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A delayed SEIQRS worm propagation model with different infection rates for the exposed computers and the infectious computers
is investigated in this paper. The results are given in terms of the local stability and Hopf bifurcation. Sufficient conditions for
the local stability and the existence of Hopf bifurcation are obtained by using eigenvalue method and choosing the delay as the
bifurcation parameter. In particular, the direction and the stability of the Hopf bifurcation are investigated by means of the normal
form theory and center manifold theorem. Finally, a numerical example is also presented to support the obtained theoretical

results.

1. Introduction

In the wake of developments in computer technology and
communication technology, there is a rapid increase in
computer viruses which has brought about huge financial
losses [1-3]. Therefore, it is extremely urgent to analyze and
protect computers against viruses. In order to understand
the spread law of computer viruses over the Internet and in
view of the high similarity between computer viruses and
biological viruses, many computer virus propagation models
have been developed and analyzed. For example, see [4-13]
and the cited references therein.

All the models above assume that the infected computer
has no infectivity. This is inconsistent with the fact that an
infected computer which is in latency can also infect other
computers through file copying or file downloading. Based
on this, Yang et al. proposed some models [14-17], by taking
into account the fact that a computer immediately possesses
infectivity once it is infected. However, these models make
an assumption that the exposed computers and the infectious
computers have the same infectivity. This is not consistent
with the reality, because the infection rate of the exposed
computers is less than that of the infectious ones. Thus,

Wang et al. [18] proposed the following SEIQRS model with
graded infection rates for Internet worms:

diit) — 1—[ +YR()+0Q () - B,S(t) E(t)
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where S(t), E(t), I(t), Q(t), and R(t) denote the numbers of
the susceptible, the exposed, the infectious, the quarantined,
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and the recovered computers at time t in the Internet, respec-
tively. [ is the recruitment of the susceptible computers; f3,
and f3, are the contact rates of the exposed computers and
the infectious computers, respectively; d is the natural death
rate of the computers; «; and «, are the death rates of the
exposed computers and the infectious computers due to the
attack of worms, respectively; p is the quarantined rate of
the infectious computers; 8, is the average cured time; y,
0, §,, @, and 7 are the state transition rates. Wang et al. [18]
investigated local and global stability of system (1).

It should be pointed out that Wang et al. [18] neglect
the fact that it needs a period to clean the worms in the
exposed, the infectious, and the quarantined computers for
the antivirus software. Time delays cause a stable equilibrium
to become unstable and cause Hopf bifurcation phenomenon
for a dynamical system. The occurrence of Hopf bifurcation
means that the state of worm prevalence changes from an
equilibrium point to a limit cycle, which is not welcomed in
networks. Therefore, it is meaningful to investigate the effect
of time delays on stability of dynamical systems.

As far as we know, there have been some researches
on Hopf bifurcation of delayed computer virus models. For
example, Feng et al. [19] studied the Hopf bifurcation of a
delayed SIRS viral infection model in computer networks
by taking the time delay due to the latent and temporary
immune period as the bifurcation parameter. Dong et al.
[9] proposed a delayed SEIR computer virus model with
multistate antivirus and studied the Hopf bifurcation of the
model by choosing the delay where the infectious nodes
use antivirus software to clean the viruses as the bifurcation
parameter. Zhang and Bi [20] investigated the Hopf bifur-
cation of a delayed computer virus propagation model with
infectivity in latent period. For some other research works on
the Hopf bifurcation of computer virus models one can refer
to [21-24]. Specially, Zhang et al. [24] studied the existence
and properties of the Hopf bifurcation of a computer virus
model with antidote in vulnerable system by regarding the
time delay due to the period that the infected computers
use to reinstall system as a bifurcation parameter. Motivated
by the work above and considering the effect of the time
delay on system (1), we consider the following delayed worm
propagation model:

é%gz=[I+yRU)+0QU)—ﬁ§(ﬂEU)
—BS@)I(t)-dS (1),

% =[SO E() + LS () I(1)
—(d+o +@)E(t)-8,E(t-1),

Q%Q=QEU%{d+%+pﬂa) )
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where 7 is the time delay due to the period that the anti-
virus software uses to clean the worms in the exposed, the
infectious, and the quarantined computers.

The object of this paper is to study the existence and
properties of the Hopf bifurcation of system (2). The remain-
der of this paper is organized as follows. The existence of a
Hopf bifurcation is discussed by choosing the delay as the
bifurcation parameter in Section 2. Properties of the Hopf
bifurcation are studied by means of the normal form theory
and the center manifold theorem. An example together
with its numerical simulations is also presented in order to
illustrate the effectiveness of our obtained theoretical results.

