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ABSTRACT

A formalism is proposed for describing finite difference calculations in an abstract way. The
formalism consists of index sets and stencils, for characterizing the structure of sets of
data items and interactions between data items (“neighbouring relations”). The formalism
provides a means for lifting programming to a more abstract level. This simplifies the tasks
of performance analysis and verification of correctness, and opens the way for automatic
code generation.

The notation is particularly useful in parallelization, for the systematic construction of par-
allel programs in a process/channel programming paradigm (e.g., message passing). This
is important because message passing, unfortunately, still is the only approach that leads
to acceptable performance for many more unstructured or irregular problems on parallel
computers that have non-uniform memory access times. It will be shown that the use of in-
dex sets and stencils greatly simplifies the determination of which data must be exchanged
between different computing processes.

1 INTRODUCTION and exchange data with each other through communica-
tion [12]. At the same time this programming paradigm
One of the main causes for the complexity of parallel pro- is also the most difficult to manage for more irregular ap-
gramming is the necessity data locality Truly scalable plications. It requires that a program is written for each
and cost-effective parallel computers will have a physi- computing process that explicitly states which data items
cally distributed memory organization. This causes mem- must be exchanged between the processes and at which
ory access times to be non-uniform, such that memory times. Unfortunately this (currently) is the only approach
can be said to be close to or far from a processor. The keythat leads to acceptable performance for many more un-
to high performance on these machines is to optimally ex- structured or irregular problems.
ploit the structure of the memory system, for instance by =~ The development of software with a process/channel
minimizing the number of non-local data items that are paradigm can be simplified by lifting the programming
needed by a processor. to a higher level of abstraction. Whereas many numerical
Control over data locality is maximized if a pro- applications are nicely structured on a conceptual level
cess/channel parallel programming paradigm is used in (as in a finite element mesh), this structure may have been
which computing processes work on private data only, obscured in a computer program. Determining data de-
pendences and corresponding communication required is
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In this work we describe our approach for the paral- in our case are the re-use of program-code, algorithms
lelization of a complex finite difference application with and data structures, because of the huge investments
irregularly shaped grids. This approach has been appliedmade in the program and in pre- and post-processing fa-
for parallelization of the operational 3D shallow water cilities. A commonality is the requirement that increasing
simulation program TRIWAQ of the Dutch National In- the level of abstraction should not be achieved at the cost
stitute for Coastal and Marine Management, Rijkswater- of efficiency.
staat/RIKZ. The parallelization is based on PYM and has  Other solutions that have been proposed for simplify-
yielded good results, e.g., almost ideal speed up on 48ing the programming of parallel applications are: auto-
processors of a Cray T3E parallel computer [22, 23]. matic transformation of abstract specifications into exe-
This article describes the theoretical foundation underly- cutable program code [10, 11, 19], formalization of the
ing some of the parts of the parallel software, which are software development process [4, 5, 17], and the use of
in the public domain. skeletons [8, 9]. These approaches also work by increas-

The application TRIWAQ, too, is provided with a nice ing the level of abstraction of parallel programming, and
mathematical structure, through the usage of an internally are supplementary to our work. Firstly because our com-
regular grid. However, the irregular boundaries of the do- munication operations (Subsection 4.6) can be seen as a
main (coastlines) necessitate usage of an indirect addresskind of skeletons, secondly, our notation allows for for-
ing mechanism, i.e., putting all active grid points consec- malization of some part of the development process and
utively in a 1D array. This mismatch between mathemat- finally, our description clearly shows starting-points for
ical and implementation structures becomes important in automatic code generation.
parallelization, because distribution of the implementa-
tion structure does not preserve data locality.

Essential abstractions in our approach are index sets2 THE FORMALISM IN A GENERAL SETTING
and stencils (Section 2) fgreciselyandcompactly de-
scribingfor which grid points calculations are carried out The purpose of the concepts introduced below is to de-
and which data items are involved. It can be argued that scribe explicitly the structure and interactions of data
this is valuable also in sequential computation, because ititems in a numerical simulation algorithm. For instance
gives additional insights in the numerical method, helps we want to capture the structure of an irregularly bounded
preventing and detecting errors in the final source code, grid such as is shown in Figure 1. This is done withran
and can be a starting point for developing tool-support. dex set
The notation is much more indispensible in parallel com- N . . . . .
putation. This is because it allows for the specification of Definition rll An n-dimensional index set is an arbitrary
inherently data parallel operations in a parallel way, and subset ofZ”.

greatly simplifies the determination of which data must Thjs concept provides a generalization of conventional ar-
be exchanged between neighbouring subdomains.  rays, for which the index set is a Cartesian product: the
The index sets and stencils in our formalism are in jndex set of ann x n array is{1, ..., m} x {1,...,n}.
essence the same gmlex domain@nd communication  calligraphic letters are used to denote index sets. For sim-
formsin Crystal [7], andndex spaceandcommunication  pjicity we mainly restrict ourselves to two-dimensional
topologiesn PROMOTER [14, 20]. Although developed jhdex sets.
independently, this work can be viewed as a case study t0  The structure of the interactions between data items
the use of these formalisms for a complex finite difference s non-trivial for instance in the matrix-vector multiplica-
application. We show that the formalism leads notonly to tjon y := Ax for a sparse matrix € R™*". A question
concise documentation but also contributes to better un-is \which elements; of x are required for calculation of
derstanding of the numerical method. In parallelization it 3 given set of elements fori € Z, c {1,...,m}. The
enables handsome optimizations in the amount of com- set of indicesj for which x; is required is called;. It is
munication. In the manipulations that are required we use determined by the non-zeros.in
knowledge of the problem domain, such that this work
cannot be automated easily in a compiler-system such as

Crystal or PROMOTER. n

This clearly illustrates the different scopes of both Yi = Zaijxj (1a)
Crystal and PROMOTER and that of the current work: j=1
whereas the former intend to provide a general purpose - Js = {j e{l,....,n}|3i €l aj # 0}. (1b)

programming model/compiler system, our formalism is
oriented towards a specific application domain and to par- In this example the structure of the operation is deter-
allelization of sequential Fortran code. Important aspects mined by the non-zero pattern af This pattern is given
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FIGURE 1 Typical grid in shallow water applications (Wadden sea, the Netherlandsx 200, 45,000 active points).

