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The purpose of this paper is to introduce the concept of fuzzy Lyapunov functions to study the notion of stability of equilibrium
points for fuzzy dynamical systems associated with fuzzy initial value problems, through the principle of Zadeh. Our contribution
consists in a qualitative characterization of stability by a study of the trajectories of fuzzy dynamical systems, using auxiliary
functions, and they will be called fuzzy Lyapunov functions. And, among the main results that have been proven is that the
existence of fuzzy Lyapunov functions is a necessary and sufficient condition for stability. Some examples are given to illustrate the

obtained results.

1. Introduction

The topics of fuzzy dynamical systems have been rapidly
growing in recent years, and the first characterization of this
concept is presented in [1]. Fuzzy dynamical systems have
been dealt with different approaches. Some authors use the
extension principle in order to extend deterministic systems
of differential equations to the fuzzy case [2-7]. Others
construct the fuzzy dynamical systems by using a family of
differential inclusions [8-10].

The notion of stability for this type of dynamical systems
has been studied by many researchers [3, 7, 8, 10-15]. In
[12], the authors introduced the concept of fuzzy equilib-
rium point stability of fuzzy initial value problems defined
F (R"), where & (R") is the fuzzy set space on R”, by using
equilibrium points. The authors in [10] have studied the
stability of invariant sets for dynamical systems. According
to them, equilibrium points have been considered as a
special case of fuzzy invariant sets. These approaches have
some shortcomings because they require knowledge of the
explicit form of the solution of the fuzzy differential
equation, which is not always possible to find.

The aim of this paper is to present an alternative ap-
proach to these methods to prove the stability of an equi-
librium point by introducing fuzzy Lyapunov functions,

which are defined on & (R") and obtained by the Zadeh’s
extension of a Lyapunov function on R". Moreover, without
having the explicit solution of the fuzzy problem. This is an
important point because the fuzzy space & (R") is bigger
than the space R". Thus, the case of Lyapunov functions on
R" will be particular cases of fuzzy Lyapunov functions
because R" is a classic subset of & (R").

2. Preliminaries

In this section, we recall some basic tools of fuzzy set theory.
Let Px (R") denote the family of all nonempty compact
convex subsets of R".
The distance between two nonempty bounded subsets A
and B of R" is defined by the Hausdorft metric:

d (A, B) = max{p (A, B),p(B, A)}, (1)

where p(A,B) = sup,4infycglla —bll and |.| denotes the
usual Euclidean norm in R”.

(Px (R™),d) is a complete and separable metric space
(see [16]).

Remember that a fuzzy subset u of a classical set X is
characterized by a mapping p,: X — [0,1] called the
membership function of u, and y,, (x) means the degree of
membership of x in u.
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In the following, to simplify, we denote by u the
membership function p,,.
The a-cuts of a fuzzy set u are defined by

W*={xeX: :ulx)>a}, for0<ac<l, 2)
and the support of u is defined by
Supp (1) ={x € X: u(x)>0} = [u]°. (3)

Denote by & (X) the set of fuzzy subsets of X with
nonempty and compact a—cuts. We are only interested here
F (R"), so the metric is given by
D(u,v) = sup d([u]® [v]). (4)
0<a<l1
Now, we recall some properties of the extension
principle.

Definition 1 (Zadeh’s extension principle, see [2, 5, 6]). Let
f: X — Z be a function, and let A be a fuzzy subset of X.
Zadeh’s extension of f is the function f F(X) — F(2)
which applied to A gives us the fuzzy subset f (A) of Z with
the membership

{ sup py(x), if f1(2)+ @,

pe, (2) =4 */@ (5
S 0, if f1(2) = @

where 7! (z) = {x: f(x) =2z}

The following result is very useful for fuzzy differential
equations (see [17-21]).

Theorem 1 (see [5, 6]). Let f: X — Z be a continuous
function, and let A be a fuzzy subset of X. Then, for all
a € [0,1],

[f (A)]* = f([A]Y). (6)

The idea of the Zadeh’s extension approach is as follows.
We consider the following fuzzy initial value problem:

dx
i F(x (1)),

d 7)

x(0) = x5 € F(R"),

where F: F (R") — % (R") is the Zadeh’s extension of a
continuous function f: R" — R".

