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In the paper, we investigate a nonlocal multipoint by a time problem for the evolution equation with the operator A = (I — A,
A = (d*/dx?), and w € [1;-2) is a fixed parameter. The operator A is treated as a pseudodifferential operator in a certain space of
type S. The solvability of this problem is proved. The representation of the solution is given in the form of a convolution of the
fundamental solution with the initial function which is an element of the space of generalized functions of ultradistribution type.
The properties of the fundamental solution are investigated. The behavior of the solution at t — +00 (solution stabilization) in
the spaces of generalized functions of type S’ and the uniform stabilization of the solution to zero on R are studied.

1. Introduction

A rather wide class of differential equations with partial
derivatives forms linear parabolic and B-parabolic equa-
tions, and the theory of which originates from the study of
the heat conduction equation. The classical theory of the
Cauchy problem and boundary-value problems for such
equations and systems of equations is constructed in the
works of I.G. Petrovskiy, S.D. Eidelman, S.D. Ivasyshen,
M.I. Matiychuk, M.V. Zhitarashu, A. Friedman, S. Teklind,
V.0O. Solonnikov, and V.V. Krekhivskiy et al. The Cauchy
problem with initial data from the spaces of generalized
functions of the type of distributions and ultradistributions
was studied by G.E. Shilov, B.L. Gurevich, M.L. Gorbachuk,
V.I. Gorbachuk, O.I. Kashpirovskiy, Ya.I. Zhytomyrskiy,
S.D. Ivasyshen, V.V. Gorodetskiy, and V.A. Litovchenko
et al.

A formal extension of the class of parabolic type equations
is the set of evolution equations with the pseudodifferential

operator (PDO), which can be represented as
A=TJ1 la(t,x;0)], ], {x,0} CR", t>0, where a is a

function (symbol) that satisfies certain conditions and J (J~!)
is the direct (inverse) Fourier or Bessel transform. The PDO
includes differential operators, fractional differentiation and

integration operators, convolution operators, and the Bessel
operator B, = (d*/dx?) + (2v+ 1)x~ ' (d/dx), v> — (1/2),
which contains the expression (1/x) in its structure and is
formally represented as B, = Fg' [-0°Fj ], where Fj is the
Bessel integral transformation. ’ ’

If A is a nonnegative self-adjoint operator in a Hilbert
space H, then it is known [1] that a continuous on [0,T)
function u () is continuously differentiable solution of the
operator differential equation u' (t) + Au(t) =0, t € (0,T),
which refers to abstract equations of parabolic type, if and
only ifitis givenas u(t) = e""* f, f = u(0) € H. It turns out
[1] that all continuously differentiable functions within the
interval (0, T) solutions of this equation are described by the
same formula where f is an element of the wider than H
space H,, conjugate to the space H,, of analytic vectors of the
operator A; the role of A is played by the extension A of the
operator A to the space H_, and the boundary value of u (t)
at the point 0 exists in the space H.,.

If A= (I-A)"% A= (d*/dx?), then A is a nonnegative
self-adjoint operator in H = L, (R), since (id/dx) is a self-
adjoint in L,(R) operator with the domain
D (id/dx) = {p € L, (R): 3¢’ € L, (R)}. If E), A € R, is the
spectral function of the operator (id/dx), then, due to the
basic spectral theorem for self-adjoint operators,


mailto:v.gorodetskiy@chnu.edu.ua
https://orcid.org/0000-0001-6244-2822
https://orcid.org/0000-0002-5971-8557
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/1673741

2\ 172 o
A¢=<I+<i%)> q):I (1+)L2)1/2dEAgo. (1

It is known (see, for example, [2]) that

Eig(t) =5 rw rm{(p(r)e"‘"dr}e‘““da. 2)

—00

It follows from this that dE,¢(t)= (1/2n)
Flp] (\)e~**dA. So,
1 [ 172 _itA _ 172
Ap=o- | (14 2) Plel e = F [ (140) Flgl |
(3)

Following [3], we call the operator A the Bessel operator
of fractional differentiation. Therefore, A can be understood
as a pseudodifferential operator constructed on the function
symbol (1+1%)"%, 1 € R. This allows us to interpret the
function e "4 f that is a solution of the corresponding
Cauchy problem as a convolution of the form G(t,-)" f
[4, 5], where G(t,-) = F~![e” 1)),

In this paper, we give a similar depiction of the solution
of a nonlocal multipoint time problem for the equation
(Ou(t, x)/ot) + Au(t,x) = 0, (t,x) € (0,+00) X R when the
initial condition u|,_, = f is replaced by the condition
Yo 4 Bu(t, )y, where t; =0, {t,....t,} c (0,+00),
{ag, 015 .., a0} € R,andm € Nare fixedand By, .. ., B,, are
pseudodifferential operators constructed of smooth symbols
(ifag=1,a, =--- =, =0, By = I, then obviously we have
a Cauchy problem). This condition is interpreted in the
classical or weak sense as if f is a generalized function
(generalized element of the operator A) of ultradistribution
type. Properties of the fundamental solution of the specified
multipoint problem are investigated. The behavior of the
solution at t — +00 (solution stabilization) in the spaces
of generalized functions of type S’ and the uniform stabi-
lization of the solution to zero on R are studied.