by the pairs such as in Equation (3)), but only for characterizing the
pattern of the interactions:
A=1G He{l, ....m}x{1,...,n}|a; #0}. (2 ] ) . )
(@.n et Pt Haij 20} @) Definition 3 A two-dimensional stencil is an arbitrary
i 2
Index setA is called theinteraction sebf the operation ~ collection of offsetgém, 6n) € Z=.
(thecommunication produasf [20]). It describes the in- p jist of stencils that are used in this work is given in
teractions between the elementswodndy (data depen- 1 pie 1.

dences of the operation) in a compact way. A stencil is always used in the meaning that a calcula-

Definition 2 An interaction set is an arbitrary subset of tion for each central point (offse0, 0)) requires values
the Cartesian product of two index sets. from all points referred to by the stencil. In some cases
. we want to describe an interaction with opposite direction
In many large scale computing problems the non-zero (information of the central point is needed by all other

pattern of a sparse matrix (at least at the conceptual level)points indicated by the stencil), therefore we introduce:
can be characterized by a sparsity structure. In finite dif-

ference applications the structure arises through the ap-Definition 4 The negative of a (two-dimensional) stencil
plication of stencilsor computational molecules [1, 16]. S is the stencil
An example is the well-known five-point stencil for the

Laplace operator, —8 ={(6m,én) € Z? | (—6m, —sn) € S}.  (4)
1 With these definitions we can construct the interaction
1-41], (3) set for many finite difference operations. However, we are
1 mostly interested in determining data requirements such

as in Equation (1b). In such a case one index Bgtié
which implies that the equation for an internal grid point used as theange of the computation (also calletera-
takes the values of its four “neighbouring” grid points mi-  tion setconform [6]); a computation is performed for all
nus four times the value of the grid point itself. The sten- elements ;) in this set using neighbouring values spec-
cil is determined by the discretization techniques that are ified by a stencil. Which valuesc{) are required is now
used (e.g., central, 1st order upwind, 2nd order upwind). easily determined by adding all offsets in the stencil to all
In our case a stencil is not used for describing the mutual elements in the range of the computation. This operation
influences of neighbouring grid points (through weights is calleddilatationand is denoted by the symbgl
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Table 1. Definition of a Number of Stencils

stencil  collection of offsets stencil offsets
S1 0,-1),(-1,0),(0,0,(1,0),(0,1)
S1x (-1,0), (0,0, (1,0 S1y (0,-1),(0,0),(0,1)
S-1x (=10),(0,0 S-1y  (0,-1),(0,0
Si1c (0,0), (1,0 Siy1y (0,0,(0,1)
Suv (=1,0),(0,0), (-1 1,01 Svu (0,-1),(0,0), (L, -1),(1,0
Definition 5 The dilatation of an index séf;, ¢ Z with a relation between two vertices. Similarly triangular el-
stencilS is ements can be defined as points in thelset V x V.
Interactions can be defined in terms of these relations be-
T =L, S8 tween nodes, edges and elements. For instance a compu-
_ {(m’ i) e J | Im,n) € T, A3ISm, 6n) € S: tation for an element might require information from thg
. - nodes that constitute the element. In another computation
m=m+5m,n=n+6n}. (5)

information might also be required from “neighbouring”

. . . . nodes, which can be stated precisely using indeX set
Although the index sey7 for which the input data is de- Using index sets we can also give a nice characteri-

fme_d need n_oF be the same as the index set of the re?“'Eation of data parallelism: a data parallel operation, also
varlaple 0. itis clez.ir.t_hat they must have the same Q" called super-step, consists of more or less elementary cal-
mension. From Definition 5 follows further that the di- ¢, ations performed independently for all elements of an
latation operation isommutativendassociative iteration set. Examples are found in parallel constructs

such as thdorall  -loop in parallel Fortran languages
I®S=5®1, (62)  [6]. A data parallel program consists of a sequence of
ZTRS1)RS2=7TR(S1R82). (6b) such data parallel operations. A single thread of control is

visible to the programmer; parallelism is explicit in each
Also note the direction of the stencil: offsets in the sten- data parallel operation. A program in this form can be
cil areaddedto each point of the iteration set. If instead parallelized by applying multiple workers to each step

we want to determine the set of elememptdhat are in- (agenda-parallel way of working, see [3]), and can be
fluenced by elements; in a subset/; C J of the in- converted into an SPMD form with multiple processes.
put data, then we must calculate the dilatatiog/pfvith Where possible this should be left to a compiler; in the
stencil-§: following sections however it will be done manually in a

systematic manner.

I, = J®—S At the conceptual level, the main issue in paralleliza-
= {0m,n) € T|30#, ) € Ty A3(Sm, on) € S: tion is thgt of determining a suitable distribution of all

- - computations over a set of processors. In data parallel al-

m+5m=m,n+5n=n}. (7

gorithms, the data dependence graph of the algorithm is
presented in a highly structured form through the list of
super-steps. A partitioning for the entire algorithm can
by then be constructed by giving a partitioning for each of
o the super-steps. Of course the objective is to determine
{(m.n.im.7i) € T x T |3(@6m. on) € S: the separate partitionings such that the overall perfor-
m=m+3dm, n=n+én}. (8) mance is maximized, which requires optimal utilization
of the processors as well as minimization of the amount
The concepts of index sets and interaction sets areof data movement. This implies among others that dif-
applicable in many fields in scientific computing. For ferent steps using the same result variable (iteration set)
instance in finite element applications we can distin- should be partitioned in the same way if possible. Fur-
guish the sets of vertices, edges and elem&nts, 7. thermore different index sets which are used together in
For an unstructured mesh the index ¥etwill be one- super-steps should be partitioned such that as many inter-
dimensional, simply giving the node number. The set of acting indices are assigned to the same processor as pos-
edgesf can be defined as a subsetlok V, specifying sible. These issues are also visible in High Performance

