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This paper studies continuous nonlinear economic dynamics with a continuous delay of a Kaldor type modified in dimension two.
The important results are, on the one hand, the boundedness of solutions, the existence of an attractive set, and the permanence of

the system and, on the other hand, the local and global stability of equilibrium points.

1. Model

The complex nonlinear dynamic has been introduced into
the analysis of economic phenomena to explain not only the
fluctuations observed in the series studies but also the eco-
nomic crisis in the capitalist system. Thus, economists such
as Goodwin (1967) and Kaldor (1955-1956) have employed
dynamic models to explain that the cyclic and chaotic growth
curves are the economic phenomena endogenous to the
capitalist system itself. Within the framework of structural
reforms for economic dynamics, NINDJIN et al. in [1] suggest
a proven model originating from ecology which could have a
certain range in analysis and regulation of financial systems.
This model of dimension two describes how the GDP and
an economic capital interact in accordance with the model
of Kaldor modified in order to increase the resilience of
these dynamics against possible disruptions. Mathematical
analysis of this model (see [1]) demonstrates that it is bounded
and permanent and admits under certain circumstances an
attractive set. On the one hand, this permanence manifests
itself in the form of stationary growth of capital stock and
product (stable interior equilibrium point). On the other
hand, it appears in the capital cyclic growth and the product
(limit cyclic). So, a capital stock rupture or a long-term
production is prevented. It is also shown that the financial
system stability (relative to the capital and the product) is

overall; i.e., it does not depend on either stock level or
production at the initial time. Facing a possible disruption
of one of the control parameters of the economic system, we
have analyzed, in [2], the model bifurcations. We have shown
that the model admits a transcritical bifurcation, a pitchfork
bifurcation or a Hopf bifurcation. In the last one, when the
model is disrupted, it changes from a stationary balanced
growth to a cyclic growth by preventing a GDP or capital
crisis. Interactions between the GDP and the economy’s
capital could not be clearly and definitively understood or
explained regardless of past situations which may affect the
present or the future. In this paper, we are going to focus
on the way in which investments are evolved and savings
are established. Indeed, economies finance their investments
through their own savings or those of other economies
via financial structures with an interest rate. Regarding the
savings, it is known that they are made up of a portion of
profits or wages. Thus, when the economy is able to be self-
funding by its savings, then the net profit increases m,,,, =
7 —rD (ie., profit, w deprived of the portion set aside to pay
interest, r debt, D). So, saving at a time t depends on the net
profit; consequently, the GDP from a time t, = t — T where
T > 0. Let us suppose that T is the deadline needed by this
saving to reach a certain threshold likely to ensure the self-
financing of the investments of the economy.
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Let us consider the dynamics with no delay of the
modified Kaldor type and the following assumption:

(o)

K
+oc(a1K+bl)Y<l— il )
Y+C,

_ [a m Y ]K (1.1)
Y+C,

- _ mK 3
K—[(aQY+b2)<l Y+C2>]K oK,

Y (0) >0, K(0)>0, V,K € C' ([0;+00 [ ;R,),

with (ag, Cy, Cy, Cyomy,my,a) € (RY) and (ay, a5 b,
by, o) € (R,)’.

Y denotes the product, K denotes the stock of capital, and
Y and K indicate, respectively, the growth rate of the product
and the stock of capital depending on the following economic
parameters:

(i) a, the trend of rate of increase in GDP for a given
(future) period in absence (or in neglect) of the losses,

(ii) C, the maximum (monetary) value of GDP we can get
from this economy for that given period,

(iii) o the currency adjustment factor,

(iv) m; the maximum (monetary) value of the genuine
saving of this economy for the given period,

(v) C, the maximum (monetary) value of the saving
supported by the economy in the given period,

(vi) m, the maximum value of the investment rates losses
for the given period,

(vii) C, the maximum capital stock for the given period,

(viii) a, the derivative relative to the capital of the invest-
ment rate in the absence (or in the neglect) of the
losses (when m, = 0) for the given period,

(ix) b, the investment rate when the capital is null (K =
0) and this rate has suffered no loss (m, = 0) for the
given period,

(x) a, the share of the GDP converted into stock of capital
for the given period,

(xi) b, the accumulation rate of capital when the product is
null (Y = 0) and that the investment rate has suffered
no loss (m, = 0) for the given period.

(see [1], page 4).

Assumption 1. The ratio saving-capital g(Y,K) = m,Y /(Y +
C,) ata given time ¢ depends on the GDP produced since t, =
t — T with a probability of exponential lag (see, [3], appendix,
page 272).
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So, the ratio saving-capital with delay is g(t,T) =
myx(0)/(x(t) + Cy) with x(8) = [~ ue DY (E)dE so that
.[_too pe M OGE = 1,4 € R?. Then,

x:—y(x—Y)—pte_”TY(t—T). €]

By replacing g(Y, K) by §(t, T), one obtains continuous
nonlinear economic dynamics with a continuous delay of a
Kaldor type modified in dimension two. Enclosing (1) to the
system with a continuous delay, one gets the following system
with discrete delay in dimension three:

. Y
Yzao[l——]Y

CO
+a(aK +b) [(1 - Yﬂfléz)] Y
[xrilél ] K (1.2)
K = (a,Y +b) [<1 - Y"T;)] K - oK,

xz—‘u(x—Y)—‘uef'”TY(t—T),
Y,K,x € C' ([0;+00[; R,), Y (0)>0, K(0)>0,

with (ay, ay, a5, by, by, 6> €1, 6, My, M1y, 0, @, T, U) € (Ri)l‘l,
Y, (0) = Y(t +0), VO ¢ [-T;0], and the feedback function
Yo=¢, € C([-T;0]; R,) is consequently Y,,(0) = Y(0).

To facilitate the qualitative study of system (1.2)
which possesses 14 parameters (ay,da,d,,b;, b, 6,656
my, my, 0, &, T, U) € ([R{i)M, let us change the variables by
reducing the number of parameters.

Let us define the new variables:

T = ayl,

ur) =0,
vir) =2 k), @
%

w(t) = X J-t_T Ae M0y (&) deE.

