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The aim of this paper is to derive some new fractional analogues of Ostrowski-type inequalities involving bounded functions using

the concept of o-Riemann-Liouville fractional integrals.

1. Introduction and Preliminaries

Inequalities play a pivotal role in modern analysis.
Mathematical analysis depends upon many inequalities.
In recent years, an extensive research has been carried
out on obtaining various analogues of classical in-
equalities using different approaches, for details and
applications, see [1-4]. A very interesting approach is to
obtain fractional analogues of the inequalities. The
fractional version of inequalities plays a significant role
in the establishment of the uniqueness of solutions for
certain fractional partial differential equations. Sarikaya
et al. [5] were the first to introduce the concepts of
fractional calculus in the theory of integral inequalities
by obtaining the fractional analogues of classical Her-
mite-Hadamard’s inequality. Dragomir [6, 7] obtained
fractional versions of Ostrowski-like inequalities. Erden
et al. [8] recently obtained some more new fractional
analogues of Ostrowski-type inequalities using bounded
functions. Sarikaya [9] introduced the notion of two-
dimensional Riemann-Liouville fractional integrals and
obtained some new fractional variants of Hermi-
te-Hadamard’s inequality on two dimensions. Having
inspiration from the research work of Mubeen and
Habibullah [10] and Sarikaya [9], Awan et al. [11]

introduced the concepts of o-Riemann-Liouville frac-
tional integrals on two dimensions and obtained two-
dimensional fractional integral inequalities. It is worth to
mention here that if ¢ — 1, then o-Riemann-Liouville
fractional integrals reduces to classical Riemann-Liou-
ville fractional integral. Note that the concept of
o-Riemann-Liouville fractional integral is a significant
generalization of classical Riemann-Liouville fractional
integrals; as for o#1, the properties of
o-Riemann-Liouville fractional integrals are quite dif-
ferent from the classical Riemann-Liouville fractional
integrals.

The aim of this paper is to obtain some new fractional
analogues the classical Ostrowski’s inequality using the
concepts of o-fractional integrals. In order to obtain the
main results of the paper, we first derive some new lemmas
results, and then using these lemmas as auxiliary results, we
derive our main results of the paper.

Let us first recall some previously known concepts and
results. The first one is the definition of the Rie-
mann-Liouville fractional integrals.

Definition 1 (see [12]). Let F € L,[a,b]. Then, the Rie-
mann-Liouville integrals of order «a; >0 with a >0 are de-
fined as follows:
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x<b,

FUF(x )—mj (t, - %) 'E(1,)dt,,

respectively. Here, T' («;) is the gamma function. These in-
tegrals are motivated by the well-known Cauchy formula:

J:dtlj:dtz...r £(t,)dt, —mj (x - )" ' f(t)dt,

neN".

(2)

Mubeen and Habibullah [10] introduced the o-Rie-
mann-Liouville fractional integrals as follows.

Definition 2 (see [10]). Let E € L1 [a,b]. The o-Reim-
ann-Liouville fractional integrals .7, E and 7, E of order
a; >0 with a>0 and 0> 0 are defined as follows:

y
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S (aor (o)
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T Blx, y) =
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where «;,a, >0 and a,b,¢,d > 0.
For the sake of simplicity, we define the following
functions as

(X _ a) (otlla) + (b _ x) (al/a)
T, (a, +0)

KM, (a,b;x) =

>

(5)
(y C) (062/0') + (d y) (oczlo')

kN (C ¢ y) ra (“2 + U)

>

_ tl) le/o (

—t )(0(1/0) l(t

x) (ocllo)—l (tz
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x—tl)(“‘/a) 'E(t))dt,, x>a,

x) @5 (1 )dt,  x<b.

(3)

The above integrals for all functions are continuous and
integrable on the interval (0,00). Note that if f € L,[a,b]
and a>0, then 7' exists almost everywhere on [a,b]. If
a; 21, 0>0, and f € L[a,b], then 75 f € Cla,b]. For
more details, see [13].

