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Considering the complexity of multidimension parameters and the mechanical performance of a 6-DOF robotic crusher, a
multiobjective optimization function based on the transmission index and condition number is established. As an important
operation in the screw theory, the reciprocal product between the transmission wrench screw of an actuator and the output twist
screw of the mantle assembly is used to represent the instantaneous power. *e expression of transmission index is derived
according to the principle that constraint wrench screws apply no work to the mantle assembly. It can be used as a criterion to
evaluate the transmission performance. *en, based on the Jacobian matrix, the equation of condition number is constructed
which provides a criterion for evaluating kinematic accuracy. Finally, the workspace and singularity of the 6-DOF robotic crusher
are analyzed to verify the rationality of the optimized variables.*e results show that the optimized structure can completely crush
the material in the workspace and effectively avoid singularity, which provides a basis for practical application.

1. Introduction

Crushers are widely used in the mining, mineral, road
construction, and other industrial sectors to crush a variety
of raw materials [1–3]. According to the different structural
types, the commonly used crushers can be divided into the
jaw crusher, gyratory crusher, and cone crusher [4]. Due to
decades of theoretical research, they have evolved from
simple crushers to modern high-performance crushers,
which means that the structure becomes more complex and
functions become more comprehensive [5]. Based on the
interparticle breakage and population balance theory, the
feed particles are squeezed and crushed not only by surfaces
of the mantle and bowl liner but also by the surrounding
particles. However, the design development of crushers still
has some limitations under the present technology. *ey are
inevitable to squeeze and crush materials with high power
consumption and low flexibility due to the structural
characteristics. Meanwhile, the parallel robot has attracted
great attention due to its large payload, high-speed capa-
bility, and high stiffness [6–8]. It has been widely used in

medical equipment, aerospace, marine, and other fields,
which greatly promote the development of the industry. *e
intelligence of modern crushers must be a trend for future
development.

Based on the above consideration, a novel 6-DOF robotic
crusher was proposed which has achieved both the chamber
structure of a cone crusher and the high flexibility of a
parallel robot [9]. In Figure 1, the 6-DOF robotic crusher is
composed of a drive unit (CDU) and a fixed unit (CFU).
Figure 2 shows the mantle frame O1, X1, Y1, Z1􏼈 􏼉 and the
reference frame O, X, Y, Z{ }. CDU mainly provides the
power to crush the material, while CFU is fixed to the
ground. *e crushing process of the material in the crushing
chamber can be represented by a number of crushing zones.
*e output of the previous crushing zone is the input to the
next crushing zone. *en, the final product is excluded from
the open side setting (OSS) due to gravity [10–12].

Undoubtedly, good structure design can greatly improve
the performance of the 6-DOF robotic crusher. In order to
evaluate the motion/force transmission of mechanisms,
several important indices have been proposed, such as
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transmission angle, pressure angle, and transmission factor
[13]. *e transmission angle has been widely introduced and
developed in the fields of planar mechanisms [14]. However,
it cannot be used to define the 6-DOF robotic crusher due to
themultiloopmechanism.*e pressure angle is only suitable
to evaluate the transmission of cam mechanisms, which
makes its application receive little attention. *e trans-
mission index of the 6-DOF robotic crusher is used to
quantitatively measure the effectiveness of the instantaneous
power from the actuators to the mantle assembly. In order to
achieve the required motion of the mantle assembly, the
motion from the actuators needs to be transmitted to the
mantle assembly. Meanwhile, the 6-DOF robotic crusher
should transmit generalized forces from themantle assembly
to the actuators for the purpose of balancing the payload and
gravity of the mantle assembly [15, 16]. As the condition
number of the Jacobian matrix represents the error am-
plification factor, it can be used as an index to measure the
kinematic accuracy of the 6-DOF robotic crusher. *e
equation of the condition number is a function of the
structural parameters, which can be changed with the variety
of position and orientation in the workspace [17, 18]. Based
on the consideration of improved transmission performance
and kinematic accuracy, a genetic algorithm is proposed to
design the 6-DOF robotic crusher.

