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The effects of nonuniform surface tension on the axisymmetric gravity-driven spreading
of a thin viscous liquid drop are investigated. A second-order nonlinear partial differen-
tial equation modelling the evolution of the free surface of a thin viscous liquid drop is
derived. The nonuniform surface tension is represented by a function Σ(r). The Lie group
method is used to determineΣ(r) such that exact and approximate invariant solutions ad-
mitted by the free surface equation can be determined. It is shown that the nonuniform
surface tension can be represented as a power law in r. The effect of this nonuniformity
is to reduce the surface tension at the centre of the drop and increase it at the foot of the
drop. This results in a deflection away from the solution for spreading under gravity only
and the formation of a capillary ridge.

1. Introduction

In this paper, the effects of nonuniform surface tension on the axisymmetric gravity-
driven spreading of a thin liquid drop are investigated. Thin films have been the subject
of reviews by Oron et al. [16] and Myers [12]. When the effects of surface tension are in-
cluded, the free surface equation is generally a fourth-order nonlinear partial differential
equation. These equations are generally very difficult to solve analytically. Analytical solu-
tions have however been found in some cases. Pseudo-steady-state solutions are obtained
in [11, 14]. Other cases in which analytical solutions have been obtained are surveyed in
Myers [12].

In this paper, we derive a second-order nonlinear partial differential equation that
models the evolution of the free surface of a thin liquid drop spreading under gravity
and nonuniform surface tension. Nonuniform surface tension effects have been discussed
in Sherman [19]. Nonuniform surface tension effects may be caused by the presence of
surfactants on the free surface of the drop. Surfactants on the free surface have a ten-
dency to lower the free energy (surface tension) of the surface (see Figure 1.1). Surfac-
tants on the free surface arrange themselves in such a way so as to reduce the surface
tension at the centre of the axisymmetric drop and increase it at the foot of the drop. This
nonuniformity in the surface tension is modelled as a function of the radial distance. ho is

Copyright © 2005 E. Momoniat
Mathematical Problems in Engineering 2005:6 (2005) 703–715
DOI: 10.1155/MPE.2005.703

http://dx.doi.org/10.1155/S1024123X05410078


704 Nonuniform surface tension effects

Surfactants on the
free surface

L

h0

z

r

Free surface z = h(t, r)

Figure 1.1. Problem configuration.

the characteristic height of the drop and L the characteristic length. We model the nonuni-
form surface tension as a function, Σ(r), of the radial distance. We use the Lie group
method to determine functional forms of Σ(r) such that exact and approximate group-
invariant solutions admitted by the free surface equation can be determined.

The paper is divided as follows. In Section 2, we present a brief derivation of the free
surface equation. In Section 3 the Lie group method is used to determine Σ(r) and exact
solutions to the free surface equation. Approximate solutions are considered in Section 4.
Concluding remarks are made in Section 5.

2. Derivation of the governing equation

The thin film approximations to the Navier-Stokes and continuity equations in cylin-
drical polar coordinates have been determined in Sherman [19] and Middleman [9]. In
dimensionless form, these equations are given by

∂p

∂r
= ∂2vr

∂z2
,

∂p

∂z
=−1,

1
r

∂

∂r

(
rvr
)

+
∂vz
∂z
= 0, (2.1)

where vr = vr(r,z, t), vz = vz(r,z, t), and p = p(r,z, t) are the radial velocity, vertical ve-
locity, and pressure terms, respectively.

In this paper, we are considering the case when the surface tension is a function of the
radial distance r, that is, σ = σ(r). We nondimensionalise the surface tension using the
value of the surface tension at the foot of the drop, that is,

Σ(r)= σ(r)
σ
(
R(0)

) , (2.2)

where R(t) is the radius of the drop at time t and R(0) is the initial drop radius. We have
taken the characteristic length of the drop, L, to be the initial drop radius. From (2.2),
this implies that

Σ
(
R(0)

)= 1. (2.3)

We will use the initial condition (2.3) when solving for Σ(r) using the Lie group method.
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The boundary conditions at the surface z = 0 are given by

vr(r,0, t)= 0, vz(r,0, t)= 0. (2.4)