2. Stability of the Viral Equilibrium and
Existence of Hopf Bifurcation

By a simple computation, we know that if B;y + B,0 >
Bid+a;+@+0,)andd(d + a; + @ + 8,)B, > [[(B,f; +
B,), then system (2) has a unique endemic equilibrium
D,(S,,E,,I,,Q,,R,), where S, = (A+B,I,)/d, E, = B1,,
Q. =B,I,,R, =B;I,,and

d(d+o, +@+8,)B, —[1(B, +B,)

f= Bs (B + )
_dta+(1-p)d +p

>

B, >
P
B = 5 >
2 d+77+6 (3)
B. = 8, (d+ay+(1-p)s, +p) N (1-p)¢,
’ @(d+7y) d+y
pn

Tdiy)@drnt6)
B,=B;y+B,0-B (d+a, +@+95,).

Then, we obtain the characteristic equation of the linearized
system at D, :

X+ p A+ p A’ + py A2+ p A+ p,

T

+ (q4)t4 + q3)t3 + qz/lz +q A+ qo) e
(4)

3 2 —2AT
+(r3/\ + 1A +r1)t+r0)e

+ (sz)t2 + 54+ 50) M=o,
where
Po = 191,015 (@05 — a1a;) + agay,a,5 (a,a5 — a3a5)
T a405090,,0,3,
Py = 010701091, — 4060947,
—agag (a,a, + a,a,3 + ay,a,3)

+ asagay (ay, + a;3)



Mathematical Problems in Engineering

+ay; (aa, (ayy +ay,) + apay, (a; +ay))
— ay06 (G100, + G193 + A15053) 5
P2 = a5 (ayg + ay, + ays) — aya; (ayg + ar,) — a3a5a,
+agag (ay + ay, +ay3) - ayar, (a; + a;)
—ay; (aa; +ayay, + (a; +a,) (ayy +ap,)),
Py = aa; + ajgay, + (a) +a,) (ayy + ap,) — a,06
—agay +ays (a; +a; +ay +ap,),
ps=-(a, +a, +ay,+ay),
qo = 5005 (A1, + ay1b) — asagaa by
+ agay3b; (@105 — a3a5)
tajap;; (b (a, +ay) +a, (b +by))
- aya,a10013b5 + 05015 (ay0bs + apby),
4y = a,a10b; () + ay3) + asaghy (ay + ayy) — asagagbs
— agagh; (a; +ay3)
- ay06 (ay3 (by + by) + aybs + apb,),
4y = aya5 (by + by) + agagbs — a,a,0by
—aya (by + by +by)
—(a, +ayp;) (by(a; + ay) +ap, (b +b,))
— asaghy,
q; = (a, +ay3) (b + b, + by) + by (a, + ayy)
ta, (b +b),
qG=-(b +b+by),
ro = agbs (asasbs + a,a13b,) — asagb, (ayobs + apb,)
- ayars (a,byb5 + ayobybs + apbiby)
1 = asagh, (b, + by) — a,acb,b,
+a,a,5 (bb, + b by + byb;)
+ (a; + ay3) (a;b,by + ayobyby + a,biby),
ry = = (a;b,05 + ayb by + apbyby)
—(a, +ay3) (byb, + biby + byb;),
3 = bb, + bby + byb;,
so = —byb; (asagh, + aja,3b;),
s, = bbb, (a; +ay5),

s, = ~b,byb,,

a; == (B,E, + B,1, +d),

a, = _ﬁlsw
as = _ﬁZSw
a, =0,
as =7

as = PE, + B1,,
a,=BS, - (d+a; +@),
ag = S,

ag = @,

ayp=—(d+a,+p),

apy = p,
a,=-(d+0),
ay=—(d+y),
b, = -4,,
b,=-(1-p)d,,
b, = -1,

b, =0,
bs=(1-p)d,
bs = 1.

