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We get the strong law of large numbers, strong growth rate, and the integrability of supremum for
the partial sums of asymptotically almost negatively associated sequence. In addition, the complete

convergence for weighted sums of asymptotically almost negatively associated sequences is also
studied.

1. Introduction

Definition 1.1. A finite collection of random variables Xj, Xy, ..., X, is said to be negatively
associated (NA) if, for every pair of disjoint subsets Ay, Ay of {1,2,...,n},

COV{f(Xi IiEAl),g(Xj IjEAz)} <0, (11)

whenever f and g are coordinate-wise nondecreasing such that this covariance exists. An
infinite sequence {X,, n > 1} is NA if every finite subcollection is NA.

The concept of negative association was introduced by Joag-Dev and Proschan [1] and
Block et al. [2]. By inspecting the proof of maximal inequality for the NA random variables
in Matuta [3], one also can allow negative correlations provided they are small. Primarily
motivated by this, Chandra and Ghosal [4, 5] introduced the following dependence.

Definition 1.2. A sequence {X,, n > 1} of random variables is called asymptotically almost
negatively associated (AANA) if there exists a nonnegative sequence g(n) — Oasn — oo
such that

COV(f(Xn)r g(XrH—l; D, G P Xn+k)) < Q(n) [Var(f(Xn)) Var(g(Xrle Xnt2,s Xn+k))] 12
(1.2)
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for all n,k > 1 and for all coordinate-wise nondecreasing continuous functions f and g
whenever the variances exist.

The family of AANA sequence contains NA (in particular, independent) sequences
(with g(n) = 0, n > 1) and some more sequences of random variables which are not much
deviated from being negatively associated. An example of an AANA sequence which is not
NA was constructed by Chandra and Ghosal [4].

Since the concept of AANA sequence was introduced by Chandra and Ghosal
[4], many applications have been found. For example, Chandra and Ghosal [4] derived
the Kolmogorov-type inequality and the strong law of large numbers of Marcinkiewicz-
Zygmund, Chandra and Ghosal [5] obtained the almost sure convergence of weighted
averages, Ko et al. [6] studied the Hajek-Rényi-type inequality, and Wang et al. [7]
established the law of the iterated logarithm for product sums. Recently, Yuan and An [8]
established some Rosenthal-type inequalities for maximum partial sums of AANA sequence.
As applications of these inequalities, they derived some results on L, convergence, where
1 < p < 2, and complete convergence. In addition, they estimated the rate of convergence
in Marcinkiewicz-Zygmund strong law for partial sums of identically distributed random
variables.

The main purpose of the paper is to study the strong law of large numbers, strong
growth rate, and the integrability of supremum for AANA sequence. In addition, the
complete convergence for weighted sums of AANA sequence is also studied.

Throughout the paper, we let {X,,, n > 1} be a sequence of AANA random variables
defined on a fixed probability space (Q, ¥, P). Denote S, = 3", X;. Let X(@ = —al(X <
—a) + XI(|X| < a) + al(X > a) for some a > 0, and let I(A) be the indicator function
of the set A. For p > 1, let g4 = p/(p — 1) be the dual number of p. We assume that
¢(x) is a positive increasing function on (0,o0) satisfying ¢(x) T oo as x — oo and
¢(x) is the inverse function of ¢(x). Since ¢(x) T oo, it follows that ¢(x) T oo. For easy
notation, we let ¢(0) = 0 and ¢(0) = 0. The a, = O(b,) denotes that there exists a
positive constant C such that |a,/b,| < C. C denotes a positive constant which may be
different in various places. The main results of this paper are dependent on the following
lemmas.

random variables with mixing coefficients {q(n), n > 1}, and let f1, f>,... be all nondecreasing (or
nonincreasing) functions, then { f,(Xy), n > 1} is still a sequence of AANA random variables with
mixing coefficients {q(n), n > 1}.

