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This paper deals with the existence of solutions for a new class of nonlinear fractional boundary value systems involving the
left and right Riemann-Liouville fractional derivatives. More precisely, we establish the existence of at least three weak
solutions for the problem using variational methods combined with the critical point theorem due to Bonano and Marano.

In addition, some examples in R* and R* are given to illustrate the theoritical results.

1. Introduction

Fractional differential equations (FDEs) are a generaliza-
tion of ordinary differential equations (ODEs), as they
contain fractional derivatives whose degree is not necessar-
ily an integer. This is what makes it receive great attention
from researchers due to its ability to model some difficult
and complex phenomena in many fields, including engi-
neering, science, biology, economics, and physics (for
more information, see [1-22]). One of the most investi-
gated issues is the existence of solutions for the fractional
initial and boundary value problems by using some fixed
point theorems, coincidence degree theory, and monotone
interactive method. Among the most important of these
are the works mentioned in Oldham and Spanier and
Podlubny’s books (see [13, 23]) and the work of Metzler

and Klafter (see [24]). Furthermore, the first to use the
critical point theorem was Jiao and Zhou in [6] to study
the following problem:

a.ete€[0,T],

{zD?(on‘“(f)) =VE(t, u(t)), 0

u(0) =u(t) =0,

where (Df and ,Df are the left and right Riemann-Liouville
fractional derivatives with 0 < « < 1, respectively, and F : [0,
T] x R — R" is a suitable function satisfying some hypothe-
sis and F(t, x) is the gradient of F with respect to x.

In [22], the authors have used variational methods to
investigate the existence of weak solutions for the following
system:
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(DS (a(t)oDfu(t)) = AF, (8, u(t), v(1)),

tDl;(b(t)Ova(t)) = AF,(tu(t), (1)), aete0,T),

a.etel0,T),

u(0)=u(T)=0,v(0)=v(T) =0,
(2)

for (D and ,Df are the left and right Riemann-Liouville
fractional derivatives with 0 < @ <1 and F, denotes the par-

{ (D (a;(t)oD u;(t)) = AF, (tuy(£), uy(8), o uy (1)) + hi(u;(1)),  a.et€0,T],

u(0) = w(T) =0,

for 1 <i<n, where a; € (0; 1], (D7 and D} are the left and
right Riemann-Liouville fractional derivatives of order a;,
respectively, a; € L®([0, T]) with

a,y= ess[inTﬁai >0, forl<i<n, (4)
0,

A>0, F: [0, T] x R" — R is a measurable function for
all (x;,++,x,) € R" and is C' with respect to (x,, -, x,) €
R" for a.e. t € [0, T], F, denotes the partial derivative of F
with respect to u;, respectively, and h;: R— R are
Lipschitz continuous functions with the Lipschitz constants
L;>0,for1<i<mn,ie,

|hi(x1) = hi(x;)| < Lilx; = x5, (5)

for all x;,x, € R and h,;(0) =0, for 1 <i < n. In order to state
the main results, we introduce the following conditions:
(FO) Forall C>0andany 1<i<n

swp  [Fy(bx x| €L(O.T).  (6)
[(x157+%, ) |<C

(F1) F(t;0,:--,0) =0, for a.e. t € [0; T].

In the present study, motivated by the results introduced
in [12, 13, 25], using the three critical point theorems due to
Ricceri ([26], see Theorem 2.6 in the next section), we ensure
the existence of at least three solutions for system (3). For
other applications of Ricceri’s result for perturbed boundary
value problems, the interested readers are referred to the
papers [11-13, 23-25, 27].

We divided the paper as follows: in the second section, we
put some preliminary facts, while in the third section we pre-
sented the main result and its proof. Finally, we proposed two
practical examples of our theorem.

2. Preliminaries

In this section, introducing some necessary definitions and
preliminary facts.
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tial derivative of F with respect to s. In [?], Zhao et al
obtained the existence of infinitely many solutions for system
(2) with perturbed functions h;,i=1, 2.