For T = 0, (4) becomes
» +A4/\4 + A3/\3 + Az/\2 +AA+A;=0,
with
Ao =potqo+To+Sp
Ay =pit+q+r+sg,
Ay=prtgutr+s,
As=p3tqs+1s,

Ay =pst4s

(5)

(6)

7)

According to Routh-Hurwitz criteria when the condi-
tion (H,) is satisfied, that is, when (8)-(12) hold, then
D,(S.,,E,,I,,Q,,R,) is locally asymptotically stable when

7=0.

det, = A, >0,

A, 1
det, = >0,
A, As

(8)

)



s | >0, (10)

A, 1 0 0
A, A, A, 1

det, = ~ 2 ° >0, (1)
AO Al AZ A3
0 0 A, A,
A, 1 0 0 0
A, Ay A, 1 0

dety=| Ay A, A, A, A, |>o. (12)
0 0 A, A, A,
0 0 0 0 A

Multiplying e*" on both sides of (4), one can get

ar' + @A + A% + gy A + g

+ ()LS + p A+ P A p A+ p A+ po)eh

+( )\3 2 —At (13)
A7 + 1A +r1/\+r0)e

+ (52/\2 + 54+ 50) e =0,

For T > 0, we assume that A = iw (w > 0) is the root of (13);
then

Sy sin 27w + (so - szwz) cos 2tw = G, (w),

(14)
51 COS 2Tw — (so - szwz) sin 27w = G, (w),
where
G, (w) = (w5 —(py+73) @ +(p, - rl)w) sin Tw
- (p4w4 —(py 1))@+ py + ro) COS TW
+ %“’2 - ‘14‘04 — 490
(15)
G, (w) = - (cu5 —(py+1;) 0 +(p, + rl)w) oS T
- (p4w4 —(py—1y) @0+ py - ro) sin Tw
+ g0 — .
Then,
¢ (w) + ¢ (w) sin Tw + ¢, () sin Tw cos Tw
(16)

+ ¢ (w) cos Tw + ¢4 () cos’tw = 0,
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with

6 (@) =@+ (pg +4; - 2(ps +13)) 0
+((py + 1)+ +2p) = 2r, = 2Py = 247
~20,q,) @° + (P + @ + 13 = S+ 2po Py + 2Po7
+2pyro + 2G04 — 24,95 — 2 (py + 1) (ps + "3))
@t (P + gy 1 = 8] = 2p0p; = 20, — 21073
= 2pyry) @’ + g+ dy + 15— o + 2Pors
G (@) = =2q,0° +2(q, = pags + s (s +13)) @
+2(psd1 0 + a3 (P2 —12) — @2 (3 +73)
—ny(pr—11)) @ +2(q0 (ps +73) + 4 (1 —11)
—q, (P —15) = s (Po = 7o) @’ + 2 (q, (po — 7o)
— 1y (py —11)) w, a7
& (@) = ~4r,@" +4(ry = pyry + 15 (p3 +73)) @
—4(ro (ps +73) + riry + pory) @ + 4 (pirg
= por) @,
& (@) = 2(pyqs — 45) @ +2(q1 ~ Pad
+q; (ps +d3) = s (P2 +72)) @° + 2 (Pado
+ (P +12) + 44 (Po +70) =1 (p3 +73)
—q; (pr+ 1))@ +2(q1 (1 + 1) = 42 (Po +70))
-’ + 240 (po +70) 5
¢ (@) = 4(ry + pyry) @° +4(pry + pyrg
— 1 (py +13)) @ +4p,r 0 — 4pyry.
Since sin 7w = £ V1 — cos’7w, (16) can be transformed into

¢ (W) + ¢ (w) cos Tw + ¢4 (w) cos’Tw

=+ (61 (w) V1 = cos’Tw (18)
+ 6 (w) V1 = cos’tw cos Tu)) )

It equals
e, (w) cos*tw + e; (w) cos’Tw + e, (w) cos’Tw
+e; (w) cosTw + e (w) =0, )
where

e (@) = ¢ () — ¢ (),

e; (w) =2(¢ (W) X &5 () — ¢ (W) X & (W),
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e, (w) = c32 (W) + 2¢) (w) X ¢4 () + C12 (w) - c22 (w),
e; (W) =2(g (w) X ¢ (W) + ¢ (W) X 6 (W),

e, (w) = cj (w) + c22 (w).
(20)

Based on the discussion about the distribution of the root
of (19) in [25, 26], we obtain the expression of cos Tw, say

cosTw = f (w). (21)

Substitute (21) into (16), then the expression of sin 7w can be
obtained, say

sintw = f, (w). (22)
Hence, we have
fi@)+ f; (@) = 1. (23)

In order to obtain the main results in this paper, we
suppose that (H,) ((23)) has at least one positive root w,. For
w,, we have

1
Ty = . {arccos f; (wy)}- (24)

Differentiating (13) with respect to 7, we obtain

Vql_g@ T (25)

dt] vy X
where
U
= 4q, X’ +3g;A% +2g,A + q
+ (51 +4p, A +3psA% +2p, A + py ) €T
+ (3@)&2 + 2 + rl) e M+ (25,1 +5,) e,
(26)
V()
=2 (52/\3 +s, 0+ SOA) e
+ (rs)t4 + 1,0 A+ ro/\) e
= (A% + peA® + P31+ pyA7 + piA% + pyd) M.

