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This paper presents theoretical results about control of the coefficient function in a hyperbolic problem with Dirichlet conditions.
The existence and uniqueness of the optimal solution for optimal control problem are proved and adjoint problem is used to
obtain gradient of the functional. However, a second adjoint problem is given to calculate the gradient on the space W, (0,1). After
calculating gradient of the cost functional and proving the Lipschitz continuity of the gradient, necessary condition for optimal

solution is constructed.

1. Introduction

Hyperbolic boundary value problems have appeared as
mathematical modelling of physical phenomena like small
vibration of a string, in the fields of science and engineering.
There has been much attention to studies related to optimal
control problems involving hyperbolic problems [1]. There
have been many studies about optimal control for hyperbolic
systems which are considered [2-4].

Some of these important studies can be summarized as
follows.

Hasanov [5] has considered problem of controlling the
function w = {F(x, t); f(t)} for the following problem:

uy = (k(x)u,), +F(x1),
(x,t) € (0,1) x (0,T)
u(x,0) =uy(x),
u, (x,0) = uy (x),

x € (0,])

—k(0)u, (0,t) = f (1),
k(l)yu, (,t) =0

t€(0,T)
¢))
with the conditions
u(xT)=px),
(2)
u, (x,T) =v(x),
using the functionals
! 2
J; (w) = L [u(x, T;w) — u(x)] dx,
! (3)

I, (w) = J [u, (x, T;w) — v(x)]zdx,

0

Js(w) =] (w) + ], (w).
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Majewski [6] has controlled the function u(x, y) € L,(P, RM)
for hyperbolic equation:
0’z
0x0y (x.7)

Pz ) 5 ) ulay))

z(x,00=2z(0,y) =0, Vx,ye€0,1]

using the functional
PO = | P (52 (09) (5 9)) dxdy.

k=0,1,2,...

Yeloglu and Subasi [7] have dealt with determination pair
w = { f(x, 1), h(x)} in the following problem:

pX)uy = (k(x)u,), + f(x1), (x1)€Qp
u(x,0)=g(x),
u, (x,0) =h(x),
x € (0,1) (6)
u(0,t) =0,
u(l,t) =0,
t€(0,T]

for the functional
I

J, (W) = L [u(x, T;w) - y(x)]2 dx + « ||w||€v. (7)

Kroner [8] has specified the function u(t) € L,(0,T) for
nonlinear hyperbolic equation:

Ve = A(u,y) =f
y(0) =y (), (8)
Y (0) = y; (u)
using the functional

T
J(uy') = jo Ly @)dt+1,(y" (1) + % lul . (9)

Tagiyev [9] has studied the problem of controlling the
coeflicients v = (k(x), q(x,t)) € L,(Q) x L,,(Qy) for linear
hyperbolic equation:

2 n
ou _Zi (ki(x)%)+q(x,t)u:f(x,t),

otr  &ox,
(X, t) € QT
Ulizg = Po (x), (10)
ou
E -0 - (Pl (X) >
u|ST =0
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using the functional

J(v) = o J |u (x,1,v) — 2, (x, t)|2 dxdt

(11)
+ o J;) lu (x,T,v) -z (x)|2 dx.

2. Statement of the Problem

In this study, we deal with the process of vibration in finite
homogeneous string, occupying the interval (0,1). As the
control function, we take the transverse elastic force which is
in the coeflicient of the vibration problem. Also, we propose
the usage of a more regular space than the space of square
integrable functions in the cost functional. In general, this
process exposes some difficulties in the stage of acquiring
the gradient. This study offers a second adjoint problem to
overcome this case.

In the domain Q := (x,t) € (0,1) x (0, T), we consider the
functional

Jo (q)=J

0

1
[u(xT;q) - y ()] dx +aq - T"iv;(o,l) (12)

on the set

Q= {q(x):q(x) eW, (0,1), 0< g, <q(x)

(13)
< 4y "q(")“w;(o,z) < ‘13}
subject to the hyperbolic problem
Uy — Uy +q(x)u=0, (x,1)eQ (14)
u(x,0) =g, (x),
u; (x,0) = @, (%), (15)
x € (0,1)
u(0,t) =0,
u(l,t) =0, (16)
te(0,T).