Awan et al. [11] defined o-Reimannn-Liouville frac-
tional integrals of two variable functions as follows.

Definition 3 (see [11]). Let E e L,([a,b] x [c,d]). The
Riemann-Liouville o—fractional integrals Zifi, o, Zi’);z,,
GjZE’zi, and Ujgl’f;{ are defined as follows:

)(az/g E(t,ty)dtdt,  x>a,y>c,
(@) Ng (¢ )dhdt,  x>ay<d,
(4)
x)(al/g) l(y ; )(062/0) 1"'(t1,f2)dt2dt1> x<b,y>c,
)(“z/") '8(t),t,)dt,dt,, x<b,y<d,

for x,y € D: = [a,b] x [¢,d].

2. Main Results

2.1. Key Lemmas. In this section, we prove some lemmas
which will help us in obtaining the main results of the paper.

Lemma 1. Let E: D — R be an absolutely continuous,
differentiable function such that (0’8 (0, u)/000u) exists and
is continuous on DCR?. Then, for any (x, y) € D, we have
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1 b ho20°E (6, p) ]
_-_— G(x,t), y,t J J- —————dOdy |dt,dt
o’T, ()T, (a,) J-a Jc (ot 2)[ xJy 06ou #H2%h

= [UJZF)ZEE (x, )+ ofgl’ﬁ% E(x,y)+ Ujgl’fziE(x, y) + ojgl’f;{ B(x, y)]
N . =} ) (6)
- az(c,d. y)[aja+:,(x,y)+gjb_::.(x,y)]

- M, (a,b: x) [Uj?lE(x, y) + Jjgl B(x, y)]

+ kMo‘1 (a,b: x)kNa2 (c,d: ¥)E(x,y) =F,(x,y;a,b,c,d),

where
[ (x - tl)(“l/a)_1 (y- tz)(azm)_l, a<t;<xandc<t,<y,
(x - tl)("”/a)f1 (t, - y)(“z/g)fl, a<t <xand y<t,<d,
Gt y,1) = (7)
(t, - x)('xl/a)_1 (y- tz)(%/a)_l, x<t;<bandc<t,<y,
L (¢, - x)(“l/‘r)_1 (t,— ) G x<t, <band y<t,<d.
Proof. Now, This implies
ho(%20°E (6, )
—————dfdu = E(t,,t,) - E(t},
J‘x J‘y aea‘u U ( 1 2) ( 1 y)
8
-E(x,t,) +E(x, p) ®
= L(x,t, ¥, t,).
1 brd bR ’E (6, p)
I=—J J G(x,ty, y,t J J —2ded ]dtdt
"o ()T, (@) Jade Gty 2)[ xJy 000u i

S S B PN Y S IR GO dt,d

OZFG(al)Fg(az) L JC (x—1) (y-t) L(x,ty, y,t,)dt,dt,
1 X d o /0 )= & /0 )—

" Gzra((xl)ro(aZ) L Jy (x - tl)( 1) l(tz —)’)( :1%) IL(x’tl’%tz)dtzdtl (9)
1 b Y o /0 )— A, /0 )—

+02Fa(061)ra(062) Jx L (t —x)( 1) l(y_tz)( :1%) 1L(’C’tl»)’>t2)dtzdt1

P S jb Jd (t, = x) @ (1, — ) DL (1, 1)t dt

7L (o)L (o) 1 1, o et

=L+, +I;+1,.
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Now, consider
1 x (allo)—l (tlea)—l = = = =
I, =W (x—t;) (y-1t) [E(t1,15) —E(t1, ) — E(x.1,) + E(x, p)]dt,dty
o 1)+ \"2 a
Sk a/o)- /o)1
i o [ e e e

