymmetrical sandwich shells (in di-
mensionless form)
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Equation (14) can be expressed in terms of u,, (¢ ,
ay, 1), v, (o, oy, ), wlay, o, 1), Yylay, oy, 1),
and Y (a;, ay, t). It is a set of 12th-order partial
differential equations with respect to «; and «,.

When a shell is in simple harmonic vibration,
the forms

um(al N az ) t) U (al ) az)elwt
Uulay, ay, 1) = v,y , ay)e,
W(a] ’ a2’ l) - w(al ’ aZ)e’wt (16)

Pilay, oy, 1) = ¥(ay, az)emt,

Polay, ay, 1) = Play, ay)e™,

are introduced. The circular frequency w can be
expressed in dimensionless form as

Q = wVpa*/(D, + Dy). 17

Equation (16) can now be substituted into Eq.
(14). However, as the shell is assumed to vibrate
harmonically, the shear modulus G, of the core
must be changed into the complex modulus
G,(1 + iB); here B is the loss factor of the visco-
elastic material. The inertia terms in Eq. (14) [pa®/
(D, + D310 (u,,, v,,, W)/3t? = —Q¥u,,, v,,, w)
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must also change correspondingly to —Q%1 +
in*) (u,,, v,,, w); here the quantity n* is the modal
loss factor of the shell. The physical significance
of the complex frequency Q%1 + in*) was dis-
cussed in Mead and Markus (1969). The ampli-
tudes u,,(a;, @,), Uy, @), wlay, @), ¥i(ay, ay),
and ¥,(;, a,) are all complex quantities. They
must satisfy the following equations:

1
TAA, |9

3A,
[— (N,A) + o (SAI) + S —I—N, ‘;22]
1

1
_E Ye(1 +iB)Wr — ¢y
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L 01— 021 + in9w,, = 0,
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1 "
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Here the amplitudes N,, N,, . . ., Q3, Q} are
expressed in terms of deformation calculated by
the amplitudes u,,, v,,, w, ¥, and P, as Eq. (12).
They are all complex quantities too. Typical ho-
mogeneous boundary conditions for edge a, =
a, (constant) are as follows:

simply supported edge (type 1),

N,=0, v,=0, M|=0,
(19)

P,=0, w=0, M{=0;

simply supported edge (type II),

N,=0, §=0, M|=0,
(20)
H =0, w=0, M!=0;
clamped edge
u,=0, v,=0, Y;=0,
1 1)
¥,=0, w=0, ¢,=0;
free edge,
N, =0, S=0, M!=0, H' =0,
OH" (22)

Q1+Q —0’ ’1’=0

A aaz

At a corner there is

w=0 or M (s+0)—-M, (s—0)=0. (23)
Thus, to investigate transverse vibration of a vis-
coelastically damped unsymmetrical sandwich
shell, one must first solve Eq. (18) for a given set
of boundary conditions to find the natural fre-
quencies {2, the modal loss factors n*, and the
corresponding complex modes u,,, v,,, W, ¥,
and ¢, .

ASYMPTOTIC SOLUTION OF
GOVERNING EQUATIONS

Solving Eq. (18) is not easy. The exact solution
can be obtained only in some particular cases.
To obtain an approximate and practical solution
and to avoid calculation with complex values, an
asymptotic solution with u = i as a complex
parameter can be introduced. The same proce-
dure was used in He and Ma (1988) to find the
loss factors of sandwich plates. One first expands
the solution in the power series

Up = U + MUy + “2um2 + ,LL3Mm3

+ Uy + pius + - -
Up = Upo + uU + 120, + 130,

+ 1y + ps -
w=wy + uw, + ulw, + uwiw,

+ ptwy+ piws + - -,



Y=Y 0+ iy, + ,U«zll’l,z + :U«S‘l’m
+ M4¢1,4 + Msll’l,s T,

Yo =Yoo+ iy + wAo, + iy,
+ gt Wiy

02 = 02+ 203 + u*Ql +

m* =pnf+winf+piniL 0 (24)
The amplitudes N,, N,, . . ., Q;, Q) are also
expanded in the power series. Substituting Eq.