Finally the interaction set for the entire operation is given
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Fortran (HPF, [6, 15]), in the problems déta distribu- 9¢  OHu  9Hv _ (9¢)
tion and re-distribution and dalignmentof different ar- ot ox dy

rays. Index sets and interaction sets thus provide general- _ ) _
izations of the regular array structures in HPF. In these equationg, denotes the water elevation with

respect to a plane of reference andndv are the flow

velocities inx and y-directions.H = ¢ + d is the to-
3 APPLICATION TO SHALLOW WATER tal water depth, with? representing the bottom profile.
SIMULATION PROBLEMS Fy, Fy are the components of the wind-stress vector in

x andy-directions,g is the acceleration of gravity, is
We have applied our formalism to the documentation and the Coriolis parameter antl is the bottom friction co-
parallelization of the complex three-dimensional shallow efficient. We have omitted among others eddy-viscosity
water simulation program TRIWAQ [22, 23]. For mat- effects and atmospheric pressure because they are not
ter of exposition we restrict ourselves in this section to a needed for showing the use of index sets and stencils.
numerical model for simulation of the two-dimensional Equations (9a)—(9c) are numerically integrated with
(depth-integrated) shallow water equations (SWE). The respect to time by means of an Alternating Direction Im-
characteristics of the problem that are essential for the plicit (ADI) method. This means that a time-step is split
mathematical structure of the application are maintained, into two halves, first from time to r + §¢/2 and then
namely the use of irregularly bounded staggered grids from ¢ + §¢/2 to ¢ + §¢. In the first half step the spatial
and a time-dependent computational domain due to dry- derivatives concerning water-elevation are taken explic-
ing and flooding. However, a large number of practical itly in y-direction and implicitly inx-direction. This step
(engineering) aspects are abstracted from, such as the usg given in Equations (10a)—(10c), with a prime denoting
of curvi-linear grids, density differences due to temper- values at the new time-level.
ature and salinity variations, and solution of non-linear

equations etc. An introduction to SWE and their numer- u' —u " ua_u " va_u n 8_{’

ical treatment is given in [24]. An introduction to finite 3t/2 0x ay 8ax

difference methods can be found in [1, 16]. — fu 4 ru=F (10a)
. X

We show how a finite difference method can accu-

vV —v ov ov a¢
u— +v

rately be described on a high level of abstraction by — g

means of index sets and stencils. All the parallelism of 8t/2 dx dy dy

the numerical method is still present here. Therefore this + fu+ ' =F), (10b)
level is well suitable for analysis purposes and for starting =t A +du A+

the parallelization. In Section 4 index sets and stencils are + =0. (10c)

o S ) . 8t/2 d a
used for describing the parallelization of the simulation / * Y

method. It will be shown that communication require-  The second half step is largely the same, except that the
ments can be determined easily and manipulated usingyg|e of x- and y-directions andi- andv-velocities is in-
extra index sets for grid points near subdomain bound- tgrchanged. In each half time step the calculations consist
aries. of first calculating values for the flow velocity in one di-

rection at the new time-level, then solving a collection
3.1 A numerical model for SWE of tridiagonal systems for the water levelsand finally

As atest case for illustrating the use of our documentation computing the other flow velocity.

techniques we use the numerical method of Yu [21, 25].

Because this problem is two-dimensional and due to the 3.2 Finite difference grids and index sets

largely linear and explicit treatment this method can be . . .

explained somewhat easier than other shallow water mod-'" Shallow water simulations the use of irregularly boun-

els. This method is especially attractive for large scale d€d grids is inevitable, see Figure 1. An important aspect
models such as the continental shelf, although it has also'S furthermore that the domain is varying in time, as a
been used for the Belgium coast and for lab-scale models."€Sult of drying and flooding due to tidal motion. In the

The partial differential equations that are considered Wadden sea shownin Figure 1 this effect s quite extreme:
here are: more than half of the grid points can be taken out of the

computation due to drying.
Another form of irregularity arises through the use of
— — t+v— = — ru = Fy, (9a . . . o
ot + rr + vay + & ox vt v (93) staggered gridsThis means that the different quantities
v v v ac in the PDEs (velocities, water-levels) are discretized on

ar T Max TV TEe T fu+iv="Fy, Ob)  grids that are displaced with respect to each other by

du du du a¢
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one half mesh width. The use of staggered grids has sev-that a boundary point can be needed-direction as well

eral advantages over standard grids in the area of SWE:

as iny-direction, see for instance indéx + 1, n + 1) in

a decrease in storage requirement by a factor of four is Figure 2 (right). ThereforéG* andag; are overlapping

achieved without noticeable loss of accuracy, the imple-
mentation of boundary conditions is simplified and spu-
rious oscillations (“3x waves”) are prevented, see, e.g.,

[24].

The finite difference grids are constructed by first ap-
proximating the physical domain by a collection of cells,
with cell-faces parallel to the coordinate directions (Fig-
ure 2, left). The computational domain, i.e., the collection
of cells, is represented by a two-dimensional index set:

Computational Domaie= D = {(m,n)} c Z%. (11)

Then the water levef is approximated in the centres of
all cells and velocities are approximated on cell-faces.
For instancex is approximated in the centres of cell-
faces parallel to theg-axis. The nodes in which the un-
knowns are approximated thus form three different grids

that are displaced with respect to each other: a stag-

gered grid (Figure 2, right). The-point with coordinates
((m + 1/2)8x, ndy) is given the indexim, n), just asv-
point (mdx, (n + 1/2)8y).

Theindex set§, . G, G, for u, v- andz-grids are for-
mally defined as:

G, =D®Si1e

= {(m,n) € Z?|
(m,n)eDv(m—i—l,n)eD},

=D®S+ly

= {(m,n) € Z?|
(m,n)eDV(m,n—i—l)eD},

gs = D.