1
Uzro (“l)ra (062 aJdce
R T L AN ) S I () s
0T, (a))T, (@) L L (x—t) (y-t) E(t, y)dtydt,
L i (w/o) (ealo)- o
alo)-1 _ /o)1
T (@)L () L L (x-t) (r-t) E(x, ty)dt,dty
1 N1y (wlo)-1g
+ O'ng (061)1—“7 (0(2) Ju Jc (X tl) ()/ tZ) (x y)dtZdtl
B o az'— (y _ C) (0(2/0') (x _ a) (0(1/0') ‘xz’— (x _ a) ((Xl/(f) (y _ C) (0(2/0)
e e L R e M A CE T R e
Similarly,
_ 1 x (d _ (allo)—l _ (rleu)—l = = = =
I, = o’T, ()T, (a,) L Jy (x—t) (t,-y) [E(ti,ty) - E(t1¥) - E(x 1) + E(x, y)]dhdt
(a:/0) (er/0) (a1/0) (a;/0) (H)
- R (d—y) ay/o - (X—a) alo o o (x_a) alo (d—y) /o
I A e R W ) L A W s R )
1 b Y o /0)— o, /0 )= - —_ — —
L= [ =00 - 1) 0 B 1) - E () - B () + B ) dryd,
0Ty (ay)Ty (o) Jx )
(y — o) (=) (b — x) (%) (b—x) ) (y = ) () "
I A s R R TR R A A e A s
1 b d o /0)— &[0 )— — —- — —
L= [ =0 - 1) S B 1) - E () - B (ty) + B ) dryd,
0Ty (o)l () Jx )y (13)

( _ y) (azla)
I,(ay+0)°

(b _ x) (rxlla)
I,(a,+0)°

(b _ .X) (rxllo) (d _ y) (012/17)
T, (a, +0),(a,+0)

oI b d B (%) - oI E(x,y) FUE(xy) +

Using (10)-(13) in (9), we get the required result. [0  Lemma 2. Let E: D — R be an absolutely continuous,
differentiable function such that (9°E (0, 1)/000u) exists and
is continuous on DCR?. Then, for any (x, y) € D, we have

1 b (d t oty aZ_‘(G 1)
- H(t,,t —————dfdy |dt,dt
o’T, ()T, (ay) J-a Jc (t 2)[,'- J.y 0600y ”] S

= [ FEREB) + FU BB, +, FNE (a,d) +, I E(a,0)] (14)

— (N (d: ) [, FREb, )+, JLE(a )] = M, (a,b: x)[, I3 E(x,d) + , I E(x,0)]

+ _kerl (a,b: x)kN‘x2 (c,d: )E(x,y) =F,(x,y;a,b,c,d),
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where

(t, —a) (efo)-1 (t, —¢) (ewlo)=1 < t;<xandc<t,<y,

o (t, —(1)(0“/‘7)71(d—tz)(o‘zm)f1 a<t;<xand y<t,<d, 5

(tl)tZ) B (txlla)—l (lXZ/J)—l ( )
b-t) (t, —¢) x<t, <bandc<t, <y,
(b—1t,) @) (g —1,) (@) ot <bandy<t,<d.

Proof. 'The proof is same as the proof of Lemma 1. O Lemma 3. Let E: D — R be an absolutely continuous,

differentiable function such that (0°E (6, u)/000u) exists and
is continuous on D CR%. Then, for any (x, y) € D, we have

1 Jb Jd[ (t, —a) @ L (b t,) (alxa)—l] x [ (£, — ) (@)1 4 (g g ) (/o)1

402ro (0‘1 )Fa (‘XZ)

a

c

ho(2 (6, u)
: “x L Wdﬁdy]dtzdtl

[ FEEMd + I B+, TR E (0, d) + I Ea, )]

