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In this article, symmetry technique is utilized to obtain new exact solutions of the Cattaneo equation. The infinitesimal sym-
metries, linear combinations of these symmetries, and corresponding similarity variables are determined, which lead to many
exact solutions of the considered equation. By applying similarity transformations, the mentioned partial differential equation is
reduced to some ordinary differential equations of second order. Solutions of these ordinary differential equations have yielded

many exact solutions of the Cattaneo equation.

1. Introduction

In the diffusion phenomenon, considered by the traditional
Fick law and Fourier law, the moment a point passes by that
is disturbed at a great distance, and the propagation speed of
the disturbance appears infinite. However, this property is
nonphysical. To handle this problem, Cattaneo proposed a
model [1], in which he modified the constitutive equation by
presenting a relaxation parameter which plays the role of
relaxation time, where this relaxation parameter is small and
depends on the thermodynamic properties of the material.
From the mathematical aspect, Cattaneo model transforms
the traditional diffusion equation into a hyperbolic equation,
the speed of propagation is finite, and it improves the
property of infinite propagation speed. On the contrary,
because of the hyperbolic nature of the Cattaneo model, it
can possess oscillatory solutions and negative values.
From the physical aspect, the Cattaneo model describes a
physical phenomenon of heat waves. Although this phe-
nomenon can only be observed under special states [2],
circumstances, or materials, it is still gradually accepted by

the community. It can be used to describe not only heat pulse
propagation in some pure nonmetallic crystals [3] but also
ultrasonic wave propagation in certain diluted gases.
Straughan [4] considered thermal convection with the
Cattaneo-Christov model in horizontal layers of an in-
compressible Newtonian fluid. Haddad [5] applied the
theory of Cattaneo-Christov to study Brinkman’s porous
media. Cattaneo model is mostly used in crystalline solids
[6-8], extended irreversible thermodynamics, and cosmo-
logical models.

Because of many advantages of the fractional differential
equations, many scholars have introduced numerous ana-
Iytical and numerical methods to study various fractional
models. As Cattaneo model has wide applications in physics
and theoretical analysis, so many researchers devoted
themselves for the solution and generalization of the Cat-
taneo model. Compte and Metzler [9] generalized the
Cattaneo model from three aspects which are continuous-
time random walks, delayed flux-force relation, and nonlocal
transport theory. Ferrillo et al. [10] compared the Cattaneo
model and fractional Cattaneo model and investigated the
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asymptotic behavior of solutions to the Cattaneo equations.
Su et al. [11] compared the solution of a phase-lagging heat
transport equation with the solution of the classical Cattaneo
equation.

There exist many well-known techniques for obtaining
exact solutions of the partial differential equations [12-15],
but one of them is a powerful Lie group method. By using Lie
group analysis, one can also find the similarity solutions of
the partial differential equations. These similarity solutions
lead to the exact solutions of partial differential equations.
Many researchers have used this method to find solutions of
partial differential equations, e.g., see in [16-20]. In the
current article, exact solutions of the Cattaneo equation via
the similarity transformations are obtained.

This paper is arranged into four sections as follows: in
Section 2, Lie symmetry generators of the Cattaneo
equation are presented. In Section 3, the considered
equation is converted into some ODEs by considering the
similarity variables which are obtained by taking different
linear combinations of the symmetry generators, while in
Section 4, the graphical representations of solutions which
are obtained in Section 3 are presented. Finally, in Section
5, the summary of the present work is discussed.

2. Lie Symmetries of the Cattaneo Equation

The main goal of this paper is to investigate the exact so-
lutions of the following Cattaneo model [21],

C’w, +w, — D(wxx + wyy) =0, (1)

by using its symmetry analysis. In the above model, C is a
relaxation parameter, and D is a diffusion coefficient.