(12a)

(12b)
(12c)

The adopted notation indicates that boundary points are

included in the sets of velocity-points, but not in the set
of water-level points. For the implementation of bound-
ary conditions an extra ring of virtudl-points is cre-
ated around the domain which is denoted by the index
setdg, = aGF U 3G,

3G = {(m,n) e Z%/D |
(m—l,n)eD\/(m+1,n)eD}, (12d)
3G; = {(m,n) € Z%/D |

(m,n—l)eD\/(m,n+1)eD}. (12e)

The collection of all water-level points is denoted by
Gy = Gs U 3G,. In the first phase of the ADI scheme
only the boundary points in-directionadG; are used, in
the second phase thoserdirection. Therefore we in-
troduce index sef, = G, U 3G and likewiseG. . Note

if there are diagonal boundaries.

Only velocity points are subject to drying and flood-
ing in the numerical method that is considered. A point is
taken out of the computation as soon as the water-height
drops below a threshold and is inserted again if the water-
level rises above a (larger) threshold. The actual (time de-
pendent) set of weai-points at a given time, denoted by
G, can thus be smaller than index ?étdefined in Equa-
tion (12a).

Mapping the three grid point¢mdx, ndy), (m +
1/2)éx,ndy) and(méx, (n+1/2)8y) onto the same index
(m, n) amounts taaligning the different grids. The three
points together form one grid point of the staggered grid.
The collection of all grid points in the staggered grid (the
union ofG,, G, andg,) is denoted byH. It has a similar
function as aemplatein HPF.

Calculations in the ADI scheme are sometimes based
on the rows and columns of the computational domain,
for instance in the definition of tridiagonal systems of
equations. A row is a set of cells with identicaindex
and consecutive: indices. The index set of all rows is
defined by

R = {(n,mo,ml) eZsl
mo<miA(mog—1n)¢ DA
(mi1+1,n) ¢ DAVm e {mog,...
(m,n)eD}.

,m1}:
(13)

The collection of columng is defined similarly. There
can be several rows with the sameoordinate if there
are holes in the domain.

Definition (13) gives another representation of the
computational domain because

D = {(m,n) € Z?| 3(i, mo, m1) € R:

fl:n/\moimgml}.

(14)

This relation forms the basis of the actual implementa-
tion in Fortran. An operation for a specific index set is
realised by performing a double loop over all rowsRn
and all points(m, n) within each row. A calculation for
wet points only is realised by selection with a mask array.
The implementation is not trivial however, but requires
detailed knowledge of and is tailored to the application.
For instance a calculation for ajlpoints in?f requires

a loop ol/;armo —1,...,m1 + 1instead ofmng, ..., m1,
becaus€; = D @ Six:
Y(n, mo, my) € R:
VYm € {mg—1,mo,...,m1+ 1}:
calculate for grid pointm, n). (15)
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) ) Finite difference grid (grid points)
Computational domain (cells)
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( 2) m—1 m m+ 1
“physical” coordinates grid point indices

FIGURE 2 Computational domain versus staggered grid.

With respect t@f, arowr = (1, mo, m1) therefore con- Abstract program code:

sists of the grid points . )
c$ix for (m,n) in range_g_sx

ep(r) = {(m’n) ng | Fortran code for point (m,n)

n=nAmg—1<m <m1+l}. (16) c$ix  endfor

_ Fortran implementation witdo -loops:
This relation also describes the interaction set betwgen

andR. With this definition two rows can have a grid point do 20 ix_r = 1, norows
in common if the left boundary point of one row is the n = rowtbl(ix_r, 1)
right boundary point of anothen (= n’, mg — 1 = m} + ix_mO0 = rowtbl(ix_r, 2)
1). This may be problematic if the indices are also used as ix_ml = rowtbl(ix_r, 3)
array-indices in the implementation. It can be prevented do 10 m = ix_mo0-1, ix_ml+1
by imposing a restriction on the shapelf Fortran code for

The index sets that have been defined above character- . grid point (m,n)
ize the mathematical structure of the data items in the ap- 10 continue

plication, and provide a natural starting point for choos- 20  continue
ing an implementation structure. For instance it is very
convenient to have an array that contains the inde®set ~ FIGURE 3 lllustration of a simple mechanism for providing
Then a specification of a program in terms of index sets tool-support, for lifting the programming to a higher level of
can be transformed automatically into program code by a 2Pstraction.

simple preprocessor, see Figure 3.

This way of automatization allows for programming

on a higher level of abstraction, leading to a more con-

cise and readable program. It preveatby-oneerrors  All differentials in Equations (10a)—(10c) are replaced
in loop bounds, because the programmer must only con- (approximated) by difference quotients. This is done in
centrate on which range is intendedrfge_g_sx ),and  such a way that the values of unknowns are only required
not on how to realize this calculation. This way of work- in the points where they are approximated. Due to the
ing also enables choosing different realizations on differ- grid-staggering, this sometimes requires interpolation or
ent platforms. For instance on vector computers a useful averaging. For example in the discretization of (10b) in
alternative to the double loop implementation is to loop wet v-points inG,, approximation of the Coriolis term
over all points in the rectangular hull around the domain, fy requirest in v-points:

because this leads to longer vectors. Also it is often ad-
vantageous to have unit stride in computations, e.g., in the
presence of cache memory, such that it might be better to
access grid points column-wise instead of row-wise. ~ f

3.3 Spatial discretizations and stencils

f”|v-point(m,n)
Up—1n + Unpn + Un—1n+1 + Um nt+1
4

. (17)
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The values that are required for evaluation of this for- These calculations are independent for all grid points.
mula are characterized by stenél}, (see Table 1). If  The formulas that must be evaluated can be found by per-
Equation (17) is applied for iteration s@t, then the set  forming the symbolic transformations described above.
of grid points for whichu-values are required &, ® S The third step consists of solving the tridiagonal sys-
But the value of: is undefined for indices in this set that tems, for instance with Thomas’ algorithm (“Gaussian
do not belong t@z. Therefore Equation (17) cannot be elimination without pivoting”, see for instance [16]).
applied inv-points(m, n) for which

Vr € R: Y(m,n) € gp(r):
A(Sm, 8n) € Syt (m+8m,n+n) ¢ G, determine;, , from (20) (22)
—%

&= n,m} ® Sun/G, # V. (18) Here the first loop over all rows describes independent
calculations, whereas the second part consists of the so-
lution of one tridiagonal system of equations.

