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In this work, by using some orthogonally fixed point theorem, we prove the stability and hyperstability of orthogonally C*-ternary
Jordan homomorphisms between C*-ternary Banach algebras and orthogonally C*-ternary Jordan derivations of some functional

equation on C*-ternary Banach algebras.

1. Introduction and Preliminaries

A classical question in the sense of a functional equation says
that “when is it true that a function which approximately
satisfies a functional equation must be close to an exact
solution of the equation?” Ulam [1] raised the question of
stability of functional equations and Hyers [2] was the first to
give an affirmative answer to the question of Ulam for
additive mapping between Banach spaces. In 1987, Rassias
[3] proved a generalized version of the Hyers’ theorem for
approximately additive maps. The study of stability problem
of functional equations have been done by several authors on
different spaces such as Banach, C*-Banach algebras and
modular spaces (for example see [4-13]). One of the
stimulating aspects is to examine the stability of those
functional equations whose general solutions exist and are
useful in characterizing entropies [14].

Recently, Eshaghi Gordji et al. [15] introduced the no-
tion of the orthogonal set, which contains the notion of
orthogonality in normed space. The study on orthogonal sets
has been done by several authors (for example, see [16-18])

Definition 1 (see [15]). Let X # & and 1L <X x X be a binary
relation. If there exists x, € X such that for all y € X,

yLx,orxyLy. (1)

Then L is called an orthogonally set (briefly O-set). We
denote this O-set by (X, 1).

Let (X, 1) bean O-setand (X, d) be a generalized metric
space, then (X,L1,d) is called orthogonally generalized
metric space.

Let (X, 1,d) be an orthogonally metric space.

(i) A sequence {x,}, is called orthogonally sequence
(briefly O-sequence) if for any n € N,

X, LX,,q OF Xy LX,,. (2)

(ii) Mapping f: X — X is called 1— continuous in
x € X if for each O-sequence {x,}, in X with
x, — x, then f(x,) — f(x). Clearly, every
continuous map is L— continuous at any x € X.


mailto:v.keshavarz68@yahoo.com
https://orcid.org/0000-0002-3761-3535
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/3482254

(iii) (X, 1,d) is called orthogonally complete (briefly
O-complete) if every Cauchy O-sequence is con-
vergent to a point in X.

(iv) Mapping f: X — X is called L-preserving if for
all x, y € X with xL1y, then f(x)Lf(y).

(v) A mapping f: X — X is said to be orthogonally
contraction (or L — A-contraction) with Lipschitz
constant 0 <A <1 if

d(f(x), f(y)<Ad(x,p)if xLy. 3)

By using the concept of orthogonally sets, Bahraini et al.
[19], proved the generalization of the Diaz and Margolis [20]
fixed point theorem on these sets.

Theorem 1 (see [19]). Let (X,d,Ll) be an O-complete
generalized metric space. Let T: X — X be a L-preserving,
L-continuous, and L-A-contraction. Let x, € X be such that
forall y € X, x,Ly or forall y € X, ylx,, and consider the
“O-sequence of successive approximations with initial element
xo % xg T(xy), T*(xg)s .o T"(xp), ... Then, either
d(T"(xy), T"™ (x,)) = 00 for all n>0, or there exists a
positive integer ny such that d (T" (x,), T (x,)) < 0o for all
n>n,. If the second alternative holds, then

(i) the O-sequence of {T" (x,)} is convergent to a fixed
point x* of T.
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A C*-ternary Banach algebra 2, endowed with a ternary
product (x,y,z) — [x, y,2] of A into A, is a complex
Banach space in which the product is C-linear in the outer
variables, conjugate C-linear in the middle variable, and as-
sociative in the sense that [[\ [x, y, z], u, w] = [x, [y, z, u]w] =
[x, 9, [z,u,w]], for all x,y,z,u,w in A and satisfies
1%, y, 211 < xl Iyl Izl 0 e, x, %00 = Dl (see [210). TF (2L, )
is a usual C*-algebra, then an induced ternary multiplication
can defined by [u, v,w]: =u-v* - w. If a C*-ternary Banach
algebra 2 has a unital “¢” such that u = [u, e, e] = [e, e,u] for
all u € A, then A with binary product u-v: = [u,e,v] and
u*: = [e,u,e], is a unital C*-algebra (see [22]).