(24) into Eq. (18) gives the successive equations
that the asymptotic solution must satisfty

L= Li(tyg> Uno> Wo> W1,05 Y20

d d
[671 (N1942) + ale(SoAl)

L, o= Lytyos Umos Wo5 1,05 Y20)

7] d
AA, [E)Tz, (SpAr) + ale(Nz,oAl)

1
+ §, —=— = —
So da N, 07y az] R, Yg(‘l’z,o ‘Pz,o)

Lo = Ly(ttyg5 Uy > Wy, V10> P20

1
AAz{ [YgAz(ll’lo $01,0)+A2Q'1',0]

a "
+ Fy [YgA (W0 — @20 + A;Q5, }
27

N N.
PR PR, B0
Lyo=LiU0> Vo> Wos Y10, W20
1 d
= +
A4 [a Mi,A) (HOAI)

04, 04,
+H06 Z_Mzoa] Yg(‘l’m 401,0):0,
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Ls o= Ly(#,9, Vo> Wo>» Y10, Po0)

1
EA Az [__" (H()Az) + (Mz OAI)
0A , 0A;
+ H(’)ga—:“ Mi, 60:2] Yoo — ﬂoz,o) =0,
(25)
Lyiv1 = Limirt> Umivr> Wis1s Yriers ¥2,00)
1
= E Yg(‘/’l,i - 901,1') + R(u,,),
1
Ly i1 = Ly is1s Upiirs Wists Yrie1> Y240
1
R Ye(,; — ¢2) + Riv,),
2
Lyji1=L3Wp i1 Upivrs Wis1> P1ie1s Ypie1)
Yg )
= 2 Az{ (A z(llll i 901,1')] (26)
0
+ -6_ [A1(‘Il2,i - 902,,')]} + R,‘(W),
o,
Lyiv1=LsUpis1> Vmirts Wirt> Y115 ¥t
=YW — ¢1,),
Ls ;i1 = Ls(Up 415 Unists Wir1> $1ie15 W1
=Yg, — ®2,1)s
(i=0,1,2,3,4,. . ),
where
Ry(w) = Q0"’)1 Wo,
R,(w) = Qfmiw, + Q%“’o»
R,(w) = Q§(miw, + niwy + Q3Mmiwy + wy),
Ry(w) = Qi(miws + niw) + QiMmiw, + wy) @
+ Q3w,,
R w) = Qf(mTw, + n¥wy + n¥wy)

+ Q3(miw, + miwy + wy)
+ QiMmiwe + wy), . . .
(the expressions of R (w) (i > 4) are omitted).

Here L,, L,, Ly, L, and L are linear partial
differential operators defined in Eq. (25) where
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all generalized internal forces can be expressed
in terms of the displacements and the rotatory
angles in accordance with Eqs. (12) and (7). The
expressions of R(u,) and R(v,,) are similar to
these of R;(w) in Eq. (27) with only w; replaced
by u,;and v,,(j = 0, 1, 2, 3, 4). Substituting Eq.
(24) into the boundary conditions (19)—(23), one
finds that, except for the fifth of Eq. (22) for free
edges that must be expanded in the power series
of u, the expressions for all other types of bound-
ary conditions that the successive terms u,,;, v,,;,
wi, ¥, and ,; (=0,1,2,3,4,5,. . ) must
satisfy are the same form as before. Therefore,
from Eq. (25) and the boundary conditions with
respect t0 Uy, Upmo» Wy, P19, and ¥, 4, one can
solve first a real eigenvalue problem and obtain
all the eigenvalues 3 and corresponding modes.
The modes can be normalized as follows.

If all the boundary conditions of the shell are
homogeneous, one can prove that orthogonality
exists between two complex modes. This means
that if there are two different complex eigenval-
ues Q1 + in¥) and Q}(1 + in}¥) and their corre-
sponding complex modes u,,;, U, W, ¥, ¥y and
Umis Umi> Wr» ‘»Ull’ ‘Pzp then

ST Wt + Vpra + Ww)A| A, der, doy = 0. (28)

Therefore, the normalization of the complex
modes can be stated as

I @2, + v + wHA A, da, doy, = 1. (29)

Substituting the first three equations of Eq. (24)
into Eq. (29), one can obtain

I @2+ v+ wdA Ay day day = 1, (30)

ff 2(um(]”lml + UmoUmi + w()wl)