*e workspace and singularity are very important issues
and measurement criteria in the optimization design of the
6-DOF robotic crusher. *e main difficulties are that the
complete boundaries should be determined in a six-di-
mensional space. Due to the different fixed parameters, the
workspace is divided into the position workspace and ori-
entation workspace [19]. Considering the complexity of
analytical expression, the polar coordinate method can be
used to determine the trajectory boundary of the workspace
directly. Meanwhile, the mathematical model for the sin-
gularity locus is obtained by using the force Jacobian matrix
[20, 21]. *e singularity of the 6-DOF robotic crusher leads
to the loss or gain of one or more degrees of freedom [22].

*e graphical representation of the complete boundary can
be displayed with a given set of fixed parameters. *en, it is
easy to identify the boundary curves of the workspace and
the singularity locus, so as to verify the rationality of op-
timization design.

2. Transmission Performance

*e evaluation index can be used to quantitatively analyze
the mechanical performance of the 6-DOF robotic crusher.
Considering the importance of energy conservation and
accuracy, transmission index and condition number are
taken as research objects, which are both functions of
structural parameters. Optimization design can undoubtedly
improve production size distribution and increase
productivity.

2.1. Screw)eory. Screw theory is an effective mathematical
tool which can be used to analyze the mechanical perfor-
mance of the 6-DOF robotic crusher. A screw can be shown
by a set of a dual vector that represents the direction and
position of an axis, respectively. According to mechanical
characteristics, the screwmay be divided into two categories:
twist screw and wrench screw. *e motion of the mantle
assembly is described by the combination of a rotation
around an axis and a movement along the axis, which can be
represented as a twist screw. *e twist screw of the mantle
assembly can be expressed as

$t � (ω; υ) � ω; r1 × ω + htω( 􏼁, (1)

where ω is the vector of angular velocity along the axis and υ
is the linear velocity of the point that coincides with the
origin on the mantle assembly. r1 represents the vector from
the origin of the reference frame to any point on the axis, and
ht denotes the pitch of the twist screw.
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Figure 1: Schematic of the 6-DOF robotic crusher.
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Figure 2: *e model of CDU.
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Similarly, the force and moment applied to the mantle
assembly can be described by a wrench screw. *e wrench
screw can be shown as

$w � (f; τ) � f; r2 × f + hwf( 􏼁, (2)

where f represents the force vector along the axis and τ is the
moment of the force system relatives to the origin. r2 denotes
the vector from the origin of the reference frame to any point
on the axis, and hw is the pitch of the wrench screw.

*e instantaneous power cannot be directly used to
analyze and evaluate the transmissibility of the 6-DOF ro-
botic crusher due to the difference in structure scale. *e
transmission forces of the actuators will become the con-
straint forces when the reciprocal product is equal to 0. A
transmission index is defined as the ratio between the actual
instantaneous power and the maximum instantaneous
power theoretically possible, which can be expressed as

η �
$w ∘ $t

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

$w ∘ $t

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌max

�
ht + hw( 􏼁cos θi − di sin θi

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

���������������

ht + hw( 􏼁
2

+ d
2
imax

􏽱 , (3)

where di is the common perpendicular between the two
screw axes, and θi denotes the angle of the two screw axes.

2.2. Transmission Index. *e essence of the material
breakage of the 6-DOF robotic crusher is the transmissibility
of motion and force between the actuators and the mantle
assembly. *e pendulum movement of the mantle assembly
in the crushing chamber is performed by the transmission
wrench screw and output twist screw of the mantle assembly.
*e motion can be passed from the input to the output to
complete the action required by crushing. Meanwhile, the
crushing force and gravity of the mantle assembly can be
balanced by the transmission wrench screws.

