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In order to improve the performance of the accuracy and efficiency for analyzing the microstrip structure, a singularity processing
method is proposed theoretically and experimentally based on the fundamental locally one-dimensional finite difference time
domain (LOD-FDTD) with second-order temporal accuracy (denoted as FLOD2-FDTD). The proposed method can highly
improve the performance of the FLOD2-FDTD even when the conductor is embedded into more than half of the cell by the
coordinate transformation. The experimental results showed that the proposed method can achieve higher accuracy when the
time step size is less than or equal to 5 times of that the Courant-Friedrich-Levy (CFL) condition allowed. In comparison with
the previously reported methods, the proposed method for calculating electromagnetic field near microstrip line edge not only
improves the efficiency, but also can provide a higher accuracy.

1. Introduction

In recent years, as a direct time-domain method for solving
Maxwell differential equations, the finite-difference time
domain (FDTD) has been extensively studied and widely
used in all types of electromagnetic simulation problems.
Since themicrostrip line usually has a narrowwidth and effect
of the field singularities near its edge [1], the conventional
FDTD requires fine grids to accurately characterize the
electromagnetic field nearmicrostrip line edge. Furthermore,
due to the CFL condition, fine grids would need small time
step size, which results in a large resource usage for the
conventional FDTD in calculating the microstrip structure.

For these reasons, Taflove proposed a subgrid technique
[2] which used fine grids near the edge of microstrip line to
characterize a sharp variation of the electromagnetic field.
Furthermore, coarse grids were employed for the gently
varying electromagnetic field to reduce the number of the
FDTD unit cells. However, the time step size was limited
by the finest grid size according to the CFL condition, and
hence the improvement in computational efficiency was not
obvious. Railton proposed the modified assigned material
parameters (MAMPs) method [3], which was implemented

by the use of an appropriate permittivity and permeability on
the material to characterize the singular behavior of the field
near the edge. Although the MAMPs can provide a higher
accuracy, without reducing the grid size, it was difficult to deal
with the situation when the conductor was embedded into
more than half of the cell and its computational efficiency was
still limited by the CFL condition. Thus, the CFL condition
degrades the performance of the conventional FDTD.

To overcome the CFL constraint, several unconditionally
stable FDTD methods such as Crank Nicolson FDTD (CN-
FDTD) [4–7], alternating direction implicit FDTD (ADI-
FDTD) [8–11], and, more recently, locally one-dimensional
FDTD (LOD-FDTD) [12–20] have been proposed. In par-
ticular, the LOD-FDTD has simpler implementation and
higher efficiency than the other unconditionally stable FDTD.
However, the conventional LOD-FDTD exhibits an extra
noncommutativity error term,whichmakes it accurate to first
order only in time. In order to achieve second-order temporal
accuracy, an improved LOD-FDTD named fundamental
LOD-FDTD with second-order temporal accuracy (FLOD2-
FDTD) has been reported in [16].

In this paper, a newmethod is proposed by incorporating
the quasistatic analytical expressions of electric andmagnetic
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Figure 1: Transverse electric andmagnetic field components around
a microstrip line edge.

fields near the microstrip line edge given by van Bladel [21]
into the FLOD2-FDTD. Also, the proposed method can deal
with the situationwhen the conductor is embedded intomore
than half of the cell by the coordinate transformation and
hence has a wider applicability for solving the electromag-
netic problems. The experimental results demonstrated that
the proposedmethod not onlymaintains high computational
efficiency by using the FLOD2-FDTD, but also has high
accuracy by introducing a priori knowledge of the field near
microstrip line edge.

The present paper is organized as follows. Section 2 intro-
duces the proposed method based on the quasistatic ana-
lytical expressions and the FLOD2-FDTD and then presents
the expressions of the electromagnetic fields near microstrip
line edge. Section 3 provides a series of experimental results
by the use of proposed method in comparison with the
subgrid technique, MAMPs, and FLOD2-FDTD. In addition,
the performance of proposedmethodwith different grid sizes
and time step sizes is also given and discussed in detail.
Section 4 gives a brief summarization of the paper.