Definition 2. A C-linear mapping between C*-ternary
Banach algebras 2, B; i.e. H: 2 — B, is called

(1) C*-ternary homomorphism if

H([x,y,2]) =[H(x),H(y),H(2)], H(x") = H(x)".
(5)

(2) C*-ternary Jordan homomorphism if

H([x,x,x]) =[H(x), H(x), H(x)], H(x") = H(x)". (6)

For all x, y,z € A.

(i) x* is the wunique fixed point of T in  Definition 3. A C-linear mapping D: 2 — 2 is called
X* ={y e X: d(T"(x,), y) < 0o} 1) C*at derivation if
(iii) If y € X, then -ternary derivation i
" 1
d()/, X ) Smd(% T (). (4)

D([x,y,2]) = [D(x), y,z] +[x,D(¥),2z] +[x, ¥, D(2)], D(x") = D(x)". (7)
(2) C*-ternary Jordan derivation if

D([x,x,x]) =[D(x),x,x] +[x,D(x),x] +[x,x,D(x)], D(x") = D(x)". (8)

For all x, y,z € 2.

To prove main results we use the following equivalent
assertions.

Lemma 1 (see [23]). Let f: A — B be a mapping such
that

”f(y;x>+f<x—33z>+f<3x+zz—y>

<If Gl (9)

for all x,y,z € . Then f is additive.

Lemma 2 (see [24]). Let A and B be two ternary Banach
algebras. Let f: A — B be an additive mapping. Then the
following assertions are equivalent:

(a) fla,a,al) = [f(a), f(a), f(a)l, for all a € 2.
(b) f(la,b,c]+ [b,c, a]

+[c,a,b]) = [f(a), f (b), f (c)] +

[f (b), f (o), f(a)] +

[f(c), f(a), f(b)], Va,b,ceU
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Lemma 3 (see[25]). Let 2 be a ternary Banach algebras. Let
f be an additive mapping from A into A. Then the following
assertions are equivalent:

(a) f(la,a,a]) = [f(a),a,a] + [a, f (a),a] +

la,a, f(a)], forallaeA

(b) f(la,b,c]+ [b,c,a]
+[c,a,b]) = [f(a),b,c] + [a, f (b),c] +
[a,b, f ()] + [f (b),c,al + [b, f(c),a] +
[b,c, f (@] + [f (c),a,b] + [c, f (a),b] +
[c,a, f ()], foralla,b,c e .

In this paper, motivated by the works of [15, 23, 26], we
prove the stability of orthogonally C*-ternary Jordan ho-
momorphism and orthogonally C*-ternary Jordan deriva-
tion of the functional equation

f(ty; x) . f<x —33tz) N tf(w> =tf(x).

(10)

On orthogonally C*-ternary Banach algebras, where ¢
belongs to the set of all complex numbers e with
0<60< (2n/n,) for some fixed positive integer number 1,

2. Main Results

Throughout the paper, let T} m, De the set of all complex
numbers e, where 0 < 6 < (271/n,) and n,, is a fixed positive
integer number and let A, B be two C*-ternary Banach
algebras.

For simplicity, denote

@ (x iz = f(25) 4 12 _33”) N tf<3x * iz ) - tf 0, (11)

Vi(x,y,2) = f([x 3,2l + [y, 2 x] + 2%, y]) = [f (%), f (0), f (2] =[f (9), f(2), f ()]

-[f (2), f (%), f (D],

where x, y,z € A and t € T(, ,.
o . 3.
Suppose that ¢ and y are two mappings from 2 into
[0, c0) such that for all x, y,z € A with x1y, x1lz, ylz

L

L
v (x, y, z)§3—3w(3x, 3y,3z), (14)

for some constant 0 <L <1.

Now, we are ready to prove the stability of orthogonally
C*-ternary Jordan homomorphism in C*-ternary Banach
algebras.

Theorem 2. Let f: A — B be a mapping for which

(12)
|¥) (3.2 <y (x 5.2), (16)

and
If (x") = f (7] <9 (x, %, %). (17)

Forallt € Tl(l/no), and x, y,z € A withxly, xlz, ylz,
whose ¢ and y are defined as (13) and (14). Then there exists

a unique orthogonally C*-ternary Jordan homomorphism
H: A — B such that

L
1-L

IH () = f ()] < ¢ (x,2x,0), (18)

for all x € 2.