(16)
4
(d—c) (sz/O') o - (b—a) (0(1/0') o - .
_72I‘0(062 " 0_) [gjlr—‘(a,J/) +gja+u(b,)/)] —m [[,fd,u(x,c) +Ufc+_,(x,d)]
(b—a) (ocl/a) (d —C) (aZ/J) _ ~ .
T, (o) +0)l,(a, +0) E(x.y) = F3(x, y;a,b,¢,d).
Proof. Consider
1 b d a,/0)- a,/0)- /o)~ /o)
Tyt M| O I e L B (R Lo SR ALy
b (208 (6, p)
. |:Jx .[y Wd@dy]dtzdtl
e r r (t,—a) D (1, - ) (DN (1, y,1,)deyde
402F0(0¢1)r0(042) P 2 »Lp ) )di,dl
; . _ N(afo)-1, 5 (ay/0)-1 (17)
+402Fa (o)L, () L L (ty —a) (d-t,) L(x,ty, y,t;)dt,dt,
+;J’bJ‘d(b_t)(al/o)fl(t _C)(ocz/o)flL(xt t)dt dt
402F0(a1)ro(a2) ale 1 2 > Ly, Y51y )dt, Aty
+;J’bJ‘d(b_t)(al/a)fl(d_t)(ocz/a)—lL(xt t)dt dt
402I‘g((xl)ro(o¢2) ale 1 2 >ty Y, by )dl,diy

1
:Z[Il+12+13+14]'
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Now,
i =;J j (t, - @) (D1 (1, — ) @B (1), 1) — Bt y) - E (3 ty) + E (x, )]dtydt
T (@) () Ja 2 B T
(18)
e s (-0 . (b-a) () (b-a) )@= _
I O N e L R O B
Similarly,
1 b (d a,/o)— a,/0)-11— = = =
b= o ) @ @) S B 0 -8 () - B () 2l
e (d-ol=) . _ b-a) ) b-a) (') (@ - (=)
I R e e T L A A T N T Bl
1 brd alo)— a/0)=11= = = =
IWH (b-1) D7 (1~ ) D (& (1,1) - B (1, 9) - B 1,) + E ()] diyde,
(19)
- s o (d _ C) (azlo) o (b 61) (al/o) o o (b _ a) (txlla) (d _ C) (azlo) -
R T R S M TR R M A CR R Bt
1 b (d a,/o)— oy/0)=11—~ _ = =
IWH (- 1) (d = 1) VM E (8, 1) - By, ) — E(01) + B (x, y)|dbydty
~ alaz._, (d_c)(ocz/o) o (b a)(lelo) . (b_a)(oclla)(d_c)(ocz/o):
IR W e K Py L Y Ay () Bl
Using the values of I,,1,,I5, and I, in (17), we get the  then
required result. t

2.2. Results and Discussion. In this section, we discuss our
main results.

Theorem 1. Under the assumptions of Lemma 1, if B is
bounded, that is,

O°E (6, )

W < 00, (20)

"5644 ||oo = SUp (gu)ep

IF, (x, y: a,b,c,d)| <|8,

00‘7]\/1"‘1‘*'1 (a,b: x)ﬂNazH (e, d: y),

V(x,y) € D.
(21)

Proof. Using Lemma 1 and the fact that &g, is bounded, we
have
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1 b rd
|F\(x, y: a,b,c,d)| < "Eg”‘”‘”m J j IG(x, y: a,b,¢,d)||t, - x||t, - y|dt,dt,
[w) 1 * y /o0 /0
= "5944 “"0[—021"0 @ @) L L (x - t1)( Io) (y- tz)( / )dtzdtl
1 x rd
— (x =) @) (1, - y) (=)t dr
0-21"0_ (‘xl)I‘U ((XZ) ja J’y ' ? . (22)
1 by _ (oclln) _ (tlea)
" GZFJ (“l)ro (“2) Jx Jc (tl x) (y tZ) dtZdtl
1 b rd _ (Otl/d) _ (az/u)
+02r0 ((xl)ra (052) Jx Jy (tl X) (t2 y) dtldtl
= |Bou| [T+ L+ 1 + 1],
Now,
_ 1 x [y (@) e (a) _ (x - a) (w/0)+1 (y-c) (ay/0)+1 23
o ) () J ; J Gt (=)t = T (@, v 20) (23)
Similarly,
B [ e )@ (), = (10 (d - y) ()
27 T, ()T, (o) Jady 277 20 =TT (g + 20)T, (o, + 20)
B 1 b ry - (alla) - (%/J) ~ (b _ x) (a1/0)+1 (y _ C) (ocz/a)+1 o
5= o’Ty ()T, () Jx Jc (=) (y-t.) dydt, = T, (a; +20)T,(a, +20) (24)
~ 1 b rd (o) N ~ (b - x) (a/0)+1 (d - y) (ayf0)+1
te= Ty ()T, () Jx jy (t =) (t2=7) drdf, = T, (a; +20)T, (a, + 20)