2. Proposed Singularity Processing Method

The quasistatic electromagnetic fields near a metal edge are
given by van Bladel. For the structure shown in Figure 1, the
transverse field components in a plane perpendicular to the
edge are expressed as [21]
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where 𝑟 is the distance between the edge and the field point,
𝜑 is the angle measured from the metal sheet, and 𝐴, 𝐵 are
unknown constants.The transverse field components tend to
infinity when 𝑟 = 0; that is, they are singular.

Here, a general structure of microstrip line shown in
Figure 2 is considered to discuss the proposed method. In

these figures, Cartesian coordinate is used, and the parame-
tersΔ𝑥,Δ𝑦, andΔ𝑧 are the spatial step sizes in𝑥,𝑦, and 𝑧 axes,
respectively, while the 𝑖, 𝑗, and 𝑘 are the serial numbers of the
cell. From Figure 2(a), we can see that a metal with a length
of 𝑠 is embedded into the cell and 𝑠 > Δ𝑥/2. Note that 𝐸

𝑥
and

𝐻
𝑦
tend to zero according to the conventional FDTD, which

is equivalent to increasing the length of the metal embedded
into the cell, and thatwill cause calculation errors.The electric
and magnetic fields are defined as 𝐸

𝑥
(𝑖, 𝑗, 𝑘), 𝐸

𝑥
(𝑖, 𝑗, 𝑘 + 1),

and𝐻
𝑦
(𝑖, 𝑗, 𝑘), respectively, for a new location, which is away

from the original location by a distance of 𝑠/2 in the 𝑥-axis.
Then, we have 𝑟 = (Δ𝑥−𝑠)/2,𝜑 = 180

∘, and𝐻
𝑦
(𝑖, 𝑗, 𝑘) = −𝐻

𝜑
,

𝐸
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𝑟
. From (1a) and (1d), we get

𝐵 = −√2 (Δ𝑥 − 𝑠)𝐸
𝑥
(𝑖, 𝑗, 𝑘) , (2a)

𝐴 = −√2 (Δ𝑥 − 𝑠)𝐻
𝑦
(𝑖, 𝑗, 𝑘) . (2b)

Substituting (2a) and (2b) into (1a) and (1d), respectively,
the distributions of the transverse field near the metal edge
are expressed as

𝐸
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(𝑟, 𝑗, 𝑘) = √
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2𝑟
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(𝑖, 𝑗, 𝑘) , (3a)
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Similarly,𝐻
𝑥
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𝑦
shown in Figure 2(b) can be divided

into six segments according to the angle 𝜑, which is repre-
sented by
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Figure 2: Metal embedded in the cell.

where

𝐴
1
=
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2
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𝐴
4
= − √2 (Δ𝑥 − 𝑠)𝐻

𝑦
(𝑖, 𝑗, 𝑘) . (5d)

On the basis of the obtained expressions for the elec-
tromagnetic field near microstrip line edge, our proposed
method can accurately express the fields without reducing
the grid size. However, the computational efficiency is still
limited by the CFL condition. In order to remove the CFL
condition, the unconditionally stable method LOD-FDTD is
employed to incorporate with the obtained expressions for
the electromagnetic field near microstrip line edge. Although
conventional LOD-FDTD can provide high efficiency, it
exhibits an extra noncommutativity error term, making it
accurate to first order only in time. To achieve second-
order temporal accuracy, we employed the FLOD2-FDTD
given in [16] which has second-order temporal accuracy to
obtain better accuracy in dealing with the electromagnetic
field near microstrip line edge. FLOD2-FDTD is an efficient
implementation of LOD-FDTD with second-order temporal

accuracy (denoted as LOD2-FDTD) based on the fundamen-
tal schemes. The update equations of the LOD2-FDTD are
given as follows:
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and I is unit matrix.
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Based on the LOD2-FDTD principle and the distri-
butions of transverse field near the metal edge, the two
procedures for updating the electric field 𝐸

𝑧
and magnetic

field 𝐻
𝑦
near microstrip line edge can be formulated as

follows (the equations for other field components can be
written similarly).

