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This paper deals with generalized integral operator inequalities which are established by using ¢-quasiconvex functions. Bounds of
an integral operator are established which have connections with different kinds of known fractional integral operators. All the

results are deducible for quasiconvex functions. Some fractional integral inequalities are deduced.

1. Introduction and Preliminaries

Convex functions play a vital role in the theory of mathe-
matical analysis. Many generalizations have been given for
the convex function, for example, a-convex, m-convex,
h-convex, (a,m)-convex, (h,m)-convex, s-convex,
(s,m)-convex, @-convex, and quasiconvex functions (see
[1-10]). We will use @-quasiconvex functions to study the
bounds of unified integral operators, and the established
results are directly related with fractional integral operators
in particular cases. All the fractional integral operators
defined in [11-15] satisfy the results of this paper for
@-quasiconvex functions, and also the results of [16-19] are
reproduced in special cases.

Definition 1 (see [20]). A function f: ] — R is called
convex if
ftxg +(1=t)yo) <tf(xo) +(1=1)f (yo), te[01],
(1)

holds Vx,, y, € J, where J is an interval in R.

Definition 2 (see [21]). A function f: ] — R is called
@-quasiconvex if

f(txg + (1 =1)y,) <max{f (yo), f (yo) + ¢ (f (x0) f (¥0))}:
t € [0,1],

(2)

holds Vx,, , € J, where J is an interval in R and ¢: f (J) x
f(J) — R is a bifunction.

For ¢(xy, yy) = x5 — yy» (2) reduces to quasiconvex
function. It is to be noted that every convex function is
quasiconvex but converse does not hold.

Example 1 (see [22]). A function f: [-2,2] — R defined
as

1, xel[-2,-1],

£ :{ 2 3

X, X € (_1’2])

is quasiconvex on [-2,2] but not a convex function on the
same interval.
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The aim of this paper is to establish integral inequalities
by using ¢-quasiconvex functions. The results will provide
upper bounds of integral operators for ¢@-quasiconvex
functions, which will behave like compact formulas that
unify bounds of various kinds of operators already defined in
literature. Next, we give some generalized fractional integral
operators connected with the findings of this work.

Definition 3 (see [14]). Let f € L[x,, y,] and g be positive
and increasing function on (x,, ¥,], and also, let g have
continuous derivative on (x,, ¥,). The left and right frac-
tional integrals of f with respect to g on [x,, y,] of order A,
where A >0, are given as follows:

L fx )_WJ (g(x)-g@®)' g (Of (DL, x> x,,

1 Yo 1
4SO =505 j (9B =g~ Of (B, x<yp,
(4)
where
roy= [ e (5)
0

Definition 4 (see [23]). Let f € L[x,, y,] and g be positive
and increasing function on (x,, y,], and also let g have
continuous derivative on (x,, y,). The left and right
k-fractional integrals of f with respect to g on [x,, ¥,] of
order A, where A, k>0, are given as follows:

Lf 0= [ 060 - g0 g o 0d, xox,
1 Yo -1
/;Il;af =155 | @O-9™ g O wa x<p,
(6)
where
T, (A) = J:Ot*-le'fk’kdt. (7)

Definition 5 (see [24]). Let f € L, [xy, ¥o] and x € [x, y,;
also, let @1 0,69,0¢C, RA),R(),R(x)>0,
R () >R (y)>0with p>0,9>0,and 0 <k <9 + R (1), then
the generalized fractional integral operators eAgﬁX . f and

O,x;
e/okx
Elox Dy f are defined as

(eggﬁgx f) (x: p) = L (e~ BN (@ (x - 1)) p) £ (1)dt,

(et0h,f) i = [ (-0 B (@ - x)' p) f (0
(8)

where E'

AQKX(t p) is given by

(X)nk tn
T(An+9) (x),9 ©)

EySkX t: _ ﬁp()’+”k’X_Y)
o (15P) Zo By x-7)
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n [11], Farid defined a unified integral operator and
proved the boundedness, linearity, and continuity of these
integrals. It is given in the following definition.

Definition 6 (see [11]). Let f,g: [xy yo] — R where
0<x, < y, be the functions such that f is positive and in-
tegrable over [x,, y,] and g is differentiable and strictly
increasing. Also, let ¥/x be an increasing function on
[x5,00) and p,x,y,x € C, p,A ;9> 0 and 0<k<I+A
Then, for x € [x, y,], the left and right integral operators
are defined as

(g fgyff"f)(xﬁ p) = J Gy(EjzﬁX,g;\y>g’(y)f(y)dy,
(10)

(o)) = [ G3(ER% 0:%)a 00F (0dy,

(11)
where
P9ky Y (g(x)=g(¥) yoky _ A,
Gy(EW ’g’\y) T TgM g hes (29 =g ()5 ).
(12)

By making particular choices for ¥ and g and parameters
involved in (9), several fractional integrals can be obtained
(see [19], Remarks 6 and 7). In [19], Zhao. et al. proved the
bounds of unified integral operators for quasiconvex
functions stated in Theorems 1 to 4.