Note that the nonlocal multipoint time problem relates
to nonlocal problems for operator differential equations and
partial differential equations. Such problems arise when
modeling many processes and problems of practice with
boundary-value problems for partial differential equations,
when describing correct problems for a particular operator
and constructing a general theory of boundary-value
problems (see, for example, [6-11]).

2. Spaces of Test and Generalized Functions

Gelfand and Shilov introduced in [12] a series of spaces,
which they called the spaces S. They consist of infinitely
differentiable on R functions, which satisfy certain condi-
tions on the decrease at infinity and the growth of deriva-
tives. These conditions are given by the inequalities
Ixko ™ (x)] < ¢ x € R, {k,m} € Z,, where {c,,} is some
double sequence of positive numbers. If there are no re-
strictions on elements of the sequence {c;,,}, then obviously
we have L. Schwartz’s space S = S(R) of quickly descending
at infinity functions. However, if the numbers ¢, satisfy
certain conditions, then the corresponding specific spaces
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are contained in S and they are called the spaces of S type. Let
us define some of them.
For any «, >0, let us put

S (R) =8 ={peS|3c>03A>03AB>0V{m,n} C Z,
Vx € R: |xm<p(”) (x)| < cAmB"mm‘xn"ﬁ}.
(4)

The introduced S spaces can also be described as in [12].
S consists of those infinitely differentiable on R func-
tions ¢ (x) that satisfy the following inequalities:

o] < P ep(canf), nezoxen, @

with some positive constants ¢, B, and a dependent only on
the function ¢.

If0<f<1land a>1-f, then Sh consists of only those
¢ € C*(R), which admit an analytic extension into the
complex plane C such that

Va c>0,a>0,b>0.

(6)

The space S}, consists of functions ¢ € C* (R), which can
be analytically extended into some band |Imz| < § (depen-
dent on ¢) of the complex plane, so that the estimate

+bly"P),

lp(x+iy)| < cexp(—alxl

lp(x +iy)| < cexp(—alxll/a), ca>0,VyeR, (7)

is carried out.

The spaces S, a, p >0, are nontrivial if « + f> 1, and they
form dense sets in L, (R).

The togological structure in Sh is defined as follows, The
symbol Sﬁ 1» A, B> 0, denotes the set of functions ¢ € St that

satisty the condition
VA > AVB > B: |xk(p(m) (x)| < A B m™,  {k,m} Z, x€R.
(8)

This set is transformed into a complete, countably normed
space, if the norms in it are defined by means of relations:

Il o™ ()
= su .
o = e (A+ 0 (B+ p)" kkammB (%)

11
{S,P} C {1,5,5,}

The specified norm system is sometimes replaced by an
equivalent norm system:

exp{a(1-8)|x|"*} - [p™ (x)|

! —_—
L R B
11 (10)
8: {_) PRI ~}7
{0} <153
[0
a= e Al

If A, <A,, B, <B,, then Sizil is continuously embedded
2

into Sft 4, and Sq = U A’B>OS§:i, that is, S is endowed by the
inductive limit topology of the spaces Sﬁ:i [12]. Therefore,
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the convergence of a sequence {¢,,v>1} C Sh to zero in the
space Sk is the convergence in the topology of some space
S A, to which all the functions ¢, belong. In other words (see
(12]), ¢, — 0 in sh as vy — o0, if and only if for every
n € Z,, the sequence 9™, v > 1, converges to zero uniformly
on an arbitrary segment [a,b] ¢ R and for some ¢, a, B>0
independent of v, and the inequality

goi") (x)‘ < cB'n® exp{ alxll/“}, xeR,nez,. (11)

holds.

In S, the continuous translation operation T,:
9 (&) — ¢ (& + x) is defined. This operation is also differ-
entiable (even infinitely differentiable [12]) in the sense that
the limit relation (¢ (x +h) — @ (x))h™! — ¢' (x), h — 0,
is true for every function % € Sy in the sense of convergence
in the Sh- -topology. In Sg, the continuous differentiation
operator is also defined. The spaces of type S are perfect [12]
(that is, the spaces and all bounded sets of which are
compact) and closely related to the Fourier transform,
namely, the formula F ($5] = Sg> &, >0, is correct, where

F[S’i] = {1// cy (o) = JR(p(x)eioxdx, %S Sg} (12)

Moreover, the operator F: S’B — 8% is continuous.

Let (Su) denote the space of all linear continuous
functionals on S with weak convergence, Since the trans-
lation operator T, is defined in the space Sh of test functions,
the convolution of a generalized function f € (S ) with the
test function ¢ € Sh is given by the following formula:

(f*@)={f, T, o) ={frp(x=1), ¢(&)=¢p(=d).
(13)

It follows from the infinite differentiability property of
the argument translation operation in S that the convo-
lution f * ¢ is a usual infinitely differentiable function on R.

We define the Fourier transform of a generalized
function f € (S,X) by the relation

CFUfL 9> =<{f,FloD,

where the operator F: (Sa) (8%)" is continuous.