The first procedure is from 𝑛 + 1/4 to 𝑛 + 3/4. From (6a),
we obtain

𝐸
𝑛+(3/4)

𝑧
−

Δ𝑡

2𝜀
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𝑦

𝜕𝑥
= 𝐸
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𝑧
+
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2𝜀

𝜕𝐻
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𝑦

𝜕𝑥
. (8)

Since 𝐻
𝑦
(𝑖, 𝑗, 𝑘) and 𝐻

𝑦
(𝑖 + 1, 𝑗, 𝑘) vary with the angle 𝜑, we

turn (8) into an integral form and then get

∬
𝑆
1

𝐸
𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘) d𝑠
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Δ𝑡
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𝑏𝑐+𝑐𝑑

𝐻
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= ∬
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𝐸
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where 𝑆
1
is the area of the rectangular contour around 𝐸

𝑧
(𝑖 +

1, 𝑗, 𝑘). Substituting (4a), (4b), (4c), (4d), (4e), and (4f) into
(9), we obtain

𝐸
𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘) −

Δ𝑡

2𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦

×
[
[

[

∫

𝜋+arctan(Δ𝑦/(3Δ𝑥−2𝑠))

𝜋−arctan(Δ𝑦/(3Δ𝑥−2𝑠))
− cos (𝜑 − 𝜋)

𝐴
𝑛+(3/4)

2

√((6Δ𝑥 − 4𝑠) / cos (𝜑 − 𝜋))
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𝜑

2
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+∫
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𝐴
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4

√(2 (Δ𝑥 − 𝑠) / cos (𝜑 − 𝜋))
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𝜑

2
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]

= 𝐸
𝑛+(1/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘) +

Δ𝑡

2𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦

×
[
[

[

∫

𝜋+arctan(Δ𝑦/(3Δ𝑥−2𝑠))

𝜋−arctan(Δ𝑦/(3Δ𝑥−2𝑠))
− cos (𝜑 − 𝜋)

𝐴
𝑛+(1/4)

2

√((6Δ𝑥 − 4𝑠) / cos (𝜑 − 𝜋))

sin
𝜑

2
d𝜑

+∫

𝜋+arctan(Δ𝑦/(Δ𝑥−𝑠))

𝜋−arctan(Δ𝑦/(Δ𝑥−𝑠))
cos (𝜑 − 𝜋)

𝐴
𝑛+(1/4)

4

√(2 (Δ𝑥 − 𝑠) / cos (𝜑 − 𝜋))

sin
𝜑

2
d𝜑]]

]

,

(10)

where Δ𝑡 is time step size and 𝜀 is dielectric constant.
The update equations for the field component 𝐻

𝑦
(𝑖, 𝑗, 𝑘)

nearest the edge are derived from the Faradays Law and are
given by

𝐻
𝑛+(3/4)

𝑦
(𝑖, 𝑗, 𝑘) −

Δ𝑡

2√2𝜇 (Δ𝑥 − 𝑠)

𝐸
𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘)

= 𝐻
𝑛+(1/4)

𝑦
(𝑖, 𝑗, 𝑘) +

Δ𝑡

2√2𝜇 (Δ𝑥 − 𝑠)

𝐸
𝑛+(1/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘) ,

(11)

𝐻
𝑛+(3/4)

𝑦
(𝑖 + 1, 𝑗, 𝑘)

−
Δ𝑡

2𝜇Δ𝑥
[𝐸
𝑛+(3/4)

𝑧
(𝑖 + 2, 𝑗, 𝑘) − 𝐸

𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘)]

= 𝐻
𝑛+(1/4)

𝑦
(𝑖 + 1, 𝑗, 𝑘)

+
Δ𝑡

2𝜇Δ𝑥
[𝐸
𝑛+(1/4)

𝑧
(𝑖 + 2, 𝑗, 𝑘) − 𝐸

𝑛+(1/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘)] ,

(12)

where𝜇 is permeability. Substituting (5a), (5b), (5c), (5d), (11),
and (12) into (10) and introducing auxiliary variable 𝑒𝑛+(3/4)

𝑧
to
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modify the scheme of the LOD2-FDTD into the fundamental
scheme, then we get