@31
A Ay do, day, =0,

f f [z(um()umZ + UtV + WOWZ)
+ @2 + v+ wll (32

AIAZ dal daz = 0,

f f [z(umoumS + UpnoUmi3 + W0W3)
+ 2@yl F ViU T W) (33)
AIAZ dal daz = 0,

ST 2Qtts + VpVps + woig)

+ 2tz T VpgUps + Wiw3)

34
+ Wiy + v, + w] G4
A1A2 dal daz = 0,
f f (2t 0 ts + VpugUs + Wow's)
+ 2(umlum4 + Umlvm4 + W]W4)
(35)

+ 2(um2um3 + Ui2Uni3 + W2W3)]

A1A2 da] daz = O,

successively. In accordance with Eq. (30) one can
normalize the real mode u,, Vg, Wo, P14, and
¥,0. From Eq. (25)

ff (UpoLy g T VpoLng + wolsg

(36)
—Py9Lap— ‘Pz,oLs,o)AlAz da, da, = 0.
Through integrations by parts and other calcula-
tions one obtains

Q3= [J A0+ 2,07 = 20 = 1) (10820 — 1 vh0)]
+ Ykl o+ k502 — 20 — ¥) (k] gk s o — K p ]
+ (ko + k0P — 2(1 = v) (k| gk — Ko D]
+ YW — @10” + Wap— 0201}
A A, day da,. (37)

Next one solves Eq. (26) for i = 0. First the
value of 0¥ in the expressions of Ry(u,,), Ro(v,,),
and Ry(w) must be determined. By using a similar
procedure as before when Eq. (37) was obtained,
one can obtain

1
Nt = ﬁgff Yel(W0— @10
(38)
+ (1112’0 - ‘Pz,o)z]AlAz da, da,.

7 ¥ is the fraction of strain energy attributable to
the viscoelastic core when the damped shell de-
forms in the mode u,,, v,q, Wy, ¥, and Y, ,.
All the first terms of each expression in Eq. (24)
can be regarded as an approximate solution,
which are the same as the results obtained by
means of the MSE method suggested in Johnson
and Kienholz (1982).

To improve accuracy, one must calculate suc-
cessive terms of the asymptotic solution. Having
determined the value of 7§, one can obtain the



unique solution for u,,, v,,,, w;, ¥, and ¢, ; of
all modes in accordance with Eq. (26) for i =
0 and corresponding boundary conditions. The
general solution for u,,, v,,, w;, ¥;,;, and
may be written in the following form:

Uy = umlp + klumO’ U1 = vmlp + klva’

wi=wy, + kiwg, Y= l/11,11; + kl‘l’l,(}a (39
Yoy = ‘/fz,lp + kl‘Pz,o-

Here w1, 5 Umip> Wip» P11, » ¥2,1, are a set of partic-
ular solutions where k; is an undetermined con-
stant. The value of k, can be given by means of
the normalization condition, Eq. (31). Then the
expressions for u,,, v,,, w;, ¥, ;, and ¢, can
be determined completely.

Through calculations similar to previous ones,
the solutions of the successive Eq. (26) fori =1,
2, 3, 4 can be obtained. The expressions for (3,
n¥, Q3%, and n ¥ are as follows:

Q% = ff Yg[(‘l‘l,o - @1,0)(‘1‘1,1 - 901,1)

(40)
+ (llfz,o - ‘Pz,o)(‘llz,l - S02‘1)]A1A2 do doy,

1
n3 = (T(z)”{Yg[(llh,o — 1)W1 — 1)
+ (W20 = 0200, — ©2))]

C3)
- ;k ‘Q(z)(um()umZ + UinoUnp2

03
‘7)?"9_(2),

+ ww)lA A, da, dot,
Q% = fJ’{Yg[(dll,O - ‘Pl,o)(‘lfl,s - <P1,3)
+ (‘Pz,o - ‘Pz,o)(ll’2,3 - ‘Pz,s)]

- ;kQ(z)(umOum3 + UmoVUnm3 + W0W3) (42)
- Q%(umﬂumZ + UpntUm2

+ Wowg}AlAz dal daz N
1
ns = Q—%ff {Yg[(llfl,o - €01,0)(‘P1,4 - ‘P1,4)