A solution of (7) is defined as Zadeh’s extension of the
deterministic solution ¢, (x,) of the initial value problem
associated:

d
d—’t‘ = f(x (D),

(8)
x(0) = x, € R".

The fuzzy solution of equation (7) is denoted by ¢, (x,).
The family @, satisfies the properties of a flow, and the
result is given in the following theorem.
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Theorem 2 (see [11]). The fuzzy solution @, (x,) verifies the
properties:
(1) S‘bo (xo) =Xy

(2) @45 (x0) = 7, (9 (x0)), forallxy € F (R") andt € R,

So, the family @, defines a flow ¢,: # (R") — F (R"),

which associates each x;, with a point 9, (x,).
The phase space of @, is the metric space (¥ (R"), D)
@, is continuous with respect to the initial condition, so
@, is also continuous
Thus, the family ¢,: # (R") — F(R") is a dynamical
system in # (R"), for that it is called a fuzzy dynamical system.

Example 1. Consider the following nonlinear differential
equation:

x' =g (x),
9)
x(0) = x, € RY,
where g(x) = 6x(1 - x).
This system determines the flow ¢,: R — R given by
go(x):# fort>0 (10)
R A -

We consider the fuzzy initial value problem:
X =g(x), (11)
x(0) = x, € F(RY),
where g is the Zadeh’s extension of g defined by
= g([x%) = [0x, (1= x,),0x, (1 - %)), (12)

for [x]" = [x,x}] and « € [0, 1].
For x, € Z(R), a € [0,1] and [xy]" = [x,, x},]. The
fuzzy solution of problem (11) is the family @, given by

[: (x0)]" = 9. ([x0]") =

[g(x)]*

— +
an an

(Ko = D)e® |

(13)

+

Xoa ~ (X(;a - 1)67&)}(005 -

According to Theorem 2, , is a fuzzy dynamical system.

We will define now an equilibrium point for the fuzzy
initial value problem (7) through the extended flow.

Definition 2 (see [12]). We say that X € F (R") is a fuzzy
equilibrium point for ¢, when @, (X) = %, for every ¢ >0.

Definition 3 Let x € % (R") be an equilibrium point of ¢,:

(1) xis said to be Lyapunov stable, if and only if for every
€> 0, there exists 7 > 0 such that, if D (x,, X) < 7, then
for every t >0, we have D (9, (x,),X) <e

(2) x is said to be asymptotically stable if it is Lyapunov
stable and there exists > 0 such that, if D (x,,x) <7,
then lim,_,, D (9,(x,),x) =0

(3) x is said to be exponentially stable if it is asymp-
totically stable and there exist >0, y>0, ando >0
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such that, if D(xy,%)<f, then D (9, (x,),x)<
yD(xy, X)e” ", Vi =0
For more details on stability, we refer to [11, 12, 21-25].
Stability of equilibrium points for @, in F(R") is
characterized by the following result.

Theorem 3 (see [10]). Let X € R” be an equilibrium point of
@,. So, the following statements are satisfied:

X is stable for ¢, if and only if x5, is stable for @,
X is asymptotically stable for ¢, if and only if y, is
asymptotically stable for ¢,

Remark 1 (see [10]). Let U be a neighborhood of ¥, then
U= {x e F(R"): [x]° QU} is a neighborhood of 5.

3. Main Results

Before establishing the stability results via Lyapunov func-
tions, we introduce the notion of the fuzzy Lyapunov
function, inspired by the definition of Lyapunov functions in
the classical case and the relation between the stability of the
equilibrium points of the problem (7) and that of the
problem (8) given in Theorem 3.

Let g:R"— R be a function, and let
g: F(R") — F(R) be the Zadeh’s extension of f. We
denote by g (x)>0,Vx € F (R") (with 0 being the null ele-
ment of R which is also an element of & (R) with the
membership function X0} if g(x)>0,Vx € R").