Theorem 1. Consider f: [x,, y,] — R be a positive qua-
siconvex function and g: [x,, y,] — R be differentiable and
strictly increasing function. Also, ¥/x be an increasing
function on [x,y,] and o,x,y,x € C, p,A,v9> 0,
0<k<9+A,and0<k<9+v. Then, for x € [x,, y,], we have

<g jy‘gkxf>(x,® p)+< WWka)(x ; p)
SEPS (@ (g(x) - 9(x0)) p)¥ (%)
— g (xo)max{f (x,), f (x)} (13)
+ ELYO (0 (g (1) - ()5 p)¥
(9 (y0) — g (x))max{f (x), f (o)}

Theorem 2. Under the assumptions of Theorem 1, the fol-
lowing result holds:

(gFi’gy,iféO()’o»@ p)+ ( Wys}],(x>(x0a® p)
(9(3) - 9 (x0))(Elox (@ (g (0) - 9(x0))'s )

+EL (g (70) ~ 9(x,))': p))

max{f (xo), f (¥o)}-

(14)
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Theorem 3. Along with the assumptions of Theorem 1, if
f(xg+ yo—x) = f(x), then the following result holds:

A e o (L) 0w o)
<(g f@yk“’y"%f>(x0,<1> p)+ (g fgff’“f)(yo@ p)

<¥(9(3) - 9 (o)) (B (@(9 () - 9(x0))'s )

+ L (0(9(30) - 9(x0))' )

max{f (xy), f (yo)}-
(15)

Theorem 4. Consider f,g: [xy, yo] — R be two differ-
entiable functions such that |f'| is quasiconvex and g be
strictly increasing for 0 < x, < y,. Also, Y/x be an increasing
function on [xy, y,] and o,x,y,x € C, p,A,v,9> 0 and
0<k<9+Aand0<k<9+. Then, for x € (x,, y,), we have

(128« g) (. 0ip) +( FEIf acg ) (5,03 p)
<E[oe (@ (g(0) - g(%))':p)¥ (9(x) - 9(x,))
-max(] ' (xo)], | £ ()])

+ Bl (©(9(10) - 9(0))s p)¥
- (9(70) = g@)max(|f' ). |f ()]s

(16)
where

FEpOkx F At Sk
(g Lokox; f*g)(x’q) p) j Gx(E)»gK » 95

X0

)g' 0 f (B)dt,
(17)

¥)g' (0 f (£)dt.
(18)

‘I’ 9.k, X 9.k,
TR T e

All of the above results are direct consequences of the
results of this paper. Also, some of the results in papers
[16-18] are very special cases. In the next section, ¢-qua-
siconvexity has been used frequently to obtain the upper
bounds and the Hadamard inequality, which gives upper as
well as lower bounds of unified integral operators. Also
defining convolution of two functions, some bounds have
been obtained for ¢-quasiconvexity of |f'| of differential
function f. In Section 3, some applications of the main
results are given. In the whole paper, we use the notation

max{f (yo): f (¥o) + @ (f (x0). f (7))} = M} (01 o).

(19)

2. Main Results

Theorem 5. Consider f: [x,, y,] — R is ¢-quasiconvex
and positive and g: [x,, y,] — R differentiable and strictly
increasing functions. If ¥/x is increasing function on [x,, y,]
and  o,%7.x € C, p,Av920, 0<k<9+) and
0<k<9+v, then for x € [xy, y,], the following inequality
holds:

<g fgff)‘f>(x,q> p)+<g f@yfy"xf)(x,@;p)
<E[p(®(9(x) - 9(x,))' p)¥
(9 (x) = g(x0))M] (50, x) (20)
+EL (@9 (7o) - 9(0)'s p)¥
(9(y0) = 9 ()M (=, y).

Proof. For the kernel defined in (12) and the function g, we
can write the following inequality:

o (a0
x € (x¢, ¥o)> t € [x0, %)

By using ¢-quasiconvexity of f on [x,,x], one can get

f(@) SMi (x0,%),  x € (x0, ¥0)> t € [%0 ] (22)

The following integral inequality is constituted from (21)
and (22):

L G Bt g )g' (0 (de
X
!
).
X0
Using (10) in the left and integrating on the right side of

inequality (23), we obtain the following upper bound of the
left integral operator:

(P22 ) (o ) < LR (@ (9 () -

- (9(x) ~ g (x0)) My (x,x).