Finally u’ can be calculated from

This occurs frequently if larger stencils (e.g., five points
wide) are used. Therefore different approximations must
be used near boundaries and in other special cases (e.g.,

for drying and flooding). Equation (18) illustrates the pos- V(m,n) € Gu: Uy, = tmpn

sibility for tool-support for automatic verification of the ’ ’ ,

correctness of the discretizations that are used, for check- ‘3_t<1:; _ ua_” _ va_” _ ga_f T — M)7 (23a)
ing whether the stencils used in discretization need only dx 9y " ox

data for grid points in the domain. V(m,n) € G,/Gu: ul,, = 0. (23Db)

3.4 The solution algorithm The description above shows how index sets are used

The steps in the solution algorithm have been describedfor specifying the range of a computation, which causes
after the specification of temporal discretizations in Equa- information to be recorded that is otherwise not docu-
tions (10a)—(10c). In this subsection a more detailed de- mented. For instance in Equation (23a) it is made ex-
scription is presented for the first half of each time step. Plicit that wetu-points are treated differently than dry

The first step in the solution algorithm is to determine #-Points (Equation (23b)). Also in Equation (22) it is
v’ from the spatially discretized version of explicitly specified whg)rce new-values are calculated,
namely in all points inG; (see Equation (14)), and not
in y-boundary point$G; /aG* (note thatdGy andag;

Y(m,n) € Gy: v, = U, . .
(., 7) € Gut V. = Vo need not be disjoint, see Section 3.2). This way of work-

+ _ o (F’ - Ma_” - va_” - ga_f — fu), (19a) ing therefore leads to less mistakes during software devel-
20+0 7 dx dy dy opment. More information regarding data dependences
V(m,n) € G,/Gy: v, , =0. (19b) can be recorded using stencils, as will be shown in the

following section.

Thenu’ and¢’ are calculated by solving Equations (10a) _ The solution algorithm in steps (19), (21), (22) and

and (10c). For this, Equation (10a) is rewritten such that (23) can be further refined into a sequence of more el-
/ ementary calculations for all grid points. This will give

u,, , is expressedig, ., , —¢, ,, whichis used to sym- detailed but al il ab Feati  th
bolically eliminatex, , from (10c). This leads to tridiag- & T&/816¢ Bt #1850 S 8osiract specttization & the au-
onal systems of equations fof for all rows of the grid merical method, concentrating only on the mathematica
For all £-points inG' the corresponding equation is wr.it- structure of the algorithm. This level is suitable for ma-
ten as P § P g€ nipulations such as algebraic simplification (expanding or
rewriting expressions) and common subexpression elim-
, , , . ination (calculating averageg-values only once from

AmnSm—1n + bmnlnn + emnlpi1n = dmn- (20) (17), use twice in (19a)), see [10]. In this way the com-
putational complexity of the algorithm can be reduced.
Similarly the data dependences between different super-
steps may be optimized.

Of course at the start of a row where indéx —
1,n)¢ ?f boundary conditions are inserted and the term
“m,n%fl,n is dropped, and similarly at the end of a row.
The second step in the solution algorithm is now to set up

these equations: 4 APPLICATION IN PARALLELIZATION

—x ) )
V(m,n) €Gy: In the previous section we have shown our way of work-
calculatea,, n, by.n, cmn @nddy, .. (21) ing in documentation of a finite difference method. In the
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description of the solution algorithm much attention is Thus the set of boundary points of subdomaioonsists
paid to precisely specifying for which grid points calcu- only of real boundary points and does not include points
lations are carried out and which data items are involved. at interface boundaries between subdomains. Like before
This helps preventing and detecting errors in the final we defineG; , = G; , U 97 p.
source code and may lead to new insights in the numerical ~ For denoting the range of a calculation or the domain
method. In this section we consider the application of the for which a variable is required we must also describe the
extra documentation for parallelization of the numerical interface points of subdomains. The points just outside a
method. subdomairp are calledexternalinterface points and are
The parallelization is based on the agenda parallel ap- referred to by7,, and points inside subdomajnnear the
proach described in Section 2: the super-steps of the so-interface are calleshternalinterface pointd),. A precise
lution algorithm are carried out in order, and the work in Specification of which points are “near” the interface is
each step is carried out by multiple processes. The distri- made with stencils:

bution of work in the steps is based on a partitioning of pefinition 6 The external interface/,, s of subdomain
the staggered gri#i{, and each worker process is respon- ,, with respect to stencib is the collection of all grid
sible for the computations for one subgrid (subdomain). points that do not belong to subdomairand which can
For the kind of grids that occur in shallow water applica- be obtained from a grid point i, plus an offset inS:
tions the subdomains are necessarily irregularly shaped.

This implies that determination of which data must be ex- Ips=MHp®@S)/Hp. (26)
changed between neighbouring subdomains can be an ex-

tremely difficult task. However, it is greatly simplified by ~ Deéfinition 7 The internal interfacé,, s of subdomairp
the use of index sets and stencils, by performing the par- With respect to stencd is the set of grid points ift, for
allelization first on the conceptual level and then working Which one of the points referred to iyis outside} ,:
this down to the source code.

The notation that is used for describing the partition- Ips=MH/Hp®—=S)NH,p. 27)
ing of the grid and the related index sets is introduced in
Subsection 4.1 below. Then this notation is used for trans- . o ; ; . o

ing certain interface points, for instance if a calculation is

forming the solution algorithm into a form with multiple performed for interiot -points or wet-points only.

computing processes. The amoun'F of data.exche_mge be- Note that three different index sets are partitioned at
tween these processes can be derived easily. This allows

for comparison of the performance of alternative paral- once by partitioning off{. This idea is carried further

o : . in the parallelization of the full application TRIWAQ.
lelization strategies for the super-steps, see Subsectlons?,l-here we have identified about 15 different index sets
4.4 and 4.5. Finally a set of high-level collective com- !

