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The clearance gaps in positive displacement machines such as compressors, pumps, expanders, and turbines are critical for their
performance and reliability. The leakage flow through these clearances influences the volumetric and adiabatic efficiencies of the
machines. The extent of the leakage flow depends on the size and shape of clearance paths and pressure differences across these
paths. Usually, the mass flow through the gaps is estimated using the isentropic nozzle equation with the flow coefficients
applied to correct for the real flow conditions. However, the flow coefficients applied generally do not take into account the
shape and size of these leakage paths. For that reason, a proper understanding of the relationship between flow coefficients and
shape parameters is crucial for an accurate prediction of leakage flows. The present study investigates the influence of the
various dimensionless parameters such as Reynolds number, Mach number, and pressure ratio on the flow coefficients for
circular and rectangular clearance shapes. The flow coefficients are determined by comparing the experimental values obtained
in an experimental test rig and the flow rates obtained from the isentropic nozzle equation. It is observed that in the case of
circular clearances, the mean deviation of the experimental leakage results (in comparison to the analytical results using
isotropic nozzle equations) is +9.1%, which is significantly lower than the mean deviation (+20.5%) in the case of rectangular
clearance leakages. The study indicates that the isentropic nozzle equation method is more suitable for predicting the leakages
through the circular clearances and needs modifications for consideration of the rectangular clearances. Using regression
analysis, empirical correlations are developed to predict the flow coefficient in terms of Reynolds number, Mach number,
pressure ratio, aspect ratio, and β ratio, which are found to match within ±6.4 percent of the numerical results for the
rectangular clearance and within the range of -3.6 percent to +5.1 percent of the numerical result for the circular clearance. The
empirical relationships presented in this study can be extended to evaluate the flow coefficients in a positive displacement machine.

1. Introduction

The positive displacement machines such as screw machines,
scroll machines, vane machines, root blowers, and piston-
cylinder machines are widely used in the industry for a variety
of applications. Among all the industrial products, electrical
motors and electrical motor-driven systems (EMDS) have
more focus, as they consume almost half of the total electricity
used in the industry. It has more potential (20% to 30%) to
improve the energy efficiency of the systems and reduce the

total global electricity consumption by about 10% [1]. That is
the reason many countries have introduced mandatory and
voluntary measures of efficiency for motor-driven products,
which also include positive displacement machines. The opti-
mal design of positive displacement machines results in higher
efficiencies, lower operating cost, and a more sustainable
product.

The clearance gaps in positive displacement machines
are critical for their performance and reliability. The leakage
flow through these clearances influences the volumetric and
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adiabatic efficiencies of the machines. The extent of the leak-
age flow depends on the size and shape of clearance paths
and the pressure difference across these paths.

Table 1 summarizes the different types of positive dis-
placement machines, their applications, type of leakages,
and parts which create the clearance paths and the simplified
clearance structure.

In recent studies [10–12], the isentropic nozzle equations
and chamber models were used by the researchers to carry
out the preliminary estimations of leakages in positive dis-
placement machines. Utri et al. [10, 11] studied the fluid leak-
ages through rotor tip housing clearances and end plate
clearances in screw machines using dimensionless numbers.
Further to this, investigations were also carried out on the
leakages and the fluid-structure interactions using CFD simu-
lations [4, 13]. The mass flow rates were determined using
CFD simulation and compared with the analytical and exper-
imental results and the influence of dimensionless numbers on
the flow coefficients studied. Liang and Wu [14] proposed a
mathematical model based on perfect gas laws, standard ther-
modynamic process, oil injection effects, oil-gas heat transfer,
and internal leakages. The authors also presented values of
different clearance paths as well as other important twin-
screw compressor parameters. A summary of experimental
studies on twin screw compressors suggests that cutting-edge
techniques such as LDV/PIV can be explored to better under-
stand and visualize the thermo-fluid-solid relationship in the
compressor [15].

An experimental setup was used for simulating leakage
flow and calculating the leakage rate through the blowhole

clearance in a twin-screw compressor using an iterative
approach [16, 17]. The study carried out the experimental
work with circular convergent nozzles (of equivalent area
to the blowholes considered in the study), and the findings
were compared with the analytical results. It was suggested
that the technique be used to model and estimate leakages
in other positive displacement machines.

Vodicka et al. [18] conducted a theoretical and experimen-
tal study of the effect of various leakages on the operating
efficiency of a rotary vane expander. A novel experimental
method for axial and radial clearance adjustment has been
developed. A 1-D mathematical model was developed (with
a prediction accuracy of within 5%) using experimental data
ranging from 0 to +0.5mm clearance. Additionally, the model
was used to optimize and evaluate the effect of reduced
manufacturing tolerances on expander parameters. Lee et al.
[19] used previously developed four mathematical models to
measure leakage flow rates. The first model was based on
isentropic nozzle equations and frictionless compressible flow.
The second model was the Fanno flow model, which took
adiabatic flow with fluid friction into account. Ishii’s incom-
pressible and viscous flow model was the third model, and
the fourth was a 1D steady-state laminar flowmodel with fric-
tion between two parallel plates [20].When the results from all
four models were compared to the experimental results, it was
discovered that the nozzle equation results were very similar to
the experimental results. For various pressure ratios, the rela-
tionship between leakages and clearances is presented. Lee
[21] proposed a simulation model for output prediction that
takes into account both the compression process and the

Table 1: Leakages in positive displacement machines.