Conditions (2.4) imply that there is no slip and that the fluid does not penetrate the
substrate. The boundary conditions at the free surface z = h(r, t) are now given by

p(r,h, t)= po− 1
Bo

Σ(r)
(
∂2h

∂r2
+

1
r

∂h

∂r

)
, (2.5)

∂vr
∂z

∣∣∣
z=h(t,r)

= 1
δ2Bo

dΣ(r)
dr

, (2.6)

vz(r,h, t)= ∂h

∂t
+ vr(r,h, t)

∂h

∂r
. (2.7)

po is the atmospheric pressure, Bo= ρgR(0)2/σ(R(0)) is the Bond number, g the gravita-
tional constant, and ρ is the fluid density. δ = ho/R(0), is the aspect ratio of the thin liquid
drop where for thin films (see, e.g., Acheson [1]) we have that

δ2 � 1, δ2 Re� 1. (2.8)

Re=UR(0)/ν is the Reynolds number, U = gh3
o/(νR(0)) the characteristic horizontal ve-

locity, and ν is the kinematic viscosity.
Boundary conditions (2.5) and (2.6) occur as a result of the nonuniform surface ten-

sion, Σ(r), acting on the free surface. Condition (2.7) occurs as result of the fact that any
particle on the free surface must remain on the free surface for the duration of the fluid
motion. Solving (2.1) subject to (2.4)–(2.7) we obtain the free surface equation

∂h

∂t
= 1

3r
∂

∂r

(
rh3 ∂h

∂r
−αrh3 ∂

∂r

(
Σ(r)

(
∂2h

∂r2
+

1
r

∂h

∂r

))
− 3

2
βrh2 dΣ(r)

dr

)
, (2.9)

where

α= 1
Bo

, β = 1
δ2Bo

. (2.10)

Since we have that α=O(δ2) < β, we can ignore the terms in (2.9) which are coefficients
of α. Hence we are concerned with solving

∂h

∂t
= 1

3r
∂

∂r

(
rh3 ∂h

∂r
− 3

2
βrh2 dΣ(r)

dr

)
. (2.11)

In this paper, we will concern ourselves with solving (2.11). Retaining the terms with
coefficient α (curvature terms) from (2.9) is important when Σ(r) is constant or small. In
future work we will consider (2.9) and consider flows where α is of the same or greater
magnitude than β.
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3. Group-invariant solutions

In this section, we briefly discuss how to determine Lie point symmetry generators ad-
mitted by (2.11). We use these generators to reduce (2.11) to two ordinary differential
equations. One for the case Σ(r) = (r/R(0))n where n �= 4/3 and the second for n = 4/3.
These ordinary differential equations are solved analytically and numerically.

We are looking for transformations of the independent variables t, r and the dependent
variable h of the form

t = t(t,r,h,a), r = r(t,r,h,a), h= h(t,r,h,a). (3.1)

The transformations (3.1) form a group where a is the group parameter and leave (2.11)
form invariant. Lie’s theory reduces the determination of the transformations (3.1) to the
calculation of the infinitesimal transformations

t = t+ aξ1(t,r,h), r = r + aξ2(t,r,h), h= h+ aη(t,r,h). (3.2)

The operator

X = ξ1(t,r,h)∂t + ξ2(t,r,h)∂r +η(t,r,h)∂h (3.3)

is known as the Lie point symmetry generator admitted by (2.11). We define ∂t = ∂/∂t, . . . .
The functions ξ1, ξ2, and η are calculated by solving a determining equation

X [2]

(
∂h

∂t
− 1

3r
∂

∂r

(
rh3 ∂h

∂r
− 3

2
βrh2 dΣ(r)

dr

))∣∣∣∣∣
(2.11)

= 0. (3.4)

The operator X [2] is the second prolongation of the operator X given by

X [2] = X + ζ1∂ht + ζ2∂hr + ζ22∂hrr , (3.5)

where

ζi =Diη−
(
Diξ

j
)
hj , i= 1,2, (3.6)

ζi1i2···ik =Dikηi1i2···ik−1 −
(
Dik ξ

j
)
hi1i2··· j , is = 2, s= 1,2. (3.7)

