Hindawi Publishing Corporation
Journal of Mathematics

Volume 2015, Article ID 873807, 5 pages
http://dx.doi.org/10.1155/2015/873807

Research Article

Hindawi

Some Theorems about (v, ¢, €, 1)-Contraction in

Fuzzy Metric Spaces

Parvin Azhdari

Department of Statistics, Islamic Azad University, Tehran North Branch, Tehran, Iran

Correspondence should be addressed to Parvin Azhdari; par_azhdari@yahoo.com

Received 4 July 2015; Revised 17 September 2015; Accepted 21 September 2015

Academic Editor: Gunther Jager

Copyright © 2015 Parvin Azhdari. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We previously proved a number of fixed point theorems for some kinds of contractions like b,-contraction and ¢ — H contraction
in fuzzy metric spaces. In this paper, we discuss the problem of existence of fixed point for (y, ¢, €, A)-contraction in fuzzy metric

spaces in sense of George and Veeramani.

1. Introduction

Probabilistic metric spaces are generalizations of metric
spaces which have been introduced by Menger [1]. George
and Veeramani [2] modified the concept of the fuzzy metric
spaces, which were introduced by Kramosil and Michalek [3].
Fixed point theory for contraction type mappings in fuzzy
metric spaces is closely related to the fixed point theory for
the same type of mappings in probabilistic metric spaces.
Hicks introduced C-contraction [4]. Radu in [5] extended
C-contraction to the generalized C-contraction. Mihet in
[6] presented the notion of a g-contraction of (e, A)-type.
He also introduced the class of (v, ¢, €, A)-contraction in
fuzzy metric spaces [7] which is a generalization of the
(€, A)-contraction [8]. Ciric also proved some new results
for Banach contractions and Edelstin contractive mappings
on fuzzy metric spaces [9]. We obtained the fixed point for
(¥, ¢, €, 1)-contraction in probabilistic metric spaces and we
introduced the generalized (v, ¢, €, A)-contraction too [10].
The outline of the paper is as follows. In Section 2, we briefly
recall some basic concepts. In Section 3, two fixed point
theorems about (v, ¢, €, A)-contractions are proved.

2. Preliminary Notes

Since the definitions of the notion of fuzzy metric space are
closely related to the definition of generalized Menger spaces,
we review a number of definitions from probabilistic metric

space theory used in this paper as an example and Schweizer
and Sklar’s definition can be considered. For more details, we
refer the reader to [11, 12].

A mapping F : (-00,00) — [0, 1] is called a distance dis-
tribution function if it is nondecreasing and left continuous
with F(0) = 0. The class of all distance distribution functions
is denoted by A ,. A probabilistic metric space is an ordered
pair (X, F) where X is a nonempty set and F is a mapping
from X x X to A, . The value of F at (p,q) € X x X is denoted
by F,, () satisfying the following conditions:

(1) Vx 20, F,(x) =1 iff p=gq.
(2)Vp,ge X, Vx>0, qu(x) = qu(x).

3) If qu(x) = 1, qu(y) = 1 then Fpr(x +y) =
1 for all p,g,r € X and for all x,y > 0.

A binary operation T [0,1] x [0,1] — [0,1] is
called a triangular norm (abbreviated t-norm) if the following
conditions are satisfied:

(1) T(a,1) = a for all a € [0,1].
(2) T(a,b) = T(b,a) for every a,b € [0,1].

(3)a >b, c >2d = T(a,c) > T(b,d) for all a,b,c €
[0, 1].

(4) T(T(a,b),c) =T(a,T(b,c)) for every a,b,c € [0,1].



Definition 1. A Menger space is a triple (X, F, T') where (X, F)
is a probabilistic metric space; T is a t-norm and the following
inequality holds:

E, (x+7) 2 T (Fpy (x),F, (7))

vp,q,r € X, Vx,y>0.

)

If (X,F,T) is a Menger space with T satisfying
SUP<,1 T(a,a) = 1, then the family {U_, € > 0, A € (0,1)},
where U, = {(x,y) € X x X, F.,(e) > 1- A}, is a base
for a uniformity on X and is called the F-uniformity on
X. A topology on X is determined by this F-uniformity,
(€ — A)-topology.