=)

Let us define the new parameters of control:

B, - ocaICO’
G,
a,C
B, = =,
o
b
a = N,

Ay
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ol W ()= -A(w(T) - u@)-re Mu(r-T),
2 >

%o w,v,weC ([0;+00[; R,) ©(0) >0, v(0) >0, w(0) >0,
424 (1.3)
1 >

with (d},dy, p, ap, 0, B1s By 8, T A) € (R and u, =

C
d, = C—Z, @ € C([-T;0];R,) so that 1,(0) = u(0).
0 In the long run, we shall adopt the following notations:
—q
V= “a m,’ "‘P” = Ssup {l(/’ (6)|}>
0772 0e[-T;0]
0
§=—~, _ 1 AT
o k=1-e", (4)
©) 0 0
and w (0) = J 2 (0) do.
T = a,T, and A = p/a,. Then, system (1.2) becomes .
4(r) = [1-u()] u(?) 2. Boundedness and Equilibria Points of (1.3)
(B +a) (1 - (:)(i)d ) (1) 2.1. Boundedness of the Solutions of Model (1.3)
2
Lemma 2. The interior int(Ri) and the boundary a(lRi) ofa
_ v(7) ositive cone R> are invariant for model (1.3)
w(n)+d, p + o
v (1) Proof. Given 0 < T;, < +00. Let 7 be in [-T; T;j[. One knows

i/(‘r):(ﬁzu(‘r)+oc2)<1— )v(r)—&/(r),

u(t) +d, that

Lt(‘r)zt,t(O)exp«“0 [1—u(t)+ ﬁlv(t)+oc1)<l— v(®) )— yvHw ) ]dt},

u()+d,) ut)(w@) +d;)
v (1) =v(0)exp {Jo [ Bou (t) + oc2)< (:)(:)d ) - 8] dt} , (5)
2
T _ _ _ —-AT _
w (1) = w(0) exp ‘“0 Aw(®) u(LZ)(t)/\e uit T)dt} .

Thus, on the one hand, (u(0),v(0),w(0)) € a(Ri) = Theorem 4. Let us assume that o, > 8. Let us pose
(u(r), v(r), w(r)) € a(lRi), and, on the other hand, (1(0),

¥(0), w(0)) € int(R}) = (u(1), (1), w(7)) € int(R}). [ M = 4dypy + (Bidy +20) By + o if0< B, <4
u - d 4— 1
Lemma 3 (see [4]). Given (A,B) € IRfr and ¢ a continuous P (4-5)
and derivable function as there is t, > 0 verifying ¢(t,) > 0. and M, =1+a; if B; =0,
Then, V't > t,,
M = (M, +d,) (BM,, + a, = 5)
v (XZ
d¢ dm. = (4 -08)d,
or S9(B-49) = T By v
3 (6) @ =t 4 Bim.,,
lim sup ¢ (t) < —, “ !
t—>+00 A B o
" muz—d—le—d—le+l+oc1,
9 5 (8- ag) = 2
dt .
B ) m( + \/[m(o) s] —4ykM, M, /d,
lim inf ¢ () > —. m’ = ,
t—s+00 A u 2



d,
M, = kM,
and m, = km,.
(8)
ifm® 2 zJV"Md—M (©)
1

and, then, model (1.3) is permanent. Otherwise, the set defined
by

A" = {(u,v,w) eR}:mi <u<M, m,<v
(10)
<M, andmwaSMw}

Which is a bounded set, positively invariant for model (1.3).

Proof. Let us consider system (1.3) and Lemma 3.

(1) One has the following: ¥(7) does not depend on the
variable w. So, one obtains the same results like those
of the model with no delay, i.e.,

liminf, |, J[v(t)] = m, and limsup, , [v(t)] <
M

pe

(2) One has the following: du/dt < (1-u)u+(;v+a;)(1-
v/(u + d,))u because —ywv/(w + d;) < 0.

Then, du/dt < (B;—A,u)uwith (A}, B,) = (1; 1+«,)
iff5, =0

and (A, B)) = ((4-3,)/4; (4d, 5, + (B1dy+20,) 51d, +
ocf)/4ﬁ1d2) if0 < f3; < 4and, in that case, max, {(3, v+

o)) (1—v/(u+d,))u} = u[ﬂl(u+d2)+oc1]2/4/31(u+d2).

By property (6) of Lemma 3, one obtains
limsup,_, [u(t)] < M,,.

(3) One knows that 0 < u(7). Let us suppose that 1(0) > 0
and, then, there exist ¢, so that, VT > t,, 0 < u(r) <
M,,. Let us suppose that [ = liminf, ,  [u(f)]. Thus,
for any € very tiny, there is t; > 0 so that, VT > fy,
u(t)y>1l-e>0.
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Let us pose t, = max(t,, t;) and m = [ — &. Then, V1 >
ty, 0 <m < u(t) < M,,. Thus

VT > t,,

(1)

u(t)w (1) - M,w (1)
m - oom

0O<w(r)<

Hence, VT > t,, —yw(n)/(w(r) + d,) >
—Yu@w()/m)/(ww(r)/m + d,) for glx) =
—yx/(x + d;) is decreasing upon R,. On the one
hand,

it is known that w(t) = tiT /\efmf‘f)u(f)df and
[f 2eM e = 1.

Meanwhile, limsup, ., { tiT e Dy @)dEy <
" e MO GE x limsup, o, [u(t)] and, then,

limsup, . [w(®)] < M,(1-e?)=kM, = M,,
On the other hand,

ufu = [1 — u(®)] + (Byv(r) + a))(1 — v(7)/(u(r) +
dy))-(yw(r)/(w(r)+d,))(v(7)/u(r)) and 1 + (B, v(1)+
a)(1 = v(D)/(w(@) + dy)) = m = ~(B,/d,)M] -
(o;/d))M, + 1 + o« + Bym,. Then, T > t,, and
u > [ml(lo) — yw(T)v(1)/(u(t)w(t) + md,) — ulu(r).
So, du/dt > (B, — A,u)u with A, = 1and B, =

ff) —yM,M,,/md,. Therefore, applying property (7)

m

of Lemma 3 one obtains liminf, ,, [u(t)] > m,ao) -
yM, M, /md,.

Consequently, [ > mff))—)/MVMw/(l—s)d1 form = I-e.
So, one obtains

M, M
P- (mff’ + 3) I+ Y;_w +mP > 0. (12)
1
If m@ > 2\ykM,M,/d, then [m® — ¢ -
4yM M, /d, > 0.
Thus one obtains liminf, _,, [u(t)] > m; = (ml(f) +

\m® — el — apM,, M, /d})/2

with 0 < & < mff) - 2+/ykM,M,/d, or mfdo) +
24/ykM,M,/d, < e.
(4) It is known that limiinf, o {[ 1" Du(®)de} >

L oAMDGE o liminf, L, [u()].  So,
liminf,  [w(®)] >m, =km;.

O

Remark 5. Let us consider the notations of Theorem 4.
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(1) Let us consider the following assumptions:

a, > 6,
mg)) > 0,
17
M (13)
4yM, M,
d. [m©7?
andT<—lln 1—M .
A 4yM,M,
a, > 6,
m,ao) >0
(14)
doey < AlT
<p< ———
METEYS kMM,

One remarks that each of assumptions (13) and (14)
implies, respectively, condition (9).

(2) Ifm,(;)) > 2~/ykM, M, /d,, one has 0 < mio)/Z <m; <
liminf, |, [u(t)]. So, we can adjust the minimum
value of liminf, , . [u(t)] by choosing the value of
e

2.2. The Equilibria Points of Model (1.3)

2.2.1. Points of Trivial Equilibria. If 0 < «, < & then
system (1.3) admits two points of trivial equilibria: E; =
(0;0;0), E} = (1 + a;;0;k(1 + exp)).