Yet, there are a few findings for fractional boundary value
problems which were established exploiting this approach
due to its difficulty in establishing a suitable space and varia-
tional functional for fractional problems.

In this work, we shall study the existence of three weak
solutions for the following system:

Definition 1 [28]. Let u be a function defined on [0, T] and
a; > 0 for 1 < i< n. The left and right Riemann-Liouville frac-
tional integrals of order «; for the function u are defined by

t

oD “u(t) = F(tx-) J (t=s5)%u(s)ds, tel0,T],
i)Jo (7)
T
oD u(t) = ﬁjt (s=t)%u(s)ds, te[0,T],

for 1 <i<n, provided the RHS are pointwise given on [0, T},
where I'(«;) is the standard gamma function defined by

I'(z)= J;mzo‘flezdz. (8)

Definition 2 [25]. Let 0 <a; <1 for 1 <i<n. The fractional
derivative space H,' is given by the closure C°([0, T], R), that is

H = C([0, T}, R), (9)

with the norm

1/2

T T
; 2
il = ([ aloDi o are [ uopar) . o)
0 0
for every u; € Hy' and for 1 <i<n.
We point out that Hy' (0 < &, < 1) is a reflexive and sepa-

rable Banach space (see [22], Proposition 3.1) for details.
For every u; € Hy', set

v (Jjw"(t)rdt) o (11)

440 = max (6]

[|u;

Definition 3 [27]. We mean by a weak solution of system
(3), any u= (uy, u,, -, u,) € X such that for all v=(v;,v,
R Vn) eX,
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T n

J > a,(t) D uy(t) D vy () dt
0 =1

T n
—Aj S F, (b g (£), wy(6), - () (e (12)

0 =1

-J ihi(u)v(t)dtz

0 i=1

Lemma 4 [27]. Let 0<a; <1, for 1<i<n. Yu; € Hy, we
have

T% o
||”i||(L2) < T(o+ 1) oD w2 (13)
Moreover,

T o
T —| 5 7 |
oo < ey Pl

From Lemma 4, we easily observe that

T% T . 5 1/2
[Juil 2 < T, + 1)y (Joai(t)’th’”i(tﬂ dt) . (15)

for 0 <a; <1, and

Ta~(112) T . 5 1/z
il ([ stolotnorar)
(@)/ai (205 = 1) \Jo

(16)

By using (15), the norm of (10) is equivalent to
T 12
; 2 .
14|, <J a;(t)[oDf uy(t)| dt) ., Yu;eHy'. (17)
0

Throughout this paper, let X be the Cartesian product
of the n spaces Hy' for 1<i<n, ie, X=H,' x Hy’ X ---x
H,"; we equip X with the norm defined by

n
ful| = Y fillyer =yt sm,),  (18)
- 0

where ||u;]| pe is given in (17). We have X compactly
embedded in C([0, T], R)".

Theorem 5 [25]. Let X be a reflexive real Banach space and
@ : X — R be a coercive, continuously Gateaux differentia-
ble sequentially weakly lower semicontinuous functional

whose Gdteaux derivative admits a continuous inverse on
X*, bounded on bounded subsets of X, : X — R a continu-
ously Gdteaux differentiable functional whose Gateaux deriv-
ative is compact such that

®(0) =¥(0) = 0. (19)

Suppose that 3r > 0 and X € X, with r < O(X), satisfying

(a,) sup (¥ (u)/r) < (P(x)/1¥(x))-
D(u)<r
(a,) For each A€ Ay; = (O(x)/¥(X),r/ sup ¥(u)), the

D(u)<r
functional ® — AV is coercive.
Hence, VA € A, the functional @ — AY¥ has at least three
critical points in the space X.