[
1

2
+

𝑚Δ𝑡
2

8𝜇𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑥Δ𝑦

+
𝑛Δ𝑡
2

8√2𝜇𝜀 (Δ𝑥 − (𝑠/2)) (Δ𝑥 − 𝑠) Δ𝑦

]

× 𝑒
𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘)

−
𝑚Δ𝑡
2

8𝜇𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑥Δ𝑦
𝑒
𝑛+(3/4)

𝑧
(𝑖 + 2, 𝑗, 𝑘)

= 𝐸
𝑛+(1/4)

𝑧
(𝑖, 𝑗, 𝑘)

+
Δ𝑡

2𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦

× [𝑚𝐻
𝑛+(1/4)

𝑦
(𝑖 + 1, 𝑗, 𝑘) − 𝑛𝐻

𝑛+(1/4)

𝑦
(𝑖, 𝑗, 𝑘)] ,

(13)

where

𝑒
𝑛+(3/4)

𝑧
= 𝐸
𝑛+(3/4)

𝑧
+ 𝐸
𝑛+(1/4)

𝑧
, (14)

𝑚 = ∫

arctan(Δ𝑦/(3Δ𝑥−2𝑠))

− arctan(Δ𝑦/(3Δ𝑥−2𝑠))
cos3/2𝜑 cos

𝜑

2
d𝜑, (15)

𝑛 = ∫

arctan(Δ𝑦/(Δ𝑥−𝑠))

− arctan(Δ𝑦/(Δ𝑥−𝑠))
cos3/2𝜑 cos

𝜑

2
d𝜑. (16)

From the discussions above, we can get 𝐸𝑛+(3/4)
𝑧

by the use of
(13) and (14). Then, 𝐻𝑛+(3/4)

𝑦
can be obtained from (11). The

second procedure is from 𝑛 + 3/4 to 𝑛 + 5/4. Similarly, we
have

−
𝑝Δ𝑡
2

8𝜇𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦
2
𝑒
𝑛+(5/4)

𝑧
(𝑖 + 1, 𝑗 − 1, 𝑘)

+ [
1

2
+

𝑝Δ𝑡
2

4𝜇𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦
2
] 𝑒
𝑛+5/4

𝑧
(𝑖 + 1, 𝑗, 𝑘)

−
𝑝Δ𝑡
2

8𝜇𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦
2
𝑒
𝑛+(5/4)

𝑧
(𝑖 + 1, 𝑗 + 1, 𝑘)

= 𝐸
𝑛+(3/4)

𝑧
(𝑖 + 1, 𝑗, 𝑘)

−
𝑝Δ𝑡

2𝜀 (Δ𝑥 − (𝑠/2)) Δ𝑦

× [𝐻
𝑛+(3/4)

𝑥
(𝑖 + 1, 𝑗, 𝑘) − 𝐻

𝑛+(3/4)

𝑥
(𝑖 + 1, 𝑗 − 1, 𝑘)] ,

(17)

where

𝑝 = ∫

arctan(Δ𝑦/(Δ𝑥−𝑠))

arctan(Δ𝑦/(3Δ𝑥−2𝑠))
sin3/2𝜑 cos

𝜑

2
d𝜑

×

2 [(Δ𝑦
2

/4) + (Δ𝑥 − 𝑠)
2

]
5/4

√Δ𝑦[√(Δ𝑦2/4) + (Δ𝑥 − 𝑠)
2

+ Δ𝑥 − 𝑠]

.

(18)

Thus, the update equation of𝐻
𝑦
(𝑖, 𝑗, 𝑘) is given by

𝐻
𝑛+(5/4)

𝑦
(𝑖, 𝑗, 𝑘)

= 𝐻
𝑛+(3/4)

𝑦
(𝑖, 𝑗, 𝑘)

−
Δ𝑡

2𝜇Δ𝑧
[𝐸
𝑛+(5/4)

𝑥
(𝑖, 𝑗, 𝑘 + 1) + 𝐸

𝑛+(3/4)

𝑥
(𝑖, 𝑗, 𝑘 + 1)

−𝐸
𝑛+(5/4)

𝑥
(𝑖, 𝑗, 𝑘) − 𝐸

𝑛+(3/4)

𝑥
(𝑖, 𝑗, 𝑘)] .