Lemma 1.3 (cf. Yuan and An [8, Lemma 2.1]). Let {X,, n > 1} be a sequence of AANA

Lemma 1.4. Let 1 < p < 2, and let {X,,n > 1} be a sequence of AANA random
variables with mixing coefficients {q(n),n > 1} and EX, = 0 for each n > 1. If
S q*(n) < oo, then there exists a positive constant C, depending only on p such

that

E(max|5i|p> < CPZE|X1-|” (1.3)

<i<
1<i<n P}

forall n > 1, where C, = 2P[22Pp + (6p)P (Xi24 qz(n))P/q].
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Proof. We use the same notations as that in the study by Yuan and An [8]. They proved that

E|max S;

1<i<n

i=1 i=1

p n n-1 P
< ZZ_PPZ”XI'”Z + (6p)” <Zq2/q(i)“Xin> ,

E|max(-S;)

1<i<n

14 n n-1 14
<22Pp > 1Xillh + (6p)” <Zqz/4<i>||x,-||p> , (14)
i=1 i=1

P P
max|S;|P < 2°! +2rt .

1<i<n

max S;
1<i<n

max(-5;)
1<i<n

By (1.4) and Holder’s inequality, we have

P P
+ 2P 1E{max(-S;)
1<i<n

max S;
1<i<n

E(max|5i|”> <2F'E

1<i<n

- n n 4
<2P|2%Pp > EIXifP + (6p)” (th/ "(i)IIXiIIp> ]
L i=1 i=1

[ n " P/ 4, (1.5)
<2 22*’p2E|X1~|*’+(6p>”< q2<i>> meiv’]
=1

i=1 i i=1

. p/q
<2F 22‘*’p+<6p)”< q2<n>> ]
1

n=

n
EIXi[ = C, > EIXilF.

n
i=1 i=1

This completes the proof of the lemma. O

We point out that Lemma 1.4 has been studied by Yuan and An [8]. But here we give
the accurate coefficient C,. And Lemma 1.4 generalizes and improves the result of Lemma
2.2 in the study by Ko et al. [6].

Lemma 1.5 (cf. Fazekas and Klesov [9, Theorem 2.1] and Hu et al. [10, Lemma 1.5]). Let
{Xn, n > 1} be a sequence of random variables. Let by, b, .. . be a nondecreasing unbounded sequence
of positive numbers, and let a1, ay, . . . be nonnegative numbers. Let r and C be fixed positive numbers.
Assume that, for eachn > 1,

n
") <
E<111S1§>rf|51| > < C;m, (1.6)
> (17)
2o, ]
= b
then

lim Sn =0 as., (1.8)
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and with the growth rate

% = O<%) as., (1.9)
where
Pu=maxboy’, Y<6<1,  wv,= %, lim P2 o,
1<ksn = by n—ewby,
E(max o r><4c§n:ﬂ<oo 1.10
1<i<n| by 2 ! (1.10)

E{ sup
1>1

If further one assumes that a,, > 0 for infinitely many n, then

Sl|r> © a
b gl:bz

2L

E( sup >
>1

R PYTe) PP 1.11
ﬂz>5 2 < (110

Lemma 1.6 (cf. Fazekas and Klesov [9, Corollary 2.1] and Hu [11, Corollary 2.1.1]).
Let by, by, ... be a nondecreasing unbounded sequence of positive numbers, and let a1, as,... be
nonnegative numbers. Denote A = oy + ap + -+ + ax for k > 1. Let r be a fixed positive number

satisfying (1.6). If

® 1 1
ZAI<F - b—> < oo, (1.12)

% is bounded, (1.13)

then (1.8)—(1.11) hold.

Lemma 1.7 (cf. Yuan and An [8, Theorem 2.1]). Lef {X,,, n > 1} be a sequence of AANA random
variables with EX; = 0 for all i > 1 and p € (3 - 2571, 4 - 2K-1], where integer number k > 1. If
> 99P(n) < oo, then there exists a positive constant D, depending only on p such that, for all
n>1,

n n p/2
P P 2
E<{1;%>;|Sl| ) < Dp{§E|X,| + <§EX1.> } (1.14)
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Lemma 1.8. Assume that the inverse function ¢(x) of ¢(x) satisfies

(n)Z(F( 5 = O (1.15)

IFE[$(XD] < oo, then 3,2, (1/ ¢ (m)) EIX|I(|X]| > ¢s(n)) < o0.