+ (11‘2,0 - 902,0)(‘!12,4 - €02,4)]

%02
N Qi Uolins T+ VpgUpma + W)

43)
’(7) TQ% + n gkﬂ (%)(”moumz + UmoUm2

+ W()W?)}A]Az dal daz

1
_(T%(’f)’fﬂ% +n3Q).
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Using the normalization conditions (32)—(35),
one can obtain the unique solutions for u,, ;,,,
Um,it1> Wirt» Wriv1and (0= 1,2,3, 4) succes-
sively in accordance with Eq. (26) and corre-
sponding boundary conditions. If the calculation
is not to be continued, one is left with the expres-
sions for the asymptotic solution given explicitly
in Eq (24), without the residual terms indicated
by (- - -) on their right sides. The last two solu-
tions of Eq. (24) may be rewritten as

2 2 2
w-oiios (- 0w o
R FRRTLL AR ) s s

ny  nf N3

Equation (44) and (45) can be obtained by using
the Padé approximants method (see appendix B
in Ma and He, 1992). By calculating with Egs.
(44) and (45), one can often obtain better results.

EXAMPLE

Consider a circular viscoelastically damped sand-
wich cylindrical shell of radius a and length 1
with simple support (type I) ends. Introduce the
dimensionless coordinates oy = x/a = ¢ and
a, = 0 and let the ends of the shell be ¢ = 0 and
& = ¢, = 1/a. The following solution form that
satisfies the boundary conditions for the ends is
assumed:

u,, = A cos(wé/€,) sin méo,
U, = Bsin(mé/€;) cos mé,
w = C sin(wé/€,) sin m#, (46)
Y, = D cos(wé/€,) sin m0,
U, = E sin(w&/€,) cos m#.

Here we only attempt the lowest several natural
frequencies and take the number of axial half
waves to equal one. However, the circumferential
wave number m is to be selected to associate with
the lowest several natural frequencies. Substitut-
ing Eq. (46) into Eq. (18) leads an algebraic com-
plex eigenvalue equation. The exact solution in
the form as Eq. (46) can be obtained directly from
the algebraic equation. We are only interested in
the transverse modes of vibration. The motions
are mostly radial and the amplitudes C are pre-
dominant. The asymptotic solution is also calcu-
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FIGURE 2 Ratio of the asymptotic solutions of natural frequencies of simply supported
cylindrical shells (Y = 3.5, A = 12 X 10% to the exact ones vs. the variable g m = 4 and

5). (- - -) QAL (—)QHOL,.

lated for comparison. It can be obtained by ex-
panding the amplitudes in Eq. (46) in the power
series and using the procedure as given in the
preceding section.

Numerical calculation was done for a shell with
a = 100 cm and 1 = 200 cm. Both the structural
layer and the constraining layer are made of alu-
minum. Their common Poisson ratio » equals 0.3.
The thicknesses of the layers are t; = t; = 1 cm
and £, = 0.08 cm. The loss factor of the core 8
equals 1. The two geometric parameters are Y =
3.5 and A = 12 X 10* The value of the shear
parameter g varies from 0.1 to 1000. The circum-
ferential wave number m associated with the low-
est natural frequency depends on the value of the
variable g. When g = 0.1, 1, and 10, m = S. When
g = 100 and 1000, then m = 4. In Fig. 2 curves
showing the variation Q3/Q2 and Q%/Q2 with
the variable g are given with m = 4 and 5. The
values of (2 are calculated according to Eq. (44).
Q2 is the exact solution obtained from the alge-
braic complex eigenvalue equation. Figure 3
shows n*/B as a function of the variable g, where
the values of n* were calculated according to
7n¥B or Eq. (45). The latter in this example is
nearly identical with the exact value n* , which

was also obtained from the complex eigenvalue
equation. Table 1 gives the values of Q3, Q2,
Q3, and Q? calculated according to Eq. (44) for
corresponding values of g of 1, 10, 100, and 1000
and m of 3, 4, 5, and 6. The exact values 2, are
also given for comparison. The values of 5§,
n¥, n¥, and n* calculated according to Eq. (45)
and the exact values n¥ for the same values of
g and m are given in Table 2.