Here y(x) € L,(0,1) is the desired target function to which
u(x, T') must be close enough. The function r(x) € WZI(O, 1) is
an initial guess for optimal solution. & > 0 is regularization
parameter. q;,q,,q; > 0 are given positive numbers.

The initial status functions are in the following spaces:

@ (x) € W, (0,]),

7)
@, (x) € L,(0,]).
The aim of this study is to deal with the problem of
. = inf = :
Jor = inf ]y (@=7.q") (18)

under conditions (12)-(17).
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Namely, we want to control the transverse elastic force on
the space Wzl (0,1) and the solution u(x, T) corresponding to
this control function must be close enough to y(x) in L,(0,1).
In order to get a stable solution, we choose the space W21 (0,1)
which is more regular than L,(0,1).

The inner product and norm in Wzl (0,1) are defined,
respectively, as

: df (x) dg (x)
(f’g)wzl(o,l) = L [f(x) g (x)+ dx  dx

tigon = [, (17 e+ [ 2] ) .

The paper is organized as follows: in Section 3, we obtain the
generalized solution for hyperbolic problem. In Section 4, we
prove the existence and uniqueness of the optimal solution.
In Section 5, we obtain the adjoint problem for the optimal
control problem and find the gradient of the functional. The
main contribution of this paper is executed in this section.
Because the controls are chosen in the space Wzl (0,1), getting
the gradient of the functional necessitates finding a second
adjoint problem. In the last section, we demonstrate the
Lipschitz continuity of the gradient and state the necessary
condition for optimal solution.

] dx,
(19)

3. Solvability of the Problem

In this section, we first give the definition of the generalized
solution for hyperbolic problem.
The generalized solution of problem (14)-(15) is the
o

function u € W, (Q) satisfying the following integral
equality:

J [—um, + un, + q(x) un) dx dt
Q
(20)

I
= L @, (x)1(x,0)dx

o
for Vn € Wzl’1 (Q), n(x,T) = 0.
It can be seen in [10] that solution in the sense of (20)
exists, is unique, and satisfies the following inequality:

max (e (O + e GO0

(21)
2 2 2
+ (e t)"Lz(O,l)) <q (llq’l“v@(o,l) * llq’z“Lz(o,l))
where ¢; = max{3¢j, 3¢,/q;} and ¢, = max{1,g,} or
||U||€«/21’1(n) <G ("‘Pl "évzl(o,l) + |, "iz(o,l)) : 22)

(g =qT)

Since ¢, and ¢, are given functions, it can be written as
follows:

2
Iz oy < (23)

Now, we give an increment dg(x) € WZI(O, 1) to the control
function g(x) such as g+08q € Q. Then the difference function
Ou = Su(x,t) = u(x,t; g+ 8q) —u(x, t; q) is the solution of the
following difference initial-boundary problem:

Suyy — Suy + [q(x) +8q (x)] Su+8g(x)u=0 (24)

Su(x,0) =0,
(25)

Su, (x,0) =0

Su (0,t) =0,
(26)

Su(lt) =0.

By considering (23), we obtain that the solution of above
difference initial-boundary problem holds the following
inequality:

2 2

ggfg(”‘su () t)"Lz(O,l)) ) “‘Sq“wzl(o,z) . (27)
Here ¢, = (t°21/3)c, is independent from 8g.
4., Existence and Uniqueness of the

Optimal Solution

To demonstrate the existence and the uniqueness of optimal
solution for problem (12)-(17), it is enough to show that
conditions of the following theorem given by Goebel [11]
hold.

Theorem 1. Let H be a uniformly convex Banach space and the
set Q be a closed, bounded, and convex subset of H. If & > 0
and 3 > 1 are given numbers and the functional ](q) is lower

semicontinuous and bounded from below on the set Q, then
there is a dense set G of H that the functional

T (@) =T (q) + g —r]f; (28)

takes its minimum on the set Q for Vr € G. If § > 1 then
minimum is unique.