Definition 4. A function V: #(R") — F (R) is a fuzzy
Lyapunov-candidate function, if V is Zadeh’s extension of a
deterministic function V: R” — R such that:

1) vV()=0
(2) Vx e U\{0}, V (x) >0 for a neighborhood U of the
origin
V is called the Lyapunov-candidate function associated
with V.

Remark 2. Let V be a fuzzy Lyapunov-candidate function

and V be the Lyapunov-candidate function associated. Then,
V(0) = 0if and only ifV(X{O}) = X (14)
Indeed,
V(o) =10 < V)] =[xl vaelo,
V([xol) =lxw]"> vaelo, (5
<V(0)=0.

From Remark 1, Remark 2, and the previous definition, a
fuzzy Lyapunov-candidate function V: & (R") — F (R)
satisfies the following properties:

1) V(X{o}) = Xio}
(2) Vx € U\{X{O}},V(x)>0 for a neighborhood U of the
origin X0}

Definition 5. If a fuzzy Lyapunov-candidate function V
satisfies

V(x)<0, Vxe W\{0}, (16)

for a neighborhood W' of the origin, where V is the Lya-
punov-candidate function associated with V.

We say that V is a fuzzy Lyapunov function, and in this
case, V is called the Lyapunov function associated.

Theorem 4
(1) There exists a fuzzy Lyapunov function for the fuzzy
dynamical system @, associated with the problem (7),
if and only if yo, is Lyapunov stable.
(2) xy0 is asymptotically stable if and only if there is a
fuzzy Lyapunov function V verifying

V(x)<0, Vxe W\{0}, (17)

for a neighborhood W of the origin, where V is the Lyapunov
function associated with V.

Proof
(1) It is known that there exists a fuzzy Lyapunov
function V if and only if there is a Lyapunov function
V associated. In the fact V is a Lyapunov function
associated with system (8). Then, 0 is stable for ¢,
and according to Theorem 3, x,,, is stable for ¢,.

(2) According to Theorem 3, y(y, is asymptotically stable
for @, if and only if 0 is asymptotically stable for ¢,.
And, this last point is equivalent to say that there is a
Lyapunov function V that verifies

V(x)<0, Vxe W\{0}, (18)

for a neighborhood W of the origin.
So, let V be the function constructed by Zadeh’s extension
applied to V, the desired fuzzy Lyapunov function. O

Still using the notion of fuzzy Lyapunov functions, we
have the following result concerning the exponential stability.

Theorem 5. Let x, € R" and x, € F(R") such that
Xy € [X]'. Then, 0 is exponentially stable for ¢, if and only if
Xio} is exponentially stable for @,.

Proof. It should be noted that the condition x, € [x,]'
implies that x, € [x,]" for all @ € [0, 1].
(=) Suppose that 0 is exponentially stable for ¢,, then 0

is asymptotically stable for ¢, and there exist
B>0,y>0, and o >0 such that, if |lx,| <3, then
lo: (xo)|| < ¥l|lxofle™  VvE=0. (19)
If we have
D(XO,X{O}) <P, (20)

which means that



max{p( [x]" X)) P(Xi0p [%])} <B Ve € [0,1].

So, we get

sup “||y0||<ﬁ, Va € [0,1],

70 [x0]
which implies that
Va € [0,1],
Vo € [%]"
ol <.
which leads us to obtain
Ya € [0,1],
Vo € [%]%
lo: (o)l < vllyolle™:

Therefore,

sup [lo: (20)[ < vlyolle™, Vo € [x0]"

So, we have

p(9: ([x]): [xio ") < lvolle™s ¥y € [xo]"
Thus, we obtain

P[0 (=) [x0]")

<ylyolle™,  Vy, € [x]"

<y sup |yofle”

Yo€ [Xo
<yp([%]° [0 ]*)e
<ymax{p([x]" [x]* ) p([xi01]"> [x]*) e~
Therefore, for all a € [0, 1],

p([9: (%)% [xi0 ") < YD (0 x10) )™

In the same way, for « € [0, 1], we have

P( [X{O}]a’ (9 (Xo)]a) = yoeil[l)i]a

< "‘Pt (xo)"

<Vlxole™

<y sup m”yol'e_at.