Substituting the values of I, I,, I3, and I, in (22), we get Corollary 1. Consideringx = (a+b/2)and y = (c +d/2) in
the required result. O Theorem 1, we have

afatbct+d wa fa+tbc+d wafa+rbc+d
Gjﬂi,c%:‘( 2 ’T)-'—Jjai,dz':(T’T +Jjb’1,c3:‘ T’ _2

y g g(atberd) (d - ) (=) gug(arberd) o fatbcrd
TEN 2T 2 ) e (o) LT 2 2 )2 2

(b—a) (/) w_fa+bc+d wofatbetd
_2(“1"’)'11}(o¢1+0)[ojcw< 27 2 >+Ujdu< ’ >] (25)

(b - a) () (d - ¢) (=) :<a +boc+ d)
.

2 (“““2/”)’21"0 (ay +0)y(ay+0

(b-a) (a/o)+1 (d-¢) (w/0)+1

"2 (@l (4 4 26)T, (o, + 20)
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Proof. 'The proof of this theorem follows the same technique

bounded, that is, which was used in Theorem 1 by considering Lemma 2. [
- I°E (6, )
"39,/4 "0O = SUP (e W <0, (26) Corollary 2. By taking x = (a+b/2) and y = (c+d/2) in
Theorem 2, we have
then
|F1 (x, y: a, b, d)| <[|Bg |l (M, 1 (ab: x) N, (c.d: ),
V(x,y) € D.
(27)
loo ?;fi/z (crdipy BB d) + o F a::zi/z) tesdy B(B:0) + T ?;fﬁ/z) (esdy B (@ d)
(d ) (=) [ ( c+d) ( c+d>]
+aj (a+ (c+ -B(a,c0) - ja+ = ja+ E| a,
b)Y (c+dr2) 2(“2/")711"0 (o, +0) (atb/2) (a+b/2)” 5
28
B (b - a) (@) [j <a+b )+ g (a+bc)] (28)
2 ()L (a, +0) L7 PN 2 (erd2 =\ 2
(b _ a) ((xlla) (d _ C) (0(2/0) :<a + b c+ d) < (b a) ((X1/0')+1 (d )(052/0)1-1 ": ||
2 (9l 2r (0 4 o)L, (ay +0) \ 2 2 ) 2@ iR (o 90T (ay + 20)) H I
b d |8 p\ P
We now derive results for mappings whose elements are of B, ” = (J J — ) <00, (29)
L, space. P ale| o0ou
. . then
Theorem 3. Under the assumptions of Lemma 1, if
(0*E (6, u)/060u) € L, (D) for p>1 with (1/p)+ (1/q) =1
with
[ (x - a) (ay/0)+(1/q) +(b-x) (a1/0)+(1/q)] [ (y-c) (ay/0)+(1/q) +(d-y) (ay/0)+(1/q) 0

|F\ (x,y: a,b,c,d)| < "EQ,HHP

for all (x,y) e D.

o’T, (a;)T s (a)|F, (x, y: a,b,c,d)|

NE

*E (6, u)

J J'G(x ty 1)) 360u

b d
8 Ja L'G(x’tl’y’ t2)||t1 - x|(1/q)|fz - }/|(1/q)

0T,y (@)1, () (/) +(1/)) (/) + (1/9))

=28 40du

>

Proof. From Lemma 1, property of the modulus, and ap-
plying definition of & with the use of Holder’s inequality, we
have

dt,dt,

t ot
jx .[y

(1/p)

=)
J dt,dt,

260

d6du
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b rd
J LlG(x’ t, Y t2)||t1 - x|(1/q)|t2 - )/|(1/q)dt2dt1