Type of machine Applications
Parts (which creates
clearance paths)

Type of leakages
Simplified

clearance structure

Reciprocating machines [2, 3]
Compression,

pumping, expansion
Piston and cylinder

Piston-cylinder clearance
leakages

Valve and valve plate seat
clearance leakage

Annular
Circular

Screw machines [4]
Compression,

pumping, expansion
Rotors and housing

Interlobe leakages
Rotor-tip housing leakages

End plate leakages
Blowhole leakages

Rectangular
Triangular

Vane machines [5]
Compression,

pumping, expansion
Rotor, rotor blades, and

housing

Radial leakages
End plate leakages

Leakages from isolated
volumes

Rectangular

Claw (rotary tooth) machines [6]
Compression and

pumping
Rotors and housing

Leakages from isolated
volumes

End plate leakages
Tip and housing leakages

Rectangular

Root blowers [7]
Compression,

pumping, expansion
Roots lobe and housing

Interlobe leakages Lobe-tip
housing leakages
End plate leakages

Rectangular

Scroll machines [8]
Compression,

pumping, expansion
Fixed scroll and orbiting

scroll
Tip seal leakages (tangential

and radial leakage)
Rectangular

Rotary valves [9] Multiple applications Impeller and housing
Axial clearance leakages
Radial clearance leakages

Rectangular
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dynamics of the moving parts. The compression process was
modelled using the assumption of a working chamber as the
control volume, to which the principles of mass and energy
conservation were applied. To estimate the axial clearance
leakages in the scroll compressor, Wang and Liu [22] pro-
posed an updated Fanno flow model and turbulence model.
The model results were compared to the experimental results,
and the effects of pressure difference, clearance number, and
spindle speed were investigated. The Fanno model was found
to be more suitable for predicting leakages at lower rotational
speeds and smaller clearances, while the turbulence model was
found to be more suitable at higher rotational speeds and
larger clearance sizes.

Pend et al. [23] developed a thermodynamic model of an
oil-free scroll compressor using the gas state equation, con-
servation of energy, and the law of conservation of mass,
as well as a heat transfer and leakage model. The leakage
flow for each compression chamber was calculated using a
thermodynamic model that used the improved Euler pro-
cess. Imamoglu and Ertunc [24] presented a comparison of
theoretical and numerical results of the tip leakages. The
leakage geometry was simplified and numerical simulations
were performed for four pressure differences and seven rota-
tional speeds. The authors also presented an effect of heat
transfer from the heated casing to the tip clearance fluid.
Muhammad [25] unwrapped a twin-screw pump circumfer-
ential clearance and approximated it as a rectangular clear-
ance and the same approach can be applied for other
positive displacement machine clearances also.

Zhang et al. [26, 27] presented a 3D transient CFD
numerical simulation model for a scroll compressor with
dynamic meshing along with radial and axial clearance con-
siderations. Radial leakage though had a greater effect on the
volumetric performance than tangential leakage (specifically
in hydrogen scroll pumps). Sun et al. [7, 28] performed a
PIV test to obtain the velocity field around the tip gap and
used SCORG™ (Screw Compressor Rotor Grid Generation)
software to predict the leakage flow under same operating
conditions. In the majority of areas, the main flow pattern
and velocity magnitude were found to be the same in the
CFD simulation as well as the experimental analysis, though
the CFD study overestimated the leakage flow velocities. The
CFD findings indicate the presence of a vortex produced by
the leakage flow in the gap’s downstream area. Flow losses in
the tip gap occur mostly near the entry upstream of the gap.
Ziviani et al. [29, 30] presented a leakage model describing
nine leakage paths in a single screw expander. The model
results found a good agreement within ±10% and ±15% for
the mass flow rate and power, respectively. The authors also
applied different grid generation approaches (both in the
steady-state and transient conditions) and commercial soft-
ware to identify the best suitable approach. For the steady-
state simulation, a maximum deviation of 10% in results
was observed between various simulations tools used, while
for the transient simulation, only CS (Chimera strategy)
simulation approach gave satisfactory results.

Kauder and Sachs [31] used Toepler’s “Schlieren-
method” to visualize the leakage flow in the male rotor hous-
ing gap of a screw-type machine. Additionally, the authors

used a vortex flow meter to determine the mass flow rate
through gaps of 0.1mm, 0.2mm, and 0.4mm at a pressure
ratio (downstream to upstream pressure as shown in
Figure 1) of about 0.5. For pressure ratios, less than 0.5,
the mass flow rates were determined using mass flow meters
based on temperature differences at a heating element.