3. Main Results

In this section, by applying Theorem 5, we examine the exis-
tence of multiple solutions for system (3). For any o > 0, let
us define

n<a>={<x1«~, JeR": Z|x,| <a} (20)

This set will be used in some of our hypotheses with
appropriate choices of 0. For u=(u;,u,, -, u,) €X, we
define

= 3 Vi) 1)

i=1

where Y;(x Io

Vtel0; T] andxe]R
Furthermore, let

Tz‘xfl
k == max 2 ’
Lsisn | (I'(e;)) a0 (20; — 1)

_ LT
M:=min< 1 - ——
Lsisn (I(; +1))"aj

_ 20
k:=max{ 1+ Lz . (22)
Lisn (I(e; +1))"ay

Theorem 6. Let 1/2<a; <1, for 1<i<n, and suppose that
M > 0 and the conditions (F0) and (F1) are satisfied. Further-
more, assume that 3r > 0 and a function w = (w;, w,, -+, w,,)
€ X satisfying

))ds and H,(x) = [(hi(z)dz1<i<n,

i i1,

i=1
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T
F(t,w;, w,, - w,)dt sup F(t,x;, -+, x,)
(ii) 2r — Jo (2 P2 ) (i) lim sup t€[0,T]
2 fleilly, = 2Y (@p @z 0y) (e[, ) —(00s1+00) X 12
T
—J max , F(t,x,--x,)dt>0, (23)
0 (X )Err(’")
Then, setting
il /2) V(@@ 0,) . »
= » =
Ji Fbo (0@t 0, (0)dt [T max (b,
VA € A system (3) admits at least 3 weak solutions in X. T
lim sup¥(u,,) < J lim sup F(2, u,,, 1 (£), Uy 5(£)s -+ thy, (1))t
Proof. For each u=(uy,u,, -, u,) €X, we introduce the e gmﬁm
functionals ®,¥ : X — R as = J F(t,uy (1), uy(t), -+ u, (£))dt = ¥ (u),
0
2 (28)

T
¥ (u) =J F(t, uy (£), uy (), -+ u,(t))dt. (26)

It is clear that @ and ¥ are continuously Géteaux differ-
entiable functionals whose Géteaux derivatives at the point
u € X are defined by

JZ £),Dv,(t)dt

i=1

T n
X OIe

0 j=1

¥ (u)(v) = J Z Ey (6 (£), uy (1), -5 w, (1)) vi(1)dt, (27)

0 j=1

for every v= (v}, v,, -+, v,) € X.

We have @' (1), ¥' (1) € X*, where X* is the dual space
of X. And the functional @ is sequentially weakly lower semi-
continuous and its Gateaux derivative admits a continuous

inverse on X*; also lim @(u)=+c0 it is coercive.
llully—>+o0

Now, we show that the functional ¥ is sequentially weakly
upper semicontinuous and its derivative ¥' : X — X* is a
compact operator. Let u,, — u in X, where u,, (t) = (u,,,(t),
Uy 5(t)s -5 u,,(t)); then certainly u,, converges uniformly
to u on the interval [0, T]. Then,

which gets that ¥ is sequentially weakly upper
semicontinuous.
Moreover, we have

mli{l}ooF(t, um,l (t)’ um,2(t)’ T um,n(t)) (29)

=F(t,u,(t), uy(t), -, u,(t)), forallte]|0,T].

Note that F(t,-, -+, - ) € C'(R"). The Lebesgue control
convergence theorem implies that ¥/ (u) — ¥'(u)
strongly, hence yielding that ¥' is strongly continuous on
X. Then, ¥' : X — X* is a compact operator.