If ¢, > 6 > 0 then system (1.3) admits three points of
trivial equilibria: E; = (0;0;0), E{ = (1 + a3 0;k(1 + o)),
and E; = (0; (ar, — 8)d,/ex,;0).

2.2.2. Points of Interior Equilibria. Given p,(x) = aj,x* +
3 2
a;3X° +a;px” + apx + ay such as

ay, = —kp;,
a3 = (k—-d) ﬂ; =2k, + kP, (B0~ vBs)
ay = 2B, (k—d,) — ke +d, B + ke, 0B,
— kyBya, + B, 8,0d,
+k(Bydy +ay = 8) (B8 - ¥B,) (15)
ay = 0,0 (Byd; + ko) + (k- d)) &) +2B,0,d,
+k(Bi6~yB,)d, (e, —9)
+(B,6d, — kya,) (Bod, + ay = 68),
ay = dy0d + a,0,0d, + (B,8d, — kyay) d, (a, - ).

(1) System (1.3) does not admit any point of interior
equilibria if B, M,, + &, —§ < 0.

(2) Any interior equilibrium point E = (u™;v",w") of
system (1.3) verifies the following relations:

p(u)=0,
¥ -8
V* _ (ﬁZZ :—OCZ ) (M* +d2)
U+ (16)
with Bu” +a, -8 > 0,
w' =ku".

Designating P, the projection over the plan xy, we study the
border dynamics of the model.

3. Border Dynamics on the Plan uv

On uv plan, model (1.3) becomes

u(m)=[1-u@]uE) + (B +(x1)<1 - &>u(r),

u(r)+d,

&>v(‘r)—8v,

- u(r)+d,

v(r) = (182“ (1) + 0‘2) <1

with (d,, &), 6, By, B, 8, T, A) € (RY).
The equilibria points of model (3.1) are

(3.1)
U, v, w € ! ([0;+oo [; |R+), u(0) >0, v(0) >0, uy=¢ € C([—T;O];R+),
N () R
x,
U;l) _ <ﬁ; (Bu + 0‘2_— 8)(u+d,) )
Bou + oy (19)

Uy = B, (Ey) = (0,0),
17)
1 *
Ui ) = Puv(El) = (1 +(X1;O),

ifu>0and (Bu+a,-08)>0,



where p, (@) = agil° + ag " + dg, 1l + dgy = O. (20)
With ag; = -2,
an = (B, — 20, + 8P ) B,

g = 0 (2B, —ay) + 18 (Bydy + 4, —8)  (21)
+ 6B,

gy = ocg +0B,d, (ay — 8) + a 6.

Let us give below the results on the permanence of the model.
Therefore, let us consider the notations of Theorem 4. If ot, >

dand milo) > 0 then model (3.1) is permanent. Among others,

the set defined by

ﬂ(o)
(22)

:{(u,v) € Ri:mg)) <u<M,, and mVSVSMV}

which is a bounded set, positively invariant for model
(3.1).

3.1. Local Stability of the Equilibria Points of Model (3.1).
Performing the spectral study of Jacobian matrix of the
system linearized around each of the points of equilibrium,
one obtains, classically, the following conclusions:

(1) Stability of USY = (0;0):

(a) Uél) is an unstable node if , > §.

(b) U(()l) is a point unstable saddle repulsive follow-
ing direction u and attractive following direc-
tionvifa, < d.

(2) Stability U = (1 + a3 0):

(a) U;l) is stable if o, + (1 + ¢)) 3, < 0.

(b) U;l) is a point unstable saddle attractive follow-
ing direction u and repulsive following direction
w; ifa, + (1 +a,)B, > 6.

(3) Stability of USY = (0 (a, — 8)d,/ax,) for &, > &:

(a) USY is stable if w(8) < 0.

(b) Uél) is a point of unstable saddle if w(§) > 0,
repulsive following w,, and attractive following
v. Consider

v (x) = —d,B,x° + [d, 0, + a0y | x + (xg. (23)

(4) Given U;l) = (u; V) interior equilibrium point of (3.1)
testifying the system (19)-(20) and J its associated
Jacobian matrix.

(a) U§1) is stable (stable node or stable focus) if
det(J) > 0and Tr(J) < 0.
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(b) Ugl) is marginal or center if det(J) > 0 and
Tr(J) = 0.

(¢) U§1) is unstable if det(J) < 0 or (det(J) > 0 and
Tr(J) > 0), precisely:

(i) Ugl) is a node or a focus if det(J) > 0 and
Tr(]) > 0,

(ii) U_E,l) is a point unstable saddle if det(J) < 0.

With Tr(]) the trace and det(]) determinant of J, vectors

ad!
l+a, +d,

w, = ((1+oc1) [/31 S(1+ ) (B, + 1)

(24)
+a, - 6).

and w, = (1//(6)/0@ + o, =8 [,d,0 + oy (o, — )] (o, — 6)/0@).

3.2. Global Stability of Ugl) = (u;v). Now let us define the
conditions for which the stability of the product and the stock
of capital of the economy is global; i.e., it does not depend
on the produced quantities and level of stock at the initial
moment. For this study, we define an appropriate Lyapunov
function.

Theorem 6. Let us consider the following assumptions:

(3.1) admits a unique interior equilibrium point Uél)

(25)
=),
0<pB <4,
a, > 6,
d, < 2«,,
ﬁl 2 2 (26)
d, <d,
263, < o
o, M, +d,’
BiM, ca Bid, (20, - 9) + B, (1+ dzﬁz/zaz)’ 27)
d, dy o (M, +d,) @
28. 42
1+0‘1—1+ ﬁlzdz<0. (28)
d, x]

where M,, and M,, are defined in Theorem 4.

If assumptions (25), (26), (27), (28), (29), (30), (31), (35),
(36), and (37) are verified, then, the unique point of the interior
equilibrium of model (3.1) is globally and asymptotically stable.
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Proof. Let us consider system (3.1). Let us suppose that
assumption (35) is verified and, then, model (3.1) admits a

unique interior equilibrium point U§1) = (u; v) verifying

(29)

Let us note that A = f8,d,/2a,. Given V; : R> — R and
V, : R* — R one has

Vi (u,v) = [u—ﬁ—ﬁln(%)]:ju[l—g]dx, (30)

u

Considering the Lyapunov functional V: R* — R one has

Vi(uv) =V, (u,v)+V, (u,v). (32)
Let us pose

() = -1+ /31vz+041v _
IV = G ) (u+ dy)
_1 _[31(1/+V)+ocl

h(u,v) = > [ﬁl T +d) ] (33)

A BV (Bou +ay)v
*2 [ﬁZ‘mdz * (ﬁ+d2)(u+d2)]'

By using relation (29) and model (3.1), one obtains

e GO R R R R S
with ¢; = g(u,v) + |h(u,v)| and ¢, = |h(u,v)| — M(Bu +
a,)/(u+d,),Y(u,v) € R2.