Definition 2. A sequence (x,),y is called an F-convergent
sequence to x € X if, for alle > 0 and A € (0, 1), there exists
N = N(e, L) € N such that Fxnx(e) >1-A, forall n> N.

Definition 3. A sequence (x,),cn is called an F-Cauchy
sequence if, for alle > 0 and A € (0,1), there exists N =
N(e, A) € N such that Fey. () >1 - A, foralln > N, for all
m € N.

A probabilistic metric space (X,F,T) is called F-
sequentially complete if every F-Cauchy sequence is F-
convergent.

It is helpful to mention that George and Veeramani
[2] have extended fuzzy metric spaces (GV-fuzzy metrics
spaces).

Definition 4. The 3-tuple (X, M, T') is said to be a fuzzy metric
space if X is a continuous ¢t-norm and M is a fuzzy set on
X? x (0, 00) satisfying the following conditions:

(1) vt >0, Vp,q € X, M(p,q,t) > 0.

(2) vVt >0, Vp,qe X, M(p,q,t) =1iff p=gqg.

(3) vVt >0, Vp,q e X, M(p,q,t) = M(q, p,t).

(4) Vt,s > 0, Vp,q,r € X, T(M(p,q,t),M(q,1,s)) <
M(p,r,t+s).

G)Vp,q € X, M(p,q,-)
continuous.

[0,00] — [0,1] is

Gregori and Romaguera introduced the next definition
(13].

Definition 5. Let (X,M,T) be a fuzzy metric space. A
sequence {x,} in X is said to be point convergent to x € X

(shown as x,, LA x) if there exists t > 0 such that
Jim M (x,, x,t) = 1. (2)

Now, we recall the definition of the generalized C-
contraction [5]; let M be the family of all the mappings m :
R — R such that the following conditions are satisfied:

(1) Vt,s > 0 : m(t + s) > m(t) + m(s).

2)mt)=0et=0.

(3) m is continuous.
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Definition 6. Let (X, F) be a probabilistic metric space and f :
X — X. A mapping f is a generalized C-contraction if there
exist a continuous, decreasing function & : [0,1] — [0, 00]
such that h(1) = 0, m;,m, € M, and k € (0, 1) such that the
following implication holds for every p,q € X and for every
t>0:
hoF,,(m, () <m(t)
©)
= ho Ff(P%f(q) (m2 (kt)) < my (kt) .

If m, (s) = m,(s) = sand h(s) = 1 — s for every s € [0, 1], we
obtain Hicks’s definition.

Mihet in [7] showed thatif f: X — Xisa (y, 9,6 A)-
contraction and (X, M, T) is a complete fuzzy metric space,
then f has a unique fixed point, and Ciri¢ et al. presented
the theorem of fixed and periodic points for nonexpansive
mappings in fuzzy metric spaces [14].

The comparison functions from the class ¢ of all map-
pings ¢ : (0,1) — (0, 1) have the following properties:

(1) @ is an increasing bijection.

(2) VA € (0,1), @A) < A.

Since every comparison mapping of this type is continuous,
if p € ¢, then, for every A € (0,1), lim, _, ,¢"(A) = 0.

Definition 7. Let (X, F) be a probabilistic space, ¢ € ¢, and
let v be a map from (0, 00) to (0, 00). A mapping f : X —
X is called a (y, ¢, €, A)-contraction on X if it satisfies the
following condition:

F,(e)>1- A

= Fro. 500 (W (€)>1-9(), (4)
x,yeX, €>0, L€(0,1).

In the rest of the paper, we suppose that y is an increasing
bijection.

Example 8. Let X = {0,1,2,...} and (for x # y)

0, if + < 27 mintey),

M (x, y,t) = 41 —27minCoy) - jf pmminGey) 4 <7 (5)

1, ift>1.

Suppose that A X — X, A(r) = r + 1, and the
Lukasiewicz t-norm defined by T (a,b) = max{a + b — 1,0}.
Then (X, M, T}) is a fuzzy metric space [15].