Let f € (S If f * Q€ Sﬁ, Vo € S, and the conver-
gence ¢, — 0 in the Sﬁ‘ topology as ¥ — oo implies that
f*@,— 0 in the Sz-topology as v — oo, then the
function f is called a convolutor in S;. If f € (Sh) is a
convolutor in Sﬁ, then for an arbitrary function ¢ € S, the
formula F[f *¢] = F[f]F[¢] is valid, where F[f] is a
multiplier in Sy [12].

Recall that the function g € C® (R) is called a multlpher
in S if go € Sh for an arbitrary function ¢ € § ﬁ" and the
mapping ¢ — g¢ is continuous in the space Sq.

Vo € Sg, (14)

3. Nonlocal Multipoint by Time Problem

Consider the function a(o) = (1+02)“?, o€ R, where

w € [1,2) is a fixed parameter. Obviously, the function a (o)
satisfies the inequality

a(o) < c expielo]”}, oeR, (15)

where ¢, = 2> max{l, (1/¢)} for an arbitrary &> 0. Using
direct calculations and the Stirling formula, we find that

|Da(0)| < coBym! < ¢;Bi'm™, meN,o0eR, (16)

where B, = B;(w) >0, B, = B, (w) >0, and ¢, c; > 0. It fol-
lows from (15) and (16) that a(o0) is a multiplier in S] o
Indeed, let ¢ € Sj,,, that is, the function ¢ and its derivatives
satisty the inequality

|Dip(0)] < cA*K* exp{-alol®}, keZ,oeR, (17)

with some positive constants ¢, A, and a. Then, using the
Leibniz formula for differentiating the product of two
functions, as well as inequalities (15)-(17), we find that

k
|(a(@)p(@)®] < ¥ Cila” (@)]|e*" ()] =|a0)p® (a)]+
1=0
+ icua(l) (0)' . '(p(kfl) (0)| < cscAkkk exp{-alo|“}
I=1

k
+c10 Y CBIAN (k= ) exp{-alo]“}.
I=1

(18)
Since >0 is arbitrary, we can put ¢ = (a/2). Then,

'(a(a)go(a))(k)' < cscAkkk exp{—glal“’}

k
+cic Y CBIIAS (lk—1)*"
I=1

X exp{—glal“’} < czBI;kk exp{—glalw},

ceR kez,
(19)

where ¢, = c(c, + ¢;) and B, = 2max{A, B, }. It follows from
(19) that a - ¢ is an element of S},

The operation of multiplying by a (o) is continuous in
the space Sj,. In fact, let {p,,n>1} be a sequence of
functions from S, convergent to 0 in this space. This means
that {g,,n>1} c S0 Jo.a, With some constants Ay, By >0 and

o], = sup SPBA=DI-pl0@]
Pl (B +P)kkk ’
n — 00,
(20)
1 1
1
a= .
weAf

In other words, for an arbitrary €>0, there exists a
number n, = n, (€) such that, for n>n,

ceR keZ,.
(21)

|02 ()] < E(By +p)'K* expl-a(1 - 8)lo1}



Using inequalities (15) and (16) (when putting in (15),
e = (a/2)(1 - 9)), we get

|(@(0)9,(0))“] < ¢;E(B +p)* eXp{—g (1- 5)|a|‘“},

keZ,, n=ny,
(22)

where c; = ¢, + ¢; and B = 2 max{B,, B, }. It follows from the
last inequality that [lag, s, < c;& Vn>n,, that is, the se-

quence {ag,,n>1} converges to zero in the space Sl’/B 7
1w,

where A =2Y°A; and B = 2 max{B, B;}. This means that
the sequence {a(pn, nz 1} converges to zero in the space S{ Jw
which is what we needed to prove.

Remark 1. It follows from the proven property that the
function a(o) = (1+02)“?, g € R, is also a multiplier in
every space S,,,, where B> 1. Therefore, in the space S}/,
f>1, defined as a continuous linear pseudodifferential
operator A, constructed by the function a(o):

Ap=F 'la(o)Flgl], YgeS, (23)

where Ag = (I - A)*¢, A = (d*/dx?).

Let us consider the evolution equation with the operator
A (the Bessel fractional differentiation operator):

aa—btl+Au:O, (t,x) € (0,+00) x R = Q. (24)

By a solution of equation (24), we mean the function
u(t,x), (t,x) € Q, such that (1) u(t,-) € C'(0,+00) for
every x € R ; (2) u(-,x) e Sll;/‘” for every t € (0,+00); (3)
u(t, x) is continuous at every point (0, x) of the boundary
Io={0} xR of the region € (4 3IM:
R — [0,00), Vt € (0,+00): |u, (t, x)| < M (x),
intg M (x)dx <o0; and (5) u(t,x), (t,x) € Q satisfies
equation (24).

For equation (24), we consider the nonlocal multipoint
by time problem of finding a solution of equation (24) that
satisfies the condition

p1a (0,) = py Byt (£, X) =+ = i Byyta (80 X) = f (%),
1w
x€eR, feSgh,
(25)

where
{5 -

u(0,x) = lim,__, ou(t,x), x €R, meN,
U} € (0,00),and {t,,...,t,,} C (0,00) are fixed
numbers, 0<t, <t,<--- <t, < +00, u> y;' t, and
B,,...,B,, are pseudodifferential operators in SY“ con-
structed by functions (characters) g;:R — (0, +00), re-
spectively, By = F’l[gk (0)F], k € {1,...,m}. The functions
g € C*®(R) and k € {1,...,m} satisfy the conditions

Ve>0,Vo € R : g (0) < expielo]“},

(26)
3L, >0,Vs € N : |D; g, (0)| < L;s".