Let us overestimate g(u, v) and h(u, v) and, then, ¢, (1, v)
and ¢, (u, v).

(1) One has g(u,v) < Ry < 0,Y(u,v) € R* if Ry = -1 +
(BM; +a, M,)/d5 < 0.

(2)if B, < 2a,/d, then oh/ov < 0. So, h(M,, M,) <
h(u,v) < h(0,0). Therefore, h(0,0) < 0 if B,d, <
20,,d, < d,28B,/a, < & /(M, + d,). Con-
sequently, |h(u,v)| = -h(u,v) < -h(M,,M,) <
Ry = BiM,/2d, = (dy i M, [20,) (B, M, + 0,) [ (M, +
d,)* + (1/2)[~(B,8/a) (1 + Bod,/20t,) + &, /d,]. Thus,
¢, (u,v) < Ry+Ry and ¢, (u,v) < R, —f,d,/2(M,, +d,)
it B,d, < 2a,,d, < dy,and 283, /e, < o) [(M,, + d,).

7
Hence, dV/dt < 0, ¥(u,v) € R?, if
0<p <4,
a, >0,
ar) (35)
B, < d,’
263 .=
o, M, +d,
PM, o
2d, 2d,
d d,pM M, +«
< Bid, + BiM, (B 22) (36)
2(M, +d,) 200 (M, +d,)
+ @<1+ —ﬁzdz),
20, 2,
M; + oy M
and P My By o ()
5 2(M, +d,)
The model is permanent if m"* = —(B,/d,) M’ -

(,/d,)M, + 1 + a > 0. Then, (B,/d5)M> +
(a,/d3)M, < (1 + &;)/d,. Moreover, 1/(M,, + d,) <

4d, /o
So, from formulas (35), one obtains (27) = (36) and
(28) = (37).
Hence, dV /dt < 0,V(u,v) € R?, if assumptions (25)-(28) are
verified. ]

Remark 7. As 3, = 0, the unique interior equilibrium point
of model (3.1) is globally and asymptotically stable if the
following assumptions are verified:

o, > 6,

@,
< =,
& d, (38)

a, Mu+d2’

l+a, 4oyd,
~14+——1 =22 <, (39)
d, o

& OB 3(-9)

— 40
2d, «, 2(M,+d,) (+0)

with constant M,, and M, defined in Theorem 4.

In fact, it is worth taking the Lyapunov functional V' :
R? — Rsothat V(u,v) = Vi (u, v)+V,(u, v) with V; R®> —
RandV, : R> — R so that

i o-s-mo(3) - [[- 2o o

u X

u

V) = [v-7-7In(%)] - L [1- Z]dx. (42)

v



Considering (38)-(40), one shows, similarly in 8, # 0, that
dv/dt < 0,V(u,v) € R
4. Border Dynamics of Plan uw

On the plan uw model (1.3) becomes
(@ =[1+a-u@]u),
w=-A(w-u)-reu@E-T), (4.1)
uwwe C ([03+00[ ;R,), u(0) >0, uy=¢ € C([-T;0];R,)
with («y, T, A) € (Ri)3. The equilibria of model (4.1) are
U” = Py (Eg) = (0,0),

U = Py (E}) =

(43)
(1+apk(1+a)).

LetM(z)—1+oc 0<m < 1+a, M = k(1 + a;), and

kml(f). The model is permanent and the set defined by
AP = {(u,w) € Ri : mff) <uc< M,(f), and mfj) <w
(44)
<M}

is limited, positively invariant.
Concerning the local stability, one obtains, for any delay
T, the following results:

1 U(()Z) = (0;0) is an unstable saddle point, repulsive
along the direction u, and attractive along the direc-
tion w.

2) Ufz) = (1 +ag; k(1 + «)) is stable.

The global stability of equilibrium Ufz) is given in the
following theorem.

Theorem 8.

IfT<1n—2

A (45)
and A < (1+ o) (1 -1n2)

and, then, the unique interior equilibrium point Ufz) = (1+
a; k(1 + o)) of model (4.1) is globally and asymptotically
stable.

Proof. Let us consider Ufz) = (w,w) withu = 1+ «; and
w = k(1 + «;). Let us pose

U = In(u/u) and W = In(w/w). Then, one obtains the
following system:

U)=-u [eU(T) - 1] ,

—w(T)
W (1) = Aek [(eU(T) - 1) -k (eW(T) - 1) (46)
LM (eU(T—T) _ 1)] .

Let us note that V(1) = |U(7)|.
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Then, the superior derivative D*V; (r) of V,(7) in relation
to time, alongside the solutions of (46), gives

D'V, (1) < =ule” - 1| = —ju-1ul. (47)

Let us note that V,,(7) = [W(7)|. Considering (1, w) € A2,
one has m,(f)/ﬁ < V9 < M,(f)/ﬁ and mfj)/m < eV <
Ml(uz) /w. Hence, the superior derivative of V,;(7) in relation
to time, alongside solutions (46), gives

D'V, (1) < A" - 1] -2 (2)|W -1

(48)
M,(f)/\e_”

T
T J;T |eU(S) - 1| ds.

Considering the functional: V,,(r) = (Ml(f)/\e_“/
k) [ [ 1" = 1|dsdv then
TMP e
DV s I oy
@)y ,-AT (49)
M7 e™ (T
e J |eU(S) - 1| ds.
k =T
Let us pose V, (1) = V,,(1) + V,,(7). Thus,
TM® T
D'V, (1) < A(l + “Te) |eU(T) - 1|
(50)
)‘T |€ - 1|
A TMP e
Then, D'V, (1) < = (1 + “—) lu — 1]
u k
(51)
(2) lw-w].
Let V(1) = V{(1) + V,(7). Then,
A TMP e
D'V (r) < - [1 -Z (1 + ”—)] lu—1|
u k
(52)

- — lw-ul.
So, D'V (1) < 0if (1 + (Te ™ /(1 - e ))MP < (1 + a))/M).
Consequently, D*V(r) < 0if (T < (In2)/Aand A < (1 +
a;)(1-1In2). O

5. Border Dynamics of the Plan vw

On the vw plan model (1.3) becomes

V(1) = [az-a—%ﬁ)]m),
2

(5.1)

w=-Aw-— /\efATl[O;T] Tu(z-T),

vyw e C ([0;+00 [ ;R,) u(0) >0, uy=¢ € C([-T;0];R,)
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with (d,, 05,8, T, 1) € (R})* and 1jgqy(7) = 1if 0 < 7 <
T, 1[0;T] (T) =0if > T.
The equilibria of model (5.1) are as follows: for 7 > T,

U(()3) = va (UO) =(0,0),
(a, - 0)d, 0) (53)

&

U§3) = va (UZ) = (

Model (4.1) is nonpermanent. In fact, lim,_,, . [w(t)] = 0.
Let us now give the results upon stability of the equilibria
of model (5.1).

(1) The equilibrium U(()3) = (0;0) is stable ifa, < § and a
point unstable saddle if o, > §.