Assume x, y,€, A are such that M(x, y,e) > 1 - A:

() If27 ™) < e < 1, then 1 — 27™n®Y) 5 1 _ ),

This indicates that 1 — 2 ™RC+Ly+D 5 1 _ (1/2)); that
is,

M (Ax, Ay, e) >1- %/\. (6)

(ii) If € > 1, then M(Ax,Ay,e) = 1; hence again
M(Ax, Ay,e) > 1 — (1/2)A. Thus, the mapping A
is a (y, ¢, €, A)-contraction on X with y(e) = € and
@A) = (1/2)M.
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3. Main Results

In this section, we recall some contraction through the several
definitions and then we prove the existence of fixed point
for these contractions. It would be interesting to compare
different types of contraction mapping in fuzzy metric spaces.
It is useful to note that the concept of b,-contraction has been
introduced by Mihet [6].

As we mentioned, existence of convergent sequence is
sometimes a difficult condition. Gregori and Romaguera
presented another type of convergence that is called p-
convergence [13]. A GV-fuzzy metric space (X, M, T) with
the point convergence is a space with convergence in sense
of Fréchet too.

In [16] we showed the existence of fixed point on B-
contraction and C-contraction in the case of p-convergence
subsequence. Furthermore, we have proved a theorem for b, -
contraction [17].

First, we introduce ¢ — H contraction; then we review the
fixed point theorem by p-convergent subsequence.

Let (X, M,T) be a fuzzy metric space and ¢ € ¢. A
mapping f : X — X is called a ¢ — H contraction on X
if the following condition holds:

M(x,y,A)>1-2

= M(fx),f(y),pW)>1-9A), ()
x,yeX, Ae(0,1).

Consider the mapping ¢ : (0,1) — (0, 1); we say that the
t-norm T is ¢-convergent if, V6 € (0,1), VA € (0,1), 3s =
s(6, 1) € N;

T (1-¢™(®)>1-1, Vn>1 (8)

A theorem for ¢ — H contraction on a GV-fuzzy metric
space is as follows [18].

Theorem 9. Let (X, M, T) be a GV-fuzzy metric space and
SUPpeail(@a) = landlet A : X — X beag -
H contraction. Suppose that, for some x € X and § >
0, M(x,A(x),8) > 1 — 8 and the sequence A"(x) has a
convergent subsequence. If T is gp-convergent and Y >, ¢"(6)
is convergent, then A will have a fixed point.

In this paper, due to the next theorem, the existence of
fixed point for (y, ¢, €, A)-contraction is proved under the
new conditions.

Theorem 10. Let (X, M,T) be a GV-fuzzy metric space and
SUPpeail(@a) = landlet A : X — X bea (y,p,61)-
contraction. Suppose that, for some x € X ande > 0 and § €
(0,1), M(x,A(x),e) > 1 — & and the sequence A"(x) has a
convergent subsequence. If T is g-convergent and Y > " (€) is
convergent, then A will have a fixed point.

Proof. Let, for everyn € N, x, = A"(x) = A(x,_;) and x =
A(x).
By the assumption M(x, A(x),€) > 1 -3, so

M (A@x), A% (x),(e) > 1-9(d) ©)

and by induction for every n € N
M (A" (x), A" (x),9" () >1-¢"(9).  (10)

We show that the sequence A”(x) is a Cauchy sequence; that
is, for every { > 0 and A € (0,1) there exists an integer
ny = ny({,A) € N such that, forall x,y € X, n > ny, m €
N, M(A"(x), A"™"™(x),) > 1 - \.