As shown in Figure 3, the axes of the transmission
wrench screw and the input twist screw of each actuator are
along the prismatic pair, and the axe of the output twist
screw of the mantle assembly is floating in space. Assuming
that the prismatic joint of i-th actuator is only driven, and all
the others are fixed for the 6-DOF robotic crusher. *us, the
transmission wrench screw of the driven actuator becomes
the only one that can make some contribution to the mantle
assembly, while all other transmission wrench screws turn
into five constraint wrenches. *en, the CDU of the 6-DOF
robotic crusher can be regarded as a single-DOF parallel
mechanism. *erefore, the expression between the con-
straint wrench screw and output twist screws can be shown
as

$wi ∘ $tj � 0, (i, j � 1, 2, 3, . . . , 6, i≠ j). (4)

According to the geometric analysis of the screw, the
transmission wrench screw can be defined as

$wi � ni;OAi × ni( 􏼁,

� mi,1, mi,2, mi,3; mi,4, mi,5, mi,6􏼐 􏼑, (i � 1, 2, 3, . . . , 6).

(5)

where ni denotes the unit vector of the actuator, and
mi,1, . . . , mi,6 are Plücker coordinates of the axis of the
wrench screw.

Similarly, the unit output twist screw of the mantle
assembly can be represented as

$tj � kj,1, kj,2, kj,3; kj,4, kj,5, kj,6􏼐 􏼑, (j � 1, 2, 3, . . . , 6),

k
2
j,1 + k

2
j,2 + k

2
j,3 � 1,

(6)

where kj,1, . . . , kj,6 are Plücker coordinates of the axis of the
twist screw.

Assuming that the prismatic pair of the first actuator is
only driven, (4) may be rewritten as

$w1 ∘ $tj � 0, (j � 2, 3, . . . , 6). (7)

According to (3), (5), and (6), the absolute value of the
reciprocal product for the first actuator is expressed as

$w1 ∘ $t1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � h1 + h2( 􏼁cos θ1 − d1 sin θ1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌,

� m1,4k1,1 + m1,5k1,2 + m1,6k1,3 + m1,1k1,4
􏼌􏼌􏼌􏼌

+ m1,2k1,5 + m1,3k1,6
􏼌􏼌􏼌􏼌.

(8)

*en, the reciprocal product of the remaining five ac-
tuators is obtained as

m1,4k1,1 + m1,5k1,2 + m1,6k1,3 + m1,1k1,4 + m1,2k1,5

+m1,3k1,6 � 0, (i � 2, 3, . . . , 6).
(9)

As the value of the pitch is independent of the origin
selection, the pitch of the unit output twist screw $t1 can be
defined as

ht1 � k1,1k1,4 + k1,2k1,5 + k1,3k1,6. (10)

Since the transmission wrench screw of the first actuator
is a pure force, the pitch of the wrench screw is given by

hw1 � 0. (11)

Consequently, the axis of the twist screw $t1 can be
expressed as

r × S1 � S01 − ht1S1. (12)

where S1 � (k1,1, k1,2, k1,3) and S01 � (k1,4, k1,5, k1,6).
As the axes of two kinds of screws for each actuator are

along the prismatic pair, the input transmission index is
always equal to 1 which can be derived from the equation
(3). Hence, the input transmission index and the output
transmission index of the first actuator can be gained as

ηi1 � 1,

ηo1 �
ht1 + hw1( 􏼁cos θ1 − d1 sin θ1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌

���������������

ht + hw( 􏼁
2

+ d
2
1max

􏽱 ,
(13)

where d1max can be derived as follows:
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d1max � S1 × LX

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌, (14)

where LX is the distance from A1 to any point on the axis of
output twist screw $t1, which can be obtained as

LX � r − OA1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌. (15)

To sum up, a local transmission index can be used to
evaluate the transmission performance of the 6-DOF robotic
crusher, which is defined as

η1 � min ηi1, ηo1􏼈 􏼉. (16)

In order to unify the format of optimization design, (16)
can be rewritten as

f1 � −η1. (17)