For comparison numerical calculation was also
done for a simply supported (type I) thinner cylin-
drical shell with a = 50 cm and 1 = 200 cm. The
thicknesses of the layers are ¢, = £, = t; = 0.25
cm. However, the materials of the face layers
and the core are the same. The two geometric
parameters of the shell are quite different from
those of the above-mentioned shell. They are
Y = 12 and A = 48 X 10* The value of g varies
as well. The values of Q2, O3, Q32, and Q? calcu-
lated according to Eq. (44) and the exact values
Q2, for corresponding values of g to be 0.1, 1,
10, 100, and 1000 and m to be selected to associate
with the lowest three natural frequencies are
given in Table 3. The values of §, n¥, n¥, and
7n* calculated according to Eq. (45) and the exact
values n¥ for the same values of g and m are
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FIGURE 3 Ratio of n* to 8 vs. the variable g (m = 4 and 5) for simply supported
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Table 1. Dimensionless Frequencies of Simply Supported Cylindrical Shells

1 g

g m Qf Q3 0 05 Q%
1 3 4628.37 —2.026 —-0.0134 4630.39 4630.37
4 2158.26 —2.497 —0.0066 2160.75 2160.74
5 1596.75 —2.794 —-0.0035 1599.54 1599.55
6 1918.90 —2.983 —0.0019 1921.88 1921.87
10 3 4759.90 —39.534 —-8.593 4792.37 4792.37
4 2457.06 —79.764 -9.851 2528.06 2528.05
S 2140.39 —122.507 —8.732 2254.75 2254.75
6 2781.56 —-161.059 —6.859 2936.04 2936.03
100 3 4906.89 —28.213 —22.709 4922.52 4922.52
4 2947.94 —110.623 ~78.827 3012.54 3012.54
S 3354.33 —311.017 —191.434 3546.85 3546.86
6 5240.13 —690.522 —-360.179 5693.94 5693.93
1000 3 4938.08 -3.776 -3.691 4939.99 4939.99
4 3085.13 —17.409 —16.783 3094.00 3093.99
b 3796.95 —59.380 —-56.248 3827.44 3827.46
6 6387.46 —163.680 —151.780 6472.39 6472.37
B=10,Y=35x=12x 10%
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Table 2. Modal Loss Factors of Simply Supported Cylindrical Shells

g m nf 3 vH n* N
1 3 0.005441 0.000038 0.000000 0.005404 0.005404
4 0.022499 0.000086 0.000000 0.022414 0.022414
5 0.049794 0.000149 0.000000 0.049646 0.049645
6 0.061344 0 000135 0.000000 0.061210 0.061210
10 3 0.017822 0.004020 0.000908 0.014542 0.014542
4 0.092391 0.014407 0.002248 0.079929 0.079929
5 0.214412 0.027552 0.003541 0.189998 0.189998
6 0.280598 0.028196 0.002833 0.254976 0.254977
100 3 0.006409 0.005195 0.004212 0.003539 0.003539
4 0.044454 0.033345 0.025012 0.025401 0.025401
5 0.118185 0.083702 0.059280 0.069186 0.069185
6 0.182459 0.119215 0.077893 0.110355 0.110355
1000 3 0.000773 0.000757 0.000740 0.000391 0.000391
4 0.005747 0.005573 0.005404 0.002918 0.002918
5 0.016068 0.015472 0.014898 0.008186 0.008186
6 0.026611 0.025358 0.024164 0.013626 0.013626
B=10,Y=35\x=12x 10%

given in Table 4. In Figs. 4 and 5 the variations
Q3/Q2, and Q%/Q2, and n*/B with the variable g
are respectively given with m = 4,

From Figs. 2 to 5 and Tables 1 to 4 it is evident
that for the both types of cylindrical shells with
quite different values of Y and X the errors in the
values of Q3 and n} are somewhat appreciable
in a certain range of the value of g in comparison
with the exact values of Q2 and n¥ , while the
values of Q? and »* obtained from Egs. (44) and
(45) are nearly equal to the exact ones.