In order to estimate the leakage flow in positive displace-
ment machines, apart from the various experimental and
numerical studies, various analytical models have been used
by researchers. Kotlov et al. [5, 6] used a mathematical
model to estimate the gas leakages from high-pressure cavi-
ties to low-pressure cavities in vane compressors and dry
claw compressors. Kotlov et al. used the following equation
to determine the leakage flow rate across the gap at different
rotor positions:

_m =Φ ∗ A ∗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 ∗ p2 ∗ ε2 − 1ð Þ
ln ε2 + ξ + λ∗∑ð Þ

s
: ð1Þ

Utri et al. [10, 11] investigated flows through male rotor
housing clearance and end clearance. The flow coefficients
were determined using CFD simulation results and compared
with analytical and experimental results available in the litera-
ture [32]. The study varied dimensionless quantities such as
Reynolds number, specific heat ratio, Mach number, height
to diameter ratio (in rotor tip housing leakage), height to
length ratio (in end plate leakages), and pressure ratio to
observe the individual influence of these dimensionless quan-
tities on the flow coefficient. The study recommended two
different simulation methods more suitable to predict the
operational behavior in positive displacement machines,
namely the CFD and the chamber model. The chamber model
is more suitable when many configurations need to be simu-
lated in comparison to the CFD model, which needs time-
consuming computations. The chamber model considers the
time-dependent geometric values of the chamber volumes,
clearances, and port areas.

The mass and energy exchange between the chambers
(shown in Figure 1) under consideration can be estimated
using the following isentropic nozzle equations [33].

_mana =
Ap1ffiffiffiffiffiffi
T1

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ∗ k ∗ rð Þ2/k − rð Þk+1/k

� �

R k − 1ð Þ

vuut for r >
2

k + 1

� � k
k−1

,

ð2Þ
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Figure 1: End plate clearance and the leakage flow from high-
pressure chamber to low-pressure chamber [11].
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_mana =
Ap1ffiffiffiffiffiffi
T1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ∗ k

R k − 1ð Þ

s
∗

2
k + 1

� � k
k−1

for r <
2

k + 1

� � k
k−1

:

ð3Þ

The flow coefficient (Φ) can be defined as a ratio of the
experimental leakage flow to the analytical leakage flow rate,

Φ =
_mexp
_mana

: ð4Þ

Utri et al. [10, 11] derived the theoretical mass flow rates
by CFD-simulation using ANSYS CFX and compared the
same with the experimental data from the work of Kauder
and Sachs [31] to estimate the flow coefficient (Φ).

The estimation of leakage mass flows through gaps using
isentropic nozzle equations and flow coefficients (to account
for actual flow conditions) is the simplest and the most widely
used analytical approach. However, the flow coefficients
applied generally do not take into account the shape of these
leakage paths. For that reason, a proper understanding of the
relationship of flow coefficients and flow and shape parame-
ters is critical for the accurate prediction of leakage flows.
The present study investigates the influence of dimensionless
numbers such as the Reynolds numbers, β ratios, Mach num-
bers, and pressure ratio on the flow coefficients for circular
and rectangular clearance shapes. The flow coefficients were
determined by comparing the experimental values obtained
in an experimental test rig with the flow rates obtained from
the simplified nozzle equation. The results obtained can be
used for the evaluation of flow coefficients for other similar
geometries, independent of the operating conditions. A quan-
titative approach is employed to estimate the leakage mass
flow rate through the gaps (circular and rectangular) by using
an experimental test rig involving testing of different size con-
vergent nozzles (with circular gaps) and plates (with rectangu-
lar gaps) at various pressure ratio conditions. Eqn. (2) and
Eqn. (3) are used to calculate the theoretical leakage flow rates
and compared with the experimental leakages to determine
the flow coefficients (using Eqn. (4)). The flow coefficients
derived using experimental study are presented as a function
of dimensionless numbers such as pressure ratio, Reynolds
number, and Mach number.

2. Experimentation Details

In a positive displacement machine, leakages occur through
clearance paths of different sizes and shapes created by two
or more stationary/moving components, as well as the pressure
differential across these clearance paths. An experimental
investigation was carried out to determine the leakages through
various clearances of different sizes and shapes (at different
pressure differences) to estimate the leakage rates and validate
the analytical results. In the present work, the upstream pres-
sure (P1) is maintained constant, while the downstream pres-
sure (P2) varies to obtain different pressure ratios.

In the present study, the leakagemass flow rates weremea-
sured from seven nozzles (having circular clearances) and four
plates (having rectangular clearances) at various pressure ratio
conditions. Table 2 shows the geometry details of circular
clearances of all the nozzles, while Table 3 shows the geometry
details of rectangular clearances of all the plates.

2.1. Test Rig for Circular Clearance Leakages. The schematic of
the test setup for simulating and determining leakages experi-
mentally is shown in Figure 2 (for circular clearances) and
Figure 3 (for rectangular clearances). A 22kW constant speed
twin-screw compressor was used to generate compressed air at
7.00bar pressure, while the compressed airflow rate in the dis-
charge line after globe valve (in both with and without leakage
conditions) was measured with the help of CAV (Critical Arc
Venturi) nozzle (Figure 4) as per ISO 1217 [34]. A 272-liter air
receiver was used in the by-pass leakage line after the nozzle in
order to collect the leaked air coming through the nozzle. To
regulate the pressure inside the air-receiver and thereby main-
tain the pressure differential across the nozzle, one globe valve
(Figure 4) installed in the discharge line and one ball valve
(installed after the air-receiver tank) were used. The compres-
sor discharge pressure, compressor discharge temperature,

Table 2: Geometry details of circular clearances (nozzles).