(2) The equilibrium US = ((a, - 8)d,/aty; 0) for a, > &
is stable.
Moreover, the equilibrium Uf) = ((ay — 0)d,/a,;0)
is globally and asymptotically stable. In effect,

lim, ., [v(t)] = (a,=0)d, /e, andlim,_,, [w(t)] =
0.

6. Local Stability of Model (1.3)

Let us consider model (1.3).
Let us pose that U;(7) = u(t) —u;, V(1) = v(7) - v/, and
Wi(1) = w(t) — w; fori=0,1,2,3 with

uy =0,
u =1+a,
1 1 (54)
u; =0,
u; =u"
vy =0,
v, =0,
55
* (“2_6)d2 ( )
v, = ———=,
@,
v; ="
w, =0,
wy =k(1+e),
(56)
w, =0,
w; =ku".

The system linearized around the point of equilibrium E; =
(W v w!),i=0,1,2,3,is

U, (1) = AYU, (1) + ADV, (1) + AYW, (1),
V(1) = ALU, (1) + ADV, (1), (57)

W, (1) = AU, (1) = AW, (1) = Ae MU, (1= T),

9
with
i) _ * 5 Vi*
Af = 1-2u + (B +ay) | 1- v +d
i 2
(58)
(B o)y
(u; + d2)2
; 2p « yw;
AD =g - Py Ly T (59
12 P u +d, ' ul+dy, | w+d) (59)
A(li; _ —ydv;
* 2 >
(w; +d;)
(60)
. v u’ +o,) v
14(211= /32(1_ - i )+(ﬁ2 i 2)21 V;k,
wi+dy )" (v d)
v
A(zg = (Boy; +“2)(1— — )—5,
! I/li + d2 (6].)
(i) _
A =0,
(i)
A5 = A
AD =0,
) (62)
A313 =-A
(@) AT
Ay =—-de .
The characteristic equation of (57) is
—xT
A (x,T)=P,(x,T)+e " Q;(x,T) =0 (63)
with P, (x,T) = - [x3 +a%%% + b0 + c(i)] ,
. . (64)
Q; (x,T) = e M [D(’)x + E(')]
where, D" = —/\A(g,
EY = 1A0AY, (65)

a9 = (A% 4 A0 1),

0= (3 (40 AL+ AB) ¢ LA - ABAL). (60

O < A[AGAG - A% A &
6.1. Local Stability of E; and E;. We are in situations where
Q;(x,T) = 0. Let us use the following criterion Routh-

Hurwitz: the interior equilibrium El* is stable if a? > 0,
b > 0,c” > 0,and a?b? — ¢? > 0 and unstable if not.

Theorem 9. Let us suppose that «, > §. Then, the equilibria
E, and E of model (1.3) are all unstable.

Proof. Let us consider formula (63)-(67).



10

(1) The equation of Ej is A o(x, T) = > +a9x% +p©

9 =,

One has the following: a® = A - (1 + &, + &, — ) and
b = (1+a,) (e, —8)—A(1+a, +&,—8). Let us suppose
that (@® > 0 and b® > 0). Then, one would have
(I+oy+a,-0) < A < (1+a;)(a,—8)/(1+0; +a, —6).
Consequently, (1 +oc1)2 +(042—8)2+(1 +oy)(a,=8) <0
which is absurd. Hence, the equilibrium E(’; of model
(1.3) is unstable by application of the Routh-Hurwitz
criterion.

(2) One has A, (x,T) = 2 +aW%% + bWx + W = o
Meanwhile, &, > & and, then, P =-21 +oy)[B(1+
o) +a, — 8] < 0 so the equilibrium E; of model (1.3)

is unstable by application of Routh-Hurwitz criterion.
O

6.2. Local Stability of E; and E;. We are in the situation where
Q;(x,T) # 0. In order to assess the influence of delay T" over
the local stability of model (1.3), we use the results upon the
local stability of model obtained taking T = 0 into model
(1.3) and the results of [5] upon the local stability of the delay
systems. Let us consider the characteristic equation (63).

(i) One has the following: Q;(z,T) = 0 = z =
—-E® /D(i) € R. Then, P(x,T) and Q;(x,T) do not
have any common imaginary roots.

(ii) One has the following: P,(x,T) and Q;(x,T) are
polynomials with real coefficients
s0 P,(—iw, T) = P,(iw, T) and Q;(—iw, T') = Q;(iw, T).

(iii) If =(1/A) In(c?/ED) # T so P(0,T) + Q,(0,T) =
EDe _ (@ 40,

(iv) Let us pose x = pe'?. Then, |P(x, T)/Q;(x, T)| ~ 1/p*
when p — +o0.

Thus limsup{ Q (j: ]7:)) } =0< 1. (68)

|x|—+00

Let us consider the function defined on R by the following:

F(w) = |P(io, T - Qiiw, T)I*.
.
Then, F (w) = [b”w - w3] + [ - a¥?]
' ' (69)
_ e—zAT (D(z)wl + E(z))
So F;(w) = w® + m2w4 + mlw2 + mg, where (70)
(1) (i)
m2 - ( ] 2b ))
( b(z) _ g0 _ 21 D(i)) 71)
[ (1)] i —ZAT‘

Let us determine 8(T;) = sgn((d Re(x)/dT)| c—iw(r))
the sign of the real part of a solution x of the characteristic
equation A;(x,T) =0
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Lemma 10. Let us consider x, a solution of the characteristic
equation A;(x,T) = P(x,T) + e_xTQ,-(x, T) =0, with
P.(x,T)=- [x3 +a®%% + bPx + c(l)]
' . (72)
and Q; (x,T) = e M {D(’)x + E(’)} .

Given w; = w(T}") positive root of F,(w) and T, the associated
delay certifying the following relation:

T = —

1
w;

(a(i)D(i) _ E(i)) @+ (b(i)E(i) _ C(i)D(i)) w 3
AR TRt (CaWED 1 6ODDY @2 + COED (73)

2nm
+—, neN.
w

Let us pose 8(T;") = sgn{(d Re(x)/dT)|x=iw(Ti*)}. Then,
8(T7) = sgn{A ;Hy; + Ay HyHyt (74)
with
Hy, = A* +a,
= (AEY = DY?)’ + (9 + AD?Y’ o?
H; = (c(i) - a(i)a)z)2 + (b(i) - w)z W,

A= (_T: [D(i)]2 _ )2 [D(i)]z)w4 + {AD”)E(”

75
-T; [(E(i) ~AD¥)’ ~2AD" E"‘)] -2 D<i>]2} 7
1
W <A3D(i)E(i) )2 [E(i)]zTi*),
Ay = =30 + 20° + (3c(i) +aPp? - Zb(i)) o’
pONO

Proof. Given w; = w(T;") positive root of F;(w). Let us assume
that there is a delay T;" so that

-y R
Yow(T e [P, (iw, T) /Q; (iw, T; 76)
+w2(’;i;‘)’ neN

Then, = —

2O pi _ E(i)) W+ (b(i)E(i) _ C(i)D(i)) w .-
PR TS0t 1 (—aWED 1 b0 D0) o + DD (77)

2nm
+—, neN.

w;
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Let us pose
. dRe (x) )
6 (T ) = sgn
)= 5
NG
_[Sn(dRe(x) )]
& dr x=iw(T}) .
One has
A;(x,T)=P (x,T) +e'Q; (x,T) = 0 =
ap; (x,T) d (x) —xT
i G i CRC T RS
QD)
T

Therefore, P(x,T) = x> +a"x* +bP x + ] and Qi(x,T) =
e MDD x + E}. Thus, {e T [DVe ™ - TQ;(x,T)] - 3x* +
2a7x + bNNd(x)/dT) - e T{xQ,(x,T) + Ae T (DVx +
EMy=o.