The method to obtain the Lie symmetries of the partial
differential equations has been discussed in many books, e.g.,
see in [22-25]. Let

X = ¢ (x, 3., w)0, + ¢, (x, y,t,w)9,, + ¢5 (x, y, 1, w)0,

+1(x, y,t,w)0,
(2)

be the vector field that generates the symmetry group of
equation (1). By applying the second-order prolongation of
X to equation (1), the following determining equations are
obtained:
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(¢1)x =0,
(‘/)l)t,t =0,
(¢1)t,y = 0’
(¢l)y,y =0, (3)
(¢2)w = O’
(¢2)x = _(¢l)y’
(¢2)y = 0’
(¢2)t,t =0,
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The infinitesimals obtained by solving the above system
are

1 wx 1 wy
’7—C4w_5C66_§C76,
¢, =Csy+Cst +Cy,

(4)
¢, = —Csx + Cot +Cy,

C’x c’ y
¢3 = C6? + C7? + C3.
Thus, Cattaneo equation (1), is spanned by the following
vector fields:
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X, =0,,
X,=0,,
X5 =0,
X, =wo,,
(5)
X5 = y0, — x0,,

C*x 1 wx
X =10, +Tat—53 w

— Czya lwya
Xy =10y + 7570 =5 0w

which form a seven-dimensional Lie algebra.

3. Exact Solutions of the Cattaneo Model
Obtained by considering
Similarity Transformations

In this section, some group-invariant solutions of Cattaneo
equation (1) by considering different linear combinations of
the Lie symmetry generators which have been obtained in
Section 2 are presented.

(1) The similarity variables corresponding to

Xi+ X, + X3+ X, =0, +0,+ 0, + wo,, (6)

are
V=y-Xx
yetox (7)
w
HOny) = exp (x)
—(1/2)(—1 —-2D-V1+4 D+4 DC* )y
pu(y) = Csexp

c’-D

Since both solutions of (1) given in (11) and (14) are
linearly independent,

+C, exp

The dependent variable y given in (7) indicates that
the solution of (1) is in the form

w = p exp(x). (8)

Now, we consider the independent variables given in
(7) one by one to seek the solution of (1).

First, if we consider the following similarity
variables,

(9)

then equation (1) is reduced into the following linear
ODE:

20y, =20, +u =0, (10)

with the solution

1y, (1 1 1
u(v) =C, exp<£v>sm(§ 7/) +C, exp(i v)cos(i v).

(11)
Now, by considering the similarity variables
y=t-x
(12)
e

equation (1) is converted into the following ODE:
Czyw + - D(y - 2/4), + '”w) =0, (13)

with the solution

—(1/2)(—1—2 D+V1+4 D+4 DC* >y

c*-D

(14)

w(x, y,t) = exp (x) (u(v) + u(y)), (15)

ie.,
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—(1/2)(—1 —2D-\1+4D+4DC )y)
+

1 ! 1 1
C, exp(z v)sm(E v) +C, exp(i v)cos(i v) +C; exp( 2D

w(x, y,t) = exp(x)

—(1/2)(—1 —-2D+V1+4 D+4 DC? )y
C,exp Z-p

(16)
Putting values of v and y in the above equation, we
obtain that
1 /1 1 1
c exp(i (y - x))sm(i (y - x)) +C, exp(i (y - x))cos(i (y - x))
—(1/2)(—1—2 D-V1+4D+4 DC2>(t—x)
+C; exp 5 +
w(x, y,t) = exp(x) C"-D , (17)
—(1/2)(—1—2 D+V1+4D+4 DC2>(t—x)
C,ex
1P C’-D
2, 2
=x"+y°,
is a solution of (1). ¥ 4 (23)

(2) The similarity variables corresponding to

X5 = y0, —x0,, (18)
are
v =1,
y=x"+y, (19)
uy) =w.

The dependent variable y given in (19) indicates that
the solution of (1) is in the form

w = (20)
Again, we consider the independent variables one by
one given in (19) to seek solutions of (1). Thus, by

using v = t and y (v) = w, equation (1) is transformed
into an ODE

Uy +C,y = 0, (21)

with the solution
-y
uly) =C exp(E) +C,. (22)

And by considering

uly) =w,
equation (1) is transformed into the following ODE:
ty + Vibyy = 0, (24)
with the solution
u(y) =Cln(y) +C,. (25)