Xy
- 16)H(1/g)-1 16)H(1/q)-1
= 12,1, J J (x—tl)(ocl a)H1/q) (y_tz)(‘xz o) H1/g) dt,dt,
a c

x rd
o] Gt (0 gy ) (0

(31)

(tl . X) (al/a)+(1/q)—1 (y . t2) (u2/0)+(1/q)— ldtzdfl

b rd
+ Jx Jy (tl _ x) (txlla)+(1/q)—l (tz _ y) (zleo)wt(llq)—ldtzdt1

= "EW"P[II +L+1;+1,).

Now,

Theorem 4. Under the assumptions of Lemma 2, if
(0*E (6, u)/060) € L, (D) for p>1 with (1/p)+ (1/q) =1

x ry
O T I e e O L A )
b rd |25 py /p)
B (x_a)(al/o)w\(llq)(y_C)(a2/5)+(1/q) ||50)H||p:(J J agg(ae!ly) ) <00 (33)
(/o) + (1/q)) ((ay/0) + (1/9))
(32) then
Similarly, we find the values of I,,I;, and I,, and
substituting their values in (31), we get the required
result. O
. . [T, (0 + (0/q))]’
|F2 (x, y: a,b,c, d)l < ~0,ﬂ||pra(oc1 +0+(0/q)L, (o, + 0+ (0/q)) (34)

for any (x, y) € D.

|F, (x, y: a,b,c,d)|

% [ (x —a) (ay/0)+(1/q) +(b-x) (a1/0)+(1/q)] [ ()/ —9) (ay/0)+(1/q) +(d- )/) (ay/0)+(1/q) i

Proof. From Lemma 2, using the definition of & and
Holder’s inequality, we have

! ok " (e PEOW)
H bl
= T, (o)L, (o) JJ' (t1.12)] Jx Jy o0au  A0dudhdty
(1/p)
1 bd (1/g) wel [ (- 625(9,[4)"
- - H(t,, _ _
o) I T e R e | = EC

b
a

d
- ”EWHPJ L |H (1. 8,)|[t, — x| |t, - y| " Pdt,dt,
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”E@’H"p Jb Jd (ar/0)-1 (ay10)-1 (1/g) (1/g)
= t,—a)‘! t,—c)\? t,—Xx t, — dt,dt
T, )T, () Ja b () (G m T = e = dnds
"EH’/‘HP Jb J'd (a,/0)-1 (a,/0)-1 (/g (1/g)
- t,—a) TN d =) e = x| P, - y| P dt,de
Uzro(“l)ra(az) 2. (t,-a) ( 2) | 1 | | 2 J’l 240
E 35)
""“9’/‘"17 J'b J'd (ar/0)-1 (ayfo)-1 (1/q) (1/g) (
_— b-t,)\""7 t, =)\ e x|, - T4t dt
T (), (o) Ja)e O (e m T e e my Py
"Ee’”"P J'b J'd (/o)1 (a,/0)-1 (1/g) (1/g)
S b—t,)\ " d—1,) 7 e — x|, — T4, dt
02rg((xl)r0 (“2) ale ( 1) ( 2) | 1 | I 2 )’| 24
=L+, + 15+ 1)
Now, consider I;:
||59’” ||p Jb Jd (w/o)-1 (ayfo)-1 (1/q) (1/q)
l,=— —""— t,—a)\! t,—c)\? t,—x t, — dt,dt
O, e (a) Jade (7T (T s Py
EX b ot~ ) ) (y— 1) ID (e, — o) ) (5 g 0001
:%J (t _a)(wl/o)*l(t _x)<1/q)[ 2 J~h |y+J' 2 y—t dat lar
2 1 1 lc ) 1
0Ty (), (o) Ja Lo} c qa;
- "59’”"1’ o(t, - a) ") (x-1)" +r0(t1 —a) () (x—fl)(uq)ildt
o'T, ()T, (ay) x o Ja qa, '
y _ ((xz/o) ¢ (1/9)-1
G LR
¢ qx,
_ d@’:’"“p ”x (tl _a)(al/a) (x— tl)(l/q)—ldtl] [J’J’ (tz _C) (ay/0) (y_tz)(llq)—ldtz
qzl"a(oc1+o)l"g(oc2+0) a c
= _ (a]/a)+(1/q) _ (a1/0)+(1/q)
B, [(x a) (x—a) 1
_ ﬂ”p : X[J u(alla)(l_u)(llq)ldu]
q Ty (o) + o), (o +0) 0
1
X [Jo y (@1/o) (1- v)(l/q)ldv].
(36)
Thus,
[Eas]. [T, (1) + [ (= @) (/)40 () ()00
[ Pl 2O (37)