Yo€ %o

—ot

o (o)

Then,
P([xm]” (8 (%0)]%) <¥D(x0: 10y Je ™"
From (28) and (30), we can conclude that
d( [ (x0)]% [X{O}]a) = VD(XO’X{O})‘?_M’

and therefore

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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D(@: (X0)>X{0}) < YD(X0>X{0})67M) (32)

which shows that yy is exponentially stable for ;.

(&) If x( is exponentially stable, then ,, is asymp-
totically stable and there exist £>0, y>0, ando >0 such
that, if D(XO’X{O}) < f3, then, for all t >0,

D(@t (X0)>X{0}) < YD(X0>X{0})37M- (33)
If we have [|x,|l < 8, which means that
D(X{xo}’X{O}> <p. (34)

So, by using (33) and the fact that x € [X{xo}]"‘ for all
a € [0,1], we get

D(@(X{xo}>,x{0}> SVD<X{xo})X{o}>e"”. (35)
Therefore,
sop (o [xia] ) Luol)
<a< ) (36)
7 2 (x| L)
Consequently,
lo: (xo)|| < ¥||x0fle™,  VvE=0, (37)
which proves the second part. O

As a consequence of the previous results, we have the
following corollary.

Corollary 1. If 0 is an equilibrium point for ¢, and
f: R — R" with f1(0) =0, and R (A;) is the real part of
the eigenvalue A; associated with 0:
(1) If R(A;) <0,Vi, then there exists a fuzzy Lyapunov
function V verifying

V(x)<0, Vxe W\{0}, (38)

for a neighborhood W of the origin, where V is the
Lyapunov function associated with V.

In other words, x,,, is asymptotically stable for (7).

(2) If R(A;) >0, for some i, then there is no fuzzy Lya-
punov function. In other words, x,,, is unstable for (7).

To illustrate the elaborate results, we take as application
the real model which describes a population, and it is the
Malthusian model.

Example 2. We consider the deterministic Malthusian
model with a negative variation rate (population in
retraction):

{ x'(t) = -Ax(t), 1>0, (39)

x(0) = x, € R.

The deterministic flow is given by
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Pt (xo) = xoef)“. (40)

Note that 0 is an equilibrium point for ¢,, which is
exponentially stable indeed.

Let V(x) = x? on R.

V is a Lyapunov function, and we
V(x)=V'(x)- f(x) = -2Ax* <0, for x 0.

So, 0 is asymptotically stable for ¢,. Moreover, we have

,At” < “xoue—)lt, (41)

have

"‘P: (xo)" = "xoe

which shows that 0 is exponentially stable for ¢,.

But, when we do statistics, we focus on simple and then
we generalize the property studied on the entire population,
so it is more realistic to consider the initial condition as a
fuzzy quantity. And, in this case, the model is of the fol-

lowing form:
{ x'(t) = =Ax(t), AeF(RY), (42)

x(0) = x, € F(R).

The fuzzy flow associated with problem (42) is given by

9:(x) =xe ", xp € F(R), (43)
where (9,). is a fuzzy dynamical system.

Let V(x) =V (x) be the fuzzy Lyapunov function as-
sociated with problem (42) given by

[Vx)]* =V ([x]*) = [minP,, maxP,], (44)

for [x]* = [x% x%],a € [0, 1], where
P = () () xx (15)

Note that x,,, is an equilibrium point for ¢,.
By using Theorem 4, we conclude that y, is asymp-
totically stable for @,, and we have

D(@t (X0)>X{0}) = D(XO‘{M’X{O})
= sup d(eiM [Xo]a,eﬁu{o})

a€[0,1]

< sup d([x]% {0})e™

a€[0,1]
= D(XO,X{O})e_M,

That is to say, x is exponentially stable for .

Note that we can deduce directly from Theorem 5 the last
point.

Figure 1 represents the dynamic of §, around ,,,, where
we considered in problem (42) the following parameters: x,
is “around 35,” which can be modeled by a triangular fuzzy
number x, = (30; 35;40), whose a—cuts are given by

(46)

[x0]" = [Xop Xoq) = [30 + 5,40 — 5a], fora € [0, 1].

