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The aim of this paper is to establish a weak comparison principle for a class fractional p-Laplacian equation with weight. The
nonlinear term f(x, s) >0 is a Carathéodory function which is possibly unbounded both at the origin and at infinity and such

that f(x, s)s'” decreases with respect to s for a.e. x € Q.

1. Introduction and Main Results
In this paper, we study a weak comparison principle for the
following fractional p-Laplacian problem

(—A);"ﬁu(x) =f(xu), x€Q,
xeQ, (1)
xeRV\Q,

u(x) >0,
u(x) =0,

where Q is a smooth bounded domain of RN containing
the origin, 0 < S < ((N - pa)/2), 1 <p, pa <N, and f : Q%
(0,4+00) —> (0,+00) is a general Carathéodory function,
which is possibly unbounded both at the origin and at infin-
ity and such that f(x,s)s'” decreases with respect to s for
a.e. x € Q. The weighted fractional p-Laplacian (_A)Zﬁ is

the pseudodifterential operator defined as

u(x) — )P (u(x) - u(y) dy

(—A);)ﬁu(x) = P.V.J

RY e =y Ix[Fly)?
_ “mj |u(x) —u() P (u(x) ~u(y)) dy
=0 | g ) x — y|"P® |x[F|y|P

(2)

here P.V. denotes the principal value of the integral.

The simplest model is

(Afgu(x) = o +9(uI), xe
u(x) >0, x €, (3)
u(x) =0, xeRV\ O,

where >0 and 0<g<p, and h and g are nonnegative
functions.

The interest on the nonlocal operators continues to grow
in recent years since such problems arise in various fields.
The fractional p-Laplacian (_A)Z»ﬁ’ on one hand, is an exten-

sion of the local operator —div (|x|?|Vu[’ V). Note that,
for this type of operator, the Caffarelli-Kohn-Nirenberg
inequality plays an important role, see [1-10]. On the other
hand,p =2, which appears in a natural way when dealing
with the fractional Laplace problem with Hardy potential.
More precisely, let u be a solution to the following problem

A% =f(xu), x€Q,
[x] (4)

xeRV\Q,

where A= Ay, + Py, (B), Ay, is the Hardy constant, and
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Dy a(B) =2 <F ((B+20)2) (N =P)/2) | T*(N+ za)/4))

I((N-B-2a)2)L(B/2) I*((N-2a)/4))

()

Then, according to ground state representation [11, 12],
v(x) = u(x)|x|P satisfies

Lav=|x|P x,x"Bv, x €],
o= x| Pf (. |x| #v) »

y=0, xeRV\ O,
where
v(x)-v(y) dy
Lyy=C P.V.J @
S O

Fractional Laplace operator (-A)“ can be defined using

Fourier analysis, functional calculus, singular integrals, or
Lévy processes. Thus, rich mathematical concepts allow in
general rich properties. For some abstract definitions and
tools of fractional Laplace operator, see [13]. For more recent
results of fractional Laplace elliptic problem, see [14-16] and
the reference therein.

There are many works on the study of fractional
p-Laplacian equations. Canino et al. [17] investigated the
existence and uniqueness of solutions to

(—A);‘u(x) = Ii:((};)) , x€0,
u(x) >0, x €, (8)
u(x) =0, xeRV\ 0.

When =0, Mukherjee and Sreenadh [18] used varia-
tional methods to show the existence and multiplicity of pos-
itive solution problem (1) with critical growth and singular
nonlinearity. Abdellaoui et al. [19] prove the existence of a
weak solution to (1) under some hypotheses on f(x, u).

The main idea of this paper comes from the seminal
papers [20, 21]. In [21], Brezis and Oswald have shown the
existence and uniqueness of a solution to a Laplace elliptic
problem. Recently, Durastanti and Oliva [20] obtained the
existence and uniqueness of positive solutions of an elliptic
boundary value problem modeled by

—A,u(x) = ;((xx)) +g(x)ul(x), xeQ,
u(x) >0, x €, )
u(x) =0, x €0Q.