We show that required hypothesis @(x) > r follows from
(7) and the definition of @ by taking ¥ = w. Indeed, as (5) holds
for all x; ;x, € R and h,(0) =--- = h,(0) = 0; one has |h;(x)|
<L,|x|,1<i<n, for any x € R. It follows from (15) that

(D(w) > i= 1”“‘)1”

| e

0

1 wl nL T
_zln I Z—’le s

1
:120

(30)

[

1 L. T
5= | llwill2
2 (I(a;+1))7ay '

2
a;’

[\
M=
Y

I
—_

=

M=

M
5 [|os |

—
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From (16), for every u; € Hy', we have

I 1
ma (0 <Kl (1)

for 1 <i < n. Hence,

Z\u
teOT

Assume that u,(t) =(0,---,0) and the supposition (i)
deduces that 0 < r < @(w) and they hold @(u,(t)) =¥ (u,(¢)
)=0 from definitions (25) and (26), which are required
assumptions in Theorem 5. Applying relations (16), (17),
and (22) gives the following relation:

<k |l (32)
i=1

@‘1((—oo;r]) ={u=(upuy-u,) €X : Pu)<r}

uille, _ v
= u=(upuy, - u,)€X: i< —
{ gex Bl o
n
Q{uz(ul,uz,---,un)eX:Z

i=1

. (I'(e)) ay (205 = 1) |2, < L}
illoo = Jr

2T206i71

MM
T
=

8]
IA
35
——

1
c {u:(ul,uz,n-,un) €eX: 3

(33)
which implies that
T
sup  Y(u)=  sup J F(t,u (), uy(t), -+ u,(t))dt
ued™!((~o0sr]) ued™! ((—o05r])J 0
T
SJ max  F(t,x;, -, x,)dt.
0 (kv e (§)
(34)

Hence, under the condition (ii), we get the following
inequality

sup lI/(u) T
1 ((_
ng max F(tx), o x,)dt
r 0 (o) ()
T
J‘O F(t,wl)wz)...’wn)dt
Z?:l”wiui —2Y(wy, w5 w,,)
T
IO F(t’wl’wz’...’wn)dt

=r
= Y(wp, wp, oy w,)

(T

(w

= o)

=

S

(35)

Thus, the hypothesis (a;) of Theorem 5 holds.

On the other hand, fix 0 < & < (1/2TkA). From (iii) into
account, there exist constants 7, € R such that

F(t,xl’ (N

n
xn) S‘;"Z|xi|2+Té:> (36)
i=1

foranyt € [0, T] and (x,, ---, x,,) € R", by using (36) and (15)
yields, it follows that, for each u € X,

1 T
O) =9 () = 53"}, ~A| (a0 (0) - 1)

i=1

l n n

23 3l = TAke ), A

i= i=1
1 n

(E - T)tks> 2 lluills, - Az

i=1

(37)
And from him,
l lim  @(u) - A¥(u) = +oo. (38)

Moreover, analogous to the case of 7, > 0, we imply that
D(u) — AV (u) — +00 as ||ul|y—>+oco with 7, <0. Then,
the hypotheses of Theorem 5 hold, which means that system
(3) admits at least 3 weak solutions in X, which completes the
proof.

Now, we present some notations, before the corollary of
Theorem 6.

Put

T 2(170(1)
_ 1 Jai(t)tz(l"“f)dt+J ai(t)(t—z;) dt
0

T/4

T 37\ 20-) T
+J a;(t) (t— —) dt—ZJ a;(t)
3T/4 4 T/4
T 1—01[ T 3T l—oc,
: (t2 - —t) dt - ZJ a;(t) <t2 - —t> dt
4 3T/4 4

T 3T2 17‘Xi
+2J a;(t) <t2—Tt+ —t) dt 3,
3T/4 16

A, = min{A(«;): forl <i<n},

1<i<n

A, = max{A;(«;): forl <i<n}. (39)

1<i<n

Corollary 7. Let 1/2 < a; < 1, 1 < i < n and supposition (iii) in
Theorem 6 holds. Suppose that 3t > 0 and d such that (t/A,
kMn) < d°, and also

(i') F(t,xp, -+ %,) 20, for(t,x;, -+, x,)

(][]

X [0,400) X -++ X [0,+00)),



jo _max F(t,x, -, x,)dt
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sup F(t,xp, -+ x,)