Note that the above properties of the functions g, imply
that g, k € {1,...,m}, is a multiplier in S/lg/‘".
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We are looking for the solution of problems (24) and
(25) via the Fourier transform. Due to condition (19),

Flu] = JRut (t, x)e' ™ dx = % IRu(t,x)ei”xdx = %F[u].

(27)
We introduce the notation F[u(t, x)] = v(t,0). Given
the form of the operators A, By, ..., B,,, we get
F[Au(t,x)] = F[F"'[a(0)F[u]]] = a(0)F[u(t,x)] = a(o)v(t, 0),
F[Biu(t, x)] = gx (0)F[u(t,x)] = gy (o)v(t,0), kefl,...,m}
(28)
So, for the function v: Q3 — R, we arrive at a problem
with parameter o:

dv(t, o)
dt

+a(o)v(t,o) =0, (t,0)€Q, (29)

uv(0,0) - Z i (O)v (t,0) = ]7(0), o€R, (30)
k=1

where ]7(0) = F[f](0). The general solution of equation
(29) has the form

v(t,0) = cexp{-ta(o)}, (t,0)€Q, (31)

where ¢ = ¢(0) is determined by condition (30). Substituting
(30) into (31), we find that

-1
c= 7(0)<H - Z#kgk(a)eXp{—tka(o)}> , o€R.

k=1
(32)
Now, put G(t,x) = F1[Q(t,0)] and
Q(t,0) = Q,(t,0)Q, (0), and thus,
Q, (t,0) = exp{-ta (o)},
(33)

-1
Q,(0) = <M - Z i (0)Q (t 0)) :
k=1

Then, thinking formally, we come to the relation
ut ) = [ Glx-DF@OF=GEDsf@. (9
Indeed,
_ -1 iof —iox
u(t, x) = (2m) JRQ(t, 0)<JRf(£)e df)e do
_ -1 —ig(x-§)
- [ (@] atoe9a0) f g

= JRG(t,x ~Hf (=Gt x)* f(x), (tx)eQ
(35)

The correctness of the transformations performed, the
convergence of the corresponding integrals and, conse-
quently, the correctness of formula (35) follow from the
properties of the function G, which are given below. The
properties of G are determined by the properties of Q
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because G = F~1[Q]. So, let us first examine the properties of
the function Q (¢, 0) as a function of the variable o.

Lemma 1. For derivatives of Q,(t,0), (t,0) € Q, the

estimates

|D;Q, (t,0)| < cA't"s" exp{-t|o|“}, (36)

are valid, where y =0 if0<t < 1 and y = 1ift>1, and the
constants ¢>1 and A>0 do not depend on t.

Proof. To prove the statement, we use the Faa di Bruno
formula for differentiation of a complex function:

s P
D,F(g(0)) = Z (g)z ~ (i;g(”))

P:
1 dl P
(l' do’g( )> sEN,

where the sum sign is applied to all the solutions in positive
integers of the equation p,+2p,+---+Ip; =s,
P14+ p=m. Put F =e9 and g = —ta(o). Then,

_m(g) S S! A
;Zpl' pl

where the symbol A denotes the expression, and

d 1 d , 1 i
=<$ (—ta(a))> <2'd 5 (—ta(o ))) . (l'd 7 (- fﬂ(@)) .

(39)

(37)

Ds —tu(u) (38)

Given estimate (16) is fulfilled, we find that

IA] < b Bgl+2pz+-~-+lpztp1+---+pz <Tt'B;,

(40)

Using (40) and the Stirling formula, we arrive at the
inequalities

|Df7Q1 (t, a)l < ¢y Byt"’s! exp{-ta (o)}

s (41)
< cA't"s” exp{-t|al“},

g €eR,

wherey =0if0<ft < landy = 1 ift > 1, and the valuesc > 1
and A>0 do not depend on ¢.
Lemma is proved. (]

Remark 2. 1t follows from estimate (41) that Q, (t,-) € Sl/w
for every t > 0.

Lemma 2. The function Q, is a multiplier in S,

Proof. To prove the assertion, let us estimate the derivatives
of Q,. For this we use formula (37) in which we put F = ¢!
and ¢ = R, where

¢, = max{l, ¢}

R(0) = u~ ) gy (0)exp{-tya(o)}.

(42)
k=1
Then, Q, = F(¢) = R™! and
D;Q,(0) R ( ((,))
ID;Q,(0)] = Zp S
(43)
1 dl PI
<ﬁ @MG)) , seN.
Given the properties of g, ..., g,, and inequality (41),
we find that
1 d/
TP j—i —tra(o)
’1! dor )‘ Z#klZCJ|Dggk(a)| D} e
< l, Zﬂ ZC Liile) U (j— iyle @
J: k=1 j=0

m j
< Y Y CiLg ey,
k=1 i=0

(44)

where we took into account that il (j —i)! < j!).
Let

L=max{L,,...,L,},

- (45)
Ly = 2max{L,¢,T},

then

_ agﬁ--'m Lgl+2pz+---+lpl _ ag Lf).
(46)
In addition, (d?/dRP)R™! = (=1)?p!R™ P*V) and

-1
Y g (0)exp{-tia (0)}>

k=1

R_1(0)=Q2(0)=<#—

-1
#k)

(47)

= <H_ Zl/‘k exp{-t,lo]” + lo]“} < <P‘—
k=1

=By >0,

=

e=1.