(47)
And, A is the symmetric triangular fuzzy number defined

by A = (0.4;0.5;0.6), whose a—cuts are given by
A1 =[0.4+0.10,0.6 — 0.1], fore € [0,1]. (48)

5
-10 ' '
0 5 10 15
t
FiGure 1: Dynamic of ¢, around y-
Example 3. Consider the following system:
x'(t)=-x+y,
Yy () =-x-y, (49)
x(0) = xg, ¥ (0) = y,.
This system can be written as
X'(t) = G(X (1),
{ (1) = G(X (D) 2 (50)
X(0) = X, = (xq, ) € R?,
where X (t) = (x(t), y (1)) € R? and
GX(®)=(=x®) +y@),-x(t)-y()), forteR"
(51)
We consider the fuzzy initial value problem:
X' =GX(®),
(X (1)) (52)
X(0) =X, € F(R?),

where G is Zadeh’s extension applied to G.

We study the stability of the equilibrium point (0, 0) for
system (50).

We define on R? the following function:

V(X)=V(x,y) = X+ yz. (53)

It is easy to verify that V' is a Lyapunov function, and we
have

V(x,y) =2x(-x+y)+2y(-x—y)<0, forx#0,y#0.

(54)

And, (0,0) is therefore asymptotically stable.

Now, we want to study the stability of system (51).

Wehave X, € & (R?), then X(0.0)} will be an equilibrium
point of the fuzzy dynamical system associated with (51).

Let V(X) = V (X), for X € F (R?).



V is the fuzzy Lyapunov function associated with (51),
whose a—cuts are

[V(X)]* =V ([X]*), forae [0,1]. (55)

From Theorem 4, we deduce that y ., (), is asymptotically
stable for problem (52).

We can also show the asymptotic stability of x; ) using
Corollary 1 indeed.

It is easy to check that A, =-1+iand A, = —1—iare
the eigenvalues associated with system (50).

We have R (1) =R(1,)<0, and therefore x), is
asymptotically stable for the fuzzy initial value problem (52).

Now, we show that yq), is exponentially stable for
system (51) indeed.

We have

V(X)=V(x,y) = -2(x*+y*) < -2V (X). (56)
By using Gronwall’s inequality, for X, = (x, y,) € R?,
we can obtain

V(X)<V(X,)e ™, fort>0, (57)

which leads us to have
1X1 = 1Ge I <[00 yo)||le™ =[|Xofle™"s  fort>0. (58)

y - 600
50

700 - y
50

x —300

30

, {x ~300 y - 600}
min P Y
30 50

p(x,y) =1

. {x ~300 700 — y}
min > >
30 50

360 — x

30

_ {360—x y—600}
min S0,
30 50

>

30 50

360 — x 700 —
min{ * y},
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F1GURE 2: Dynamic of ¢, around y )

Then, (0,0) is exponentially stable for (50).

Using Theorem 5, we can conclude that y ), is ex-
ponentially stable for (51).

Let X, € #(R?*), whose membership function
u: R? — [0,1] is defined as, for (x, y) € R?,

(x<3000rx>360), (y<600ory=>700),
(x <300 0rx >360),600 < y <650,
(x<3000rx>360),650 < y <700,

300 < x <330, (y <600 or y > 700),

300 <x<330,600 < y <650, (59)
300 <x<330,650 < y <700,

330 <x <360, (y <600 or y >700),

330 <x<360,600 < y <650,

330 <x<360,650< y<700.
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It is easy to verify that, for all « € [0, 1],
[X,]* = [300 + 30a, 360 — 30a] % [600 + 50a, 700 — 50a].
(60)

Figure 2 shows the stability of y, ), for problem (52).

4. Conclusion

In this work, we studied the stability of fuzzy dynamical
systems using Lyapunov functions. We began by defining
the fuzzy Lyapunov function in a way analogous to that of
the classical case. We achieved to show some equivalence
results between stability by different types whether it is
stability, asymptotic stability, or exponential stability and the
existence of a fuzzy Lyapunov function. Our results will be
used in further works to generalize the notion of the stability
of fuzzy dynamical systems.
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