(zz ) ) H(7) (iii’) lim sup <ol - 5 <0.
M (51575 2, ) = (+00,++7+00) Yy |xil°12
3774
T F(tT(2-a,))d, T(2-ay)d, -+, [(2 - ,)d)dt (40)
nkkA,d*
Then, setting
kA, d?
AeA'= 3774 s (T - (41)
g FET(2—a)d, I(2-0y)d, -, d)dt k[, R ._?;%)EH(T)F(t,xl, ey X, )dt
Thus, system (3) admits at least three weak solutions in X By (25), for 1 <i<n, imply that
Proof. Choose D(w) = D(w, Wy, > w,,)
re-o)d T n |w’” - Y(w)
> t 0) — |> i=
p o]
T > || 46
w(t)={ T'(2-w))d, te [—, —}, (42) 2 ;H I 46)
n
re2-o)d 3T =Md* ) A(a;)
hT (T-1), te| T i=1
>nMA,d’.
We derive
ad Similar to (30) and (46), we have ®(w) < nkA,d>.
Tt te {0’ Z{ Let r = tM/k. From (1/A,kMn) < d*, we have
3 ad (e (T 1o e [T 3T
oDrwi(t) =9 T _< - Z) e {Z’ T}’ n |w 2 ) . ,
5 % > @(w) 2 nMA,d* > nMA, x =_.
ad (. ' 3T\ 3T o AkMn M
“( '—<t—z> —(t—T> , teh,T].
(47)
(43)
M Thus, the assumption (ii) of Theorem 6 holds.
oreover, TN
(i ") implies that
T Qa, 2
J “i(t)‘th’wi(t)’ dt T
0 :J (t, wy, wy, -+, @, )dt
T/4 3T/4 T o » (44)
:J +J +J “i(t)|th’“’i(t)| dt T/4
0 T4 )3T/ :J F(t, 0y, wy, -+, w,)dt
= 24, (a;)d% 0
3T/4
+J F(t,w, wy, - w,)dt (48)
T/4

Then, w;(0) =w;(T) =0, w;(t), D} w;(t) € L?[0, T], i=
2, -+, n; hence, w = (w,, w,, -, w,) € X, and we have

T 2
oy 2 =L a,(t) |oDfw,(t) Pdt = 24, (a)d>. (45)

T
+ J F(t,w), 0y, -+, w,)dt
3T/4

vV

3T/4
J F(t,w, wy, -+ w,,)dt.
T/4
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.. !
Moreover, by condition (ii '), we have

fg max  F(t,x,, -, x,)dt

(2150, ) €m(kr/M)
r

kfg max  F(t,x;,--,x,)dt

x,, ) €n(kr/M)
™

3T/4

T/ F(t,T2-a))d, T(2-,)d, -,
nkA,d*

3T/4

s FGT2=0)d, [(2-ay)d, -,
D(w)

ngF(t, w1, Wy, -5 W, )dt

2 ||“’z||i —2Y(w, @, w,)

r(2-a,)d)dt

r(2-a,)d)dt

(49)

Hence, the supposition (ii) of Theorem 6 is verified.

Moreover, the supposition (iii) of Theorem 6 holds
under (iii ') from A’ < A. Theorem 6 is successfully
employed to ensure the existence of at least 3 weak solu-
tions for system (3). This completes of the proof.

4. Examples

In this section, we propose two practical examples of Theorem 6.

Example L Let a; =0.7, 0, = 0.65, a3 = 0.6,
a,(t)=1+1t%a,(t)=0.5+t,a5(t)=1+t,T=1. Then, sys-

1 1

tem (3) gets the following form:

DY ((1+82)6D) 7y (1)) = AF,, (1 uy (1), up(£), (1)) + By (), £€[0,1],

DY ((0.5+1) DMS”z(t)) AF, (6 uy (1), uy (), uz (1)) + hy(uy),  t€[0,1],
DY ((L+1)oDfCus(1)) = AF, (t, uy (£), uy(t), u5(£)) + hs(u3),  te[0,1],
uy(0) = u; (1) =0, u,(0) = uy(1) = 0, u3(0) = u3(1) =0,
(50)

where h,(u;) =1/4 sin uy,hy(uy) = uy/2, and hy(u;) = 1/20
arctan u;.

