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We will consider oscillation criteria for the second order difference equation with forced term

A(apA(xy + AXp_z)) + GuXn-c = T (n > 0). We establish sufficient conditions which guarantee
that every solution is oscillatory or eventually positive solutions converge to zero.

In the last thirty years, there has been an increasing interest in the study of oscillation and
asymptotic behavior of solutions of second order difference equations (see [1-11]). In [1],
Arul and Thandapani considered the equation

A(pup(Axy)) + f(n,xp41) =0, n=0,1,2,..., (1)

and gave some sufficient conditions for the existence of positive solutions. In [3], Saker
considered the equation

A(pnlAxy) + guf (Xn-0) =0, n=0,1,2,..., (2)

and gave some sufficient conditions which guarantee that every solution is oscillatory.
Following this trend, we are concerned with oscillation criteria of solutions for a second order
difference equation with forced term

A(anA(xy + Axy—7)) + GuXpno =1, n=12,..., (3)
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where {a,} is a positive sequence, {g,} is a nonnegative sequence and not identically zero
for all large n, {r,} is a real sequence, A is a real number, and o, T are nonnegative integers,
U =max{o,T}.

A solution {x,} of (3) is said to be eventually positive if x,, > 0 for all large n and
eventually negative if x,, < 0 for all large n. Equation (3) is said to be oscillatory if it is neither
eventually positive nor eventually negative.

In order to obtain our conclusions, we first give two lemmas.

Lemma 0.1. If difference inequality

A(ayAzy) + Gnzn-c <tn, n>0, (4)

is oscillation, then difference equation

A(ayAzy) + Gnzn-c =1n, n>0, (5)

is oscillation.

Otherwise, if (5) has eventually positive solution, then (4) has eventually positive
solution; this is contradictory.

Lemma 0.2. Suppose that {x,} is an eventually positive solution of (3), A > 0, and
(i) 2% (1/an) = +oo,
(i) 321 Gn = +oo,
(iii) Xiprqtn < 00.
Set z, = x, + Axy_r. Then z,, > 0 and lim,, _, xa,Az, =0

Proof. Suppose that {x,} is an eventually positive solution of (3), then there exists n; > p,
such that x, > 0, x,—r > 0, and x,,_; > 0 for n > ny, then z, > 0 for n > n;. By summing up (3)
from n; to n, we obtain

n

n
An+1 AZn+1 — an, AZm + Z 4sXs-c = Z Ts. (6)

S=mny s5=mn;

From (6), we know that lim,, .o, X.;_, sXs—s = @, where a is a positive limited number or
a = +oo. Thus lim,, _, ,a,Az, = B, fis a limited number or f = —co.
If p < ¢ <0 (cis a constant), then there exist n, > n1, a,Az, < c for n > ny, so that

n
1
Zna S Zm+C D, —, (7)

s=np as

which is contrary to z, > 0.
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If g > 0, then there exist n3 > ny, a,Az, > f/2 for n > n3; hence,

n
1
zn+122n3+§Z——>+oo (n — o), (8)

s=nz S

therefore, lim,, _, . x, = oo, lim,,_, xX,_c = oo; thus, there exist ny > n3, x,, > M, and x,,_, > M
(M > 0) for n > ng. By summing up (3) from n4 to, we obtain

n n
an+1Azn+1 — Qn, Azm +M Z qs < Z Ts. (9)

S=ny S=ny

As n — oo, the right-hand side of (9) is bounded, but the left-hand side of (9) tends to oo;
this is contradictory.
Then g = 0; thus lim, ., a,Az, = 0. This completes the proof. O

By means of Lemma 0.2, we obtain the following.

Theorem 0.3. If conditions (1), (ii), and (iii) hold and {x,} is an eventually positive solution of (3),
then lim,, _, ,x, = 0.

Proof. Making use of (6) and the conclusion of Lemma 0.2, we know
n

lim Z GsXs-o = (0 <a < +o0), (10)

S=mn;

so limy, _, ., x, = 0. If not, suppose that lim,,_, ,x,, = I > 0, then there exist ns > ny, x, >1/2>0
for n > ns. Now substitute x,, > 1/2 > 0 for x,, in (6), we obtain a contrary. This completes the
proof. O

Theorem 0.4. If conditions (i), (ii), and (iii) hold, let

wy, = ialirt, n>0, (11)

s=n "5 t=s

and if {w,,} is oscillation, then (3) is oscillation.

Proof. Suppose that {x,} is an eventually positive solution of (3), then there exist n; > p,
x, >0,x,+>0,and x,_, > 0 for n > n;. From (6), we have

n
Ani1Azpy1 — ap Az, < Z Ts. (12)

S=ny

Letting n — oo and making use of Lemma 0.2, we get

—ay, Az, < Z Ts (13)

S=mn;
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or

—a, Az, < D15 (n>m). (14)

S=n

By summing up (14) from n; to n, we obtain

n [ee)
Zn, — Zn+l < Z alz 1. (15)

s=ny S t=s

In view of Theorem 0.3, we know that lim,,_, ,,x, = 0, then there exists a sequence {n}, such
that limy ., 1 = oo, limg — o Xy, —¢ = 0, and limy _, . x,, = 0; by means of (15), we have

Ny 1 (o)
Zny — Zng+1 < Z — Z T, (16)
s=m as t=s

SO

O<Z"<ialirt‘ (17)

s=n 5 t=g

This shows that {w,} is nonoscillatory, which is a contradiction. This completes the proof. [

The oscillation of {w,} is only the sufficient condition for the oscillation of (3). The
following examples will illustrate this point.

Example 0.5. Consider the difference equation

3
ntl " mr2)(m+ 1)

A(%A(xn+xn_1)> + n>1. (18)

Here, w, = >, 5(1/(s—1) +1/s+1/(s + 1)) > 0 is nonoscillatory, and the other conditions
(i), (ii), and (iii) are satisfied. Equation (18) has the nonoscillatory solution x, = (1/n) —
0 (n — o0).

Example 0.6. Consider the difference equation

(n-4)2n+1) 3 a 2n+1
mim-n = Ve

n>1. (19)

A(%A(xn + xn_1)> +

Here, w, = 3,22, (-1)* is oscillatory, and the conditions (i), (ii), and (iii) are satisfied. Equation
(19) is oscillation.

Example 0.7. Consider the difference equation

1 (-1)" 2 2 1
A(EA(.X”‘szn_l)) + (m+m+;>xn_4— m, TlZl (20)
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Here, w, = >22,1 > 0 is nonoscillatory, and the other conditions (i), (ii), (iii) are satisfied.
But (20) has the oscillatory solution x,, = (-1)".

Remarks:

(1) When A = 0, Theorems 0.3 and 0.4 still hold.
(2) As a, =1, Lemma 0.2, Theorems 0.3, and 0.4 still hold. In Theorem 0.4,

wy, = iin, n> 0. (21)

s=nt=s
It has been discussed that A > 0. We have the following conclusion as A < 0. Set
Zn = Xp + AXp_r. (22)

If {x,} is an eventually positive solution of (3), then there exist T > y, z,, < x,, for n > T. Thus,
A(anAzy) + Gnzn-o < 1. (23)

Therefore, we obtain the following

Theorem 0.8. As A < 0, if difference inequality (4) is oscillation, then difference equation (3) is
oscillation.
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