2.3. Condition Number. *e Jacobian matrix is the basis of
kinematics and dynamics for the 6-DOF robotic crusher,
which describes the relationship between the velocity of each
actuator and the velocity of the mantle assembly. It is related
to the structural parameters, which can be expressed as

_L � J _P � J
υ

ω
􏼢 􏼣, (18)

where υ is the translational velocity of the mantle assembly,
ω represents the angular velocity of themantle assembly, and
J is the Jacobian matrix which can be expressed as

J �

n1 ra1 × n1

n2 ra2 × n2

n3 ra3 × n3

n4 ra4 × n4

n5 ra5 × n5

n6 ra6 × n6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (19)

where ni is the unit vector of the i-th actuator, and rai �TAi,
T is the transformationmatrix of the mantle frame relative to
the reference frame. Ai represents the coordinate of Ai in the
mantle frame.

*e actuator velocity will inevitably produce errors due
to the accuracy issues of manufacturing and assembly, which
leads to a corresponding error for the mantle assembly. *e
expression can be written as

_L + δ _L � J( _P + δ _P). (20)

By subtracting (18) from (20), the relative error relation
of the velocities between the actuators and the mantle as-
sembly can be simplified as

‖δ _P‖

‖ _P‖
≤ k

‖δ _L‖

‖ _L‖
, (21)

where k represents the condition number of the Jacobian
matrix, which is defined as

k � ‖J‖ · J−1����
����. (22)

*e condition number of the Jacobian matrix is the
amplification factor of the relative error, which can be used
to evaluate the kinematic accuracy. *e smaller the condi-
tion number, the higher the kinematic accuracy. *en, the
following function within the unit period can be defined as

f2 � −
1
k

, (23)

where 1≤ k≤∞.

3. Optimization and Performance Analysis

3.1. Multiobjective Optimization. *e genetic algorithm
(GA) is a random search algorithm based on the biological
evolution mechanism of natural selection and natural in-
heritance. Each value of the solution space should be coded
first when solving optimization problems. New solutions are
generated continuously by combining chromosomes. *us,
according to the fitness function, some chromosomes are
selected in the new solutions to continue the combination
until the best solution is finally found [23–26].

Here, the transmission index and condition number are
taken as the optimization targets. *e purpose of optimi-
zation design for the 6-DOF robotic crusher is to obtain
good transmission performance and high kinematic accu-
racy, which can be regarded as a multiobjective optimization
problem. Due to the different orders of magnitude between
the two optimization targets, the multiobjective problem can
be transformed into a single-objective problem. *en, the
objective function can be shown as

F �
1
l

􏽘

l

i�1
ω1

f1 − f0
1

f0
1

􏼠 􏼡

2

+ ω2
f2 − f0

2
f0
2

􏼠 􏼡

2
⎡⎣ ⎤⎦, (24)

where ω1 � 0.7, ω2 � 0.3, f0
1 is the optimal value of the

transmission index f1, f0
2 is the optimal value of the average

of the condition number f2, and l is the number of sampling
points.

$ti
$wi

dimax

Ai

Bi

Figure 3: *e position of $wi relative to $ti.
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*e transmission index and condition number can be
determined when structural parameters are given. *e
structural parameters of the 6-DOF robotic crusher mainly
include the radius Ra of the circle formed by the upper hinge
points, the smaller central angle δa of adjacent hinge points
on the mantle assembly, the radius Rb of the circle formed by
the lower hinge points, the smaller central angle δb of ad-
jacent hinge points on the base, and the height h between the
upper and lower centers. *us, the design variables are
defined as

x � Ra Rb δa δb h􏼂 􏼃
T
, (25)

*e distance between the center of mass of the mantle
assembly and the circle formed by the upper hinge points is
104mm. Taking into account factors such as assembly and
compactness of the 6-DOF robotic crusher, the constraint
conditions of design variables should satisfy the following
criteria:

100<Ra < 300; 200<Rb < 800,

15o < δa < 60
o
; 15o < δb < 60

o
,

180< h< 300.