Proof. Since ¢ (x) is an increasing function of x, we have that

n=1

The proof is complete.

Z$E|X|I<|X| >pm) =3

ﬁZHXU(([I(i) <|X|<@i+1)
1 =

5

8

S EIXII(g(i) < |X| < gl + 1))2

- = 1qf(n)
213(9”(1) < |X] < g(i+1))g( l+1)2 (1.16)
= Cip(qf(i) <IX|<g(i+1))i
< CE[p(IX])] < oo.
O

2. Strong Law of Large Numbers and Growth Rate for AANA Sequence

Theorem 2.1. Let {X,, n >

1} be a sequence of mean zero AANA random variables with

S q*(n) < oo, and let {b,, n > 1} be a nondecreasing unbounded sequence of positive numbers;

1 < p <2. Assume that

then

and with the growth rate

< IX "

> (2.1)
n=1 n
lim Sn =0 as., (2.2)

i—: = O<&) as., (2.3)
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where
[ee]
a .
Pn maxbkv 2, VO<b6<1, vn:Z—k, hm@:O,
1<k<n k=n bz n—o 0y

ar = CLE|XkP, k>1, C, is defined in Lemma 1.4,

) . 42 (2.4)

1<i<n = l
0
a
sup|— ' < 4Z—p < oo
>1 1=1 bl

If further one assumes that a,, > 0 for infinitely many n, then

E <max

<sup ' > < 42“—; < oo. (2.5)
>1 =1 ﬂz
Proof. By Lemma 1.4, we have
E P < E|XP = .
(g&XISkI ) < Cpg; | Xl kZ:;“k (2.6)

It follows from (2.1) that

& oy E|X |”

Zb—p = CPZ 0. (2.7)

n=1%n n=1

Thus, (2.2)-(2.5) follow from (2.6), (2.7), and Lemma 1.5 immediately. We complete the proof
of the theorem. O

Theorem 2.2. Let {X,, n > 1} be a sequence of AANA random variables with 32, ¢*(n) < oo,
1< p <2 Denote Q, = maxlskSnEXifor n>1and Qy = 0. Assume that

< Qn
;nz 7 < o0, (2.8)
then
lim — Z(x EX))=0 as., (2.9)

n—>oon1/
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and with the growth rate

]. n ﬁn
m21:(&- -EX;) = o<n1/p> as., (2.10)
where
Pn = max kl/pv6/2, VO<b6<1, i s lim P _ =0,
ks SR el (2.11)

ar = Co(kQx — (k=1)Qk-1), k>1, Cy is defined in Lemma 1.4,

E( max| 2| <43 8. (2.12)
12itn | T7p = > '
E ERRWHRSIE 213

If further one assumes that a,, > 0 for infinitely many n, then

Sl 2 [ee] l
E| sup|— <4) — <oo. (2.14)
o1 | B =1 P1
In addition, for any r € (0, 2),
S| 4r &
—| )<1+—> — <o .
E<51121F [/p >_1+2_rle/p<oo (2.15)

Proof. Assume that EX,, =0, b, = n/?, and A, = >t a, n > 1. By Lemma 1.4, we can see

that
E <max
1<k<n

It is a simple fact that a; > 0 for all k > 1. It follows from (2.8) that

k

2Xi

i=1

i=1 k=1

2
> <G ) EX} < ConQu = D . (2.16)

- 1 1 20, & Q
Z <b2 0 > CZZ Ql<lz/r’ (l+—2/”>5 2212—/;<oo. (2.17)

=1 1+1
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That is to say that (1.12) holds. By Remark 2.1 in Fazekas and Klesov [9], (1.12) implies (1.13).
By Lemma 1.6, we can obtain (2.9)—(2.14) immediately. By (2.13), it follows that