Let { > 0and A € (0,1) be given; since the
series Y o2 y"'(e) converges, there exists ny(e) such that
Yoen, W"(€) < {. Then, for every n > ny,

M (A" (x), A" (x),{) = M <An (x), A" (x),

n+m-1

Zwi (e)> > M(A" (x), A" (x), z v (e)) >T

(1
T (MA" (), 4" (), 9" (0),

M An+1 (x)’AnJrZ (x)’wnﬂ (6)),...,
M

(
(An+m—1 (x) , An+m (x) , l//n+m—1 (6))) )

Let n, = n,(A) be such that Tffnl(l - (pi((S)) > 1 - A. Since
T is ¢-convergent, such a number #, exists. By using (10), we
obtain for every n > max(ny,n,) and m € N

M (A" (x), A" (x),0) = T (1- ¢ (8))

4 (12)
>72 (1-¢'(8))21- A

Suppose {xnj} is a convergent subsequence of {x, } which con-
verges to y,. Then, for every > 0, lim;_, OOM(xnj, Yoo t) = 1.

Let A > 0 be given. Since sup,_,.,T(a,a) = 1, there is
a A, > 0such that T((1 — A;),(1 = A;)) > 1 — A. Since
{x,} and then {xnj} are Cauchy sequence, we can take 1, large

enough such that M(x,,, X 41> t)>1-A, and M (x5 yo» t) >
1 - A, for every j > ny; then M(xnj+1,y0,2t) > T((1-
A, (1 = Ay)) > 1 — A which implies that Xp1 = Yo- By
(¥, ¢, €, A)-contraction condition from M (xnj, Vo €) > 1 -4,
we have

M(A(xnj>,A(y0),1//(e)) >1-p(A)>1-2

for every € > 0.

(13)

It means A(xnj) T A(y,)- Since the convergence is

F-convergence in a GV-fuzzy metric space, we get A(y,) = ¥,
which means y, is a fixed point.

We mention an example for Theorem 13.



Example 11. Let (X, M, T) be a complete fuzzy metric space
where X = {x;,x,,%x;5,%,}, T(a,b) = min{a,b}, and
M(x, y,t) is defined as

0, ift<0,
M (x,x,,t) = M (x5, x,,t) = 109, if0<t<3,
1, ift>3.
M (x1,x5,t) = M (x3,x1,t) = M (x,, x4, t)
=M (x4 x;,t) = M (x5, x5, 1)
(14)
= M (x3,x,,t) = M (x,, x4, t)
=M (x4, %,,t) = M (x5, x4, t)
0, ift<o,
=M (x4, x5,1) = {0.7, ifo<t<e,
1, if6<t

A: X — Xisgiven by A(x;) = A(x,) = x, and A(x;) =
A(xy) = x;. If we take (1) = A/2, y(e) = €/2,then Aisa
(v, @, €, A)-contraction if we take e = 0.1,8 = 0.2, and x = x,
as A(x) = A(x,) = x,. Therefore,

M (x,A(x),0.1) = M (x;,x,,0.1) =09 >1-0.2
(15)
=0.8.

On the other hand, A(x;) = x,, A(x,) = x,, Az(x3) =
A(xy) = x,, and A2(x4) = A(x;) = x,.So A"(x) is a con-
vergent sequence and hence has a convergent subsequence
to x,. It is clear that T is g-convergent and Y2, y"'(e) =
2221(6/2)" = €/(2 — €). It means x, is a unique fixed point
for A.

For more information, reader can refer to [10].

Definition 12. Let (X, M, T) be a GV-fuzzy metric space and
A : X — X.The mapping A is a generalized (v, p,€, A)-
contraction if there exist a continuous, decreasing function
h :[0,1] — [0, 00] such that A(1) = 0, m;,m, € M, and
A € (0, 1) such that the following implication holds for every
u,v € X and for every € > 0:

ho M (u,v,m, (€)) <m; (A)
(16)
= hoM(AW),AW),m,(v(e)) <m (pA).

If m,(a) = m,(a) = a, and h(a) = 1 — a for every a € [0,1],
we obtain the Mihet definition.

In the next theorem, we will prove a theorem for existing
fixed point in the generalized (y, ¢, €, A)-contraction.

Now, we prove the new theorem for this kind of contrac-
tion.