(23)

sMg (xo,x)Gz“<EXz§X,g, (t)dr.

g(xo))AQ P)\P

(24)

Now, following the similar technique for t € (x, y,] and
x € (xg, ¥y), We can write
9k,
G (Bl g

¥)g' (1) <G} (ELge" g

¥)g' (1) (25)

Using ¢-quasiconvexity for t € (x, y,] and x € (xg, o),
we obtain

fO <ML (x, ). (26)



The following integral inequality is constituted from (25)
and (26):

|"cr(E g w)g 0r <Gy (B9 g5)
X

Mf(x yO)J g' ()dt.
(27)

Using (11) in the left and integrating on the right side of
the above inequality, we obtain the following upper bound of
the right integral operator:

(P2 £ ) () < Bk (@(g (30) = 9 1)'s )Y

9~ 0,6y,
(9 (30) = g()M] (x, yy).

(28)

By summing (24) and (28), the inequality (20) can be
obtained. O

Corollary 1. Using A = v in (20), we get the following result:

(oFLI280F ) o, s ) (L I0F ) (01 p)

<EP (@ (g (x) - 9(%,))5 p)¥ (9 (%) - g (o)
M7 (xo,x) (29)

+EP (@ (g (r0) - 9 ()5 p)¥
(9 (r0) - g()M] (x, y,).

Remark 1

(i) For @(xy, ¥o) = x5 — ¥, in (20), we obtain in-
equality (13) of Theorem 1.

(ii) For ¢ (xq ¥o) = %o — Yo» ¥ (x) = xV* for the left-
hand integral and ¥ (x) = x"/ k for the right-hand
integral in (20) with p = ® = 0, we obtain Theorem
2.1in [17].

(iii) For A = v in the resulting inequality of (ii), we
obtain Corollary 2.2 in [17].

(iv) For ¢ (x, ¥o) = Xo — ¥o» ¥ (x) = x* for the left-
hand integral and ¥ (x) = x” for the right-hand
integral in (20) with p = ® =0, we obtain Cor-
ollary 2.3 in [17].

(v) Under the same assumptions as in (ii) along with g
as identity function, the result (20) reduces to
Corollary 2.4 in [17].

(vi) Under the same assumptions as in (iv) along with g
as identity function, the result (20) reduces to
Corollary 2.5 in [17].

(vii) Under the same assumptions as in (ii), if f is

increasing on [x,, y,], the result (20) reduces to
Corollary 2.6 in [17].
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(viii) Under the same assumptions as in (ii), if f is
decreasing on [x,, y,], the result (20) reduces to
Corollary 2.7 in [17].

(iix) For A = v in the resulting inequality of (viii), we
obtain Corollary 2.2 in [18].

Theorem 6. The following result holds under the suppositions
of Theorem 5:

(FE ) O @)+ ((F 25T ) (e 03)
=¥ (9 (1) - o)) | Efan (@ (9 () - 9 (x0))': )

+ ELp (©(9 (7o) ~ 9(x0))s )M (o0 7).
(30)

Proof. Using x = y, in (24) and x = x, in (28) and then
adding the obtained inequalities, we get (30). O

Corollary 2. Using A = v in (30), we get the following result:

(L2287 ) (@3 9) +( FYI2F ) (0 0 )

<2¥(g(y0) — g(x0)) (31)
CELSX (0 (g (7o) — 9.(x0)): p)ML (x40 30).

Remark 2
(i) For ¢ (xg, ¥o) = xo —
(14) of Theorem 2.
(ii) For ¢ (xq, yo) = Xo — ¥o» ¥ (x) = xVF for the left-
hand integral and ¥(x) = x"* for the right-hand
integral in (30) with p = ® = 0, we obtain Theorem
3.11n [17].

(iii) For ¢ (xg, ¥o) = Xo — Yo» ¥ (x) = xV* for the left-
hand integral and ¥ (x) = x”’¥ for the right-hand
integral in (31) with p = @ = 0, we obtain Corollary
3.2 in [17].

(iv) For  @(xg, ¥o) = xo— ¥o» replacing @  with
@' = ®/(y, - x,)", ¥(x)=x" for the left-hand
integral, ¥ (x) = x” for the right-hand integral, and
g as identity function in (30), we obtain Theorem 2.1
in [18].

(v) Under the same assumptions as in (iv) along with
A = k =1, the result (30) reduces to Theorem 3.3 in
[16].

¥, in (30), we obtain inequality

Before proceeding to the next result, we will prove the
following lemma. This lemma is necessary to prove the
upcoming result.