The main result of this paper is the following weak com-
parison principle.

Theorem 1. Assume that f |, f, are nonnegative functions such
that either f,(x, s)s' P or f,(x, s)s'™ is decreasing with respect
to s, and for almost every x € ,
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fi(x%8) < fo(%9), (10)

for almost every x € Q and for all s € (0,+00). Suppose that
u, and u, are weak solutions to the problem

(_A)Z,ﬁui =fixu;), xe€Q,
u;(x) >0, x€Q, (11)
u;(x) =0, xeRV\Q,i=1,2.

Then, u,(x) < u,(x) almost everywhere in Q.

Consequently, we obtain the uniqueness of the solution
to problem (1).

Corollary 2. Assume that f is a nonnegative function such that
f(x,5)s'? is decreasing with respect to s for almost every x € (.
Then, there exists at most one weak solution to problem (1).
The paper is organized as follows. In Section 2, we pres-
ent some definitions and preliminary tools, which will be
used in the proof of Theorem 1. The proof of Theorem 1
and Corollary 2 be given in Section 3.
2. Preparations
First of all, we give the definition of truncation function.
Definition 3. For every k> 0 and o € RY, define
T (0) =max {-k,min {k,0}},G(0) =0 - T(0). (12)
Let O ¢ RY, the weighted fractional Sobolev space W;;’p
(Q) is defined by
Wit ={ocr@du [ | iow-gulaveeo),
(13)

endowed with the norm

ot = ([_toooran) "+ ([ [ ot -owrrar) "
(14)

where

dx dxdy
du = ,dv = — .
[ e = 3172 x|y P

The space Wg:}/;(ﬂ) is the completion of C{°(Q) with

respect to the above norm.
Definition 4. A positive function u € WS‘)’%(Q) NLFH(Q) is a

weak solution to problem (1) if f(x,u) € L' (Q) and for
any ¢ € Cy(9),
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(Coppuwo)=| ferwotoe (9
where

x) = ()" (u(x) -

((ayp8) =[], lutx u(y))($(x) - $(7))dv.

Do =RV xRV \ (Q° x Q). (17)

It is worth pointing out that the formulation (16) can be
extended for W (Q)-test functions by standard argument.

The following fractional Picone inequality appears in
Proposition 2.15 of [22] with S=0. A slight change in this
proof actually shows that the fractional Picone inequality also
holds for fractional p-Laplacian (—A)gﬁ.

Lemma 5. Consider u, v € Wo,/s(Q) with u > 0. Assume that

(-A )p)ﬁu is a positive bounded Radon measure in Q. Then

4
— il
ZJQ ( A)pﬁu WZ:Z(Q). (18)

Proof. Take v;, = T)(v) and & = u +#, where >0 is a con-
stant. It is easy to show that (/i) € ng;( ). By similar

arguments as in the proof of Proposition 2.10 of [22], we
can easily prove the following equation

W W
ZL) (_A)Z,ﬁugpi}ilz <(—A);"ﬁu, apk1>
=[], 4(x) () () - u(y))
,<v‘;<x> . vi@))dv

w7 w)

p
< JJ, ) = )Py < 7]

(19)

where we use discrete Picone inequality. For more details,
see Proposition 4.2 of [23]. Letting k — +0o and # — 0 in
(19) leads to (18).

3. Proof of Main Theorem

Proof. Suppose that f, (x, s)s' 7 is decreasing with respect to s
for almost every x € Q. A slight change will be needed pro-
vided f,(x,s)s'? is decreasing with respect to s for almost
every x € (2 but no essential difference.

3
For fixed € >0 and k € N, define
) = 1 (5) 4 413, 6) = 1)+ 0, (5) = 8 (3) 8, (),
$1(x) = W,%(x) - T’;Ez,; (( ))).
(20)

where T} is defined by (12) and w! := max {w,, 0} is the
positive part of the function w,.