Furthermore, V(£ x;, x,, x3) € [05 1] x R*; put

(1+ tz)G(xl,xz,x3), (51)

E(t, x, (1), %5(t), x3(t)) =
where
G(xp> %5, X3)
(xf+x§+x3) X xS,
10(x] +x3 +x§)% -9(xi+x3 +x§)1/3,xf +x3+x5> 1.
(52)

Obviously h,, hy, h; — R are three Lipschitz continu-
ous functions with Lipschitz constants L, =1/4,L, =1/2,L,
=1/20 and h,(0) = h,(0) = h3(0) = 0. Clearly, F(¢,0,0,0) =
0,Vt €0, 1], by the direct calculation, we have a,, =1, a,,
=1,and a5, =0.5

1

= max {(r(0.7))2(2 x0.7 1) (I(0.65))*(2x0.65—1) (I'(0.6))*x0.5(2x 0.6 - 1)

L,

} =~ 4.509191,

L
M=min{1- ! 51—
((0.7)+1)

Taking
w,(£) =I'(1.3)t(1 - 1), w,(t)
=T(1.35)t(1— 1), ws (1)
=T (1.4)¢(1 1)
OD?le(t) — t0.3 _ 21{1((2133)) 1.3,
OD(t).GSwz(t) — t0.35 _ 21{((213355)) t1'35,
OD?‘6w3(t) — t0'4 _ 2F(1'4) t1'4. (54)

r(2.4)

065+

L
S } ~0.912084 (53)

(I'(0.6) +1)*x 0.5

By a simple calculation, we obtain

2 2
[w1(t)[[5.7 = 0130566, [|w, (t) g 65

% 0.078559, ||es (£)]2 ¢ (55)
~(0.102638.
Select =1 x 1073, we find
2 2 2
o1 () [[o7 + [|02(D) [g.65 + l|03(D) o6
(56)

2r
~0.311763 > — =0.002192.
M



We deduce that the supposition (i) holds, and

1
ma F(t, x,x,,x,)dt
0 (xl,xz,XS)ei((kr/M) ( 12 3)
-
_16k°r
= ~(0.130355
3M?

ZJ"O F(t, 0y, w,, wy)dt

(lor () 157 + o2 (8) .65 + llos (1)l 6)

- Y(w;, 0y, w3)
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sup F(t, x, X5, X3)

te[0,T] _
(\x1|2/2) + (|x3\2/2)
(57)

P (|xo?12) +

1m
(1 bz o [) = (+00,t00,+00)

Then, suppositions (ii) and (iii) are verified. Hence, in view
of Theorem 6 for every A € ]2.7359,7.6714], system (50) has at
least 3 weak solutions in the space X = H)” x H)% x H{®.

Example 2. Let o) = 0.65, oy =0.75, a3 = 0.85, oy = 0.95, a, (¢

~0.365517, YJ=1+8,a,(t) =1+t a,(t) =05+t a,(t)=1+t, T=1.
Hence, system (3) gives
tD?ﬁS((l + t3)0D?'65”1(t)) = AFul (6 uy (1), uy(£), uz (1), ug(t)) + hy (y), €[0,1],
DY (14 8)oDy Puy () = AE,, (& 1y (£), 1y (£), us(£), uy (1)) + By (), £€[0,1],
D ((05+1)oDi P us(t)) = AF,, (£ uy (), uy(£), us(£), uy(t)) + ha(us), €0, 1], (58)
tD(f'QS((l + t)oD?'%”zx(t)) =AF, (6 uy (1), up(t), uz (1), ug(t)) + hy(uy), te€[0,1],
uy(0) = uy (1) = 0,1(0) = u5(1) = 0, u3(0) = u3 (1) = 0, 1y (0) = u, (1) = 0.
Taking Moreover, for all (t;x;,x,, X3, x,) € [0;1] x R, put
i(t) = L(L33)H(1 = 1), @ (1) F(t, %, (1), %3 (£), %3 (£), %, (1)) = (14 £2) Gy, 3, 3, %),
= I'(1.25)t(1 - £), (1) (59) (60)
= I(1.15)¢(1 - £), w, ()
=I(1.05)t(1 - 1). where
xf+x§+x§+xi 2,xf+x§+x§+xi£ 1,
Gy X, X35 %) = ( ) | (61)