Since, by assumption, y> Y. . (assuming the prop-
erties of g;,...,g,,, and 0<t, <t, < --- <t,). So,



ar 1
FT lﬁﬁg+ Pl

ID5Q, (0)] < st B pladLs
p=1

< BoLy (DY B < BoLis - (B} < Pofis™, seN.

p=1
(48)

It follows from the last inequality and boundedness of

the function Q, (0) on R that Q, is a multiplier in §},,. O

Corollary 1. For  every t>0, the  function
Q(t,0) =Q, (t,0)Q,(0), 0 € R, is an element of the space
8%, and the estimates

|D§Q(t, 0)| < At exp{-tlo|“}, seZ,, (t,0) € Q,
(49)

are valid, where the constants ¢ and A >0 do not depend on't.

Taking into account the properties of the Fourier
transform (direct and inverse) and the formula
F1[82,] =SV, we get that G (¢, -) € Sy for every t > 0. We
remove in the estimates of derivatives of the function G (in
the variable x), the dependence on t, assuming ¢ > 1. To do
this, we use the relations

#DiFlgl (1) = F | (g ()|
= ik“J'R (0°9(0) Ve do, {k,s}cZ,, ¢¢ S
(50)
So,

s (k) ~5k kg ks mk—l,s—l
|(O'Q(t,—0')) | SCAthkS<1+ﬁTkS

ks me_y1o; 1 1
X 1+ == k1’51+—~2~2
AB My 2! A B Mg

=2

~k j= y 1
< EAkthsmkS 1+ ,.L,. (k + 5) + = 3)—..,2
AB 2! (AB)

—k g—s —(t/2)lol®
< ¢, A t*B'my e PN,

1
+ik(k - Ds(s—1)
fes L5 (k-1)(s—1) My2,5-2

(k+3s)* +-- .)e—(t/z)mw
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DG (8 %) = (2n)‘1i"+5(—1)5J (0°Q(t, ~0)) Pe™do.
R
(51)

Applying the Leibniz formula for differentiating the
product of two functions and estimating the derivatives of
the function Q(t, o), we find that

|(e°Q(t,-0)) "] =

k
Z C£ (O.S)(P)Q(k*,l’) (t, _O.)
p=0

< |e*QW (¢, —a)' +ks|o1Q* Vs, —a)}
+ k(kzl_ 1)5(5 - 1|0 Q"7 (t,-0)

+oe < E[Akﬂkést’“/‘“’mks +ksAS D

51, —((s—1)/w)
Bt Mye_1,-1

(k- 1)s(s - DA 2 EDF 2 (200
2!

~(t/2)|o]”
. mk72,572 + .. .]e N

(52)

where m,, = k*s*/“, Taking into account the results in (see
[12], p. 236-243), we find that this double sequence satisfies
the inequality

My_1,5-1
feg K52

<yk+s), y>0. (53)

Mg

Bearing in mind the last inequality and also that £ > 1, we
obtain

My_ps- _ —k k=
MJF...)e (t/2)lol ’EAkthsmks
My

.. ) (2ol

AR

Mye_1,5-1

(54)
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So,

‘kaiG(t, x)| < (2n)_1clzktk§$mksj e 2l 45
R

- czzktkﬁst_(”w)k%sw, {k,s} c Z,.
(55)
Then,
—k
. A k2k
|DLG(t,x)| < c,B't () sl i f —
k(e xl) (56)

< C3§St—(l/w)ss/w exp{_aot*(l/z)lxll/z})
where the constants c;, B, and a, >0 do not depend on ¢;
here, we used the well-known inequality (see [12], p. 204)
kqko
¢ @™ o inf LK™ kk
kgl

in which & = 2 and L = A. Thus, such a statement is correct.

< cef(“/e)lglw, c = e, (57)

Lemma 3. The derivatives (by variable x) of the function
G (t,x) for t > 1 satisfy the inequality

|DiG(t, x)l < c3§SsS/wt_(”w) exp{—aot_(l/z)lxlllz}, seZ,,
(58)

where the constants c;, B, and a, >0 do not depend on t.

Remark 3. In what follows, we assume that in condition

(25), B = 2.

Here are a few more properties of the function G (¢, x).

Lemma 4. The function G(t,-), t € (0,+00), as an abstract
function of t with values in the space SY*, is differentiable in t.