-1
Hence, [%}
{e’XT [D(i)e’AT -TQ; (x, T)] - (3x2 +2a"x + b(i))}

e {xQ; (x,T) + e (DWx + ED)}

)™ 80
Thus, [ dT] (80)

T DY
- + . .
x+A  (x+A)(DWDx+ ED)

(3x2 +2a%% + b(i))

S P +alx? + bOx + 0

and, meanwhile, 8(T") = [sgn((dRe(x)/dT)lx:iw(T;))]_l.
Then, 8(T;") = sgn{A |;Hs; + A ,;H ;H,;}

with H; = A% + % Hy = (AE? - DYw?)?
+ (B” + ADYW?, Hy = (¢ - aP®)? + 7 -
w)’w?, Ay = (<T7 DY - P[DYP)* + (ADVE?D -
T [(E” - ADY)?, -2ADYE?P] - 2*[ DV} + WDV EY -
AZ[E(i)]zTi*), and Ay = —3a90* + 20® + 3¢V + aPp® —
260)w? - DD O

It is noticed that the analysis of the local stability of
the system with delay when Q;(x,T) # 0 depends on the
existence of positive root for function F;(w). The coefficients
mgy and m,, of Fj(w), depend on T. Therefore, its positive
root w depends on T. Using the Cartan method and Viet

1

formulas, one proves on the one hand that F;(w) admits at
least a positive root if m, < 0. On the other hand, if m, > 0,
then, F;(w) admits either of two positive roots whereas F;(w)
does not admit any positive root.

The condition m, < 0 is equivalent to the following
assumption:

)
1 [C(t)]
0<T<T,=-—1In—+
20 E® (81)
. N2 .
with E? > 0 and [c(')] < E?,
Let us denote det[J?] = AY AY — ADAY p = —m,m, +

m§/3, and g = —m0m§ — 2(m,/3)* + mym,m, /3. Then, one
obtains the following proposition.

Proposition 11. Let us suppose that A(féAg; > 0.
Let us pose A = ADAY /[det[J?] + AV AD]? and

max

T = —~(1/21) In([c?1/ED), i = 2,3.

(1) Fi(w) admits at least a positive root if

0<A<A?

max

A (82)
and 0 < T < Ts(’).

(2) F(w) does not admit any positive root if one of the
following conditions is verified:

TV <T
(83)
and 274" - 4p” > 0.
TV <7,
274" —4p”> =0 (84)
and [mym, —mgy] > 0.
TV <,
27q> - 4p’ <0,
m, <0, (85)

m; <0

and [mym, —mgy] > 0.

Now, let us use the results of Theorem 4 from [5] to study
the stability of these points of equilibriums E; and E;.

Theorem 12. One poses

. = Py + oy + ydy/d} ~ \/(ﬁldz Tyt de/d%)z —4P,d, (yd,/d} - 1) (86)

2ﬁIdZ
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Let us consider one of these assumptions (82)-(85) and one of
the following conditions:

yd,
—= <1, (87)
d
vd, S
—>1
d

(88)

and max(0;x ) < — <1,

yd,
— >1,
d

0< 9 <min (1;x") (89)
%)

2
andT#—%ln(l—dlw—w)),

yo, («; = 6)

det (]) = AT AS) - AS/AT) > 0
(90)
and Tr (]) = A(131) + A(232) < 0.

With y(8) defined in formula (23), consider the following.

(1) Let us suppose that one of assumptions (83)-(85) is
verified for i=2,3. Then, there is no change of stability
for equilibrium E; ,i = 2,3.

(2) Let us suppose that assumptions (82) and one of these
assumptions (87)-(89) are verified for i=2.

(a) If8(T,) > O then the equilibrium EJ is unstable
forany T € [0;T[.

(b) If 8(T; ) < 0 then the equilibrium E; is unstable
if0<T < T, and stable if T, <T.

(3) Let us suppose that assumption (82) is verified for i=3.

(a) In case 8(T5 ) > 0,

(i) If assumption (90) is verified then the equi-
librium E; is stable if 0 < T < T; and
unstable if Ty < T.

(ii) If assumption (90) is not verified then the
equilibrium E; is unstable for any T €
[0; T[.

(b) Considering 8(T;) < 0,

(i) If assumption (90) is verified then the equi-
librium E; is stable for every T € [0; T;|.

(ii) If assumption (90) is not verified then the
equilibrium Ej is unstable if 0 < T < Ty
and stable if Ty <T.

With T;" and 8(T"), i = 2,3 are the denotations defined in
Lemma 10.

Proof. Let us consider formula (63)-(67). Let us consider
the function F;(w) defined in relation to the formula (70)-
(71) for any point of equilibrium E;, i = 2,3. Let us
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consider assumptions (82). Then, Ts(i) exists so that, for
any T < Tii), F(w) admits w; = w(T;") a positive root
(see Proposition 11). Considering T." the associated delay
determined from Lemma 10, consider the following:

(1) Let us suppose that one of assumptions (83)-(85) is
verified in i=2,3. Then, VI > Ts(i), F,(w) does not
admit any positive root. Thus, there is no change of
stability of the equilibrium E;,i = 2,3.

(2) Stability of EJ: let us consider that one of assumptions
(87)-(88) is verified. Then, ¢ < 0.If assumption (89)
is verified, then, T # T; = —(1/A)In(c®’/E). Hence,
P,(0,T)+Q,(0,T) = EPe?M_c® 19 if assumptions
(87)-(88) are verified. Then, let us apply Theorem 4
from [5]. So, let us suppose that 0 < T' < Ts(z). It is
known that T = 0 and E; = Uél) so E; is unstable
because y(8) > 0 for § < «,. Taking into account the
conclusions of Theorem 4 from [5], one obtains the
stability of E;.

(3) Let us suppose that the assumption det(]) = A(l3 1)A(232) -
A(231)A(132) > 0 of (90) is verified. Then, ¢ > Bso T >
0 > T; = —(1/A) In(¢/B). Thus, let us apply Theorem 4
from [5]. It is known that when T' = 0 and Egs) = U§1)
then E?) is stable if assumption (90) is verified and
unstable if not. Taking into account the conclusions
of Theorem 4 from [5], one gets the stability of E;.