Nozzle number Nozzle clearance—d (mm) Upstream diameter of the nozzle—D (mm) Nozzle area (mm2) β ratio

1 1.82 6.00 2.6 0.31

2 2.09 6.00 3.4 0.35

3 2.53 6.00 5.0 0.43

4 2.98 15.5 7.0 0.19

5 3.60 15.5 10.2 0.23

6 3.84 15.5 11.6 0.25

7 3.99 15.5 12.5 0.26

Table 3: Geometry details of rectangular clearances (plates).

Plate
number

Clearance
width—w (mm)

Clearance
height—h
(mm)

Clearance
areas (mm2)

AR
ratio

P1 40 0.180 7.2 0.0044

P2 45 0.200 9.0 0.0045

P3 44 0.250 11.0 0.0058

P4 80 0.250 20.0 0.0031
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Compressor
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Globe valve
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To atmosphere

Leakage line

Figure 2: A schematic of the experimental setup (for circular clearance leakages).
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Figure 3: A schematic of the experimental setup (for rectangular clearance leakage).
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Nozzle
assembly

CAV nozzle
Globe valve
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Data Acquisition
System (DAS)

Thermocouple channel

Thermocouple

Figure 4: Photograph of experimental test rig (for circular clearance leakages).
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CAV nozzle pressure and temperature, barometric pressure,
and air-receiver pressure were recorded using various sensors
connected to the DAS (Data Acquisition System) as shown in
Figure 4. A ball valve after the tee connection was installed to
isolate/connect the bypass leakage line with the mainstream.
The convergent nozzles were installed in the leakage line
(before the air receiver) to simulate leakages through seven dif-
ferent circular clearances at different pressure ratios. Table 2
summarizes the geometric details of the seven different conver-
gent nozzles used in the experimental work, and Figure 5 shows
the photograph and cross-section details of these nozzles.

2.2. Test Rig for Rectangular Clearance Leakages. Figure 3
shows a schematic of the test setup used to simulate the leak-
ages through rectangular clearances. The setup is similar to
the setup explained for the circular clearance leakages (in
Section 3.2). The difference between this setup and the pre-
vious one (explained in Section 3.2) is the use of a spool
assembly (with sandwiched plate) instead of a circular noz-
zle. The pressure differential across the plate (high-pressure
and low-pressure chambers) and the clearances on the plates
cause leakages. Figure 6 shows the photo of an actual spool
assembly and a plate used in the experiments.

2.3. Test Methodology to Measure the Leakages. The present
study involves simulation of the leakages occurring within
the positive displacement machines with the help of an
experimental test setup.

The test methodology (Figures 2 and 3) for the leakage
measurement involved convergent nozzles/plates with the
clearances and a specific pressure difference across the nozzle
or the plate. A flowmeasurement (with and without the leakage
line open) with a CAV nozzle provides an estimate of the leak-
age mass flow rate across the convergent nozzle or across the
plate for a given pressure difference. Initially, the complete flow
without any leakage was considered in the experiment by clos-
ing the leakage line (Case 1), in which all of the pressurized air
from the compressor flowed through the CAV nozzle at a pres-
sure of 7bar. After opening the leakage line (Case 2), the flow
was allowed to leak through the circular/rectangular clearance
at a predetermined pressure difference. The difference in flow
calculated between Case 2 and Case 1 (using a CAV nozzle)
is perceived as an experimental calculation of leakage for the
specific clearance and pressure difference combination.

The following are the details of the testing for both cases:

Case 1. Flow measurement considering no leakage.

In this case, of zero leakage, the leakage line was isolated
from the discharge line by closing the ball valve installed
before the convergent nozzle. The compressed airflow at
7.00 bar was measured in the discharge line as per ISO
1217 with the help of a CAV nozzle.

Case 2. Flow measurement considering leakages.

In this case, the compressed air leakage was allowed to leak
through the clearances on the convergent nozzle/plate
installed in the leakage line by keeping the ball valve fully

open. The globe valves (installed on the air-receiver and
installed in the discharge line) and the discharge ball valve
(installed before the CAV nozzle) were used to maintain the
desired pressure difference across the convergent nozzle/plate.

The following are the parameters captured for each set of
reading using sensors and data acquisition system (shown in
Figures 4 and 6), to calculate the mass flow rate.

(i) Ambient temperature

(ii) Package discharge temperature

(iii) Nozzle temperature

(iv) Relative humidity

(v) Package out pressure

(vi) Before clearance pressure

(vii) After clearance pressure

(viii) Barometric pressure

(ix) CAV nozzle pressure

2.4. Uncertainty Analysis. The details of the equipment/in-
struments used in the experimentation along with the uncer-
tainty involved are shown in Table 4.