Proof. 1t follows from the continuity of the Fourier trans-
form (direct and inverse) that, to prove the statement, it
suffices to establish that the function F[G (t,-)] = Q(t,-),asa
function of a parameter t with values in the space $%,,, is
differentiable in ¢. In other words, it is necessary to prove
that the boundary value relation

1 0
@y (0) = A [Q(t+ AL, ) - Q(t, )] — EQ(t’ D, At — 0,
(59)
is performed in the sense as follows:
(1) D3y, (0) — D; (-a(0)Qt, o)),
formly on ‘each segment [a,b] C R
(2) |DS®,, (0)] < €B's* exp{-alo]“}, s € Z,, where the

constants ¢, B, and a > 0 do not depend on At if Af is
small enough

s€Z,, uni-

The function Q(t, 0), (t,0) € Q, is differentiable in ¢ in
the usual sense. Due to the Lagrange theorem on finite
increments,

Dy, (0) = —a(0)Q(t + 0AtL, 0). (60)

So,

D@, (0) ==Y CiD,a(0)D'Q(t +6At,0), (61)
1=0

DZ((DM (0) —%Q (t, a)> = —icﬁpf,a (0)[DS'Q(t+6At,0)

=0

—Df;lQ (t, 0)].
(62)
Since
D'Q(t + 6At,0) - DS'Q(t,0) = DS'Q(t + 6, At, 0),
0<6,<1,
(63)
it follows from this and estimate (49) that
DSMQ(t + 6,At,0)0At — 0, At — 0, (64)

uniformly on an arbitrary segment [a,b] c R. Then,

D;(DN(O') — D;(%Q(t, 0')), At — 0, (65)

uniformly on each segment [a,b] C R, too. Therefore,
condition 1 is satisfied.

Taking into account (61), estimates (15), (16), and (49)
for a(o), Q(t, o), and their derivatives, we find that

D@, (0)] < crc, Y CLBLITAT 167D (s - 12D
1=0 (66)
exp{—(t + 0A1)|o]” + €lo]“},
where € >0 is arbitrary fixed. Take & = (#/2), and then
|D5 @y, (0)] < cB's™ exp{-alo|}, sezZ,, (67)

where B = 2max{Bl,AtV}, a = (t/2), and all the constants
do not depend on At. O

Corollary 2. The formula

2 G,
a(f*G(t,-))—f *

ot

, Vfe(8)), >0,
(68)

is correct.

Proof. According to the definition of a convolution of a
generalized function with a test one, we have

#*G(t,) ={frT_.G(t,&)),
f*G(t-) v<fg G E) (69)
G(t’ f) = G(t’ _E)

Then,

0 . 1
s (F*G(6) = lim [(f *G(t+AL) = (f *G(5,)]

= Jim (for [TLG(+ 860 - T_GD)).
(70)



Due to Lemma 4, the relation
1 . . 0 .
TG+ 860 -T_ G — ST G(1E, At—0,
(71)

is performed in the sense of S/“ topology. So,

0 .1 . .
5 ([G@) =(fp lim =T Gt +865)-T_ G-

3] .
:<ffr&T7xG(t’ E)) :<ff’ —xa G(t £)>

0
= f * aG(t, 2.
(72)

The statement is proved.
Since

FIG(t,)] = Q(t,0) = Q| (t,0)Q, (0) = JRG(t, x)e™dx, >0,
(73)

we get the formula

JRG(t, X)dx = Q, (£ 0)Q, (0) = Lye ™",

m -1 (74)
Ay = <[” - Z#kgk(o)e_tk> ,

k=1

where a(0) = 1 is taken into account. O

Lemma 5. In (SY“)', the following relations are correct:

(DG(t,) — F'[Q,), t— +0;

” (75)
)uG(t) = Y wBG () — 6,
k=1

t— +0,
where § is the Dirac delta function.

Proof. (1) Taking into account the continuity property of the
Fourier transform (direct and inverse) in spaces of S’ type, it
is sufficient to establish that

FIG(£,)] = Q, (1), () — Q, (),

in the space (S? /w) To do this, we take an arbitrary function
¢ € 83, and using the fact that Q, is a multiplier in the space
§83,, and the Lebesgue theorem on the limit passage under
the Lebesgue integral sign, we find that

(Q (1,90, (0, 9) =4Q, (19, Q, 9 ())
- | @ to@@p@io — [ @@ (7
R t—+0 J R
—(LQ (P () =(Qr ).

This leads us to statement (1) of Lemma 5.
(2) Given statement (1) and the form of the operators
B,,...,B,,, we find that

t— +0, (76)
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uG(t, )—ZHzBl (ts-) —+>0P‘F_1[Qz

I=1

m
Z wBG(t),-)

m

Q] =Y wF g (O (,)Q, ()]

I=1

=F ' uQ, () - Zlhé]l ('>Q1 (t-)Q (]
L s}

=F u-Y mg(OQ (4, )Q, (-)]
=1

=F! (# = g (O, (t -))
L =1

-1
'<‘“_ Z:“lgz(')Q1 (ﬁf)) :| =F'l1]=6.
1=1

(78)

Therefore, relation (75) is fulfilled in the space (S;/‘")/.
Lemma 5 is proved. O

Remark 4. If y=1, y, =--- =p,, = 0, then problems (24)
and (25) degenerate into the Cauchy problem for equation
(24). In this case, Q, (0) = 1, Vo € R, G(t,x) = F~'[e"#(9],
and G(t,-) — F~![1] = §fort — +0in the space (S}'*)".