Further,

I{vq* Ug X Vg +U; X V;
e —_— =
dr A=iw, V}% + VIZ

Ur
4 2
= (5“’0 -3 (Pa - 73)“’0 +pt Tl)cosrowo
-2 ((Pz - 7’2) Wy — 2p4w(3)) sin Tyw,

. 2
+ 28, Sin 2Tywy + $; €0 21w, + g — 3q3w;,

Up
4 2 .
= (5“’0 =3(ps—13) Wy + py - 7’1) $1N Ty Wy
3
+2 ((p2 +7,) Wy — 2p4w0) COS Tow,
+ 255w, €08 2Tyw, — §; Sin 273w, + 29, w,
3
—4q,w;,
Vr
4 2 2
= (“’o —(ps—r3) @y + py — 7’1) Wy COS Tpwy
2 4 .
- ((Pz +7,) Wy = Pay — Py — To) S1N T W
+ (sowo - szwg) $in 2Tyw, — 25, W, €08 2Ty wy,
Vi
= (wé —(ps + r3)w§ +p; + rl)a)(z) sin Tyw,
2 4
+ ((Pz —13) Wy = Pawy — Py + ro) €OS Trwy

3 .
+ (sow0 - szwo) €08 273w, + 28wy sin 27yw.
(27)

Therefore, if condition (H;), G,z X Gy + Gi; X Gyp # 0,
holds, then Re[dA/dT],_;, +# 0. Based on the Hopf bifur-
cation theorem in [27], we have the following.

Theorem 1. For system (2), if conditions (H,), (H,), and (H;)
hold, then the endemic equilibrium D,(S,,E,,I,,Q,,R,) is
locally asymptotically stable when t € [0, 1,); a Hopf bifurca-
tion occurs at the endemic equilibrium D, (S,,E,,I,,Q,,R,)
when T = 1, and a family of periodic solutions bifurcate from
the endemic equilibrium D_(S,,E,,I,,Q,,R,) near T = 1,.

3. Direction and Stability of
the Hopf Bifurcation

In this section, we describe the direction, stability, and period
of the Hopf bifurcation of system (2) from the endemic
equilibrium D, (S,, E,, I,,Q,, R, ) based on the normal form
theory and center manifold theorem given by Hassard et al.
[27]. Letu, (t) = S(t) = S,, u,(t) = E(t) - E,, us(t) = I(t) - I,
u,(t) = Q(t) — Q,, and ug(t) = R(t) — R,, and normalize the
time delay by t — (¢/7). Andlet T = 1) + 0, ¢ € R, so that the
value ¢ = 0 is the Hopf bifurcation value. Define the space of
continuous real valued functions as C = C([-1, 0], R®). Then,
the delayed system (2) can be transformed into the functional
differential equation in C:

i (t) = Ly + F(o,uy), (28)

where u, = (u,(t),u,(t), us(t), uy(t), us(t))T = (S,E, L,Q,
R)" € R, u,(6) =u(t+6) € C,L,: C— R’,and F(g,u,) —
R’ are given, respectively, by

LQ¢ = (TO + Q) (Iqmax(l> (0) + Bmax(/) (_1)) > (29)



with
a 4 a3 a4 ds
as a; ag 0 0
A = 0 a ag 0 0 ,
0 0 a a, 0
0 0 0 0 ap
(30)
000 O00O
0b 000
Biax = 00b 00 |,
00 0b O
0b by by 0
F(e.¢) = (1 +0)
= (B¢ (0) $, (0) + Bygpy (0) 5 (0))
B1$1 (0) §, (0) + B¢, (0) ¢5 (0) 31)
0
0
0

By the Riesz representation theorem, there exists a func-
tion #(6, o) whose components are of bounded variation for
0 € [-1, 0] such that