Before showing that these conditions have been satisfied,
we prove that the functional

I
J(q) = L [u(x,T;q) - y(x)]2 dx (29)

is continuous. For this, we write the following increment of
the functional:

8] (q) =7 (q+9q) -] (q)

I
= L 2[u(x,T) - y(x)] [6u(x,T)]dx (30)

1
+ J [6u (x,T)]* dx.
0



Since y(x) € L,(0,1), if we consider inequalities (22) and
(27), we conclude that this increment satisfies the following
continuity inequality on the set Q:

2
107 (@) < & (I8allws o) * 19als0p) - BV

Here ¢ is independent of dq.

Thanks to this inequality, we can say that this functional
is also lower semicontinuous and bounded from below on the
set Q.

On the other hand, the set WZI(O, I) is a uniformly convex
Banach space [12], the set Q is a closed, bounded, and convex
subset ofWZI(O, I),and g = 2.

Therefore the conditions of above theorem hold and
optimal solution to the problem (18) is unique.

5. Adjoint Problem and Gradient of
the Functional

In this section, we write the Lagrange functional used
for finding adjoint problem, before we show the Frechet
differentiability of the functional ] (q) on the set Q. Lagrange
functional to the problem is

Lwan) = [ [u(eT:q) -y (ol d

0

2
+alq- T"w;(o,z) (32)

T (1
+J J[utt—uxx+q(x)u]17dxdt.

0 Jo

The first variation of this functional according to the function
u is obtained such as

I
8L = J 2[u(xT) - y(x)—n(x,T)] u(x,T)dx
0

o (33)
+ J J (Mt = Mexe +q (x)17) Suudt dx = 0.
0 Jo
By means of stationary condition L = 0, the following
adjoint boundary value problem is found:
e _’7xx+q(x)rl =0 (34)
nxT)=0,
(35)
7 (x,T)=2[u(xT)-y((x)]
n(0,t) =0,
(36)
n(,t)=0.
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For Vy EWZI’1 (Q), the function 1 € cl(o, T1,L,(0,1)) N
Cc°([o,T7, Wz1 (0,1)) which satisfies the following equality

T (1
J J [~11¥e + 1Y + q (%) y] dx dt

0 Jo

I
= J 1, (x,0)y (x,0) dx (37)
0

I
- L 2[u(xT)-y(x)]y(xT)dx

is the solution of adjoint boundary value problem (34)-(36).
This solution satisfies the following inequality:

Wl < sl 6T = y (Ol 0> VEETOTI. (38)
Now, we can pass the calculation of the gradient. In order

to do this, we must evaluate the increment of the functional
J.(q). The increment can be written such as

8J.(q) = 1. (q+69) - J. ()

1
_ L 2[u(x,T) - y (x)] (8u) dx (39)

!
+ J (Su)’ dx +2a{q -, 89 wicon -
0 N

The difference problem (24)-(26) and the adjoint problem
(34)-(36) give together the equality of

!
ZJ [u(x,T) - y(x)] (bu)dx

0

T (40)
= J J [8q0un + dqun| dx dt.
o Jo
Inserting (40) in (39), we have
T (I T (I
8, (q) = j J undqdx dt + J j noudqdx dt
o Jo o Jo
(41)

1
+ j (Su (%, ) dx + 20 (g~ 1,09 o
0 2

By (27) and (38), the second and third integrals of the above
equality give the following inequality:

T (1 1
J J néudqdx dt + J (Su (x,T))* dx
0 0 0 (42)

2
<G "5‘1"w;(o,l) :
The statement (41) can be rewritten as

87, (q) = (un, 8q>L2(Q) +2a{g -1, 6q>wzl(0,l)

. (43)
+0([6al1 )
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or

T
8/, (q) = <J un dt, 5q>
0 L,(0,]) (44)

2
+20(q - 1,8)y1 0y + 0 (I6l1 0 ) -

In order to pass the inner product in W, (0,1), we rearrange
(44) such as

67, (q) = (€ +2a(q—7),8q) 1)

to (ll5ql|5v;<o,z>)-

Here function &(x) is the solution of the second adjoint
problem:

(45)

T

v E= J un dt
0
£(0)=0 (46
g=o.
Therefore, we have the following gradient:
Jo(@) =&+ 2a(q-r). (47)

6. Lipschitz Continuity of the Gradient

In this section, we introduce a theorem about Lipschitz
continuity of the gradient. By this means, we can express the
necessary condition for optimal solution.