22,2, 2\
10 (7 + x5 + x5 +x3)” —

Obviously h,, hy, hs, hy — R are three Lipschitz contin-
uous functions, hy (1) = 1/4 sin u,,h,(u4,) = u,/20 and h;(u,
) =1/100 arctan uy, hy(uy) =1/10 In (u, + 1) for all uy,u,,
uy, uy € R with Lipschitz constants L, =1/4,L, =1/20, L, =
1/100,L,=1/10  and
Clearly, F(t,0,0,0,0) =
as=1,and a,, =1

The direct calculation, gives

1 1
((0.65))*(2x0.65— 1) (I'(0.75))* x 0.5(2 x 0.75 — 1)

k = max
1 1

" (r(0.85))*(2%0.85—-1) (I'(0.95))*(2x 0.95 - 1)
~2.663742,

h1(0) = h,(0) = h3(0) = by (0) = 0.
0 for any t € [0, 1], a;y =1, a,, = 0.5,

1
9(xt +X5 + x5 +x3)H X+ 5 + x5+ x5 > 1

1 L 1 L
(I(0.65)+1)*" (I'(0.75) +1)*x 0.5
M = min
J1- L3 J1- L4
(I'(0.85) +1)* (I'(0.95) +1)*
~ 0.956042,

2F(135) 1.35

D0.65 £ = t0435 _
0+t wl() 1"(235)

>

2I(1.25) 5
(2.25)

>

oDV 7w, (1) = 1975 —

2I'(1.15) ;s

DY850 (£) = 015 _
0+t w3() 1“(215)

>
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Select =1 x 1073; we find

2I'(1.05
oD (1) = 109 — 1"((2 05)) £1.05 (62)
2 2
w1 (])Ilo.65 + 102 (£) I 75
2 2
So that + s ()13s5 + s (D) 1505 (64)
2r
2 2 ~0.831213 > — =0.002092.
[l (£) .65 = 0-104555, [, (£)]fo 75 M
2
= 0158153’ Hw3(t)H0.85 (63)
~0.170894, ||, (1) |2 o We deduce that the supposition (i) holds, and
~0.397611.
1
F t: 5 B > dt
0 (xl,xz,x3r,2,a).z(n(kr/M) ( X% x4) _ 16](27'

r

1
2, F(t wy, wy, w3, wy)dt

~0.041403

< S . S . ~0.135277,
(”“"1(0”0.65 + [y (t)[[g75 + [lws ()55 + ||w4(t)||o.95) = Y(w;, 0y, 3, wy)
sup F(t, x;, X, X3, X4)
su teloT] 0. (65)

m
(Perls 2 bles s[4 ) — (+00,+00,+00,+00)

Then, suppositions (ii) and (iii) are verified. Hence, in
view of Theorem 6 for every A €]7.3922,24.1528], system
(58) has at least 3 weak solutions in the space X = Hg'65 X
HO75 x HO35 x HO5.

5. Conclusion

In this work, at least 3 weak solutions were obtained for a
new class of nonlinear fractional BVPs using a critical
three-point theorem due to Bonano and Marano. Some
appropriate function spaces and variational frameworks
were successfully created for system (3). Finally, we sug-
gested two practical examples of Theorem 6 with a special
case discussion R*. As for case R*, it was discussed. This
makes our results prominent and distinct than previous
ones. In the next work, we extend our recent work to
the coupled system for this important problem. Also some
numerical examples will be given in order to ensure the
theory study by using some famous algorithms which are
presented in ([28, 29]).
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