Lemma 1. Let f: [x4, y,] — R be ¢-quasiconvex function.
If f (x) = f(xy+ yy — x), then the following inequality holds:
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Xot+ ¥
f(%) SM{; (x%,%),  x € [xp ¥o]- (32)
Proof. Using ¢-quasiconvexity of the function f, the up-
coming inequality holds:
X —x -x X —x Yo— X
f( 9 xo + y ),f( 9 %o + Y )
- Yo=Xo ' Yo—%o Yo=Xo ' Yo—%o
f<—0 )’o> < max ,
X =X, -x X =X, Yo — X (33)
+ + Xy |» Xy +
g0<f<y0 - xoy0 Yo~ %o 0) f()’o —x0 " Yo x0y0)>

f<@) SM£ (%, x9 + ¥y — X).
Using f (xy + yo —
the required inequality.

Remark 3. Using ¢ (xg, o) = X —
Lemma 1 in [19].

x) = f (x) in above inequality, we get

¥o» (32) coincides with

Theorem 7. Along with the assumptions of Theorem 5, if
f(xg+yy—x)= f(x) and ¢(x,y) =x+y, then the fol-
lowing results hold:

%f<x0;yo)«glz\;gjfxl)(%)@P) < WYSle)(xo’q)?P))

IN

‘PySk}( ‘PV9kX
(5 Ao.xd f>(y0’q>p) <g V,0.6 Y

£) Gior ®: ) < ¥ (9 () - 9 (x0)) (34

(BLR(@(9(30) ~ 9 (50))' p) + EL (@(g (30) = 9 (%)) p) )M (0 30),

ANt Jowor (o730 o 0in)

<(FYI2EF ) o @i ) +(,F

9" 0.y,

‘I’ySkX

£) G @i p) ¥ (g (30) - 9 () (35)

(Elw (@ (g (0) - 9.(x0))'s p) + ELw (@ (9 (0) ~ 9 (x0))'s P) )M (00 0):

}}rovided M (x,%) = £ (x)+9(f (x), f(x)) or M} (x,x) =
(x).

Proof. From the kernel defined in (12) and the function g,
we can write

G;O(Eﬂkx

hex 9 ¥)g’ () <G (BN, g:¥)g (x),

x € (x0, ¥o)-
(36)

Using ¢-quasiconvexity of f on [x,, y,], we have

(%) <ML (x40, ),

The following inequality is constituted from (36) and
(37):

x € (x0, ¥o)- (37)

Yo
J G (Elg’ g:W)g' (%) f (x)dx

" (38)
<Gy (B g ¥)M] (s 30) | (0

Using (11) in the left and integrating on the right side of
the above inequality, we obtain the following upper bound of
the right integral operator:



(L7255 (20 02 ) < LSS5 (0 (g 30) - 9 (50)): )Y

(9(ro) -9 (XO))M(p (%0> ¥o)-

(39)
Also,
G;l)(EKgiX,g, )g' (x)sG’;g( Kzix,g’ )g’ ),
x € (x0: yo)-
(40)
From (37) and (40), we get
Yo
|6 (Ekn g ) of (e
| (41)

Xo 9k,
SGyo( prx’gv )M (xo’J’o)j g' (x)dx.

Using (10) in the left and integrating on the right side of
the above inequality, we obtain the following upper bound of
the left integral operator:

(L2250 ) (0 @5 p) < BSR4 (@ (g (30) - 9(x0)) s ) ¥

“(9(yo) - 9(x0))M£ (0> ¥o)-
(42)
Now using (32) of Lemma 1, we can have
Xy + !
f((’TyO)G "(ELRY, g1 ) g’ (x)
(43)
SGiO(El’ng,g, )g'(x)Mi(x,x).

Case 1. IfM£ (x,x) = f(x)+ @ (f(x), f(x)), then by using
(11), ¢(x, ¥) = x + y in (43), and integrating over [x,, ¥,],
we get

Mathematical Problems in Engineering

S () (20 05 p)

(44)
‘Y 9.k,
= 3(9 vgyxy Xf) (xo’ o; P)
In this case, we also have
X0+ Yo ¥,y,9k .
f(T)(ﬂF)L,Q,K,x(‘; 1) (yO’ CD, P) (4 )
5

<3(,FLI2F ) (0 @3 )

Case 2. If M£ (x,x)
get

e e e
(46)

= f(x), then by using (11) in (43), we

In this case, we also have

FEZ) (P2 ) (0 @3 ) < (FY25 ) (0 ),
(47)

The inequality (34) will be obtained by summing (39)
with (42) and (44) with (45) and then combining the
resulting inequalities. The inequality (35) will be obtained by
summing (39) with (42) and (46) with (47) and then
combining the resulting inequalities.