⎧⎪⎪⎨

⎪⎪⎩
(26)

3.2. Workspace Analysis. *e workspace is an important
indicator to evaluate the activity space of the 6-DOF robotic
crusher, which can be measured by the shape and volume.
According to the difference of fixed parameters, the
workspace is divided into position workspace and orien-
tation workspace. *e position workspace refers to the set of
all possible positions by fixing the orientation angle, and
orientation workspace is defined as the set of all attainable
orientations of the 6-DOF robotic crusher about a fixed
point.

Inverse kinematics is not only the basis of dynamics and
control but also plays a crucial role in the determination of
the workspace boundary. When the position and orientation
of the mantle assembly are given, the actuator length can be
shown as

Li �

�������������������������

p + TAi − Bi􏼂 􏼃
T p + TAi − Bi􏼂 􏼃

􏽱

, (i � 1, . . . , 6),

(27)

where p represents the position vector of the mantle frame
regard to the reference frame, Ai and Bi are used to denote
the coordinate of Ai in the mantle frame and the coordinate
of Bi in the reference frame, respectively. T is the rotation
matrix between the mantle frame and reference frame,
which can be expressed as

T �

cβcc, sαsβcc − cαsc, sαsc + cαsβcc,

cβsc, cαcc + sαsβsc, −sαcc + cαsβsc,

−sβ, sαcβ, cαcβ,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (28)

where α, β, and c are orientation parameters of the gener-
alized coordinate, s� sin, and c� cos.

*e solution methods of the workspace mainly include
the analytical method and the numerical method. *e

analytical method is generally complicated and can be used
to solve the workspace of parallel robots with few degrees of
freedom. Since the constraint equations of the 6-DOF ro-
botic crusher are nonlinear and complex, a numerical
method should be considered to solve the problem.
According to the geometrical description of the spatial
mechanism, the geometric constraints that limit the
workspace include actuator length, range of the spherical
balls, and actuator interference [27, 28]. But the actuator
length is the most important factor due to the small space
range of the 6-DOF robotic crusher.

Based on the above constraints of the 6-DOF robotic
crusher, the polar coordinate method is adopted to con-
duct the possible boundaries of the workspace by in-
creasing the polar radius, polar angle, and axial distance. In
the process of searching the orientation workspace with
the polar coordinate method, it is difficult to search the
orientation workspace because of the periodicity of trig-
onometric functions contained in the transformation
matrix and the difficulty in determining the upper and
lower boundaries of the orientation angle. Considering
that polynomials are easy to conduct numerical calcula-
tion, the polynomial is used instead of a trigonometric
function to calculate the boundaries, and the expression
can be shown as

sin α �
2p1

1 + p
2
1􏼐 􏼑

,

cos α �
1 − p

2
1􏼐 􏼑

1 + p
2
1􏼐 􏼑

,

sin β �
2p2

1 + p
2
2􏼐 􏼑

,

cos β �
1 − p

2
2􏼐 􏼑

1 + p
2
2􏼐 􏼑

,

sin c �
2p3

1 + p
2
3􏼐 􏼑

,

cos c �
1 − p

2
3􏼐 􏼑

1 + p
2
3􏼐 􏼑

,

(29)

where p1 � tan(α/2), p2 � tan(β/2), and p3 � tan(c/2).
*e flow chart of searching the boundary trajectory of

the workspace can be shown in Figure 4.

3.3. Singularity Analysis. Singularity is one of the main
problems in the analysis and design of the 6-DOF robotic
crusher, which can block the transmission of the motion and
force between the mantle assembly and actuators. *e local
degree of freedom becomes uncontrollable when the sin-
gular configuration is formed, and the specific form mainly
includes two cases. One is that the 6-DOF robotic crusher
gains additional degrees of freedom which results in a great
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reduction in rigidity and carrying capacity. *e other is that
the 6-DOF robotic crusher loses several degrees of freedom,
which leads to the loss of freedom in the uncontrollable
direction. *erefore, the singular configuration of the 6-
DOF robotic crusher should be avoided in the crushing
process of materials.