“@f (x, 9,2, t)" <9(x,9,2), (15) Proof. Let A be the set of all mappings g: 2 — 2B such that
g(x)L3g((1/3)x) or 3g((1/3)x)Lg (x), for all x € A. Define

and d, on A by
d(p (g, h) = inf{oc € (0,00): lg(x) —h(x)l <ap(x,2x,0) Vxe€ ?[}, (19)

and suppose that, for all g,h € A, hlg if and only if
h(x)Lg(x)or g(x)Lh(x). (20)

For all x € 2.

IAg (x) — AR (x)] = H3g<§x) - 3h<§x>

Clearly (X, A, 1) is an O-complete generalized metric
space. Define A: A — A by Ag(x) =3g((1/3)x), x € 2.
Then

X 2x
< 3ocq)<§, 3 0) < Lagp(x,2x,0). (21)




So, by definition of d,, on A, for every g,h € A with g.Lh
orhlgand d, (g, h) < a we have |Ag — Ahl|| < aL. This shows
that dq, (Ag, Ah) < Ld(p (g, h),ie. Ais L — A-contraction. The
function A is L-continuous. In fact, if {g, } is an O-sequence
in A which converges to g € A, then for given £> 0, there
exists « >0 with aw<e and n € N such that

||gn (x) - g(x)" <a@(x,2x,0). (22)

For all x € A and n € N. Therefore by the similar ar-
gument, for all x € 2 and n> N, we have

d,(A(g,)A(g)) < La<Le. (23)

||An+1f _ Anf“ — 3n

and then, all conditions of Theorem 1 hold.
So, the O-sequence {A" f} converges to the unique fixed
point H in the set of {g €A d, (A f,g)< oo}, ie,

H(x)= lim A"f= lim 3" f( ) (27)
Also, for f € A,
dy (f H) < d(fAf) (28)

3f<3:“> - f(%)
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Clearly, A is L-preserving.
We show that for any f € A, we have

dy (A" f,A"f) < co. (24)
In (11), put t=1, y=(2x/3""), z=0 and
x: = (x/3"" ). By induction we have
x x !
br(5)- G )ls5mrowano @9
Then for L € (0,1),
<L"¢(x,2x,0) — Oasn — + 00, (26)

and by (26), d (f, H) < Lg(x, 2x, 0). Therefore, H satisfies in
(18), i.e.,

I1H (o) = f (0l <5

7? (x,2x,0). (29)
We claim that H is the unique desired orthogonally C*

-ternary Jordan homomorphism which satisfies in (18).
First of all, H is a additive. In fact, for all t € 'I]'l(l/n

x,y,z € A with xLy, x1lz, ylz and using (13), we have

[©4 (x, 3,2,8)] = HH

() ) o

So by Lemma 1, H is additive. By the same proof of

Theorem 3 of [27], the mapping H is C-linear. We show that

”H(x) -H' (x)” =3"

()0 (3)

<3"

i(z)-1(5)

y x) + H(x _33tz) + tH<3x hl zz - y) - tH(x)” — lim 3"

)3

n—:a~o
(30)
) W (XY Z\
m 3 q"(3”’3“’3“) =0

H is unique. Let H' be another additive mapping satisfying
(18). Then, we have

+3"

(5)-1(3)

(31)

2x n
<2 3 q)( n n70>S2L (p(x,2x,0).
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For all x € 2. Letting n — oo shows that H is unique.

Now, by using (16)

¥y (x, 3, 2)| = 1H ([x, 3, 2] + [y, 2, x] + [z, %, y]) - [H (x), H(y), H(2)] - [H (y), H (), H(x)] - [H (2), H (), H ()]

. a3
= lim 3™
n—-00

and then (14) implies that ¥p; (x, y,z) =0 forall x, y,z € A
with x1y, x1z, ylz. On the other hand, by (13) and (17)

we have
) 1G)

< lim 3%(%,%,%):0.
37373

|H (x*) - H(x)"| = lim 3"

(33)

(55l a3l o es) LG E GG )]G E) G

(32)

For all x € . Therefore H is an orthogonally C*-ternary
Jordan homomorphism satisfying (18). O

In the next theorem, we prove that the self-mapping f
with the same appropriate conditions which satisfied in the
functional (11), can be approximated by an orthogonally C*
-ternary Jordan derivation.