From the results calculated it is shown that the
maximum damping occurs at somewhere in the
range of the value of g for a definite circumferen-

tial wave number m. It is quite analogous to the
vibration analysis of viscoelastically damped
sandwich plates of He and Ma (1988) and sand-
wich beams of Plunkett and Lee (1970). There-
fore, careful attention must be paid to geometric
configuration of a sandwich shell to achieve maxi-
mum effectiveness for vibration control.

CONCLUSIONS

In this article a set of simplified governing equa-
tions and corresponding boundary conditions of
viscoelastically damped unsymmetrical sandwich

Table 3. Dimensionless Frequencies of Thinner Cylindrical Shells

g m 0§ 03 0} ? Q%
0.1 4 809.812 —0.0976 —0.3507 x 1073 809.909 809.918
5 851.937 —0.1051 —0.1591 x 1073 852.042 852.074
6 1393.931 —0.1095 —0.0802 x 1073 1394.041 1393.957
1 3 1745.583 —6.314 —0.0571 1751.910 1751.898
4 949.117 —8.340 —0.0269 957.429 957.433
5 1087.008 —9.483 —0.0134 1096.478 1096.446
10 3 2075.220 —101.045 -26.271 2155.415 2155.396
4 1823.935 —241.720 —34.129 2035.756 2035.739
5 2784.250 —395.705 —31.200 3151.035 3151.031
100 2 6220.304 —4.892 —4.470 6222.860 6222.831
3 2394.386 —57.892 —48.181 2425.982 2425.966
4 3145.337 —287.345 —211.299 3310.921 3310.884
1000 2 6225.100 —0.552 —0.547 6225.378 6225.313
3 2456.394 —7.409 —7.269 2460.134 2460.146
4 3491.275 —43.371 —41.965 3513.317 3513.300

B=10,Y=12,\=48 x 104
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Table 4. Modal Loss Factors of Thinner Cylindrical Shells

g m ni n3 n3 n* n&
0.1 4 0.020143 0.000003 0.000000 0.020140 0.020140
5 0.031732 0.000004 0.000000 0.031727 0.031726
6 0.028833 0.000002 0.000000 0.028830 0.028832
1 3 0.038781 0.000487 0.000006 0.038300 0.038301
4 0.154747 0.001859 0.000022 0.152910 0.152910
5 0.232158 0.002353 0.000024 0.229828 0.229835
10 3 0.095501 0.029477 0.009100 0.072978 0.072978
4 0.352706 0.096539 0.026426 0.276913 0.276915
5 0.506151 0.111843 0.024714 0.414549 0.414550
100 2 0.000823 0.000752 0.000688 0.000430 0.000430
3 0.026503 0.022698 0.019440 0.014276 0.014276
4 0.106535 0.088072 0.072810 0.058321 0.058321
1000 2 0.000089 0.000088 0.000088 0.000045 0.000044
3 0.003045 0.002997 0.002949 0.001535 0.001532
4 0.012629 0.012376 0.012129 0.006378 0.006376

B=1.0,Y=12,x =48 x 10%

shells in vibration are given. To avoid calculation
with complex values, an asymptotic solution of
the simplified governing equations was intro-
duced, with the loss factor of the viscoelastic
material of the core as a parameter. As examples,
calculations were carried out for two types of
circular cylindrical shells with simply supported
ends. The lowest three or four natural frequencies
and modal loss factors of the shells are given. If
in the asymptotic solution only the first terms
of all quantities are adopted, then the result is
identical with that as given in accordance with
the MSE method. However, the results of the
examples indicate that the errors in the values of
the natural frequencies and modal loss factors are
somewhat appreciable in a certain range of the
value of the shear parameter g. By taking more
terms of the asymptotic solution, with successive
calculations and use of the Padé approximants
method, accuracy can be improved. For the sam-
ple problems, the values of 2 and n* calculated
according to Eqs. (44) and (45) give the accurate
prediction. Although the asymptotic solution in
analytical form can only be obtained in simpler
cases, in other cases one can use approximate
methods, e.g., finite element methods, to obtain
numerical solutions. With the character of the
free transverse vibrations of a shell thus calcu-
lated, it is then possible to analyze further the
response of the shell to various types of dynamic
normal loads in order to provide a reliable basis
for design.

The support by the National Science Foundation of
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