E(sup|—| )=| P(sup|—~| >t )dt<1+| P(sup|—-|>t"")dt
<12F 1Mp > 0 zzf 1/p 1 zzF 1/p
(2.18)
S[ 2 ’[oo 2/ r & [24]
<1+ E( sup|— A<+ —— ) — <
< <121p 1/p > 1 - 2—1’;12/;7 ['e)
The proof is complete. O

Theorem 2.3. Let p € (3-2kK1,4 . 251, where integer number k > 1, and let {X,, n > 1} be
a sequence of AANA random variables with EX; = 0 for all i > 1 and 32, g9P(n) < oo. Let
{bn, n > 1} be a nondecreasing unbounded sequence of positive numbers. Assume that

® p/2-1
> EIX,[ < o,
v,

n=1

2.1
0 p/2-2 ( 9)

SExd S " 5 <00,
k=1 bl’l

n=k+1

then (1.8)—(1.11) hold (for C = 1), where

k k-1
a =2D,E|X1, ax =2D, <kP/2-1ZE|X,~|” ~ (k- 1)P/2‘1ZE|XJ-|P>, k>2, (220
j=1 j=1

and D, is defined in Lemma 1.7.

Proof. Since p >2,0 <2/p < 1. By C,’s inequality,

n 2p q
(ZIKI”) <¥x?, (2.21)
i=1 i

which implies that

n n p/2
DEIXP < E<ZX5> : (2.22)

i=1 i=1

By Jensen’s inequality, we have

n p/2 n p/2
<ZEX$> < E<ZX§> ) (2.23)
i=1 i=1
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By (2.22)-(2.23) and C,’s inequality,

n n p/2 n P/Z
S EIXiP + <ZEX$> <2E (fo> <onP/* 1ZE|X IP.
i=1 i=1 i

i=1

It follows from Lemma 1.7 and (2.24) that

<{nax|5 |p> <2D, nP/> 1ZE|X [P = Zal

i=1 =1

It is a simple fact that

k-1
0 <ag < Cl (p) <kp/21E|Xk|P + kP/ZZZE|Xj|p>,

=1

where Ci(p) is a positive number depending only on p and D,. By (2.19),

n=1 k=1 n=k+1 n

The desired results follow from (2.25)-(2.27) and Lemma 1.5 immediately.

3. Complete Convergence for Weighted Sums of
AANA Random Variables

. a, p/2-1 0 o p/2-2
Z—P (p)(Z 7 E|XuP + D> EIXklP D > ><oo.

(2.24)

(2.25)

(2.26)

(2.27)

Theorem 3.1. Let {X, X, n > 1} be a sequence of identically distributed AANA random variables
with 3%, g*(n) < oo, EX = 0, EX? < oo, and E[¢(|X|)] < co. Assume that the inverse function
@ (x) of p(x) satisfies (1.15). Let {an, n > 1,i > 1} be a triangular array of positive constants such

that

(1) max1<1<nan1 = O(l/qf(n))

(ii) 3, a2, = O(log™ "*n) for some a > 0.
Then, for any € > 0,

Zam i

>oo.

)
Z max
o= 1<j<n

(3.1)
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Proof. For each n > 1, denote

X[ = —g(m)I(X; < —g(m) + X I(|X;] S g(m) +g(mI(X; > g(m), 1<j<n,

= 2]: (anixi(n) Eamx(n)>; 1< ] <n,
i=1

Il
:B
C:

A=(x=x") =N(Xl<pm), B

=1 i=1 i=1

U x™) =%l > gm),
i1

(3.2)
It is easy to check that
ZamX T )+ ZEam )+ ZamX I1(1X:| > ¢(n))
j
+ D angp(m) [1(Xj < —¢(n)) - 1(X; > ¢(n))],
i=1
’ _ (3.3)
j
E,=E,A+E,B= (max T™ 4 ZEamXi(") > g> +E,B
1sjsn i=1
C (max T™ | > £ —max ZEam x™ > +B.
1<j<n 1<j<n
Therefore,
(n) (n)
P(E,) < P<{2]zg T]. ' >¢e— {r<1]a<>; ZEan,X ) + P(B)
(3.4)
n
(n) (n)
< i .
P({Efiﬁ TV >e- {Ig]agr(l ZEamX > + ;P(|Xl| > ¢(n))
Firstly, we will show that
j
max ZEaniXi(") — 0, asn— oo. (3.5)
1<j<n| &
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It follows from Lemma 1.8 and Kronecker’s lemma that

(LZ IX|I(1X| > ¢@i) —0, asn— oo. (3.6)
1

By EX =0, condition (i), (3.6), and ¢(n) T oo, we can see that

max| 3 ZEamX(”) < ;|Ean,x I(1Xi] < g(m) | + Zamq;(n)EI(|X | > ()
< D anEIXII(1Xi] > () + > anEIXI(1Xi] > ¢s(n)) (3.7)
i=1 i=1
C

(F—Z IXII(1X| > ¢@i)) — 0, asn— oo,
i=1

which implies (3.5). By (3.4) and (3.5), we can see that, for sufficiently large 7,
j
ZaniX1 >

P{ max ¢ ) < P max
1<j<n P} 1<j<n

To prove (3.1), it suffices to show that

Tj(”>| > g) + i:ZlP(|X,-| > ¢(n)). (3.8)

T()| ><oo,

>t Y P(Xil > ¢(n)) < oo
n=1 i=1

[e'e]

Zn‘lP max
1<j<n

n=1

(3.9)

By Markov’s inequality, Lemma 1.4, C, inequality, EX? < o0, and condition (ii), we have

3)

T |><CZn Z

(n)
T]

Zn P ( max
1<j<n

2
aniXi(n)

o]
< CE:‘n’1 E (max
n=1 lgjsn

< Cin‘lzn:aiiEXzI(|X| <g(n)) + Cin_lzn:aﬁiqu(n)EIﬂXl > ¢(n)) (3.10)

n=1 =1 n=1 =1

<CYn ' Y a EXPI(IX| < ¢p(n)) +CYn' Y al EXPI(IX] > ¢s(n))

n=1 =1 n=1 =1

[o'e] n [ee]
<CSn 'Y a2 <N nog M n < w0
ni g
=l =l =
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It follows from E[¢(|X])] < oo that

St SO > gm) = SPXT> ) = SP(HIXI) > )

n=1 =1 (3.11)

< CE[¢(IX])] < co.
O

Theorem 3.2. Let {X,, n > 1} be a sequence of AANA random variables, and let {a,;, n >1,i > 1}
be an array of positive numbers. Let {b,, n > 1} be an increasing sequence of positive integers, and
let {cn, n > 1} be a sequence of positive numbers. If, for some p € (3 - 2k71,4 - 2511, where integer
number k > 1,0 <t <2, and for any € > 0, the following conditions are satisfied:

0 b,

chZP<|am-Xi| > 5b,11/t> < oo,

n=1 i=1
o0 by
chb;p/tz|ani|pE|Xi|pI<|aniXi| < Eb}ﬂ) < oo, (3.12)
n=1 i1

0 b, p/2
chb;p/t [ZaiiEXiZI<|am-X,-| < sb}/t>] < oo,

n=1 i=1

and 32, 7P (n) < oo, then

j=

zi: |aniX; - an EX;1(JanX;| < eby/")]
1

> sb}/‘} < oo. (3.13)

[ee]

chP max
1<i<by,

n=1

Proof. Note that if the series >, ¢, is convergent, then (3.13) holds. Therefore, we will
consider only such sequences {c,, n > 1} for which the series >, ¢, is divergent.
Let

Yi(") = —gb},/tl<am-X,- < —sb}/t> + aniXiI<|am~Xi| < sb},”) + sb}/t1<am-Xi > sb}/t>,

i (3.14)
S=2Y", mx1ix1
j=1

Note that

i

> anXoj - an EX;1(anX;| < eb)/")]

j=1

P{ max > eb}l/t}
1<i<b,

by p
< CZP(|aniXi| > sb}/f) e il tE<max|S' - ES’m.|> .