0
Lg=| dn@.0)400). (2
for ¢ € C. In view of (29), we can choose

17(6,0) = (19 + 0) (Apax (0) + B 8 (0 + 1)), (33)

with §(6) being the Dirac delta function.
For ¢ € C([-1,0], R®), define

d¢ (0)

, -1<6<0,
AQ)p=1
j dn(6.0)$(8), 0=0,
-1 (34)
© 0, -1<60<0,
R(e)¢ =
F(e.¢), 6=0.
Then, system (28) is then equivalent to
u(t)=Ao)u, + R(o)u,. (35)
For ¢ € C'([0, 1], (R*)*), define
—@, 0<s<1,
A (p) =1 % (36)
J d;1T (50)@(=s), s=0,
-1
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and a bilinear inner product

(9(s),9(8)) =9(0)$(0)

0 0 (37)
-| JO¢(£—O)df1(9)¢(£)d£,

9=-1

where #(0) = 7(0,0). Then A(0) (from here onwards we refer
A(0) by A) and A™ are adjoint operators. Since *iw, T, are the
eigenvalues of A, they are also the eigenvalues of A*.

Suppose that p(8) = (1, py» p3» p4» p5) " €% and p*(s) =
(1,05, p&, pi pi) €™ are the eigenvectors for A and A*
corresponding to +iTyw, and —ityw,, respectively. Then, we
have

P2
. _ _ —iTyw,
- ag (ta)o a;o — be )
 (iwy — a, — bje ™) (iwy — ayy — bye %) — agay”
o~ a7 = b I TV 849
Py = Ay P>
3 = . ) )
iwy — ayy — bye ™%
Py = a11pP3
4 — . ;. >
iwy — a;, — bye %
_ byp, + bsps + bpy
5 = /. N i 2
(iwy — ay3) e (38)
o dwgtay
Py = ’
s
® * iTowy %
ol = Gy +agpy +aypy + be™ s
3 1 iTyw >
iwy + ayy + bye'M%
iTyw, %
p* _ a, + b6e PS
- . 3 b
Y iwy + ay, + byelT
a
x _ 5
Ps =

_in +ta;
From (37), we get

V = [14p,p; + psps + PiPs + PsPs

+ Toeiﬁowo (p, (iP5 +byps) + ps (bopy +b5ps)  (39)

—% —% -1
+ py (bpy + b6p5))] >
such that (p*, p) = 1 and (p*,p) = 0.

Proceeding in the same manner as Hassard et al. [27] and
the similar computation process as that in [28-30], we obtain

G20 =25V (5 = 1) (Bips + Baps) »
9 = To‘_/ (P, = 1) (BiRe{p,} + ByRe {ps}),
Gon = 27V (P, = 1) (Bip, + Bops) »

— 1 _
I =273V (Pz -1) (ﬁl (Wl(ll) 0) p, + zwz(é) 0)p,
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1
FWD )+ W ) + B (W 0,

1 - 1
WS O+ W 0+ SWE) (0)>),

(40)
with
WZO (9) = Mei‘rowoe + Me*i%wge
ToWo 375w,
+ EleZiTO“’oo) (41)

. 0) . 7 (0 4
‘/V11 (6) — _1911P( )e”’owoe + Igllp( )e—z‘rgwoe + Ez-
ToWo ToWo

E, and E, can be obtained by the following two equations:

“{ —4 —a3 —ay —as
—ag a; —ag 0 0
=2] 0 —a, aj, 0 0
0 0 —ay, a, 0

!

_ —2iTywy —2iTyw, —2iTyw,
0 -be bse bse a;

(42)

0 b bs bs 0 (43)

! .
a, = 2iw, — ay,
I _ A —2iTyw,
a, =2iwy —a, —e ,
—2iTyw,
b

! .
a,p = 2iwy — a;y — bye

I _ A —2iTyw,
a,, = 2wy —a;, — bse )

g
a3 = 210y = dy3,

7
Egl) ==Bip, = Bop3
E?) = Bips + Bopss
Egl) = —p;Re {Pz} - B,Re {P3} >
EEZ) = BiRe{p,} + B,Re {p;}.
(44)
Then, one can obtain
. 2
! g
C,(0) = m (gugzo -2 |911|2 - %) + %
_ Re{C,(0)} (45)
7 T Re( ()}
B, = 2Re {C, (0)},
T - _Im {C, (0)} + ppIm {AI (To)}' (46)

2 ToWo
Thus, based on the properties of the Hopf bifurcation dis-
cussed in [27], we have the following.

Theorem 2. For system (2), if i, > 0 (4, < 0), then the Hopf
bifurcation is supercritical (subcritical); if 3, < 0 (3, > 0),
then the bifurcated periodic solutions are stable (unstable);
if T, > 0 (T, < 0), then the period of the bifurcated periodic
solutions increases (decreases).