Theorem 13. Let (X, M, T) be a GV-fuzzy metric space with t-
norm T such that sup,_,.,T(a,a) = landlet A: X — X be
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a generalized (y, ¢, €, A)-contraction such that y is continuous
on (0,00) and lim,_, w"(8) = 0 for every & € (0,00).
Suppose that there exists A € (0, 1) such that h(0) < m, () and
@, v satisfied ¢(0) = y(0) = 0. Suppose that for some x € X
the sequence A"(x) has a convergent subsequence. Then A has
a fixed point.

Proof. A satisfies the following condition:

hoM (u,v,m, (€)) < m; (1)
(17)
= hoM(A®w),AW),m,(y(€)) <m (p(N),

forall u,v € X and for all € > 0, and h, m,, m, are given as
in Definition 6. Let x,, = A"(x) = A(x,,_,) for every n€N
and (A°(x) = x). First, we show that the sequence A"(x) is
a Cauchy sequence. We prove that for every « > 0 and f3 €
(0, 1) there exists an integer N = N(e,A) € N such that, for
everyx,y € Xandn > N, M(A"(x), A"(y),a) > 1 - .

By the assumption, there isa A € (0, 1) such that h(0) <
my (A).

From M(x, y,m,(e)) > 0 it follows that

ho M (x,y,m,(€)) <h(0) <my(s), (18)

which implies that i e M(A(x), A(y), m,(y(€))) < m(p(A)),
and by continuing in this way we obtain that for every n € N

hoM (A" (x),A" (y),m, (¥" (€))) <my (p(A)). (19)

Suppose 1y(ex, 8) is a natural number such that m,(y"'(¢)) <
a and m(¢" (1)) < h(1 - ) for every n > ny(e, 8). Then
n > ny(a, B) implies that

M (A" (x), A" (y), @)

(20)
> M (A" (x), A" (y),m, (v" (€))) > 1 - B.
Now let y = A™(x); then we obtain
M (A" (x), A" (x),a) > 1- B,
(21)

Vn >n,, Vm €N,

which means that A”(x) is a Cauchy sequence.
Suppose {x,} has a convergent subsequence {xnj} which

is convergent to y,. Then, for every ¢, > 0,

lim M (xnj, Yoo to) -1 (22)

j— 00

Let € > 0 be given since sup,,.,T(a,a) = 1; thereisad > 0
such that T((1 - 6), (1 -6)) > 1 —e. Since {x,} and then {xn}}

are Cauchy sequences, we can take 7, large enough such that
M(xnj,xnjH,tO) >1-4,and M(xnj,yo,to) >1-06,Vj > ngy;
then M(xnj+1,yo,2t0) > T((1-298),(1-38) >1- € which
implies that

Xn+1 — Yo (23)

Let € > 0 be such that m,(w(€)) < { and A € (0,1) such that
m, (9(A)) < h(1 —#). Since m, and m, are continuous at zero
and m, (0) = m,(0) = 0, such numbers, € and A, exist.
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If we take t, = m,(€) in relation (22), then we have
M(xnj)y()) mz(e)) >0so

o M (%, yomy (€)) SR () <my (1), (24)

and this implies that

ho M (A(x,,), A (), ms (w()) < m; (9 (1)
<h(1-7).

Thus
M (4 () A 00)-0)

(26)

> M(A(x, ), A(G0)m (y()) > 1-7
then A(xnj) = Xy ™ A(y,), and since convergence is F-
convergence in a GV-fuzzy metric space, then A(y,) = ¥,
which means y, is a fixed point. O

By an example, we describe Theorem 13 more.

Example 14. Let (X, M, T) and the mappings A,y, and ¢
be the same as in Examplell. Set h(a) = e - et
for every a € [0,1] and m,(a) = my(a) = a. Itis
obvious that y is continuous on (0,00). The mapping A
is generalized (v, @, €, A)-contraction and lim,,_, ., ,¥"(8) =
lim,, _, .,(6/2") = 0 for every § € (0, 00). On the other hand,
there exists A € (0,1) such that h(0) = 1 —1/e < A and
w(0) = ¢(0) = 0. By the previous example, A"(x) has a
convergent subsequence. So x, is the unique fixed point for
A.
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