- 4 Al . : such as for source points or for open boundary points. All
munication subroutines is introduced with which the pro- b P yp

b d v i Ich ¥ these index sets can be related to the grid through grid
gram can be converted easily Into process/channel form, it yympers, which implicitly defines interaction sets.

by inserting communication between the steps where nec-gantities for these additional index sets are stored in dif-

These definitions can be generalized easily for exclud-

essary. ferent arrays than the fields v and¢. Therefore direct
partitioning of all separate arrays, on the level of the im-
4.1 Partitioning of index sets plementation structures, would not preserve data locality.

However, with our approach of partitioning all index sets

The distribution of work and data over the processors y.qqh partitioning of+, all related data are assigned to
is based on a partitioning of the staggered @ridThis the same subdomain.

means that each gri_d point is assigned to a processor. The Optimization of the partitioning requires that the per-
subdomains (subgrids) are denoted#y, with subdo-  formance for a given partitioning can be estimated be-
main numberp e P. The sets ofi, v- and-points are  forehand. This is done by defining a workload for each
pa_rtmoned acc_ordmgly. This gives for example for the set grid point in, and by estimating the amount of commu-
of internalg -points: nication overhead. A good approximation of the work-
load per domain is given by the number of active grid
Gs = U Gs.p WithGs , NG, 5 =0if p# p. (24) points, i.e., by the cardinality#. Estimates for the com-

peP munication overhead are derived from the stencils that are
used, for instance by analyzing the cardinaliti€s, #%
Similarly for boundary points: and #, s for a few elementary domains (e.g., rectan-
gles). In this work we do not consider load balancing any
0G; = U 0Gs,p With aGs , N3G, 5 =0 if p # p. further, i.e., the partitioning method that is used is com-
peP pletely left open. For an overview of partitioning and par-

(25) titioning methods see for instance [18].
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4.2 Distribution with an owner computes rule 4.3 Parallel solution of tridiagonal systems

A partitioning of H into disjoint subset${, is nothing The solution of tridiagonal systems by means of Thomas'
more than that, and does not command anything aboutalgorithm is purely sequential. Still there is parallelism
the mapping of operations onto the processors. A com-in step (22), namely through the occurrence of multiple
mon approach for making a distribution of work out of a  tridiagonal systems, one for each row7h Paralleliza-
partitioning is by means of an owner computes rule. This tjon is therefore possible by means of partitioning of the
rule is here formulated as “a calculation is assigned to the setR over the processors, into disjoint subsgts.
processor that owns the index of the result variable”. The processor that must solve the tridiagonal sys-
As an example we consider the following super-stepin tam for a rowr e R must have all the coefficients
the ev_aluatic_m of the.terms between brackets in Equation Gmons - - - » dm. TOT this row. The precise set of grid points
(192) in auxiliary variable for which data are required is determined with the set
gp(r), which contains all grid points that are associated

Y(m,n) € G,: calculate with row -

e — e _ <g é‘m,n+1 - {m,n) (28)
m,n -— €m,n .
3y Vp e P.input amp,...,dnnfor (m,n) e U gp(r).

This super-step can be parallelized by noting that, reRy (31)

belongs to grid pointm, n) and assigning the update of
em.n 10 the owner of this grid point. This results in the
following super-step:

From the viewpoint of data locality it is now advanta-
geous to choose the partitioningskfand R such that
the overlap betweeH, and(J, ., gr(r) is maximized.
However, in the second phase of the integration scheme
tridiagonal systems have to be solved for all columns in
emon = Cm.n — GM) (29) C. This impo_ses a rgqgirem_ent concerning over!aﬁpf

8y andC, that is conflicting with the former requirement
. . . . for Rp; a row-wise distribution of{ is required in the
This super-step is called parallel because it is explicitty first phase and a column-wise distribution in the second.

subdivided into groups of ca}lculanons for different pro- Therefore a complete data transposition step (similar to
cesses. The required data items for each group are de'trans osing a distributed matrix) is needed between the
termined by the dilatation of the subdomain with stencil P 9

: o two solution phases.
S.1y, the stencil of the calculation: o iy
The amount of communication in the transposition

step is proportional to the number of grid pointsZif
Therefore other parallelization approaches might be bet-
ter than this “Thomas algorithm with data transposition”

The amount of data exchange between different pro- e
cesses can be determined by counting the number of non-gADT’ partltlcl)nln%oll‘? andc) gppr?he}ch. Hiwteh\'/er-'rf[ryr
local grid points in (30). An estimate is obtained by not- € numerical model discussed in this work, nis

ing thatG,, , @841y C gz Uy 41y, Using (26), with the approa(?h outperforms a number of direct and iterative
differencé residing in drﬁ-poiﬁts and boundary effects. alternatives on an Intel iPSC/860 parallel computer for
So the number of values that must be obtained by proces-M0derate (16-32) numbers of processors [21]. For other
sor p from other processors is roughly equal tG#, 1. numerical _meth_ods the number of data transpositions can
Subgrids can be represented by a collection of rows in D€ larger, in which case other solvers are more appropri-
the same way as the entire grid (Equation (14)). Calcula- &€ [22]. o o
tions for subdomain index sets can therefore also be im-  The TADT approach in this subsection illustrates the
plemented with a double loop over rows and grid points application of general interaction sets (betwé¢rand
per row, and the same ideas for automatic code generation®. throughgp(r)) for determining the data items that are
are valid. In determining which points belong to a row needed in an operation. The specification of data require-
(loop bounds, see Equation (16)) we must now take into ments is done by adding amput-clause as annotation to
account whether a boundary point is an interface point or €ach step. This has been applied also for non-data par-
a true boundary point. Parallelization actually consists of allel operations such as the solution of a tridiagonal sys-
adding a check on whether the calculation must be per- tem. Further we have given an example of a solution algo-
formed for the start and end-points of each row. This im- rithm that consists of super-steps for different index sets,
plies that the greater part of the sequential code can befor which parallelization requires the determination of an
re-used in the parallelization. optimal alignment of the separate partitionings.