By combining solutions given in (22) and (25), we get
that

w(x, y,t) =C, exp(éﬁ) +C;In(y)+C, +C,,  (26)

ie.,

—t

(27)
is a solution of (1).
(3) The similarity variables corresponding to
X4+ X5 =y0, —x0, + 0y, (28)

are
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v=x"+y%,
r=s (29)
ny)=—
wny= exp (arctan (x/y))’

The dependent variable y given in (29) indicates that
the solution of (1) is in the form

w=uy exp(arctan(i)). (30)

By considering
v=x"+y,
(31)

w

HO) = exp (arctan (x/y))’

equation (1) is transformed into the following ODE:

1
Vu,, + v, + 4= 0, (32)

with the solution
1 1
4 =C, sin(iln(v)> iC, cos(iln(v)) (33)

Thus,

w(x, y,t) = exp(arctan(%))y(v) orw(x, y,t) = exp(arctan(%))(C1 sin<%ln(v)> +C, cos(%ln(v))), (34)

ie.,

w(x, y,t) = exp(arctan(%))(C1 sin(%ln(x2 + y2)> +C, cos(%ln(x2 + yl)))’ (35)

is a solution of (1).

Here, we neglect the similarity variables
y =tandu(y) = (w/exp (arctan (x/y))) because
corresponding to these variables, equation (1) is not
transformed into an ODE.

(4) The similarity variables corresponding to

C’x 1 wx
X6 = tax + Tat - E 331” (36)
are
V=Y,
3 ~C*x* +t°D
V= D ’ (37)
(y) = =
Y s Cam ()
By considering v=y and

u() = (wlexp (—(1/2) (t/C?))), equation (1) is
transformed into an ODE

1
D!”w"’@ﬂzo’ (38)

with the solution

(1 v 1 v
‘U('V) = Cl Sln(2 C\/B) + C2 COS(2 C\/B) (39)
Now, by considering
_Cx*+¢'D

Y=—"p
(40)

uly) = = SINY,
exp(—(1/2)(t/C?))

equation (1) is transformed into the following ODE:

16C yp,, +16C"u, — i = 0, (41)

with the solution

1 1
u(y) = CJ(E g) + C4K(z g) (42)

where I((1/2)(4/y/C?)) and K((1/2)(/y/C?)) are
the modified Bessel functions of the first and second
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FIGURE 2: Graph of w given by (27) for C=0.5, C;=C;=1, and C5=0.

FIGURE 3: Graph of w given by (35) for C;=C,=1.
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FIGURE 4: Graph of w given by (44) for C=0.5, D=1, and C;=C,=C5=C4=1.

kinds, respectively. By combining (39) and (42), we
have

| =

2> () +u(y),

NS
a

w(x, y,t) = exp(—

N =
Q=

w(x, y,t) = exp(—

ie.,

(43)

(1 1 v L \fY 1 Y
Nenliais) elaai) (&) o))

1t (1 1y 1 \(-C’x* +£'D/D) 1 \(-C*%* +£*D/D)
w(x, y,t) = exp(—i E) C, sm(i ﬁ) +C, COS(E ﬁ) + Gl 3 o +CK 3 o ,

is a solution of (1).

4. Surface Graphs of the Obtained Solutions

In this section, the surface graphs of the exact solutions of
the Cattaneo model which are calculated in the previous
section are presented. Figures 1-4 show the surface graphs of
the exact solutions of the considered model given in
equations (17), (27), (35), and (44), respectively.

5. Summary and Conclusions

In this paper, the authors have applied the Lie symmetry
method to the Cattaneo equation for obtaining its exact
solutions. On achieving the similarity variables, equation (1)
is reduced to some ODEs of second order. Finally, the
authors have obtained some solutions of undergone ODEs
including Bessel functions, which lead to many exact

(44)

solutions of the considered equation. The surface graphs of
solutions are presented to show different behaviors of the
considered model. This paper has an interesting application
of the Lie group method in a manner that a PDE with three
independent variables is directly converted into an ODE by
considering its different Lie symmetry generators.

Abbreviations

u: A similarity dependent variable which is a
function of two independent variables

Vv A similarity independent variable

y: A similarity independent variable

Cy, Gy, G5, Cy, Constants of integration

C5:

I and K: I'and K presented in equations (42) and (44)

are the modified Bessel functions of the first
and second kinds, respectively.
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