: ni
P} 1<i<b,

(3.15)
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Using the C, inequality and Jensen’s inequality, we can estimate ElYi(") - Elfi(")|p in the
following way:

Ely® - ex™|" < Clanil”EIX,-I”I<|am-Xi| < gb}/f) +cvl/ tp(|am-Xi| > eb}/f>. (3.16)
By (3.15), (3.16), and Lemma 1.7, we can get

P{ max > ebl/!
1<i<b,
by

bn
< CY P(lawXil 2 eb}/") + Co"' Y aul EIXP I (|lawXil < ebl/*) — (317)
i=1 i=1

zi: [anjxj - anjEXjI<|aanj| < eb,’ t)]

j=1

by P/Z
+Cb,"! I:ZafliEXfI<|aniXi| <ebY f)] :

i=1

Therefore, we can conclude that (3.13) holds by (3.12) and (3.17). O
Theorem 3.3. Let 1 < r < 2 and let {X,,, n > 1} be a sequence of AANA random variables with

EX, =0and E|X,|" < oo for n > 1. Let {a,n > 1,i > 1} be an array of real numbers satisfying the
condition

Zn:|am~|’E|X,~|r = o(n5> as n — oo (3.18)
i=1

and 32, q1P(n) < oo for some 0 < 6 <2/pand p € (3-251,4.251], where integer number k > 1.
Then, for any € > 0 and ar > 1,

> 5n"‘> < oo. (3.19)
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Proof. Take ¢, = n*2 b, =n,and 1/t = a in Theorem 3.2. By (3.18), we have

o b,
Z Z <|an1X | 2 €b1/t> < CZ ner ZZM < CZ 22 < oo,
n=1 i=1

n=1 i=1 n=1

w0 b, o n )
-p/t _ _
Seab'S |an,-|”E|Xl-|pI<|aniXi| < sb}/’) < 2N |aul E[Xi|" < C Y0
n=1 i=1 n=1

n=1 i=1
0 by p/2 © n p/2
Senb,! [ZaiiEX$1(|a,,,-Xi| < ebY/ f)] <CY per2p/? <Z|ani|’15|xi|f>
n=1 i=1 nool i=1
<CY nor- 2—(arp/2)+(6p/2) <C nar(l -p/2)-1 <o
Z >
(3.20)
following from 6p/2 < 1. By the assumption EX,, = 0 for n > 1 and (3.18), we get
L ax Za EX;I(|anX;| < en®)
N 1<i<n " "
1 & 1 &
< — D lanEXI(JanXj| < en®)| = = 3 anEX;I(|anX;] > en®)| (3.21)
=1 j=1

n
LZ |ani| E|X;|" < Cn®* —0, asn— o

3

following from 6 < 1 and ar > 1. We get the desired result from Theorem 3.2 immediately.
The proof is complete. O

Theorem 3.4. Let {X,,, n > 1} be a sequence of AANA random variables satisfying o>, ¢*(n) < oo,
and let {a,;, n > 1,i > 1} be an array of positive numbers. Let {b,, n > 1} be an increasing sequence
of positive integers, and let {c,, n > 1} be a sequence of positive numbers. If, for some 1 < p < 2,
0 <t <2, and for any € > 0, the following conditions are satisfied:

] bn
chZP<|am-Xi| > Eb,ﬂ“) < oo,
n=l el

) (3.22)
Seabi" Y anl EIXiPI(|aniXi] < eby/") < oo,
=1 i1
then
;cnp{lrgg;( Z [an] anjEX]-I(|an]~X]~| < gb}ﬂ)] > eb}l/t} < oo. (3.23)

Proof. The proof is similar to that of Theorem 3.2, so we omit it. O
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