(19)

Since 𝑚, 𝑛, and 𝑝 are not time varying, they are calculated
once at the beginning of the iterative. Thus, the proposed
method will not reduce the computational efficiency. The
update equations for other fields away from the microstrip
line and the input and output processing are the same as the
FLOD2-FDTD shown in [16].

3. Numerical Results and Discussion

In this section, to demonstrate the performance of our
proposedmethod, a microstrip line and amicrostrip antenna
are analyzed. A microstrip line above a ground plane is
modeled in order to verify the accuracy of the proposed
method, comparing with subgrid technique and MAMPs.
The microstrip line is placed at a height of 2mm above the
ground plane, and the relative dielectric constant of substrate
is 𝜀
𝑟
= 4. All the conductors are assumed to be perfect electric

conductors (PECs). The microstrip line is terminated at the
end by a 400 resistor. A raised cosine pulse as excitation is
launched along the microstrip line. The proposed method
and MAMPs take a square grid of size 0.5mm calculating
the characteristic impedance of the microstrip line structure.
Based on the principle of the subgrid technique, fine gridwith
the size of 0.1mm is adopted in the region of the microstrip
line to guarantee accuracy, while coarse grid with the size of
0.5mm is adopted where electromagnetic field varies gently
to guarantee computational efficiency. Time step sizes are
chosen by the CFL condition. The computational domain is
terminated with the Mur absorbing boundary condition in
[22].The characteristic impedance is calculated by comparing
the amplitude of the incident pulse with the amplitude of the
pulse reflected from the resistor.

Figure 3 shows the characteristic impedances obtained by
the proposedmethod, MAMPs, and subgrid technique.The 𝑠
is the length of conductor embedded in the cell. It can be seen
that the subgrid technique is unable to resolve subcellular
changes in length of conductor embedded in, exceptwhen the
microstrip line edge intersects the point of electric or mag-
netic field by coincidence, and the characteristic impedance
obtained varieswidely from the quasistatic result.The average
error of subgrid technique compared with the quasistatic
result is 3.43%.When 𝑠 is less than 0.5Δ𝑥, MAMPs follow the
quasistatic result closely, and the average error comparedwith
the quasistatic result is 1.91%. But when 𝑠 is larger than 0.5Δ𝑥,
the characteristic impedance obtained by MAMPs does not
vary with variation of 𝑠. In contrast, the proposed method
follows the quasistatic result closely, even when 𝑠 is larger
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Figure 3: Calculated results of different methods.
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Figure 4: Calculated results of the proposed method and the
FLOD2-FDTD with the same grid size and CFLN.

than 0.5Δ𝑥, indicating that it is capable of highly accurate
characterizations of microstrip structures and can deal with
the situation when conductor is embedded into more than
half of the cell. The average error of the proposed method
compared with the quasistatic formula is 1.08%.

To demonstrate the improvement on the accuracy of the
proposed method by introducing the quasistatic analytical
expressions into the FLOD2-FDTD, the proposed method
with a square grid of size 0.5mm and CFLN = 1 and the
FLOD2-FDTD with the same grid size and CFLN are used
to analyze the same structure as in Figure 3.The CFL number
(CFLN) is the ratio between the time step taken andCFL time
limit.
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Figure 5: Calculated results of the proposed method with different
grid sizes.

Figure 4 demonstrates that, like the subgrid technique,
the FLOD2-FDTD is also unable to resolve subcellular
changes in length of conductor embedded in, except when
the microstrip line edge intersects the point of electric or
magnetic field coincidently, and the characteristic impedance
obtained varies more widely from the quasistatic result. In
contrast, the introduction of the quasistatic analytical expres-
sions for electric and magnetic fields makes the proposed
method follow the quasistatic result closely and hence has a
higher accuracy than the FLOD2-FDTD.