Corollary 3. Let

w(tx)=f=G(t,x), fe($), txeq, (79

where (SY¢)" is a class of convolutors in S/ Then, in (Sy“)’,
the followmg boundary relation holds:

po(t,-) - Z B () — fs
ps}

t— +0.  (80)

Proof. Let us prove that the relation

F yw(t,~)—2yk3kw(tk,-) — F[f], t— +0
k=1

(81)

takes place in the space (Sllw) Since f € (S”“’) and
G(t,-) € S}/ for every t >0, we have

Flo(t,)] = F[f *»G(t,)] = F[f]F[G ()] = F[f1Q(%, ).

(82)

So, we need to prove that
FIf) <MQ(t,-) - Zukgkc)Q(tk,-)) — F[f],  (83)
k=1

in (S1)'s when t — +0. Since
Q(t, ) =Q;(t)Q, () — Q,(-) for t — + 0 in the space
(Sl/w) (see the proof of assertion 1 and Lemma 5), the
correlation
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uQ(t,-) - Z 1 9x (OQ (ty ) T pQ, (1) - z g (DQy (b )Q, ()
k=1 k=1

= <.“ - Z/"kgk(’)Ql (tk")>Q2 =1
k=1
(84)

is realized in the space (S},,)". Thus, relation (81) and (80)
are fulfilled in the corresponding spaces. The statement is
proved.

The function G(t,-) satisfies equation (24) as t>0.
Indeed,

9 _9p _1| 9
aG(t’x)_atF [Q(t>0)] =F [atQ(t’a)]

=F 'a(0)Q(t, 0)],

AG(t,x) = F ' [a(o)F ' [G(t,))]] = F ' [a(0)Q(t, 0)].
(85)
So,

oG (t, x)
ot

which is what had to be proved.

It follows from Corollary 3 that the nonlocal multipoint
by the time problem for equation (24) can be formulated in
the following way: find a function u(t,x), (¢,x) € Q that
satisfies equation (24) and the condition

(t,x) € Q, (86)

+ AG(t,x) =0,

. _ < ) = Tw\!
u lim u(t,) k;#kBku(%) fr fe(8y)s 37

where boundary relation (87) is considered in the space

(S¥/®)", and the constraints on the parameters y, fy, - . -, fhyy»
t;» ... t,, are the same as in case of problems (24) and
(25)). O

Theorem 1. By nonlocal multipoint by time problem (24),
(87) is solvable and its solution is given by the formula

u(t,x)=f+G(t,x), (t,x)eQ, (88)
where u(t,-) € SY for every t > 0.

Proof. Make sure that the function u(t, x), (t,x) € Q, sat-
isfies equation (24). Indeed (see Corollary 2),

ou(t,x) 0 oG (t,-)
ot ot ot ’ (89)

Au(t,x) = F '[a(0)F[f * G(t,)]].

(f=G(t,-)=f=*

Since f is a convolutor in S}/,

F[f «G(t,-)] = F[f]IF[G(t-)] = F[f]Q(¢,-). (90)
So,

Au(t,x) = F ' [a(0)Q(t, 0)F[f1(0)] = —F[%Q(t,-)F[f]]
=-F|F aG(t )| - FIf]
- =Gt | -FLf

- —F‘I[F[f*aG(t")H = _f*aG(t").

ot ot
(91)
It follows from this that the function u (¢, x), (£, x) € Q,
satisfies equation (24). From Corollary 3, we get that u (¢, x)

satisfies condition (87) in the defined sense. The theorem is
proved. O

Remark 5. 1f, in condition (87), B, =---=B,, =1 (I is the
identity operator), then we can prove that problems (24) and
(87) are well posed and its solution is given by the formula

u(t,x) = fxG(tx), fe(S/Y), tx)eq, (92

*

where G(t,-) = F'[Q(t,-)] € SV for every t >0, and

-1
Q(t,0)=¢ <y -y /,tke_t"”(a)> . (93)
k=1

Theorem 2. Suppose u(t,x), (t,x) € Q, is the solution of
problems (24) and (87). Then, u(t,-) — 0 in the space
(SY@) ast — +oo0.

Proof. Recall that the solution of problems (24) and (87) is
given by the formula

u(t,x) = f*Gt,x) ={fe.G(t,x - §)),
fe(sy), tx)eq.

Let us prove that (u(t,-),¢) — 0 ast — +oo for an
arbitrary function ¢ € SY“. Put

¥, (8) = j Gt x - D (x)dx,
- (95)

Y,z () = JRRG(t,x -8 (x)dx, R>0,t>1

In these notations, we prove that (a) for every t > 1 and
R>0, the function ¥, 5 (¢) belongs to the space S}“ and
Y, () — ¥, (&) in the space S)“ as R— oo0; (b)
W, (§) € SV for every t > 1. From this, we get

wtgy = | JeGltx-HHo(dx
=fo [ Gpter a0
~o |Gt -ne-tr- D)
o |G -0an. 9 =92,
(96)
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where u (¢, ) is interpreted as a regular generalized function
from (SY“)' for every t > 0.
So, let us set property (a). For fixed {k,m} c Z,, we have

+R
Dy, (8)] < j |0 ()DFG (£, x - §)|dx
oo (97)
< [ leo e noye
Since ¢ € S/, the inequality
DY 9 (8)] < cL* MK m™,  flom}cz,,  (98)

with some ¢, L, M >0, is valid. It follows from this that for
every 1 € R,

k
Y G (=)o (y)
1=0

sup|€p (§)| = sup| (¥ = )9 ()| = sup
EeR yeR yeR

k k
< Y Clnl suplyfo ()] < ¢ Y LI
1=0 yeR 1=0
(99)