Denote

Wi (x, y,2) = f([x, y, 2l + [y, 2, x] + [z, %, y]) = [ f (x), y, 2] =[x, f (p), 2] =[x, . f ()] = [f (), 2, x]
_[y’f(z))x] - [)/>Z,f(x)] —[f(Z)’x)y] - [Z,f(x)J/] —[Z)x)f()/)]~

Theorem 3. Let f: A — A be a mapping satisfying (17)
such that

“fo (x, 3,2, t)" <o(x,,2), (35)
and

[y 2| <wx 2. (36)

For all t € 7]'}1/%) and x, y,z € A with x1y, xlz, ylz
where mappings ¢ and y are satisfied in (13) and (14). Then,

(34)

there exists a unique orthogonally C*-ternary Jordan deri-
vation D: A — A such that

L
1-L

ID (x) = f () < ¢ (x,2x,0), (37)

for all x € .

Proof. Similar to proof of Theorem 2, there exists a self-
mapping D on A defined by D(x): =lim, ,3"f (x/3")
satisfies (37). By using Lemma 3 and definition of D (x) we
have

"WD (x,}’,Z)” =||D([X>}/,Z] + [J’:Z>x] + [Z,x,)/]) - [D(x)’)/,z] - [x;D()/),Z] - [X>)/>D(Z)]

-[D(y), 2z, x] = [y, D(2),x] = [y, 2, D(x)] = [D(2), x, y] - [z, D (x), y] = [z, x, D(M)]l

= lim 3™

n—=oo

1)y

b (i) i] _[l z
Vl’f 3}1 ’37[ 3}1’ 3}1’

(B2 2] [Bn i) o n ) - [(E) 2]
37373 37373 37373 37)°373

2 w3l [5G 5] -7



forall x, y,z e A withx1y, xlz, ylz. SoWp(x,y,2) =0
forall x, y,z € A with x1y, x1lz, ylz. Thus, the mapping
D: A — A is a unique orthogonally C*-ternary Jordan
derivation satisfies (37). Also, by the same argument in the
proof of Theorem 2,

D(x*) = D(x)". 39
(x") =D(x) (El)

Theorems 1 and 2 generalized the result of Rassias [3],
whenever we define
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¢ (x, y,2) = 0(IIxI” +IyI? +=17),

(40)
v(x3.2) = O(IxI? +IyI? +12]7).

Forall 8 € R* and p # 1, in the sense of orthogonal sets.

As a consequence of Theorem 1, we have hyperstability
of orthogonally C*-ternary Jordan homomorphism between
C*-ternary Banach algebras.

Theorem 4. Let p+1 and 0 be nonnegative real numbers,
and let f: A — B be a mapping such that

Hf(t}’;x) . f(x —33tz) . tf(3x + iz - y) <IF W, (41)
¥ 2] <017 +117 +120). )
Forallt € 'I]'%/nﬁ andallx, y,z € Awithxly, xlz, ylz. References

Then, the mapping f: A — B is a orthogonally C*-ternary
Jordan homomorphism.

From Theorem 3, we obtain hyperstability of orthogo-
nally C*-ternary Jordan derivation.

Theorem 5. Let p # 1 and 0 be nonnegative real numbers. Let
f: A — A be a mapping satisfies (41) such that

W 3, 2] <611 +1y1° +11211). (43)

For all x,y,z €A with xly, x1z, ylz. Then the
mapping f: A — A is an orthogonally C*-ternary Jordan
derivation.

3. Conclusions

In this paper, we introduced orthogonally C*-ternary Jordan
homomorphism and C*-ternary Jordan derivation. Using an
orthogonally fixed point theorem, we proved that orthog-
onally C*-ternary Jordan homomorphism and orthogonally
C*-ternary Jordan derivation of the functional (11) can be
stable and hyperstable in the orthogonally C*-ternary
Banach algebras. The Hyers—Ulam stability theory has many
attractions and applications in the field of fractional calculus.
For farther research in this field we suggest to see the paper
[28, 29].
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