In the following proof, I show that w} = 0, which leads to
u; (x) < u,(x) almost everywhere in Q.

Choosing ¢, and ¢, as test functions in equations of u;
and u,, respectively, we find

1)1 (x)dx, (21)

(CAggndn) =] i

(Caggnde)= | flxmgsdr.  (22)

Subtracting the two equations (21) and (22), we obtain

<(—A)Z)',3M1, ¢1> - <(_A)g,ﬁ”2’ ¢2>
0 (f1 (3% u1) @y (x) = f (6, 1), (%) )dx (23)

_ [(ouy)  fH(xu,) wHdx
_JQ <u‘1’81(x) u?S(x))Tk( e )b

Decompose RY as RN = D, U D, U D;, where

D, = {xeR" : w}(x)=0},
D,={xeRY:0<w(x) <k}, (24)

Dy={xeRY : w}(x) 2 k}.

Therefore,
0, xe€D,,
Ti(wi(x))=q w), xeD,
k, xeD,, (25)
i,j=3
RN x RN = U D;;,
ij=1

here D;; = {(x,y) e R xRY : xe D;, y € D;}.



4
By the definition of ¢, and D;;, we get
0, xeD,y,
+
— wfl(y) , x € Dlz;
e ()
k
T ()’) S x €Dy,
i€ X
w(x w!
p—l( L 1 ) » X€Dnp,
¢i(x) = ¢i(y) = q e (x) Ui () (26)
w}(x) k
= - 5> XE€ D,;,
e (%) ue ()
k
uP_l(x) S x € Dy,
Eo_wo) L
1 1, >
g (x) ()
k k
= - , X €D
Uig (x) Uig (y)

Now, rewrite ((=A); st1, ;) — ((=4), gtha» §5) as

<(_A)Z,ﬁ”1’ ¢1> - <(_A)g,ﬁ”2> ¢2>

= ”i,jza |1y (x) —uy (¥) |p_2(”1(x) - () (¢ (%)
U D

=0V = [[ijes
Up

|1y () — 15 (y) |P_2(”2<x>

3

(T =T3),

i

~ 1, () ($2(x) = ¢, (y))dv =

i,j=1

<
]

(27)

where

L= [, () =, 0) (3 () = 6, () (9.(x) = 61 (7)) b,

= [, 112() = )P (1:(3) = ,) (85(2) = 7)) .
(28)

For simplicity of notation, denote
Aiw) = | (%) = w ()7 (%) ~ (), i=1,2. - (29)
Obviously,

Iy, =], =0. (30)
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Now consider I, — J;,. By (26), we get

uil),e: ()’) B ug,s (y)

I12‘]12=—”D12A1(M)de
ull)‘s ) _u‘gs
" J‘J‘Dlz Az(u) %@md\) (31)

- .UDIZ [ull)e()’) - “g,s()’)]Mlde>

where

A1) . (32)

M. =
Pl )

Note that u;(x) <u,(x) and u,(y) 2 u,(y) for (x,y) €
Dy,. Thus, u,(x) —uy(y) < uy(x) —u,(y). By the monoto-
nicity of the function h(t) = [t[’"*t, we find M, >0, which
implies that

Iy =71, 20. (33)
For I,5—],3, we have

Is-J5=k ijB M,,dv >0, (34)

since M, >0 for (x,y) € Dys.
For I, — J,;, we find

bi=T= -UDu ) up—l(x) v
ull)s X)~ uIZ)s X
- J—J-Du AZ(M) ’(u[zf(x)’()dv (35)

where

M, = —+ - . (36)

Recalling that u(x) — u;(y) = u,(x) — u,(y) since u;(x)
> u,(x) and u, (y) < u,(y) for (x, y) € D,,. This fact, together
with Ai(u)(x)/ufgl(x) <1fori=1,2, yields M,, >0. Conse-
quently