According to different fixed parameters, singularity can be
divided into the position singularity for a constant orientation
and orientation singularity at a constant position. It is nec-
essary to get the analytic expression of the singularity locus

from the point of view of design. *en, the graphical repre-
sentation is obtained by a given set of structure parameters.
*us, the locations of singularity within the workspace can be
easily identified. Due to the fact that the force Jacobian matrix
of the 6-DOF robotic crusher describes the transformation
relationship between the generalized forces of the mantle as-
sembly and driving forces of the actuators, it can be used to
determine the position singularity and orientation singularity.
According to the geometric analysis, the expression of the force
Jacobian matrix can be shown as [29, 30]

JT �

a1 − B1

a1 − B1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

a2 − B2

a2 − B2
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

a3 − B3

a3 − B3
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

a4 − B4

a4 − B4
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

a5 − B5

a5 − B5
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

a6 − B6

a6 − B6
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌
,

B1 × a1
a1 − B1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

B2 × a2
a2 − B2

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

B3 × a3
a3 − B3

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

B4 × a4
a4 − B4

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

B5 × a5
a5 − B5

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

B6 × a6
a6 − B6

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
,

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(30)

where ai and Bi are the coordinates of Ai and Bi in the
reference frame.

*e equation of singularity locus for general orientations
of the 6-DOF robotic crusher is derived by setting the de-
terminant of the force Jacobin matrix to zero, which can be
obtained as

C1Z
3

+ C2XZ
2

+ C3YZ
2

+ C4X
2
Z + C5Y

2
Z

+ C6XYZ + C7Z
2

+ C8XZ

+ C9YZ + C10X
2

+ C11XY + C12Y
2

+ C13Z

+ C14Y + C15X + C16 � 0.

(31)

Start

Parameter
initialization

Divide the workspace into n
equal parts

Search the workspace of the m-th
section

Θ∈[0,360°]

Θ = 360° ?

Geometric constraints

m > n ?

End

Y

Y

N

N

m = m + 1

Figure 4: Flow chart of the workspace.
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where X, Y, and Z are position parameters of the generalized
coordinate, equation (31) is a cubic polynomial function,
and Ci denotes a function of α, β, and c.

Extending and merging the determinant of the force
Jacobian matrix when Z is constant (31) can be rewritten
as

f(X, Y) � 0. (32)

Similarly, the singularity locus with different positions
can be derived. *e polynomial equation with respect to
trigonometric functions of Euler angles is represented as

f(α, β, c) � 0. (33)

Due to the periodicity of the trigonometric function,
the orientation singularity is difficult to solve. However,
polynomials are of great significance in the study of
orientation singularity for the 6-DOF robotic crusher
because they can be used for numerical solutions. *us,
the orientation singularity can be deduced by substituting
(29) into (33).

4. Results and Discussion

In this section, the structure parameters of the 6-DOF
robotic crusher are optimized by the proposed GA
methodology. Meanwhile, in order to evaluate the me-
chanical performance, the transmission index and con-
dition number are calculated. Based on the analysis of the
workspace and singularity, several sampling points were
taken as examples to verify the validation of the opti-
mization design.

4.1. Numerical Results. In Figure 5, the operation principle
of the cone crusher is that the rotation of the eccentric drives
the mantle to realize precession, and then particles are
squeezed and crushed in the crushing chamber. *e tra-
jectory model of the mantle is the basic condition to de-
termine the actual activity space and singularity of the 6-
DOF robotic crusher. Due to the high coupling degree of
translation and rotation, the trajectory model should be
considered to be established by Adams simulation.
According to previous research, the trajectory model of the
mantle frame with respect to the reference frame is repre-
sented as [9]

qe �

0.044 sin(ωt)

0.044 cos(ωt)

−0.078 sin(ωt)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦rad,

qp �

14.36 cos(ωt) − 4.864

−14.36 sin(ωt)

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦mm,

(34)

where qe is the orientation trajectory model of the gener-
alized coordinate, qp is the position trajectory model of the
generalized coordinate, and ω� 1.483 rad/s.