Corollary 3. For A = v in (34) and (35), we get the following
results:

(R e (R )

< ((FYIRF ) (7003 )

g :/yjj,cxf> (%0, @; p) (48)

<29 (g (y0) - 9 (%) ELon (@ (g (30) = 9 (%0)); P)M] (x4, 7o),

Y (Yoo L2250 )
< (FEIF) (0 ;) +( YT ) (2 01 ) (49)
<2% (9 (y0) - 9 (x0)) Eyon (@ (g (30) = 9 (x0))": P)M (x5 ).
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Remark 4.

(1) For ¢ (x4, ¥o) = X9 — ¥, in (34), we get inequality
(15) of Theorem 3.

(ii) For ¢ (x4, ¥o) = %o — Yoo ¥ (x) = xV* for the left-
hand integral and ¥ (x) = x"* for the right-hand
integral in (34) with p = ® = 0, we obtain Theorem
2.16 in [17].

(iii) For ¢ (xg, ¥o) = Xo — yo» ¥ (x) = xM* for the left-
hand integral and ¥ (x) = x”* for the right-hand
integral in (48) with p = ® =0, we obtain Cor-
ollary 2.17 in [17].

(iv) For ¢ (xq ¥o) = X0 — Vp» ¥ (x) = x* for the left-
hand integral and ¥(x) = x” for the right-hand
integral in (34) with p = ® =0, we obtain Cor-
ollary 2.18 in [17].

(v) Under the same assumptions as in (ii) along with g
as identity function, the result (34) reduces to
Corollary 2.19 in [17].

(vi) Under the same assumptions as in (iv) along with g
as identity function, the result (34) reduces to
Corollary 2.20 in [17].

(vii) Under the same assumptions as in (ii), if f is
increasing on [x,, y,], the result (34) reduces to
Corollary 2.21 in [17].

(viii) Under the same assumptions as in (ii), if f is
decreasing on [x,, y,], the result (34) reduces to
Corollary 2.22 in [17].

Theorem 8. Consider f,g: [xy, y,] — R are two differ-
entiable functions such that |f'| is g-quasiconvex and g is
strictly increasing for 0 < x, < yo. If ¥/x is increasing function
on [xy, ¥ol and o, %, y,x € C, p,A,7,9 20,0<k<9+ A and
0<k< 9+, then for x € (xy, y,), the following inequality
holds:

‘(g Fyliif « g)(x,CD p)+<g f@yksfxf*g>(x,®;p)‘
<EPY (@ (g (x) - 9(x0)); p)¥ (9(x) - g(x0)
.le | (xg: %)
+ BN (@ (g (v0) - 9(0))s p)¥

(9(r0) ~ g ()M 1 (x, yy),
(50)

where  (,F Skxf*g)(x,cp p) and (gF:,P’nyfin*g)

(x, D5 p) are ﬁeﬁned in (17) and (18).

Proof. 'The ¢-quasiconvexity of |f'| implies the following
inequality:

| O] <MY 1 (xpx), € [x0x] x € (x0030), (51)

which is equivalent to
~(MLf’|(xo,x))sf’(t)sM!p”(xo,x). (52)
First consider
£y <M N (x.x). (53)

The following inequality is constituted from (21) and
(53):

| e gv)d wf war

! x 9.k, *
<Ml (x0,x)G “(EXQK",Q;‘P)J g

Xo

(54)
()dt,

from which we get
(g jgj:Xf*g)(x ; p) < B} (0 (g (x)

(90 - g (xo))M (3 x).

~9(x))p)¥

(55)

Now, we consider
{M!{ I (xo,x)) 40 (56)

Using (21) and (56), we get

(g fgy,ff)‘f*g)(x,@ Pz - Efii(0(g(x) - g(x0)'s p)¥

- (9(x) - g (xo))M (xp, %),
(57)

Now, again using ¢-quasiconvexity of |f'|, we have

1 0] <M T (x, 5),

Similarly using (25) and (58), one can obtain

te (xy0)s x € (x0,7).  (58)

(F1750 1 « ) (e, 0; p) < ELERX (@9 () ~ g ()'s p)¥

(9 (r0) ~ g )M (x, yy),

(59)

@:@%w»gym®p» EV
(@ (g (y0) - 9(0)5 P)¥ (9 (30) ~ 9(0)ME | (x, 3).
(60)

The inequality (50) will be obtained by summing (55),
(57), (59), and (60). O



Corollary 4. For A = v in (50), we get the following result:

K»" Rty g>(x,q> p)+<g ;ﬂgv:ykx]c*g)(xﬁ p)‘

<EP™(0(9(x) - 9.(x0))'s p)¥ (9(x) - g ()Ml

(0, x)
+ELO (@ (g (o) - g (0)'s p)¥
(9(30) ~ g )M (x, 5.

Remark 5.

(i) For @(xy, ¥9) = x,— ¥, in (50), we obtain in-
equality (16) of Theorem 4.