Vp € P: ¥(m,n) € G, ,: calculate

Vp € P:input &y, for (m,n) € Gy p ® St1y. (30)
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4.4 Distribution with redundant calculations 4.5 Distribution with an input-owner computes

Use of the owner computes rule implies that a proces- rule

sor always calculates values for his own grid points only. In determining data requirements for the matrix-vector

This rule is easy to use, but may not be the most effi- multiplication in (1b) we have actually assumed that

cient in all cases. An alternative strategy is to allew an owner computes rule is used. Another parallelization

dundant calculationsThis means that a processor per- strategy is to define the distribution of work not on basis

forms a calculation not only for its own grid points, but of the elements; of y but instead on the elementg of

also for some external interface points. For indices close x. This can be viewed as a column-wise distribution of the

to subdomain boundaries the same value is then calcu-matrix A, where the original scheme implies a row-wise

lated independently by different processes. This may re- distribution ofA.

quire more communication for one calculation, but may  Similarly, an alternative to (29) can be based on the

save communication in another place. indices of¢-values in (28) instead of the indices of
For instance itis possible to let all processors calculate This leads to the parallel calculations (for alk P)

v’ for (H, U J,,—1y) NG, (all wetv-points in subdomain

p and its external interface with respectdoy,) instead Y(m,n) € Gsy,,p: if (m,n—1)eq,:

of for their own grid pointsgv,,, only (as in Equation calculatee,, ,—1 := emn_1 — &Cm.n/8y. (34a)

(29)). The advantage is that does not have to be com- v @ - if = .

municated for discretization of the teréii + d)v’/dy (m,n) € G pi 1 (m, n) € Gu:

in Equation (10c), (in coefficient,, ,, in Equation (21)). calculatee,,n == emn + g&m,n/8y. (34b)

Unfortunatelyv’ is still required for stencifs,,, for eval-

uation of (23a) (see Equation (17)), such that this scheme Here we violate the owner computes rule of Subsec-

does not save communication in this example. We have tion 4.2 because there are indices n) € G, , such that

encountered other cases in which this technique does reProcessorp is not the owner of result vanabte,l,n,l,

duce the total amount of communication. corresponding te-point (m, n — 1). The distribution of
Redundant calculation of implies that step (28) is ~ Work is no longer based on the result variable, but in-
parallelized with stead on one of the input variables. Therefore this way
of work-distribution is called an “input-owner computes
Vp e P: V(m,n) € (HpUJp-1y) NGy rule”. The correctness of this realization can be shown by
manipulation of the index sets that are involved.
emn 1= €mn — <gW> (32) A complication in implementation of (34a) and (34b)

is that specific values,, , are modified by more than one
processor. In a parallel programming paradigm in which
all data is shared by all computing processes this requires
some form of synchronization for enforcing mutual ex-
_ clusion. In a process/channel paradigm, where processes
(m,n) € ((HP U Jp,-1y) N gv) ® Si1y- (33) only have local memory, processes cannot access all vari-
ables that they contribute to. Then it is useful to intro-
duce temporary variableéf,)n on all processorg that
contribute to the result value for indéx, n). The index

set for which temporary variables must be introduced is

Therefore the -values that are required are given by:

Vp € P:input &, for

By manipulation with index sets, using th&h, =
S_1y®S8,1y, it can be shown that the number of non-local
¢-values needed by processwiis now roughly #7, 1.
This must be compared with’ 1, for the original ap-

proach. Redundant calculations always need more data given by

than with an owner computes rule because calculations _ (p)

are done for a larger iteration set. However, depending on Vp € P: output ¢y, for

the situation these data might already be available from (m,n) € @Sy,,p ® S-1y) NG,. (35)

previous calculations or communication.

The discussion above shows that the analysis of redun-Communication is then used for summing up the different
dant calculation schemes can be done using a high-levelcontributions and recovering the final value, see Subsec-
description of the numerical method in terms of index sets tion 4.6 below. On the other hand, no communication is
and stencils. The manipulation with index sets and deriva- required for; because it is required for grid points@ip
tion of the amount of communication can even be auto- only. Therefore the situation is reversed in comparison to
mated. This analysis would have been virtually impossi- the original owner computes rule, where communication
ble otherwise, on the level of the implementation struc- is needed for the input variable and not for the output
ture, without (implicitly) using the notation. variable.
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4.6 Abstract communication operations

. . . (»)
In the previous subsections we have shown how to specify Pm.n for (m,n) € H, U J, s,

distributions of work at the mathematical level in terms of

subdomain and interface index sets, thereby disregarding dp =
whether a processor can access the required data or not.

A distribution of work should be specified for each super-

step separately. Then the data that are needed and pro-

duced by an operation can be derived immediately from
the iteration set and stencil that are used. This informa-

Vp € P: input

(37a)
Vp € P: output
pepr(m,n)
pr(m,n) ={p €P|(m,n) € HzUJTs_s}. (37b)

tmpt?), for (m, n) € H,. with

The stencil-S is used in the definition of the accumulate

operation because we adhere to the conventional meaning

tion has been indicated by annotating super-steps with uf 4 stencil in which central point is connected with the

input and outputclauses. We have shown how the data
requirements can be influenced by choosing different dis-
tributions of work. After all super-steps have been paral-

result variable. With this definition, value§’), provided
in (35) must then accumulated for stengily, instead of
S_1y, which agrees with the stencil that is used in calcu-

lelized in this way, communication must be inserted be- |ation (28).

tween them for ensuring that all required data are indeed

available.

For this we introduce two communication steps by
means of their input- and output-clauses. The first one
is update , with as function to make information of each
subdomain available to neighbouring subdomains. On in-
put, a grid functioni,, , is stored in a distributed way in
the local memories of all computing processes. Auxiliary
variables are introduced for storing local copiesigf,
for indices “just outside” each subdomain (a so-called
guard band. The update procedure is used for refresh-
ing these auxiliary variables.

Procedural abstraction P1. Update of local copies
(p)

tmpp, , Of global valuesi,, , for stencilS,
Vp € P:.input dy , for (m,n) e H,, (36a)

Vp € P: output tmpF) = dp.n
for (m,n) e H, U T, s. (36b)

In an implementation, a single array can be used for
storing bothd,, , in subdomainp andtmpf,f’,ll. This ar-
ray then provides different views on the data alternately,
namely as part of a global grid function or as individual
local grid functions. In the definition of P1 above these
views have been separated.