We have adopted the Einstein convention in (3.6)-(3.7). The operators, Di, are the oper-
ators of total differentiation where

D1 =Dt = ∂t +ht∂h +htt∂ht +htr∂hr + ··· ,

D2 =Dr = ∂r +hr∂h +htr∂ht +hrr∂hr + ··· . (3.8)

The determining equation (3.4) is separated by coefficients of derivatives of h where ht is
given by (2.11). The interested reader is referred to the books by Bluman and Kumei [5],
Ibragimov [2, 7, 8], Olver [15], and Ovsiannikov [17, 18] for more information on the
Lie group approach for solving differential equations. Most of the calculations described
above can be performed using symbolic computer packages (see, e.g., [4, 6, 20]).
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When separating out by derivatives of the dependent variable and solving the resulting
overdetermined system of equations, we find that

X = (a2 + a1t
)
∂t + a3r∂r − 1

3

(
a1− 2a3

)
h∂h, (3.9)

where a1, a2, and a3 are arbitrary constants and Σ(r) must satisfy the ordinary differential
equations

3a3r
d2Σ

dr2
− (a3− 2a1

)dΣ
dr
= 0, (3.10)

3a3r
2 d

3Σ

dr3
+ r
(
2a1 + 5a3

)d2Σ

dr2
+
(
2a1− a3

)dΣ
dr
= 0. (3.11)

We cannot have a3 = 0 since this would imply a constant solution from (3.10). Solving
the system (3.10) and (3.11) for the constants a1 �= 0 and a3 �= 0 subject to (2.3) we find
that

Σ(r)=
(

r

R(0)

)n
, n > 0, (3.12)

when

a1 =−1
2
a3(3n− 4). (3.13)

The Lie point symmetry generator (3.9) becomes

X =
(
a2 +

1
2
a3(4− 3n)t

)
∂t + a3r∂r +

a3n

2
h∂h. (3.14)

The requirement that n > 0 is imposed to ensure that there is no singular behaviour at
r = 0.

Choosing a1 = 0 in (3.10) and (3.11) and solving we obtain the solution

Σ(r)=
(

r

R(0)

)4/3

. (3.15)

The Lie point symmetry generator (3.9) simplifies to

X = a2∂t + a3r∂r +
2
3
a3h∂h. (3.16)

A group-invariant solution, h=Φ(t,r), admitted by (2.11) can be determined by solv-
ing the first-order quasilinear partial differential equation

X
(
h−Φ(t,r)

)∣∣
h=Φ(t,r) = 0. (3.17)

Imposing (3.14) on (3.17) we find that

h(t,r)= (2a2 + a3(4− 3n)t
)n/(4−3n)

H(p),

p = r
(
2a2 + a3(4− 3n)t

)−2/(4−3n)
,

(3.18)
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where

n �= 4
3
. (3.19)

Substituting (3.18) with (3.12) into (2.11) we reduce (2.11) to the second-order ordinary
differential equation

d2H

dp2
= (2p2H3)−1

[
3βn

(
p

R(0)

)n
H
(
nH + 2p

dH

dp

)

− 2p

(
− 3a3npH +

(
6a3p

2 +H3)dH
dp

+ 3pH2
(
dH

dp

)2
)]

.

(3.20)

The ordinary differential equation (3.20) admits the Lie point symmetry generator

Y = 2
n
p∂p +H∂H. (3.21)

Therefore, we find that the ordinary differential equation (3.20) admits the group-inva-
riant solution

H(p)=
√

3β
(

p

R(0)

)n/2
. (3.22)

Therefore, from (3.18) we find that

h(t,r)=
√

3β
(

r

R(0)

)n/2
, (3.23)

which is a nonphysical stationary solution.
We now proceed to solving (3.20) numerically. Imposing the boundary condition

h
(
t,R(t)

)= 0 (3.24)

on (3.18) we find that

R(t)= κ
(
2a2 + a3(4− 3n)t

)2/(4−3n)
, (3.25)

where κ is a constant. Therefore, we have to solve (3.20) subject to the boundary condition

H(κ)= 0. (3.26)
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Figure 3.1. Plot of nonphysical solution satisfying only the condition that the radius be increasing.
This contradicts the requirement that the drop height be decreasing. The plot shows an increasing
drop height for increasing radius.