The total airflow uncertainty at the confidence level of
95% is calculated as per the following equation:

U95 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bw

2 + t95 Swð Þ2,
q

ð5Þ

wherein the flow measurement standard deviation (Bw) and
systematic error (Sw) can be derived using the following
equations:

Bw = _m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BP1
P1

� �2
+

−BT1
2T1

� �2
+

BC

C

� �2
+

2Bd

d

� �2
,

s

Sw = _m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SP1
P1

� �2
+

−ST1
2T1

� �2
+

SC
C

� �2
+

2Sd
d

� �2
:

s

ð6Þ

The method defined in ISO 5168:2005 [35] was used to
estimate the uncertainty in the experiment. With a confi-
dence level of 95%, the total airflow ( _m) uncertainty was
found to be 1.29% based on the measured parameters.

Figure 5: The convergent nozzle photograph and details.
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3. Results and Discussions

The experimental results from the study are compared with
the analytical results to calculate the flow coefficients and
presented in the form of dimensionless numbers such as
the Reynolds number, the Mach number, and the pressure
ratio. The flow coefficients are evaluated for circular and
rectangular clearances at various pressure ratios based on
the experimental and analytical study.

3.1. Experimental and Analytical Results: Circular Clearances.
The analytically (using isentropic nozzle equations) and
experimentally determined leakage mass flow rates through

the circular clearances (for D = 6:0mm and D = 15:5mm)
are compared and presented in Figure 7. The leakage rates
are obviously higher for larger clearance areas and lower pres-
sure ratios (higher pressure difference). In comparison to the
experimental leakage mass flow rates, the analytical approach
(using Eqn. (2) and Eqn. (3)) overestimates the leakage mass
flow rates. The analytical method’s overprediction (for all
clearances and pressure ratios) is due to the assumption of
frictionless flow consideration which differs from the actual
conditions and existence of friction in practice. The results
also indicate that, because of the choked flow situation, the
leakage rates below pressure ratio 0.528 (critical pressure ratio)
remain nearly constant. The similar trends of choked flow

Air receiver

Compressor

Spool assembly
CAV nozzle

Globe valve

Pressure
transducers

Pressure
transducer and

temperature
thermocouple

Data Acquisition
System (DAS)

Thermocouple channel

Thermocouple

Figure 6: Photograph of experimental test rig (for rectangular clearance leakages).

Table 4: The details of the equipment/instruments used in experimentation.

Equipment/instrument Model Make Uncertainty Specification

Twin-screw compressor RS22-7-AC Ingersoll Rand —
Oil flooded twin-screw compressor

22 kW, 7 bar, 140 CFM

Air receiver—horizontal 272 liter Ingersoll Rand — 272-liter air receiver

Data acquisition system (DAS) 34980A Agilent —
140 channel universal input and connectivity to lap top
for real time monitoring and capturing the readings

Pressure transducer 245 series Viatran ±0.1% Measuring range—0 to 300 psig

T type thermocouple TQSS-18U-6 Omega 0.50 C Measuring range—200 to 350°C

Barometric pressure gauge CPG2400 Mensor 0.03% Measuring range—8-17 psia

CAV pressure gauge CPG2400 Mensor 0.03% Measuring range—0-100 psig

Globe valve with actuator
GX

+FIELDVUE
DVC6200

Emerson ±0.5%

Minimum recommended supplied pressure: 0.3 bar
(5 psig) higher than maximum actuator requirements

Maximum: 10.0 bar (145 psig) or maximum
pressure rating of the actuator, whichever is lower

Medium: Air or natural gas
Independent linearity

Typical value: ±0.50% of output span
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condition below the critical pressure ratio (PR < 0:528) have
been reported by Utri et al. [10, 11]. This implies that, after this
point, the decrease of the downstream pressure has no influ-
ence on the leakage flow through the clearance.

For all clearance sizes, Figure 8 shows the flow coefficient
as a function of pressure ratios. Two distinct plots are pro-
vided to compare the flow coefficients at D = 6:00mm and
D = 15:5mm, since the trend of the change in flow coeffi-
cient was found to be different in both cases. In the case of
nozzles with an upstream diameter of D = 6:00mm, the flow
coefficients are found to increase with decreasing pressure
ratios, indicating that isentropic nozzle equations are justi-
fied for lower pressure ratios. This is due to higher velocity
and lower local resistance when the pressure ratio is low.
The temperature and dynamic viscosity does not change;
however, kinematic viscosity decreases for a higher value of
downstream pressure. In the case of an upstream diameter
of D = 15:5mm, the flow coefficients for all pressure ratios
justify the isentropic nozzle calculations since the flow coef-
ficients are higher (above 0.89, almost constant or slightly
increasing) over the entire pressure ratio range. This is due

to the greater converging area of the nozzle in comparison
to the nozzle with an upstream diameter of D = 6:00mm
and a lower local resistance. The flow coefficients for the
entire pressure ratio spectrum (all clearance areas) are in
the range of 0.85 to 0.96, which is reasonably high and justify
the isentropic nozzle equation consideration.

For D = 6:00mm, Figure 9(a) shows that the flow coeffi-
cients increase as the Reynolds number increases, which is
due to the increased velocity and decreased friction. The
isentropic nozzle equation assumptions are well supported
by this low friction conditions. In Figure 9(b), the flow coef-
ficients for D = 15:5mm remained nearly constant (margin-
ally decreasing) as the Reynolds number increases, which
can be attributed because of the combined effects of the
geometry (in comparison to D = 6:00mm nozzles) and the
uncertainty of the experimental results.