Next, we will use estimate (58). Then,

k 0
D, ] < e Y G [ il |Gy
1=0 ®

k
< Cc3gmmm/wt—(1/w) Z C;CLZZZI
1=0

T kel ~(112)), (112
J I exp{-ayt™ |y }dn.
—00
(100)
By the direct calculations, we find that
e ke ~(1/2)), 172 =k 2 (k-1) k- I+1 =

J 7l exp{—aot 7l }dq <c¢Lk t , €, L>0.
(101)

So,
k
'EkD?\Pt,R (5)' < cc3c4§mt1_(1/w)mm/w z Cilekfltk—llzlkz(k— )]

< BT I,
(102)

where ¢ = ccye,t'” (Y9 and L =2max{L,Lt}. Therefore,
¥,z (§) € SY“ for every t>1 and an arbitrary R>0. Fur-
thermore, we make sure that ¥, 5 (§) — ¥, (§) as R — oo,
with all its derivatives uniformly in & on each segment
[a,b] ¢ R. In addition, the set of functions {f DYy p (f)}
{k,m} c Z,, is uniformly bounded (by R) in the space S}
(this property follows from estimate (102) in which ¢, B, and
L> 0 do not depend on R). This means that condition (a) is
fulfilled.

Condition (b) follows from (a) because, in a perfect
space, every bounded set is compact.

Using properties (a) and (b), we obtain the equality
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+00
@ty = Ge-n(fpody.  (103)
Since f € (S)*)’ is a convolutor in S}“, we have
f * @ € SY/“. Then, given estimate (58) (at s = 0), we find that

Gt < [ 16w =) 0ldy

Cc +00 B C
< e Jf I+ Wldy < 7 — 0, £ — +oo,

(104)

for an arbitrary function ¢ € S}/, i.e., u(t,-) — 0 in the
space (SY“)" ast — +00. The theorem is proved.

If the generalized function f in (87) is finite (i.e., its
support supp f is a finite set in R), then we can say on
uniform tending a solution u (¢, x) of problems (24) and (87)
tozeroon R ast — +00. Note that every finite generalized
function is a convolutor in S spaces. This property follows
from the general result concerning the theory of perfect
spaces (see [12], p. 137): if @ is a perfect space with dif-
ferential translation operation, then every finite functional is
a convolutor in ®. Finite functionals form a fairly wide class.
In particular, every bounded set F ¢ R is a support of some
generalized function [12]. O

Theorem 3. Let u(t,x) be a solution of problems (24) and
(87) with the boundaryfunctzon f in condition (87), which is
an element of (S ) < (SY®)', B> 1, with finite support in R.
Then, u(t,x) — 0 uniformly on R as t — +o0.

Here is a scheme for proving this statement. Let
supp f € [a;,b,] € [a,,b,] CR. Consider the function

goesg, p>1, that ¢(x) =1,

supp ¢ C [a,, b,]. This function exists when f3 > 1 because s’j
contains finite functions [12]. Consider the function

=feeO)Gtx=8) +{foy(OG(t,x =),
(105)

such x € [a;,b;], and

u(t, x)

where y = 1 — . Since supp (y ()G (¢, x — £)) Nsupp ¢ = &,
we have

ut,x) =t VN f t" o ()Gt x - §)).

To prove the formulated above statement, it remains to
establish that the set of functlons D, (8= toe ()G (t, x -
&) is bounded in the space Sz, B>1, for large t and x € R.

For example, if, in condition (87), f =6, then § is a
convolutor in the space S, suppd={0}, and
u(t,x) =0+ G(tx) = G(t,x). It follows directly from es-
timate (58) that G (t, x) — O uniformlyon R ast — +o00.

(106)

4. Conclusion

In this paper, the solvability of a nonlocal multipoint by the
time problem for the evolutionary equation
(0u/dt) + (I — (d*/dx*))“*u=0, (t,x)€ (0,+c0) xR is
proved, herewith the operator (I - (d%/dx?))“? is inter-
preted as a pseudodifferential operator in the space S}
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constructed by function (1 + ¢?)“’%, o € R, while the non-
local multipoint by time condition also contains pseudo-
differential operators constructed on smooth symbols. The
representation of the solution is given in the form of a
convolution of the fundamental solution with the initial
function which is an element of the space of generalized
functions of the ultradistribution type (the coagulator in
space Si""). The behavior of the solution u(t, x), t — +00
in the space of generalized functions (S}/*)', is investigated.
The conditions for the initial generalized function are found
under which the solution is uniformly stabilized to zero on
R. The method of research of a nonlocal multipoint by time
problem offered in this paper allows to interpret differential-
operator equations of a form (0u/ot) + ¢ (i 0/0x)u = 0 as an
evolutionary equation with a pseudodifferential operator
¢ (i0/0x) = F'[¢ - F] constructed by the function ¢ acting
in certain countable-normalized space of infinite-differential
functions (the choice of space depends on the properties of
the function which is the symbol of the operator ¢ (i d/0x)).
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