In order to investigate the effect of the grid size and
CFLN on the performance of the proposed method, the
characteristic impedances of the proposed method with
varying grid sizes and CFLNs are shown in Figures 5 and
6, respectively. Figure 5 shows the effects of the grid size
when it is set as Δ𝑦 = 0.5mm, Δ𝑥 = Δ𝑧 = 0.5, 0.8,
and 1.0mm, respectively, and CFLN = 1. The average errors
of characteristic impedances obtained from the proposed
method with different cell sizes are 1.08%, 1.13%, and 1.17%,
which are negligible increments. Figure 6 illustrates the char-
acteristic impedances of the proposed method with a square
grid size of 0.5mm and CFLN = 1, 5, and 10, respectively.
It can be seen that the average errors of the characteristic
impedances obtained by the proposed method with CFLN
= 1, 5, and 10 are 1.08%, 1.51%, and 3.80%, respectively. By
comparing the results in Figures 3 and 6, we can see that
the proposed method has a higher accuracy when CFLN
≤ 5, while its performance suffers a large effect due to the
numerical dispersion when CLFN > 5, resulting in that the
accuracy of the proposed method is slightly lower than the
subgrid technique.

In order to assess the effectiveness of the proposed
method on a realistic problem, a microstrip antenna shown
in Figure 7, which is designed to operate at around 8GHz,
is used as a test case. The proposed method, MAMPs, and
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Figure 7: Geometry of the microstrip antenna.

conventional FDTDwith coarse grid take a square grid of size
0.4mm, conventional FDTDwith fine grid takes a square grid
of size 0.1mm, and subgrid technique takes two square grids
of sizes 0.1mm and 0.4mm. Time step sizes are chosen as the
value determined by the CFL condition, except the proposed
method with CFLN = 5 which takes 5 times as that of the
proposedmethodwith CFLN= 1.The number of iterations of
subgrid technique and conventional FDTD with fine grid is
taken to be 20000, that of the proposedmethod with CFLN =
1, MAMPs, and conventional FDTD with coarse grid is taken
to be 5000, and that of the proposed method with CFLN = 5
is taken to be 1000. The computational domain is terminated
with the Mur absorbing boundary condition in [22].

The return losses are given in Figure 8. It can be seen that
the resonant frequencies obtained by the proposed method
with CFLN = 1 and CFLN = 5 converge to 8GHz and agree
well with the result obtained by the conventional FDTD with
fine grid. Furthermore, the resonant frequencies obtained
by MAMPs, subgrid technique, and conventional FDTD
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Figure 8: Return loss of the microstrip antenna using different
methods.
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Figure 9: Memory requirement using different methods.

with coarse mesh are 7.93GHz, 7.91 GHz, and 7.78GHz,
respectively. The memory requirements for each method
are illustrated in Figure 9. In general, the proposed method
requires larger memory than the MAMPs and conventional
FDTDwith coarsemesh owing to the solution of a tridiagonal
system of linear equations. However, the proposed method
requires smaller memory than subgrid technique and con-
ventional FDTD with fine mesh. The CPU time is presented
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Figure 10: CPU time using different methods.

in Figure 10, where a PC with 3.1 GHz Intel I5 processor and
4GB memory is used. It is observed that the time of the
proposed method with CFLN = 5 is shorter than that of the
other methods, indicating the high efficiency of the proposed
method.

4. Conclusion

In this paper, a novel method has been proposed by incorpo-
rating the quasistatic analytical expressions into the FLOD2-
FDTD to analyze the electric and magnetic fields near
microstrip line edge and its performance has been studied in
detail.The proposedmethod can deal with the situationwhen
the conductor is embedded into more than half of the cell by
the coordinate transformation, making it promising for solv-
ingmore electromagnetic problems.The experimental results
demonstrated that the proposed method with CFLN ≤ 5 can
achieve significantly better accuracy than previously reported
methods such as MAMPs, subgrid technique, conventional
FDTD, and FLOD2-FDTD. Moreover, our proposed method
still has high efficiency without any noticeable computing
overhead inmemory or time.However, our proposedmethod
is limited by the numerical dispersion. Therefore, ongoing
research will hopefully relax this limitation in the future.
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