The flow coefficient is plotted as a function of the Reynolds
number for various Mach numbers in Figure 10. For nozzles
with an upstream diameter of D = 6:00mm (Figure 10(a)),
the flow coefficients decrease as the Reynolds number
increases, which is not normal and is due to the geometry

Pressure ratio

A
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/E
xp

 le
ak
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e r
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e (
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/s

ec
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Figure 7: Experimentally and analytically determined leakage mass flow rate (kg/sec) as a function of pressure ratio for circular clearances
(nozzles with D = 6:00mm and D = 15:50mm).
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and experimental uncertainty. The flow coefficient increases as
the Mach number increases (velocity increase and friction
decreases), indicating that flow velocity has a significant effect
on the experimental leakage rate. In the case of nozzles with an
upstream diameter D = 15:5mm (Figure 10(b)), the behavior
is opposite. Because of the lower value of friction, the flow
coefficient increases with increasing Reynolds number, which
justifies the isentropic nozzle equations.

Reynolds number (Re) depends on hydraulic diameter,
velocity, density, and viscosity. In this study, the temperature
is almost constant (and that is why dynamic and kinematic
viscosity does not have significant change and effect on the
Reynolds number) and that is why Reynolds number (Re)
mainly depends on hydraulic diameter and velocity. How-
ever, in the case of higher Mach numbers (for Ma >0.686),
there is a little effect on the flow coefficient for all Reynolds
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Figure 8: Flow coefficient (FC) as a function of pressure ratio for all the circular clearances (nozzles with D = 6:00mm and D = 15:5mm).
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Figure 9: Flow coefficient (FC) as a function of Reynolds number for different leakage clearances.
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Figure 10: Flow coefficient (FC) as a function of Reynolds number for different Mach number.
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numbers, indicating that velocity has no effect on the actual
flow and flow coefficient above a certain value.

3.2. Experimental and Analytical Results: Rectangular
Clearances. The circular plates with different size rectangular
slits were used in the experimental setup (Figure 6) to simulate
the leakages through the rectangular clearances at different
pressure ratios. The analytical and experimental leakage flow
rates across rectangular clearances (with varying clearance
sizes) in terms of pressure ratio are depicted in Figure 11.
The findings demonstrate that the analytical method, which
assumes frictionless flow, overestimates the leakage flow in
relation to the real flow. Similar to circular clearances, the
choked condition is observed below the critical pressure ratio.
For the same clearance size, the leakage rate increases with
increasing pressure difference (decrease in pressure ratios).
The leakage rate increases as the clearance height increases
(for plates P1, P2, and P3, which have nearly identical widths)
for the same pressure ratio. The leakage rate of plate P4 is
nearly twice that of plate P3, which is because of double the
width of clearance (compared to the width of plate P3) for
the same clearance height. This indicates that, in addition to
the pressure ratio, the clearance height and clearance distance
have an impact on leakages.

Figure 12 shows the flow coefficient as a function of
pressure ratio for all clearance areas. In contrast to circular
clearance, the flow coefficient improves as the pressure ratio
rises. This indicates that at lower pressure ratios, the rectangu-
lar clearance providesmore resistance (and thereforemore fric-
tion) than the circular clearance. For all plates below the critical
pressure ratio, the flow coefficients are unchanged, indicating a
choked condition for both the analytical and experimental
results. The flow coefficient increases as the clearance height
increases (for the same width), which is because of reduced fric-
tion and reduced local resistance. Additionally, the flow coeffi-
cients are almost identical for plates (plate P3 and P4) of equal
clearance height but different clearance areas (plate P4 is
having double clearance area than plate P3), indicating that
clearance height has a greater effect on the flow coefficient than
clearance width under the same pressure condition. This
means that the influence of friction is the same on both the
plate P3 and P4 of the same clearance height but different
widths.

Figure 13(a), which plots the flow coefficient as a function
of Reynolds number, suggests that the flow coefficient
decreases as the Reynolds number increases, which is not typ-
ical and is due to the geometry’s local resistance and experi-
mental uncertainty. Increases in clearance size increase the
flow coefficient for the same Reynold number resulting in
lower friction in larger leakage areas. It is observed that for a
given Reynold number, the flow coefficients are identical for
different clearance areas but the same clearance height,
indicating that the clearance height plays a significant role in
offering friction. The flow coefficient is plotted as a function
of Reynolds number for various Mach numbers in
Figure 13(b). This shows that the flow coefficient increases as
the Reynolds number increases for a given Mach number.
Additionally, the plot demonstrates that decreasing the Mach
number increases the flow coefficient at a given Reynolds num-

ber, which is due to the reduced velocity. The flow coefficients
do not change significantly with increasing Mach number
(above Ma = 0:91) for the same Reynold number, indicating
that the velocity above one limit has no major impact on the
leakage rate.