Also, we normalise the initial drop height such that

h(0,0)= 1. (3.27)

Therefore

H(0)= (2a2
)−n/(4−3n)

. (3.28)

We have two boundary conditions so we do not need to use (3.21) to effect a further
reduction of (3.20). To obtain physically meaningful solutions we need the coefficient of
H in (3.18) to have a negative exponent so that the drop height is decreasing. Therefore
we must have n/(4− 3n) < 0→ n > 4/3. But we also need R(t) to be increasing so that the
drop is spreading. This is not possible, since if n > 4/3, then R(t) is a decreasing function.
The only alternative is a stationary drop. This would imply that n= 4/3 or a3 = 0. The case
n= 4/3 is not valid as we would get division by 0. Therefore we cannot obtain a physically
meaningful solution by solving (3.20) numerically using the boundary conditions (3.26)
and (3.28). The group-invariant solution (3.18) is plotted in Figure 3.1 where (3.20) has
been solved numerically subject to (3.26) and (3.28). Here we have chosen a2 = 1/2, a3 =
1, n= 0.8, β = 1, and κ= 0.1582975. We observe from Figure 3.1 that this solution is not
physical.

We now plot the stationary solution by choosing a3 = 0 and a2 = 1/2. The numerical
algorithm from Mathematica can only satisfy H(10−10)= 0.988338 where n= 0.8, β = 1,
and κ= 11.5. We are unable to get a better result. The graph is shown in Figure 3.2.

The group-invariant solution corresponding to the Lie point symmetry generator
(3.16) is given by

h(t,r)= exp
(

2a3

3a2
t
)
G(q), q = r exp

(
− a3

a2
t
)
. (3.29)
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Figure 3.2. Plot of stationary solution for n= 0.8 satisfying the boundary conditions H(11.5)= 10−3

and H(10−10)= 0.988338.

Substituting (3.29) with (3.15) into (2.11) we obtain the second-order ordinary differen-
tial equation

d2G

dq2
= (3a2qR(0)G3)−1

[
6a3qR(0)G− 3R(0)

(
3a3q

2 + a2G
3)dG

dq
− 9a2qR(0)G2

(
dG

dq

)2

+ 4a2β
(

q

R(0)

)1/3

G
(

2G+ 3q
dG

dq

)]
.

(3.30)

The ordinary differential equation (3.30) admits the Lie point symmetry generator

Z = 3
2
p∂p +H∂H. (3.31)

Hence the ordinary differential equation (3.30) admits a group-invariant solution

G(q)=
√

3β
(

q

R(0)

)2/3

. (3.32)

Therefore, from (3.29) we find that

h(t,r)=
√

3β
(

r

R(0)

)2/3

(3.33)

which is a nonphysical stationary solution.
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Figure 3.3. Plot of stationary solution for n= 3/4 satisfying the boundary conditions G(1.14)= 10−4

and G(10−4)= 0.0865109.

We now try to solve (3.30) numerically. Imposing the boundary condition (3.24) and
(3.27) on (3.29) we find that

R(t)= λexp
(
a3

a2
t
)

,

G(λ)= 0, G(0)= 1,
(3.34)

where λ is an arbitrary constant. Again, we cannot obtain a physically meaningful solution
by solving (3.30) numerically because of the incompatibility of the boundary conditions.
We need to satisfy decreasing drop height, that is, 2a3/(3a2) < 0. But this implies that the
radius is decreasing from (3.34). We plot a stationary solution in Figure 3.3 by choosing
a3 = 0, a2 = 1, β = 1, and λ = 1.14. Numerically, we find that we can only impose the
boundary conditions G(λ)= 10−4 and G(10−4)= 0.0865109.