T, (a; +0+(0/q), (ay + 0(0/q))

Similarly, we can find the values I,,I;, and I,, and  Theorem 5. Under the assumptions of Lemma 1, if

substituting the values in (35), we get the required result. (BZE(H,y)/BBBy) € L, (D) for p>1 with (1/p)+ (1/q) =1
We now obtain the results when E is element of L, (D). O with
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- b (40°E (6, )
"“W”ﬁ(LL aeayy‘)wo’

|F1 (x, y: a,b,c, d)| < "E(’vﬂnlkMa] (a,b: x)kNaz(c,d: ¥),
(39)

(38)

then

for all (x,y) e D. And

11

|F, (x, y: a,b,c,d)| < "Egv#"ﬁMal(a’b: %) N, (e, d: ),
(40)

for any (x, y) € D.

Proof. From Lemma 1, the property of modulus, and using
the definition of &, we have

1 b od t [2825(9 .”)
F, b d _—jjc ot “j—’ded]dtdt
I (X y a,0,c )l ZF ((xl) (az) aJe (X 1 y 2) xJy aea‘u AM PAudt

1

< "56,;4 “1021"0 ()T, (a

1

o’T (oc1 (@) .[
o’T (oc1 (o) Jb

T T, (@), (o) ((xl)l" (o)) Jb

Integrating above inequality, we get the required result.
To prove the other part of the inequality, we use Lemma
2 and the same technique as used in the above part. O

Theorem 6. Under the assumptions of Lemma 3, if
(0*E (6, 4)/000u) € L, (D) for p>1 with (1/p) + (1/q) = 1

with
- b r410°E (6, p)
ol ~(J. [ o)) <o

60 (42

1 b
F X, :a,b,c,d S—J
IFs oy 1= o r, o) )

1

<Jeul e

(tz _ C) (uz/a)—l + (d _ tz) (az/a)—l]

b rd
)J J G(x,ty, y, t,)dt,dt,

- HEWHI [W r Jy (x = £,) @D (5 = 1) (@) 14t
a\“41)t e (2 aJdc

(41)
x—t )(0(1/0) l(t )(az/a)—ldtzdtl
t _ x) (ocl/a) l(y )(az/d)—ldtzdtl
(ocllcr) 1( y) (%/U)ldtzdtl].
then
1/ _ \@/K
|F (x,y: a,b,c, d)| ”ueH” (b-a)’ “d-9 (43)

(a; + o), (o +0)

for all (x,y) e D.

Proof. From Lemma 3 and using modulus property with the
definition of Z, we have

|:(t1 _ a) ((xlla)—l + (b _ tl) (0(1/0)71]

t (t %8
I j TEO.1) ygqult, dt,

« ), o6ou

(44)

J‘; Jf[(tl GBI tl)(alla)—l]

X [ (t, - c) @)1 4 (d—t,) (@) l]dtzdtl.
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Calculating the above double integral, we get the re-
quired result. O

3. Conclusion

We have derived three new auxiliary results. Using these new
auxiliary results, we have derived some new o-fractional
analogues of Ostrowski-type inequalities involving bounded
functions in L, L, and L, spaces. We have also discussed
some new special cases in which we have obtained some
midpoint-type inequalities. We hope that the techniques
used in this paper will inspire interested readers.
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