4. Numerical Simulation

In this section, we perform some numerical simulations to
support and explain our obtained results. We choose a set of
parameters as follows: [[ = 5,y = 0.6,0 = 0.3, 3, = 0.0002,
B, = 0.0003,d = 0.0001, &, = 0.0001, @ = 0.01,8, = 0.8,
8, = 0.2, 0, = 0.0002, p = 0.4, and 5 = 0.35. Then, system (2)
becomes

aS® _ o . oer () +0.3Q (t) - 0.0002S (t) E (t)
—0.0003S (t) I (t) — 0.0001S (),
_‘“Z t(t) = 0.00028 () E (¢) + 0.00038 (+) I (1)
- 0.0102E (t) - 0.2E (t - 1),
(47)
% = 0.01E (t) — 0.400031 (t) — 0.481 (t — 1),
d‘fﬁ(t) — 041 () - 0.30001Q (£) — 0.35Q (¢ - 7).
_dl;ft) =0.2E(t— 1)+ 048I (- 7) +0.35Q (t — 7)

—0.60001R (t).
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FIGURE 1: D, is locally asymptotically stable when 7 = 6.76 < 7, = 7.5508.

Then, we get B, = 88.0300, B, = 0.6153, B, = 30.4972,
B, = 0.0210, and the unique endemic equilibrium D, (1033.4,
20526.3334,233.1743, 143.4698,7111.1633). Further we have
det, = A, = 9.3093 > 0, det, = 3.6022 > 0, det; = 0.4090 >
0, det, = 0.2727 > 0, and det; = 0.0154 > 0. Thus, D, is
asymptotically stable when 7 = 0.

For 7 > 0, we obtain w, = 1.2030, 7, = 7.5508, and
A (1) = 0.9208 — 0.2975i by some complicated computations
using Matlab software package. Based on Theorem 1, we know
that the endemic equilibrium D, is asymptotically stable
when 7 € [0,7.5508). In this case, propagation of the worms
can be controlled easily and this is exhibited by numerical
simulation shown in Figure 1. However, once the magnitude
of the time delay 7 passes through the critical value 7, =
7.5508, D, will lose its stability and a Hopf bifurcation occurs.
In this case, the worm propagation will become unstable and
propagation of the worms will be out of control, which can be
illustrated in Figure 2. The bifurcation phenomenon can be
also exhibited by the bifurcation diagram shown in Figure 3.
It follows from (46) that C,(0) = —0.9606 — 0.2731i, u, =
1.0432 > 0, 3, = —=1.9212 < 0,and T, = 0.0642. Thus, accord-
ing to Theorem 2, the bifurcation at 7, = 7.5508 is super-
critical and stable, and the period of the Hopf bifurcation
increases.

5. Conclusions and Further Developments

A delayed SEIQRS model with graded infection rates for
Internet worms is proposed in this paper based on the
model in the literature [18]. Compared with the models
investigated in the previous literatures, the exposed and the

infectious computers in the model considered in our paper
have different infection rates. Also, we incorporate the time
delay due to the period that the antivirus software uses to
clean the worms in the exposed, the infectious, and the
quarantined computers. Therefore, the model considered in
our paper is more general.

We mainly investigate the effect of the time delay 7 on the
stability of the model. Based on the numerical simulations
presented in our paper, we found that when the value of the
delay 7 is below the critical value 7;, the model is locally
asymptotically stable, which means that the number of the
five classes computers in system (2) will be in an ideal steady
state and we can control prevalence of the worms in (2) easily.
However, once the value of the delay 7 is above 7,, a Hopf
bifurcation occurs. This phenomenon suggests that the num-
bers of computers of the five classes in system (2) will fluctuate
periodically in a range. This is not helpful to control the
prevalence of the worms. Hence, we should control the phe-
nomenon by combining some bifurcation control strategies
and other relative features of virus prevalence, for example,
topological structures of networks, which is our future work.

Thus, our further research directions include the possibil-
ity of linking the results obtained with the model proposed in
the present paper with the results coming from the networks
theory. Specifically, the interest focuses on the possibility of
gaining a deep understanding of the impact of the network
topology on the viral prevalence.
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