(ii) For ¢ (x4, ¥o) = %o — Yoo ¥ (x) = xV* for the left-
hand integral and ¥ (x) = x”* for right-hand in-
tegral in (50) with p = ® = 0, we obtain Theorem
2.8 in [17].

(iii) For @ (xg, ¥o) = X — ¥o» ¥ (x) = xV* for the left-
hand integral and ¥ (x) = x”* for the right-hand
integral in (61) with p = ® =0, we obtain Cor-
ollary 2.9 in [17].

(iv) For @(xy, ¥o) = %9 — ¥o» Y(x) = x* for the left-
hand integral and ¥ (x) = x” for the right-hand
integral in (50) with p = ® =0, we obtain Cor-
ollary 2.10 in [17].

(v) Under the same assumptions as in (ii) along with g
as identity function, the result (50) reduces to
Corollary 2.11 in [17].

(vi) Under the same assumptions as in (iv) along with g
as identity function, the result (50) reduces to
Corollary 2.12 in [17].

(vii) Under the same assumptions as in (ii), if f is
increasing on [x,, y,], the result (50) reduces to
Corollary 2.13 in [17].

(viii) Under the same assumptions as in (ii), if f is
decreasing on [x,, y,], the result (50) reduces to
Corollary 2.14 in [17].

(ix) Under the same assumptions as in (ii), if in ad-
dition we put x = x, and x = y, in the left- and
right-hand integrals, respectively, we obtain The-
orem 3.2 in [17].

(x) For A = v in the resulting inequality of (ix), we
obtain Corollary 3.5 in [17].

(xi) For A = k = 1 in the resulting inequality of (x), we
obtain Corollary 3.6 in [17].

3. Applications

In this section, we present some results by applying theo-
rems of previous section.
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Proposition 1. The following result holds under the suppo-
sitions of Theorem 5:

r@((81,6) @ +(31, 1) @) = (9x) - g (x,))°
' M£ (x0 %) + (g (¥0) - g(x))°M£ (%, ¥o)-
(62)

Proof. For¥(t) =t%,0>0and p=® =0, = v with W/t is
increasing for p>1 in the proof of Theorem 5 we get
(62). O

Proposition 2. The following result holds under the suppo-
sitions of Theorem 5:

(xal\yf> (x) +<y51\yf) ()<Y (x— xO)Mg (%0, x)

x)Mf; (%, ¥o)-

(63)
+¥ (yy -

Proof. Using g as identity function, ® = p = 0,and A = vin
the proof of Theorem 5, we get inequality (63). O

Corollary 5. For ¥ (t) = F(g)tg/k/kl“k (o) in Theorem 5, the
following bound for o >k is satisfied:

1
(2 7)o+ (2 £) 0 T 90— g ba)™

: Mq]; (x0:x) + (g (¥0) - g(x))Q/ij:; (x, )’0)]~
(64)

Corollary 6. Using ¥ (t) =t in (63), fractional integrals
ey, f(x) and a, f(x) defined in [14] are obtained which
satzsfy the followmg bound:

F(Q)<<91 f)(x)+<g1 f)(x)) (x - xo)gMéj(xO,x)

+(¥o - x)QM£ (%, yo)-

(65)

Corollary 7. Using \P(t) F(Q)tg/k/kl"k (o) in (63), frac-
tional integral operators QI f(x) and @I _f (x) given in [26]
are obtained which satzsfy the followmg *bound:

<gligf> (x) +(’*’Il;5f) (x) sm [(x - xO)Q/kM{; (%0, x)

+ (0= )M (. 0) |
(66)

Corollary 8. Using ¥ (t) =1%,0>0, and g(x) = x%/¢, €>0,
in (10) and (11), respectively, with p = ® = 0, then fractional
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integral operators (“IQ f)(x) and (519 f)(x) given in [27]
are obtained which satzsfy the followzng bound:

(155 )00+ (15,5 ) 012 Qr( g | <X M, (o)
+(yh = x)°M (x, y0)-
(67)

Corollary 9. Using ¥ (t) =1%,0>0, and g(x) = x**'/s+ 1,
$>0, in (10) and (11), respectively, with p=® =0, then
fractional integral operators (SIQ f)(x) and (519 f)(x) are
obtained which satisfy the following bound:

S s 1 s+ s+
< I§$f>(x)+< Ig,af)(x)Sm[(x 1 - X, 1)9
ngz (XO,X) ( s+l S+1)9M£ (X, y())]

(68)

Corollary 10. Using ¥ (t) = I'(o)t¥*/kI', (o) and g(x) =

x*/s+1, s>0in (10) and (11), respectively, with p = ® = 0,
then fractional integral operators (kIQ f)(x) and (kIQ ) (x)
given in [28] are obtained which satisfy the following bound:

9
(1) @+ (88,5 ) 9 s
’ %o (s + DY kT (0)
s+l s+l olk f s+1 s+1\0/k f
: (x X0 ) M(p(x0> ) (yO - X ) M¢(x>yo) .
(69)
Corollary 11. Using ¥ (t) =t%,0>0, g(x)=xF/p+

s, B,s>0, in (10) and (11), respectively, with p=® =0,
fractional integral operators (519 f)(x) and (SIQ f)(x) are
obtained given in [13] which sat?sfy thefollowzng° bound:

)i,
[Pl

(70)

Corollary 12. Using W (¢) =12,0>0, g(x) = (x — x)/¢ in
(10), and g(x) =—(y,—x)/e in (11), where ¢>0 with
p=® =0, then following fractional integral operators are
obtained given in [12]:

(Pt ) =(12) 0= i () =5 -0

(71)

(Frzmp) o =(12, )@= [ (Gn 9 - 000 om0 F 0

Furthermore, the following bound is also satisfied:

(155) 0+ (5 5) 0

: [(x - XO)EQM£ (%0> %) + (o = x)£9M£ (%, }Vo)]-

(72)

1-(e/k)

(RGO ) 0 = (2 £) 0 = s [ (e =

ek

kT (o)

T (0)t* /KTy (0)),y-9x,
< /l((skyto k(g))y KXf)(x):< f)(x)
Furthermore, the following bound is also satisfied:

(15,5 ) @+ (3151 ) sm [(

eolk eolk
x = %) M (30, %) + (30 — x)* M

Corollary 13. For ¥(t) = I'(o)t¥*/kI'; (o), 0>k and
g(x) = (x —x,)/e in (10) and g(x) = = (y, — x)*/¢ in (11),
where ¢>0 with p=® =0, then the following fractional
integral operators are obtained given in [29]:

—x0)) T (1 - o) F (D,

) f()dt.

(73)

|7 (0r=2= o= 09 G0 -

ACSHIE (74)
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Similar bounds can be obtained for Theorems 7 and 8
which we leave for the reader.

4. Concluding Remarks

A notion namely ¢-quasiconvexity is studied under an in-
tegral operator that associates with different kinds of op-
erators independently defined by various authors during the
last two decades. The consequences of the results are
compiled in the form of corollaries and remarks. Although
some of the particular cases are analyzed in Section 3 by
applying Theorem 5, the reader can further compute more
results as desired by applying other theorems.

Data Availability

There are no additional data required for the finding of
results of this paper.

Disclosure

There is no funding available for the publication of this
paper.

Conflicts of Interest

The authors declare that there are no conflicts of interest.

Authors’ Contributions

All authors have equal contribution in this article.

Acknowledgments

This work was supported by the Dong-A University Re-
search Fund.

References

[1] G. Adilov and L. Yesilce, “On generalization of the concept of
convexity,” Hacettepe Journal of Mathematics and Statistics,
vol. 41, no. 5, pp. 723-730, 2012.

[2] G. Adilov and 1. Yesilce, “B™'-Convex sets and B™'-Mea-
surable maps,” Numerical Functional Analysis and Optimi-
zation, vol. 33, no. 2, pp. 131-141, 2012.

[3] G. A. Anastassiou, “Generalized fractional Hermite-Hada-
mard inequalities involving m-convexity and (s,m)-convex-
ity,” Series: Mathematics and Informatics, vol. 28, no. 2,
pp. 107-126, 2013.

[4] W. Briec and C. Horvath, “B-Convexity,” Optimization,
vol. 53, no. 2, pp. 103-127, 2004.

[5] M. Bombardelli and S. Varosanec, “Properties of h-convex
functions related to the Hermite-Hadamard-Fejér inequal-
ities,” Computers & Mathematics with Applications, vol. 58,
no. 9, pp. 1869-1877, 2009.

[6] H. Hudzik and L. Maligranda, “Some remarks on s-convex
functions,” Aequationes Mathematicae, vol. 48, no. 1,
pp.- 100-111, 1994.

[7] Y. C. Kwun, M. Zahra, G. Farid, S. Zainab, and S. M. Kang,
“On a unified integral operator for ¢-convex functions,”
Advances in Difference Equations, vol. 297, 2020.

Mathematical Problems in Engineering

[8] V. G. Mihesan, “A generalization of convexity,” in Proccedings
of the Seminar on Functional Equations, Approx. And Convex,
Cluj-Napoca, Romania, 1993.

[9] M. E. Ozdemir, A. O. Akdemri, and E. Set, “On (h,m)-
convexity and Hadamard type inequalities,” Journal of
Mathematics and Mechanics, vol. 8, no. 1, pp. 51-58, 2016.