O

7. Global Stability of Model (1.3)

Theorem 13. Let us suppose that model (1.3) is permanent and
that it admits a unique interior equilibrium point. If

0 <oy,

Bdy — o, <0,

(o1

1
— <A,
2

1 M 4 1 )
+2(x1 +“22V+%<ﬂ+/\>+/}i+ln2
d2 dZ (Xl dl (XZ (92)

-1<0,

6 )4 %

— + < ,
ﬁlocz M,+d, M,+d,

(93)

then the unique interior equilibrium point E; =
(U™ v, ku™) of model (1.3) is globally and asymptotically
stable.
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= (W*;v,ku*) a

In(u/u®),

Proof. Let us consider model (1.3) and Ej
unique interior equilibrium point. Let us pose U =
V =In(v/v"),and W = In(w/w").

Then, u — u* = u*[e! = 1], v —v* = v*[e¥
w-w* =w[e" - 1]. Thus,

— 1], and

[311/2 +ayv
(u* +d,) (u+d,)

" ke +d3/)k(vw+d1)u] Co A [ﬁl

U=u" [—1+

(BL(v+v')+ay) vk \'%
INCIEYS) _ku*+d1]{e_l}

o[t -1

B,v"* (/32” + “2) v U
wrd, (@ +d2)(u+d2)] fe

v {ev— 1},
-w(T)
W (1) = MT [{eU(‘r) _ 1} _k{ewm _ 1}

M {eU(T—T) B 1}] .

|U(7)|]. Consider

(7.1)

V=u [/32_

_ 1} _ (Bou + o))

u* +d,

Let us denote V; (1) =
(w,v,w) e A = {(u,v,w) eR’: m, <u<M, m

(94)
<v<M, andmwasMw}.

Then, dV,(r)/dr = sgn(U(t))U(t). Meanwhile, [sgn(eU(T) -
D]V = 1) = 1eVP — 1] so the superior derivative of V,(t)
in relation to the time, alongside the solutions of system (7.1),
gives

+ .BlM +a M, ykM, o
DVI(T)S{ p e | —u”|
B vk .
Y ren L =
TR
(kM, +d,) M,

Let us denote V,(t) = |V (7)|. However, (Bu + a,)v/(u* +

dy))(u+d,) < ayv/(u”™ +d,)d, if B,d, — a, < 0. Then,
DV, (0 < | P22 4 %2 | ju— |
a d;
(96)
v
M +d,
Let us note V3, (1) = [W(7)|. One has m /u* < VD < Mt

W(7)

and m,/w* < e < M, /w". Then, superior derivative of
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V3, (1) in relation to the time, alongside the solutions of (7.1),
results in

D'V, (1) < AV -1

O |

A
- My
(97)

M e T (T
4 e J |eU(S) - 1| ds.
k T

T

Let us consider the functional Vi, (1) = (Mu/\efn/

k) .[TT_T _L,T eV — 1|dsdv; then,

TM, e
k

D'V, (1) < eV 1]

(98)
B M Ae M

YU
. L_T |e - 1' ds.

Let us pose that V;(7) = V(1) + V5,(7). Thus,

D'V (t) < A (1 + “—e) 'eU(T) - 1|
k
(99)

PRI

Then, D'V, (1) < A (1 +
M

u

TMue_AT X
e I
A (100)
2

- |lw-w"|.
w

Let us pose V(1) = V(1) +V,(7) + V;(7). Then, from formulas
(95), (96), and (100), one obtains

D'V (1) <hy|lu-u"|+hy|v-v"|

+hy|lw-w’| (101)
if B,d, —a, <0
. ﬁle +a M, ykM,
with h; = - 2 ot s
ﬁz + &
—M,
a, d2
-AT
+ i 1+ Te M, |,
M, k
RS 1. B T
M, +d, o, kM, +d,
and h; = _2A d

km?, " (kM, +d,) M,
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We have: T < 22 One has o} /4d, < M, => 1/M,, < 4d,/a;. Model (1.3) is
. permanent. So, on the one hand, one has mLO) >m" > 0if
e 1 (B, /d2)M? + (a, /d2)M,, < (1 + &) /d2. In addition, m? /2 <
k my, < mff). Moreover, ml(lo) > 2+ykM, M, /d,.
A . SN Then, ykM, /md> < 2yM,/mOd> < m® [2kM,d, <
o M,+d, M, +d, 7;11(;))/Muci1 if T < (In2)/A.
h, <0, So, D"V (1) < 0ifassumptions (91)-(93) are checked. [
1
and 5 < A= Corollary 14. For r > 14, if the following assumptions are
hy <0, verified:
(102)
2
y§3+[1+2<r+\/r2+r)] , (103)
2 2
1-8ry—8r+ Zr\/(1/2r—4y —-4)"—(8/r) {y— 3- [1 +2(r+ r? +r)] } (104)
d, > ,
8
2
4d, +3+ |1 +2(r+ Vri+r
a4 > o, > max Ad, + 4; 2 [ ( >] + 9. (105)
2r 4d, - 1 4d, — 1
2(r+ Vi ar) saq < -1+ (@ - y) (4d, - 1) - 3 - 4d, (106)
1
0<fy < —,
B
«
B, < d_z’ (107)
1
—<A<l+ay,
2
1- ) < 9 <1,
M,+d, «
(108)
d 9
< max _ & 2 — -1,
P <P, M, | M, +d, o
d, <d,,
Y< o (109)
In2
T < —,
A
then, the unique interior equilibrium point E; = (u*;v*,ku*) ~ The model is permanent. Then
of model (1.3) is globally and asymptotically stable.
Proof. Let us consider the assumptions of Theorem 13. M9 >t s 0 =
X (ﬁl) g max
. 1 l-——r<—x<1, <
d, si 0< By < R ( M,+d, a < hy (111)

) : (110)
= si — < B <4

Posing: x (B1) =7 7.
FF-

a0 o

E M,+d, «

_ID.
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Assumptions (91) and (93) give the following assumption:

%Y
< —.
By M, + d, (112)
Moreover, assumptions (91) and (92) give the following
assumption:

l+a, 2, 4d2<1+0c1 )
—_—+ — + — A In2-1<0.

2 + 4 2 a +A)+In < (113)
Posing (1 + a;)/ds = 1/ry, 2a,/d, = 1/r,, (4d,y/ad)((1 +
«,)/d,) = 1/r;, and 4d2A/ocf =1/r,.

Then, condition (113) becomes

1 1 1 1
et St —+-<1-In2 (114)
ry ry 13 1y

By imposing the condition, r, = r, = r; = r, = 1,
one obtains r > 14 and assumptions (103)-(109). According
to Theorem 13, the unique interior equilibrium point E; =
(u™;v", ku™) of model (1.3) is globally and asymptotically
stable. O

8. Numerical Simulations

8.1. Limit Cycle. Let us consider the period p = 46 and the
following control parameters: (d,d,,y,a;,%,,6, 51, 3,) =
(1.75;0.25; 0.5; 3.5; 1.75; 0.4375; 3.617; 1.1), A = 0.0000123,
and T = 45.