The second communication step ascumulate
which is used for summing up contributions from differ-

ent processors on the processor that owns an index. This

operation is in many respects the dual of tipgate -
operation. It is not required if the owner computes rule is
applied consistently.

Procedural abstraction P2.Accumulation of local con-
tributions tmp,ﬁ,’f% to valuesd,, , with respect to sten-
cil S,

By inserting communication a program in a pro-
cess/shared data paradigm is transformed into a new pro-
gram in which communication is taken into account. The
task of determining where these communication opera-
tions are needed and for which variables and stencils is
straightforward and is largely similar to data dependence
analysis. It is amenable to automization especially if all
super-steps in the solution algorithm are annotated with
the required input and output data. Data dependence anal-
ysis might also be used for ordering the super-steps in an
optimal way. The amount of communication overhead is
reduced if different communications are taken together
and if communication is overlapped with useful calcu-
lations. For example in step (23a) of the solution algo-
rithm the communication fot” can be overlapped with
the evaluation of the other terms in this equation.

Communication operations P1 and P2 are abstract in
the sense that implementation aspects such as intercon-
nectivity of subdomains, processor topology and mes-
sage passing protocol are hidden. The interface is for-
mulated in terms of entities that are meaningful to ap-
plication programmers, which further simplifies their us-
age (see Figure 4). Therefore these operations can also
be used by non-parallelization experts. At the same time
they are very powerful, because they allow for arbitrar-
ily shaped subgrids and allow for precise specification of
what should be communicated through the index set and
stencil used.

Portability is obtained by using a standard interface
that can be implemented on all (distributed and shared
memory) parallel computers, and by using the facto
message passing standard PVM [2, 13] in the implemen-
tation. Efficiency is achieved because of the inherent pos-
sibility of message-vectorizatidor minimization of la-
tency effects, i.e., packing as many data items in one mes-
sage as possible. Furthermore the detailed knowledge of
the solution algorithm and required communication oper-
ations allows fodirect determinatiomf the sets of values
(indices) to be sent to and received from other processes.
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¢ partno=processor number, The notation is particularly useful in parallelization,
¢ h_owner=specifying the partitioning, in determining where and what to be communicated be-
¢ make_table: create the communication tween processes. Namely, the index set for which data
c table for a stencil is required for an operation is the set of all points that
call make_table(partno, proc_list, are reached by applying the stencil of the calculation

+ h_owner, stencil, table) in all points in the range of the calculation. Paralleliza-
call update(partno, in_field, _ tion by means of an owner computes rule has almost
+ table, out_field) become a mechanical process of determining (and opti-

mizing) data dependences and inserting communication,
and is highly suitable for automatization. Other paral-
lelization strategies have become manageable, whereas
determination of the required communication would be
In this way theinspectorphase is avoided that is often virtually impossible otherwise. A few powerful sub-
used in the compilation of HPF programs. The inspector- routines can be devised for this communication that
phase works by executing a loop without calculating any- take care of all necessary message passing. Portability
thing, for determining what must be communicated. Then and efficiency are achieved by using a standard inter-
the communication takes place and finally the loop is ex- face and providing efficient implementations on all plat-
ecuted with all calculations in aaxecutorphase [6]. forms.

The interface index sets that are required can be im-  We have thus shown how message passing software
plemented by formulas or by tables. The latter is espe- can be developed in a systematic way for more unstruc-
cially advantageous for irregular partitionings. The num- tured or irregular problems. The success of our tech-
ber of tables required is reduced by performing slightly niques is based on bringing the development to a more
more communication than strictly required, providing abstract level. At this level, the structure of a solution al-
data for an interface index set slightly larger than spec- gorithm is made explicit through the interactions between
ified in the input-clauses. For instance data can be sentdifferent data items. This allows for improving the degree
for all interface points instead of wet interface points of data localityin a parallel implementation, by proper
only. This yields a considerable gain because it requires alignment of the partitionings of different index sets. In
the inspector-phase to be executed only once instead ofthe comparison of alternatives application programmers
each time that points are drying and flooding. Also in- can concentrate on relevant issues of the solution algo-
stead of defining interface index sets fg ,, G, , and  rithm only. These issues do includdatmust be commu-
Gs.p We useH,, in the definition ofZ, s andJ, s, lead- nicated, but not the precise details of sending messages,
ing to slightly more communication near boundaries of i.e.,howitis implemented.
the computational domain. To assess the amount of ex- Concepts that are similar to our index sets and inter-
tra communication that is introduced in this way requires action sets are employed in Crystal [7] and PROMOTER
knowledge about the problem and therefore these modifi- [14, 20]. A difference is that our work is oriented towards
cations cannot be automated easily. a specific application (FDM on irregularly bounded stag-

gered grids). It has been shown that complex algebraic
manipulations with index sef®, G, H andR are possible
5 SUMMARY AND DISCUSSION and that a considerable performance gain can be achieved
using knowledge of the application. For instance by com-
In this work we have introduced the concepts of index municating for allu-points @z) instead of wet:-points
sets and stencils and shown their application for docu- only (G,) repeated analysis of the required communica-
menting and parallelizing a complex numerical model. tion can be avoided. It is therefore advisable to apply the
Their essential contribution is to specify precisely the concepts not only as entities in a programming model or
mathematical structure of the model, i.e., the domain of compiler system, but to use them throughout the entire
variables, the range of computations and the set of datasoftware development process.
items required in each operation. This extra information
can be used throughout for structuring the development
of numerical simulation software. Possibilities for tool- 6 OBTAINING THE COMMUNICATION
support have been indicated, such as devising a simpleSOFTWARE
preprocessor for replacing calculations for index sets by
do-loops. This allows for choosing different implemen- The communication subroutines that implement the pro-
tations on different types of computers and therefore en- cedural abstractions of Subsection 4.6 are kindly made
hances portability. available to the public by the Dutch Rijkswaterstaat and

FIGURE 4 Example calls to the communication subroutines.
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VORtech . They can be obtained via the world wide web
at URL

http://ta.twi.tudelft.nl/PA/VORtech/
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