According to the GA methodology, the optimized value
of the structure parameters for the 6-DOF robotic crusher is
shown in Table 1. It can be found that the radiusRb and angle
δb of the lower hinge points are both greater than Ra and δa

of the upper points. Figure 6 shows the relationship between
the fitness value and genetic algebra. *e fitness function
presents a downward trend during the whole iteration, and it
converges rapidly in the initial stage of optimization. *en,
the convergence rate slows down until the best fitness is
reached, at which point the fitness function tends to the
horizontal line. *e entire optimization process has expe-
rienced 220 generations of genetic iterations. *e result
demonstrates that the GA methodology for the 6-DOF
robotic crusher has the ability of fast optimization.

Since the trajectory model of the mantle along the Z-axis
is given as Z� 0, the distribution of the transmission index
and condition number can be shown in Figure 7 when fixing
the orientation angle (α, β, c) � (2.52°, 0°, 0°). *e larger the
transmission index, the better the transmission perfor-
mance, and it is easy to find that the optimal location is
around [X, Y] � [−170, 0]. *e condition number is used to
evaluate the kinematic accuracy. *e smaller the condition
number, the higher the kinematic accuracy. In the Atlas, the
optimal location is near [X, Y] � [0, 0]. *e common point
of the two indexes is that the mechanical performance be-
comes worse when they are far away from the centers of the
contour line.

According to the optimized structural parameters and
combined with equations (16) and (34), the variation law of
the transmission index of the 6-DOF robotic crusher with
time can be obtained through numerical simulation. *e
variation rule of the conditional number can be gained by
numerical simulation of equations (22) and (34). As shown
in Figure 8, the transmission index changes periodically in
the form of a trigonometric function, and the worst value is
greater than 0.7. It indicates that the 6-DOF robotic crusher
has good motion/force transmission performance and is far
away from its singularity. Meanwhile, the variety curve of the
condition number during the whole period appears in anM
shape. *e value of kinematic accuracy is the highest at the
beginning and the end. Due to the different time of maxi-
mum values, the weighting factors of two optimization
targets can be adjusted to satisfy the working requirements
of the 6-DOF robotic crusher.

4.2. Verification. In order to verify the rationality of the
optimization design described above, the workspace and
singularity of the 6-DOF robotic crusher are studied. Based
on the boundary of the trajectory model of equation (34), it
can be known that the intervals of the generalized coordi-
nates are given as follows: X ∈ (−20, 10), Y ∈ (−15, 15),

α ∈ (−3°, 3°), β ∈ (−3°, 3°), c ∈ (−5°, 5°). Here, the shortest
length of the actuator is 283mm and the stroke is 150mm.

In the process of the polar coordinate search for the
position workspace of a 6-DOF robotic crusher, the
possible values of Z direction are divided into n equal
parts with a plane parallel to the XY plane. According to
the geometric constraints, starting from the minimum
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value of the Z-axis and using the constant update of the
polar angle and polar diameter, the search for the tra-
jectory boundary of each subspace with a given orienta-
tion is realized. After the subspace is searched, we select
the increment ΔZ along the Z direction to continue
searching until the maximum value of Z is reached. As
shown in Figure 9, the boundary of position workspace is
obtained according to the algorithms in Section 3.2. Since

the height difference between the mantle frame and ref-
erence frame is increased by 45mm after optimization, the
boundary of the XY plane can be described by the cross
section of Z � −45mm. Average sampling is carried out for
the unit period of the trajectory model to obtain the
position workspace of each orientation. It can be seen that
the intervals of the generalized coordinates are all in-
cluded in the boundaries of the position workspace.

Concave

OSS
CSS

Mantle
Eccentric

Figure 5: Cross section of cone crusher.

Table 1: *e structure parameters optimized by GA.