Theorem 2. Gradient J(q) satisfies the following Lipschitz
inequality:

2
“](; (q+5q) -, (CI)“W;(O,Z) <G “561“3/\/21(0,1) - (48)
Here c; is independent from 8q.

Hence, it has been proven that the gradient J.(q) is
continuous on the set Q and it can be seen that it holds the
Lipschitz condition with constant ¢g > 0.

Proof. Increment of the functional J(q) by giving the incre-
ment of §4 to the control g € Q is obtained:

Jo(q+0q)—J.(q) =& +2a(q+0q-r) - &
+2a(q—r) =8¢ +2adq

(49)

where the function §&(x) is the solution of the increment
problem:

T
8" (x) - 8 (x) = L (150 + Sun) dt. (50)

Taking the norm of (49) in the space W21 (0,1), we acquire the
following inequality belonging to the functional 87! (q):

2
"5]; (‘I)szl(o,l) <2 ”‘%"év;(o,l) + 8o’ “5‘1“3/@1(0,1) : (51)

There is a solution of problem (50) in WZI(O, ) and this
solution satisfies the following inequality:

T
195 o < || (odn+ own) 2
0 Ly (o)
The function
8’7 (X, t) =15 (x’ t) - (.X, t)
(53)

=1(xt:q+089) —n(x.t;q)

in the right hand side of inequality (52) is the solution of the
following problem:

a;fzn - a;ff +(q(x) +8q (x)) 0 + g (x)n = 0,
(x,t) € Q
on(x,T) =0, (54)
on, (x,T) = 26u (x,T),
0n(0,t) =6y (l,t) =0
and this function holds the following inequality:
max (|67 (017 0) < & Baligon - 65)

Here ¢, is independent of 8g.
So, the function u; that takes place in the right hand side
of (52) holds the same inequality given as follows:

“”‘Blliz(o) <G (56)

Hence inequality (52) has the following property:

2 2 2
“55 (X)"w;(o,l) <2 "”6“L2(Q) ggé)%(“éq (s t)”Lz(O,l))
(57)

2
+2 "’7”L2(Q) max. (”5” G t)||iz(o,l)) .

If inequalities (27), (38), (55), and (56) about functions g,
on(.,t), n, and Su(., t) are written in (57), then the following
assessment is obtained:

2 2
198 o)l 01 < 0 Bl - 9

Here ¢, is independent of §g.
Considering inequality (58), the following is written:

o1 @l =215 i

+ 80(2 “(Sq (X)”?/Vzl(o)l) (59)

2 2
< 2¢ “861“\/\/21(0,1) + 8 l|5q||w;<o,z>

2
< ¢y [9allyy; o -

So the following inequality for the gradient J(g) is obtained:

2 2
H](; (q+89) - ](; (CI)“W;(O,Z) s n&lnw;(o,l) : (60)
Once we take as ¢g = ¢;;, then the proof is obtained. O



7. The Necessary Condition for
Optimal Solution

After showing Lipschitz continuity of the gradient, it can be
said that the gradient ] ;(q) is continuous on the set Q and
it holds the Lipschitz constant ¢g > 0. The fact that the
functional ] (q) is continuously differentiable on the set Q
and the set Q is convex, in that case the following inequality
is valid according to theorem in [13]:

(Je(@)d-a")y0y 20 Va€Q (61)

Therefore, the following inequality is written for optimal
control problem:

(€+2a(q° _r))q—q*>w;(o,z) 20, VqeQ. (62)
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