Iy =y 20. (37)
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Now, we consider I,, — J,,.

mw)uﬁm
ullx_%m_u b0) |
= [, Ar () |uye() 2 mw+ﬁﬂJd
() uuq
Ay (u) |uy, (x 2 Uy, - dv
I e i
W,
- H“ls”w; - <u11’_,1((3;)) , (_A)pﬂuls> + || w5y
h (x
- <ug_€1((x)), (—A)pﬁu2£> >0
(38)

here we use the fractional Picone inequality; see
Lemma 5.
For I,; — J,3, we have

Now, we consider the first term of the right-hand side of
(39). Suppose that u, (x) — u;(y) =0,

Wy (x) = 185, (x) k}
Ay (u =, = dv
[T, Axt) e (x) e ()
B (x) = () () (%) k}
= Ay (u S o T op1 dv
o 40| =™ ™ @)
> u ulf,s ()’) B “Iz),e (x) _ k v>llu >
= .UDZ3 Al( ) uﬁ:l (x) u[;;l (y):| dvz ” 1)?-”"\??(1)23) =0.

(40)

Suppose that u,;(x)—u,(y) <0, the above inequation
holds also since k < u‘tf;l (y) for (x, y) € D,s.

For the second term of the right-hand side of (39), by a
similar argument, we get

ol kT,
o [0, s

:.UDBA u |:Mp (%) —”12),5()’) + ué’,g(y) —uf)s(x) . k :|dv

iy (%) uh (%) e ()
qu(y)_uqs(x) k
> . + dv > ||lu >0
.[J.Dz3 ug;l (x) ug—sl (}’) || Z)EH Wﬁ"(Dzs)

(41)
Thus, taking into account (40) and (41), we derive that
Iy3 =3 20. (42)

For I, — J5;, it is easily seen that

Iy~ 5 = k”% |y (%) = 0, () [P (w1 (%) = (7)) d

W (%) i
15(3) = ) (12(3) =~ 1,(7))
» dv >0.
H Dy, u‘l’j (x) .
(43)
For I3, — 3,, repeating the previous argument of I,; — J,;
leads to
k up (}/) MZS()/)
Ly =5 = [, A )
32— I3 J..[D32 1(#) |f‘11:1 (x) ”1s ()’)
kW) -d.0)
) s W dv > 0.
.UD32 Z(M) [ug;l (x) u2£ (y) '
(44)
For I,; — ]33, we have
k k
A
—J3= HD33 L’l; (x) Ull)_el ()’)] '

k k
_ A(u) |5~ |V
I, Aa )Lgﬁ %), (y)]

4 k 24 k
= <( A)pﬁ 1,e? —_81> o - <(_A)p,ﬁu2,s’ E>D33
k
= (6 uy), —
(i), (e ),

:kJ 1(x,u1) _fz(x’”z)
o\ ) b )

where 9 satisfies Dy; = RN \ 9° x 9,




For the right-hand side of (23), according to (10), we have

JQ ( 1(36,_‘141) _fzS?_’;‘z)) T (w?)dx

le €

g L ( L) _ﬁ(;_ @) T ().

u l,e 2,

(46)

Using the monotonicity of f; (x, s)s'?, we know that

f1 (6 uy) <f1(x,u2)

p-1 = p-1 7
u U,

(47)

since u; (x) > u,(x) for x € P, where P appears in (45).
Thus, taking into account (45)-(47), we obtain, for small
enough ¢ > 0,

L

&
X, U X, U
S Y (LA RRACYE) IO
oo\ .

This fact, together with (23), (30), (33), (34), (37), (38),
(42)-(44), leads to

osj ( 1(ow)  fx “2)>wgdx30, (49)
O\D

-1 p-1
ull),s u2,£

(48)

which implies that w! =0 for x € Q\ Z, that is u, (x) >
u,(x) for any x € Q. This completes the proof of Theorem 1.

The proof of Corollary 2 is immediate, which is omitted.
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