Parameter Value
Ra (mm) 100
Rb (mm) 299
δa (rad) 0.263
δb (rad) 0.783
h (mm) 225

Best: 0.160716 Mean: 0.160746

Best fitness
Mean fitness

0.16

0.18

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

Fi
tn

es
s v

al
ue

50 100 150 200 250 3000
Generation

Figure 6: Evolutionary process of fitness value.
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*e boundary curves of the orientation workspace are
represented by fixing the position. In the process of
searching the orientation workspace with the polar coor-
dinate method, the polynomial in equation (29) is used to
replace the trigonometric function for any given position
(X, Y, Z). *e possible values of p3 are divided into n equal
parts, and the search starts from the minimum value. *e
trajectory boundary search of each subspace is realized by
using the continuous updating of the polar angle and polar
diameter. We convert the (p1, p2, p3) that satisfy the ori-
entation workspace boundary into the corresponding
(α, β, c). After each subspace completes the search, we take
the increment in the p3 direction to continue the search until
it reaches the maximum value. According to the trajectory
model, parameter Z� 0 is fixed, and other parameters are

averagely sampled in the unit period. *e orientation
workspace of each position can be shown in Figure 10.
Under special circumstances, the parameter Z will decrease
when the material is blocked in the crushing chamber, as
shown in Figure 10(d).*e results illustrate that the intervals
of the generalized coordinates are contained within the
boundaries of the orientation workspace.

According to the algorithms in Section 3.3, the distri-
bution characteristics of the position singularity locus for the
6-DOF robotic crusher can be drawn in Figure 11. It can be
clearly seen that the surface of the singularity in different
positions varies greatly, and they are very complex and
diverse. Among them, there are three surfaces in each
singularity locus, and two holes appear in the center of the
most complicated singularity locus, as shown in
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Figure 11(d). Considering the trajectory model of the mantle
along the Z-axis is given as Z� 0, it is not difficult to find that
the position singularity locus has no intersection with theXY
plane passing through the coordinate origin. *e results
show that the 6-DOF robotic crusher has avoided the po-
sition singularity.

Graphical representations of the singularity locus with
different positions can be shown in Figure 12. Compared
to the position singularity locus, it can be found that the
orientation singularity locus is more irregular and com-
plex. Since the trigonometric function has periodicity, the
determinant of force Jacobian matrix is very hard to solve.
In this case, polynomials instead of trigonometric func-
tions can be used to determine the orientation singularity
locus. *ere exists a nonsingular orientation void around
the origin (0°, 0°, 0°) which is completely inside the ori-
entation singularity locus. *e shape of each gap is ba-
sically the same and can be described as a triangular

region. It can be seen that the intervals of the generalized
coordinates are included in the boundaries of the non-
singular orientation void. To sum up, the effectiveness of
the optimization design for the 6-DOF robotic crusher is
verified by the workspace and singularity of the sampling
points.
5. Conclusions

In this paper, the structure parameters optimized by a
genetic algorithm are proposed based on the transmission
index and conditional number. *e instantaneous power
model of the 6-DOF robotic crusher was established
according to the screw theory, and the transmission index
was deduced. As a criterion of kinematic accuracy, the
condition number related to the Jacobian matrix was de-
rived. Due to the different order of magnitude, two ob-
jective functions were transformed into a single-objective
function and the corresponding weighting factors were
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applied. In addition, the workspace and singularity locus
were determined by geometric constraints and force Ja-
cobian matrix, respectively. *en, based on the trajectory
model of the mantle, several sampling positions and ori-
entations were selected to verify the rationality of the
optimized structure. It is observed that the intervals of
generalized coordinates are included in the boundary
curves of the workspace. Meanwhile, the position singu-
larity locus has no intersection with the XY plane passing
through the coordinate origin, and there is always a tri-
angular region representing the nonsingular orientation
void around the origin (0°, 0°, 0°). As such, the proposed GA
methodology can be considered as a significant contribu-
tion to the optimization design for the 6-DOF robotic
crusher.
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