4. Approximate solutions for thin film flow

In this section, we make the assumption that β is small. We determine approximate solu-
tions to (2.11) of the form

h(t,r)= h0(t,r) +βh1(t,r) + ··· , (4.1)

where

β� 1. (4.2)

Substituting (4.1) into (2.11) and separating (2.11) by coefficients to O(1) and O(β), we
obtain the system of partial differential equations

∂h0

∂t
= 1

3r
∂

∂r

(
rh3

0
∂h0

∂r

)
, (4.3)

∂h1

∂t
= 1

3r
∂

∂r

(
r
∂

∂r

(
h3

0h1
)− 3

2
rh2

0
dΣ

dr

)
. (4.4)
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The solution admitted by (4.3) is given by

h0(t,r)= 1
R2(t)

(
1− r2

R2(t)

)1/3

, (4.5)

where

R(t)=
(

1 +
16
9
t
)1/8

(4.6)

has been determined by Barenblatt [3]. Equation (4.6) implies that (3.12) becomes

Σ(r)= rn. (4.7)

Recently, Momoniat et al. [10] have successfully used the Lie group method to obtain
(4.5) and (4.6). Substituting (4.5) with (4.6) into (4.4) and using the Lie symmetry ap-
proach to analyse the resulting equation we find that the resulting equation admits the
Lie point symmetry

Y =
(

1 +
16
9
t
)
∂t +

2
9
r∂r +

2
9

(n+ 2)h1∂h1 , (4.8)

where (3.12) holds. The group-invariant solution corresponding to (4.8) is given by

h1(t,r)= Rn+2(t)H1(q), q = r

R(t)
. (4.9)

This solution is valid for n= 4/3. Substituting (4.9) into (4.4) we obtain the second-order
ordinary differential equation

d2H1

dp2
=−(6p2(1− p2)4/3)−1

[
3npn

(− 3n+ (4 + 3n)p2)

− 2p
(
1− p2)1/3

(
2(8 +n)pH1 +

(
13p2− 3

)dH1

dp

)]
.

(4.10)

Imposing the boundary conditions

h
(
t,R(t)

)= 0, h(0,0)= 1, (4.11)

we find that (4.10) is solved numerically subject to

H1(0)= 0, H1(1)= 0. (4.12)

However, the ordinary differential equation (4.10) has singular behaviour at p = 0 and
p = 1. We impose the conditions (4.12) at p = 10−6 and 0.999999. Therefore, we have
that

H1(10−6)= 0, H1(0.999999)= 0. (4.13)
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Figure 4.1. Numerical solution of the ordinary differential equation for the perturbed solution for
different values of n including n= 4/3.
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Figure 4.2. Plot comparing the solution for spreading under gravity only (•••) with the solution for
spreading under gravity and nonuniform surface tension where Σ(r)= r4/3 taking β = 0.05.

We use a shooting method to solve (4.10) subject to (4.13). The numerical solution ob-
tained from Mathematica is shown in Figure 4.1 for different values of n. We observe
from Figure 4.1 that as n increases the capillary ridge becomes more pronounced. Also,
as n increases the position of the deflection moves away from the origin. This can be
seen in Figures 4.2 and 4.3 where we have plotted the solution for spreading under grav-
ity only (4.5) and the approximate solution (4.1) on the same system of axis for different
values of n. In Figure 4.2, a deflection of the approximate solution away from the solution
for spreading under gravity only is indicated. The defelection occurs close to the origin.
The formation of a capillary ridge cannot be seen. In Figure 4.3, both the deflection and
capillary ridge can be clearly seen. The deflection occurs further away from the origin.

5. Concluding remarks

In this paper, we have used the Lie group method to determine a power law expression for
the nonuniform surface tension, that is, Σ(r)= (r/R(0))n. We have shown that the exact
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Figure 4.3. Plot comparing the solution for spreading under gravity only (•••) with the solution for
spreading under gravity and nonuniform surface tension where Σ(r)= r10 taking β = 0.002.

Lie group approach yields only nonphysical or stationary solutions. The approximate Lie
group approach yields a physically meaningful solution showing a deflection away from
the solution for spreading under gravity only. We also observe the formation of a capillary
ridge at the leading edge of the liquid drop. This is a well-known effect of surface tension
(see, e.g., Myers and Charpin [13]). Further research is required to relate the exponent in
the power law representation of Σ(r) to some physically relevant surfactants.
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