For the graphic illustration, let us consider the initial
conditions (ug, vy, wy) = (653;0.00331962170895946), the
step h = 107>, and the numbers iterations of time N =
4600000. One obtains the maximum values of u, v, and w:

U pax = 06.4527115210953,

max

Viax = 2836.21769136928, (115)
W,,,,, = 0.0367713984036395.

max

The trivial equilibrium points of the model are E, =
(0;0.0),

E, = (4.50;0.00249006081209868), and E, =
(0;0.000476921218349683;0).

In addition, E* = (2.19899664564055; 2.19198952607149;
0.00121680786072133) is the unique interior equilibrium. So,
the illustrating Figure 1 is for the initial time t, = 0.

(i) Interpretation. The trajectories of GDP u and of capital v
and w (the effect of delay) are periodic. The orbit starting
from the initial condition (1, vy, w,) gravitates around the
equilibrium point E* without never reaching it. There is,
therefore, a limit cycle around this equilibrium point E*. The
orbit revolves around the equilibrium point. They are moving
away from trivial equilibrium points and converge towards
the limit cycle around E*. Indeed, one has A = 0.0000123 <

15

A®) = 02302and T = 45 < T® = 305733.267595647.
According to Proposition 11, w = 0.000686044679105366 is
the positive root of F(w). One has T; = 2383.38276771532
and 8(T5) < 0. So, E* is unstable according to Theorem 12
because Tr = 3.255 > 0 for T = 0. The trivial equilibrium
points of the model are all unstable for T < T; < T, =

4437.41337922542. Hence, we have the graphic illustration.

8.2. Global Stability. Let us consider the period p = 25 and
the following control parameters: (d,,d,,y,a;, &y, 6, B, 55)
= (101390.241; 50695.121; 0.5; 1822.498; 1747.022; 1721.154;
9.863.107%7.784.10"°) and A = 0.75 and T = 0.462.

For the graphic illustration, let us consider the initial
conditions (uy, vy, w,) = (5000;8000;1344.89438670147),
the step b = 107*, and the numbers iterations of time N =
250000. From condition (9) of Theorem 4, the system is
permanent ifa, > 8,0 < f3; < 4, and m,(;)) > 2JykM, M, /d,.
One obtains the maximum and minimum values of u, v, and
wfore = mflo) - 2+\JykM,M,/d, :

Upax = 1661666.077,

max

Vo = 38031.766,

W = 486690.726.

(116)

Uppin = M, = 1139.233,

min
Vyuin = 750.460,

Wi = 333.6737.

The trivial equilibrium points of the model are E,, = (0;0;0),

E, = (1823.498;0;534.090), and E, = (0; 750.630; 0).

In addition, E* = (1796.505;777.6445;526.184) is
the unique interior equilibrium point verifying condition
(91)-(93) of Theorem 13. Then, E* is globally stable. Hence,
the illustrating Figure 2 is for the initial time ¢, = 0:

(ii) Interpretation. The trajectories of GDP u and capital v
and w (the effect of delay) stabilize, respectively, around
u* = 1796.505, v* = 777.6445, and w* = 526.184 when
t is greater than T. The border dynamics show that when
the orbit arrives in a border plan, it remains and converges
towards a corresponding equilibrium point (see Orbit.2 to
Orbit.4 of Figure 2). Moreover, the trivial equilibrium points
of the model are all unstable. So, the orbits, are moving away
from the borders plans and converge towards E *. Hence, E*
is globally stable, which is illustrated by the figure “phase
portrait” of Figure 2.

9. Conclusion

The economic basic model of our work was one of dynamics
Kaldor at an effective growth rate whose rate of saving is
the Holling-II type and investment rate is from Leslie and
Gower type modified in dimension two. Taking into account
the time required for the saving to ensure its self-financing
of all the investments, one obtains a model with a delay
of the Kaldor type modified. This model is bounded and
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FIGURE 1: Trajectories and orbits with u,(0) = ¢(0) = 1(0)e™? /(1 + u(0)(e*® - 1)), VO[-T; 0], where A = (1/2T) In{|u(0) — 1]/u(0)} if u(0) # 1

and A = —-1/2T ifu(0) = 1.

admits an attractor unit (set). Thus, under certain conditions,
this model with delay is permanent. On the one hand, this
permanence appears in the form of stationary growth of the
capital stock and the product (stable interior equilibrium
point) and, on the other hand, in the form of cyclic growth of
the capital and the product (limiting cycle). In other words,
this permanence avoids a shortage of the capital stock or the
long-term production. In front of some other conditions, the
dynamic stability with delay is also global; i.e., it does not
depend on the level of the capital stock and the level of the
production at the initial time. The consideration of the delay
(due to the time for the economy to finance investments)
can justify the bifurcation of an economic model of the
stationary growth towards cyclic growth (see Theorem 12,

(3)(a)(i)). However, this delay in the model can stabilize an
initially unstable equilibrium of the system (see Theorem 12,
(3)(b)(ii)), which represents a major economic interest since
it allows the saving to get rid of risks from the cyclic growth.
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FIGURE 2: Trajectories, orbits, and phase portrait with u,(0) = ¢(0) = 1(0)e® /(1 + u(0)(e® — 1)), VO[-T;0], where A = (1/2T) In{|u(0) —
1]/u(0)} if u(0) # 1 and A = —1/2T if u(0) = 1.

References

[1] A. E Nindjin, A. Tetchi N'Guessan, H. Okou, and K. Thiban
Tia, “Cyclic growth and global stability of economic dynamics
of Kaldor type in two dimensions,” International Journal of
Differential Equations, Art. ID 2062819, 12 pages, 2017.

[2] A. E Nindjin, A. T. N'Guessan, H. Okou, and K. T. Tia,
“Bifurcations of an economic dynamics of a modified
Kaldor type in two dimensions,” Global Journal of Pure

and Applied Mathematics, vol. 2017, pp. 7855-7877, 2017,
http://www.ripublication.com/gjpam.htm.

H.-W. Lorenz, Nonlinear Dynamical Economics and Chaotic
Motion, Springer, Berlin, Germany, 1993.

E D. Chen, X. Y. Liao, and Z. K. Huang, “The dynamic behavior
of N-species co-operation system with continuous time delays
and feedback controls,” Applied Mathematics and Computation,
vol. 181, no. 2, pp. 803-815, 2006.

(4]


http://www.ripublication.com/gjpam.htm

18 International Journal of Differential Equations

[5] E. Beretta and Y. Kuang, “Geometric stability switch criteria
in delay differential systems with delay dependent parameters,”
SIAM Journal on Mathematical Analysis, vol. 33, no. 5, pp. 1144
1165, 2002.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