Analytical findings are obtained for both circular and
rectangular clearances using the nozzle equations, which
assume frictionless flow and leakage clearance area rather
than leakage clearance geometry. When leakages are deter-
mined experimentally, they take clearance size, clearance
shape, friction, and local resistance into account. That is
why flow coefficients are proportional to dimensionless
numbers, such as the Reynolds number, the Mach number,
the aspect ratio, and the beta ratio. In comparison to circular
clearances, rectangular clearances have a wider range of flow
coefficients between 0.74 and 0.98 due to the more influence
of dimensionless numbers on the flow and flow coefficient.
This implies that the convergent nozzle equation for analyt-
ical calculations in rectangular clearances requires suitable
modifications and reconsiderations.

In this analysis, circular and rectangular clearances are
used to simulate and estimate the real leakage through the
positive displacement machines’ clearances. However, in
actual systems, numerous geometric parameters (including
actual shapes, curves/profiles of key components, and
dynamics of parts that generate clearances) and operational
parameters (temperature, speed, gas property, and so on)
affect leakage flows and flow coefficients, necessitating fur-
ther study. Furthermore, the form of system and application
(pumping, extension, compression, and flow control) have
an effect on the leakage flow. The current study’s methods
and technique can be applied to several positive displace-
ment devices with different applications, geometries, and
operating conditions and the findings can differ accordingly.

3.3. Development of Empirical Correlation. The flow coeffi-
cient (Φ) is a function of nondimensional numbers such as
the Reynolds number (Re), Mach number (Ma), pressure
ratio (PR), and beta ratio (β) or aspect ratio (AR). The flow
coefficient (Φ) functional relationship can be written as

Flow coefficient for the rectangular clearanceΦ = f n Ma, Re, PR, ARð Þ,
Flow coefficient for the circular clearanceΦ = f n β, Re,Ma, PRð Þ:

ð7Þ

The experimental results are used to develop these corre-
lations of flow coefficient as a function of dimensionless
numbers. In order to establish a relationship between flow
coefficient (Φ) and Mach number (Ma) for the rectangular
clearances, the values of ln ðΦÞ are plotted against ln ðMaÞ
(not shown here) and a regression analysis to fit a second-
order polynomial equation yielded:

ln Φð Þ =m1 ln Mað Þ½ �2 +m2 ln Mað Þ + A1, ð8Þ

where m1 = 0:0869 and m2 = −0:1064.
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The functional relationship between Φ and Ma is rewritten
as

Φ = A0 ∗ Mað Þm2 ∗ exp m1 ln Mað Þ2� ��
, ð9Þ

where A0 is anti-ln of A1

A0 =
Φ

Mað Þ−0:1064 ∗ exp 0:0869 ln Mað Þ2� �� : ð10Þ

In equation (10), A0 is a function of Reynolds number (Re),
the values of ln ðA0Þ are plotted against ln ðReÞ and a regression
analysis to fit a second-order polynomial equation yielded:

ln A0ð Þ =m1 ln Reð Þ½ �2 +m2 ln Reð Þ + B1, ð11Þ

where m1 = 0:3644 and m2 = −7:4892.
The functional relationship between A0 and Re is rewrit-

ten as

A0 = B0 ∗ Reð Þm2 ∗ exp m1 ln Reð Þ2� ��
, ð12Þ

where B0 is anti-ln of B1.

B0 =
A0

Reð Þ−7:4892 ∗ exp 0:3644 ln Reð Þ2� �� : ð13Þ

From equations (10) and (13),

Φ = B0 ∗ Mað Þ−0:1064 ∗ exp 0:0869 ln Mað Þ2� ��

∗ Reð Þ−7:4892 ∗ exp 0:3644 ln Reð Þ2� ��
:

ð14Þ

A similar procedure is used to obtain the relationships

between flow coefficient (Φ) and other parameters pressure
ratio (PR) and aspect ratio (AR). The plots of ln ðB0Þ vs. ln
ðPRÞ and ln ðC0Þ vs. ln ðARÞ are plotted for second-order
polynomial equations.

The final relationships (rectangular clearance) of flow
coefficient obtained by these plots (not shown) are written
below:

Φ = 3:11e21 ∗ Mað Þ−0:1064 ∗ exp 0:0869 ln Mað Þ2� ��

∗ Reð Þ−7:4892 ∗ exp 0:3644 ln Reð Þ2� ��

∗ PRð Þ−0:266 ∗ exp 0:2047 ln PRð Þ2� ��

∗ ARð Þ4:1378 ∗ exp 0:381 ln ARð Þ2� ��
:

ð15Þ

A similar procedure is used to develop a correlation for
flow coefficient (Φ) of circular clearance with regression
analysis of data obtained from experimental investigations
which gives

Φ = 7:91e−4 ∗ βð Þ−0:3892 ∗ exp −0:1495 ln βð Þ2� ��
∗ Reð Þ1:11

∗ exp −0:0452 ln Reð Þ2� ��
∗ Mað Þ0:0194

∗ exp 0:0266 ln PRð Þ2� ��
∗ PRð Þ0:0157

∗ exp −0:0212 ln PRð Þ2� ��
:

ð16Þ

Figure 14 shows a comparison between the experimental
values of Φ and its predicted values by the correlation devel-
oped as per equations (15) and (16). The observation is
made that the data lies between ±6.4% of the predicted
values for the rectangular clearances and between -3.6%
and +5.1 of the predicted values for the circular clearances.
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Figure 14: A comparison of predicted and experimental values of flow coefficients. (a) Rectangular clearance. (b) Circular clearance.