[10] S.-M. Yuan and Z.-M. Liu, “Some properties of a-convex and
a-quasiconvex functions with respect to n-symmetric points,”
Applied Mathematics and Computation, vol. 188, no. 2,
pp. 1142-1150, 2007.

[11] G. Farid, “Existence of an integral operator and its conse-
quences in fractional and conformable integrals,” Open
Journal of Mathematical Sciences, vol. 3, no. 1, pp. 210-216,
2019.

[12] F.Jarad, E. Ugurlu, T. Abdeljawad, and D. Baleanu, “On a new
class of fractional operators,” Advances in Difference Equa-
tions, vol. 2017, p. 247, 2017.

[13] T. U. Khan and M. A. Khan, “Generalized conformable
fractional operators,” Journal of Computational and Applied
Mathematics, vol. 346, pp. 378-389, 2019.

[14] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory And
Applications Of Fractional Differential Equations, Vol. 204,
Elsevier, New York, NY, USA, 2006.

[15] G. Rahman, D. Baleanu, M. A. Qurashi, S. D. Purohit,
S. Mubeen, and M. Arshad, “The extended Mittag-Lefteler
function via fractional calculus,” Journal of Nonlinear Science
and Applications, vol. 10, pp. 4244-4253, 2013.

[16] S.S. Dragomir and C. E. M. Pearce, “Quasi-convex functions
and Hadamard’s inequality,” Bulletin of the Australian
Mathematical Society, vol. 57, no. 3, pp. 377-385, 1998.

[17] G. Farid, C. Y. Jung, S. Ullah, W. Nazeer, M. Waseem, and
S. M. Kang, “Some generalized k-fractional integral in-
equalities for quasi-convex functions,” Journal of Computa-
tional Analysis and Applications, vol. 29, no. 3, pp. 454-467,
2021.

[18] S. Ullah, G. Farid, K. A. Khan, A. Waheed, and S. Mehmood,
“Generalized fractional inequalities for quasi-convex func-
tions,” Advance Difference Equations, vol. 15, 2019.

[19] D. Zhao, G. Farid, M. Zeb, S. Ahmad, and K. Mahreen, “On
boundedness of unified integral operators for quasiconvex
functions,” Advance Difference Equations, vol. 38, 2020.

[20] A. W. Roberts and D. E. Varberg, Convex Functions, Aca-
demic Press, New York, NY, USA, 1973.

[21] M. E. Gordji, M. R. Delavar, and M. D. L. Sen, “On ¢-convex
functions,” Journal of Mathematical Inequalities, vol. 10, no. 1,
pp. 173-183, 2016.

[22] D. A. Ion, “Some estimates on the Hermite-Hadamard in-
equality through quasi-convex functions,” Analele Uni-
versitatii din Craiova. Seria Matematica, vol. 34, pp. 82-87,
2007.

[23] Y. C. Kwun, G. Farid, W. Nazeer, S. Ullah, and S. M. Kang,
“Generalized Riemann-Liouville k-fractional integrals asso-
ciated with Ostrowski type inequalities and error bounds of
Hadamard inequalities,” IEEE Access, vol. 6, 2018.

[24] M. Andri¢, G. Farid, and J. Pecari¢, “A further extension of
Mittag-Leffler function,” Fractional Calculus and Applied
Analysis, vol. 21, no. 5, pp. 1377-1395, 2018.

[25] Y. C. Kwun, G. Farid, W. Nazeer, S. Ullah, K. Mahreen, and
S. M. Kang, “Inequalities for a unified integral operator and
associated results in fractional integrals,” IEEE Access, vol. 7,
2019.

[26] S. Mubeen and G. M. Habibullah, “k-fractional integral and
application,” International Journal of Contemporary Mathe-
matical Sciences, vol. 7, pp. 89-94, 2012.



Mathematical Problems in Engineering

[27] H. Chen and U. N. Katugampola, “Hermite-Hadamard and
Hermite-Hadamard-Fejér type inequalities for generalized
fractional integrals,” Journal of Mathematical Analysis and
Applications, vol. 446, no. 2, pp. 1274-1291, 2017.

[28] M. Z. Sarikaya, Z. Dahmani, M. E. Kiris, and F. Ahmad, “(k,
s)-Riemann-Liouville fractional integral and applications,”
Hacettepe Journal of Mathematics and Statistics, vol. 1, no. 45,
pp. 77-89, 2016.

[29] S. Habib, S. Mubeen, and M. N. Naeem, “Chebyshev type
integral inequalities for generalized k-fractional conformable
integrals,” Journal of Inequalities and Special Functions, vol. 9,
no. 4, pp. 53-65, 2018.

11