13International Journal of Rotating Machinery



4. Conclusions

Leakages through different clearance gaps are important in
positive displacement machines, and an accurate prediction
of the leakage flows needs an accurate knowledge of the flow
coefficients, which are used along with nozzle equations to
account for the actual prevailing flow conditions in machines.
The present study examines the flow coefficients and investi-
gates the influence of dimensionless numbers on the flow coef-
ficients for circular and rectangular clearance shapes. The
derived flow coefficients in terms of dimensionless numbers
can be used along with the isentropic nozzle equations to esti-
mate the leakages in any positive displacement machine.

The following are the key findings from the study:

(i) The flow coefficients vary from 0.88 to 0.96 for the
circular clearance, which indicates that the consider-
ation of convergent nozzle assumption is justified in
circular clearances. In contrast to leakages through
circular clearances, the experimental leakage flows
through rectangular clearances are more affected by
the Reynolds number, pressure ratios, Mach number,
and beta ratio. As the theoretical leakage flows do not
account for frictional effects, the impact of the dimen-
sionless number on the experimental leakage flows
results in a wide range of flow coefficients ranging
from 0.74 to 0.98 for rectangular clearances

(ii) For all circular clearances, the flow coefficients are
observed to be either increasing or remain nearly con-
stant as the Reynolds number increases, which is due
to increased velocity (and decrease in friction factor).
In rectangular clearances, the flow coefficient decreases
as the Reynolds number increases, which is not typical
and could be due to the geometry’s local resistance and
experimental uncertainty. It is observed that for a given
Reynolds number, the flow coefficients are identical for
the same clearance height and different clearance
width, indicating that the clearance height plays a sig-
nificant role in offering friction

(iii) Below the choked flow conditions and critical pres-
sure ratio (r = 0:528), the leakage flow remains con-
stant and there is little difference between the
analytical and experimental leakage rates (and con-
stant flow coefficients) for the circular and rectan-
gular clearances

(iv) It is observed that in the case of circular clearances,
the mean deviation of the experimental leakage
results (in comparison to the analytical results using
isotropic nozzle equations) is +9.1%, which is sig-
nificantly lower than the mean deviation (+20.5%)
in the case of rectangular clearance leakages. The
study indicates that the isentropic nozzle equation
method is more suitable for predicting the leakages
through the circular clearances and needs modifica-
tions for consideration of the rectangular clearances

(v) Using regression analysis, empirical correlations are
developed to predict the flow coefficient in terms of

Reynolds number, Mach number, pressure ratio,
aspect ratio, and β ratio, which are found to match
within ±6.4 percent of the numerical results for
the rectangular clearance and within the range of
-3.6 percent to +5.1 percent of the numerical result
for the circular clearance

Nomenclature

_m: Leakage mass flow rate (kg/sec)
Φ: Flow coefficient (dimensionless)
A: Clearance leakage area (m2)
ρ2: Downstream density (kg/m3)
ɛ: Ratio of pressure P1 (upstream) to P2

(downstream)
ξ: Local resistance coefficient at a gap entry
λ: Friction factor
Σ: Form factor
T1: The upstream temperature (K)
P1: The upstream pressure (Pa)
P2: The downstream pressure (Pa)
R: Gas constant of oil gas mixture (J/kg-K)
k: Specific heat ratio (dimensionless)
r: Ratio of pressure P2 (downstream) to P1

(upstream)
β: Diameter ratio (dimensionless)
AR: Aspect ratio (clearance height to width ratio)

(dimensionless)
U95: Total airflow uncertainty at confidence level of

95%
BW : Systematic error in the flow measurement
SW : Standard deviation in the flow measurement
SP1: Experimental standard deviation for pressure (Pa)
ST1: Experimental standard deviation for temperature

(K)
SC : Experimental standard deviation for discharge

coefficient
Sd : Experimental standard deviation for throat

diameter (m)
BP1: Systematic error for pressure (Pa)
BT1: Systematic error for temperature (K)
BC : Systematic error for discharge coefficient
Bd : Systematic error for throat diameter (m)
dt : Throat diameter (m)
D: Upstream diameter in nozzle (m)
d: Circular clearance diameter in nozzle (m)
w: Rectangular clearance width (m)
h: Rectangular clearance height (m)
Re: Reynolds number (dimensionless)
Ma: Mach number (dimensionless)
Exp/exp: Experimental
Ana/ana: Analytical
1: Upstream
2: Downstream.

Abbreviations

P-V: Pressure Volume
CFD: Computational Fluid Dynamics
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ISO: International Organization for Standardization
CAV: Critical Arc Venturi
DAS: Data Acquisition System
FC: Flow Coefficient
LDV: Laser Doppler Velocimetry
PIV: Particle Imaging Velocimetry.
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