Hindawi

Advances in Mathematical Physics
Volume 2020, Article ID 9876738, 12 pages
https://doi.org/10.1155/2020/9876738

Research Article

Hindawi

Representations and Deformations of Hom-Lie-

Yamaguti Superalgebras

Shuangjian Guo (),' Xiaohui Zhang(»,> and Shengxiang Wang

3

ISchool of Mathematics and Statistics, Guizhou University of Finance and Economics, Guiyang 550025, China
2School of Mathematical Sciences, Qufu Normal University, Qufu 273165, China
3School of Mathematics and Finance, Chuzhou University, Chuzhou 239000, China

Correspondence should be addressed to Shengxiang Wang; wangshengxiang@chzu.edu.cn

Received 21 February 2020; Revised 14 May 2020; Accepted 1 June 2020; Published 18 June 2020

Academic Editor: Antonio Scarfone

Copyright © 2020 Shuangjian Guo et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Let (L, ) be a Hom-Lie-Yamaguti superalgebra. We first introduce the representation and cohomology theory of Hom-Lie-
Yamaguti superalgebras. Also, we introduce the notions of generalized derivations and representations of (L, «) and present
some properties. Finally, we investigate the deformations of (L, «) by choosing some suitable cohomology.

1. Introduction

Lie triple systems arose initially in Cartan’s study of Rie-
mannian geometry. Jacobson [1] first introduced Lie triple
systems and Jordan triple systems in connection with prob-
lems from Jordan theory and quantum mechanics, viewing
Lie triple systems as subspaces of Lie algebras that are closed
relative to the ternary product. Lie-Yamaguti algebras were
introduced by Yamaguti in [2] to give an algebraic interpre-
tation of the characteristic properties of the torsion and cur-
vature of homogeneous spaces with canonical connection in
[3]. He called them generalized Lie triple systems at first,
which were later called “Lie triple algebras”. Recently, they
were renamed as “Lie-Yamaguti algebras” in [4].

The theory of Hom-algebra started from Hom-Lie alge-
bras introduced and discussed in [5], motivated by quasi-
deformations of Lie algebras of vector fields, in particular g-
deformations of Witt and Virasoro algebras. More precisely,
Hom-Lie algebras are different from Lie algebras as the Jacobi
identity is replaced by a twisted form using morphism. This
twisted Jacobi identity is called Hom-Jacobi identity given by

[a(x), [, 2] + (), [z 2] + [a(2), [voy]] = 0. (1)

So far, many authors have studied Hom-type algebras
motivated in part for their applications in physics ([6-10]).

In [11], Gaparayi and Issa introduced the concept of
Hom-Lie-Yamaguti algebras, which can be viewed as a
Hom-type generalization of Lie-Yamaguti algebras. In [12],
Ma et al. studied the formal deformations of Hom-Lie-
Yamaguti algebras. Recently, in [13], Lin et al. introduced
the quasi-derivations of Lie-Yamaguti algebras. In [14],
Zhang and Li introduced the representation and cohomology
theory of Hom-Lie-Yamaguti algebras and studied deforma-
tions and extensions of Hom-Lie-Yamaguti algebras as an
application, generalizing the results of [15]. In [16], Zhang
et al. introduced the notion of crossed modules for Hom-
Lie-Yamaguti algebras and studied their construction of
Hom-Lie-Yamaguti algebras.

In [17], Gaparayi et al. introduced the concept of Hom-
Lie-Yamaguti superalgebras and gave some examples of
Hom-Lie-Yamaguti superalgebras. Later, in [18], Gaparayi
et al. studied the relation between Hom-Leibniz superalge-
bras and Hom-Lie-Yamaguti superalgebras.

The purpose of this paper is to study the representations
and deformations of Hom-Lie-Yamaguti superalgebras. This
paper is organized as follows. In Section 2, we recall the def-
initions of Hom-Lie-superalgebras and Hom-Lie supertriple
systems. In Section 3, we introduce the representation and
cohomology theory of Hom-Lie-Yamaguti superalgebras. In
Section 4, we introduce the notions of generalized derivations
and representations of a Hom-Lie-Yamaguti superalgebra
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and present some properties. In Section 5, we consider the
theory of deformations of a Hom-Lie-Yamaguti superalgebra
by choosing a suitable cohomology.

2. Preliminaries

Throughout this paper, we work on an algebraically closed
field K of characteristic different from 2 and 3, all elements
like x, y, z, u, v, w should be homogeneous unless otherwise
state. We recall the definitions of Hom-Lie-superalgebras
and Hom-Lie supertriple systems from [6, 9].

Definition 1. A Hom-Lie superalgebra L is a Z,-graded
algebra L=Lg® L;, endowed with an even bilinear map-
ping [, -]: LxL— L and a homomorphism a:L—L
satisfying the following conditions, for all xe€L;y €L,

zelp and i,j,keZ,:

Definition 2. A Hom-Lie supertriple system is a Z,-
graded vector space L, endowed with an even trilinear
mapping [+, -] LxXLXxL—L and a homomorphism
a: L — L satisfying the following conditions,

(1) [[x, > 2] = (|x] + [y[ + |z]) (mod 2)

@) [ x 2 ==(-1)"V[x, 5, 7]

3) (—l)‘x”z‘[x,y,z] +(_1)\yllx|[y’ z, x| + (—l)lzlly‘[z,x,y]
=0

) [a(x), a(y), [z w, V] = [[x, 3> 2], a(u), a(v)] +
(_1)\2\(\X\+\yl)[“(z), [x, y» ], a(v)] + (_1)(IXI+I)’I)(|Z\+IMI)
[a(2), a(u), [x, y, V]

for all x, y,z,u,v€ L, and |x| denotes the degree of the
element x € L.

3. Representations of Hom-Lie-
Yamaguti Superalgebras

We recall the basic definition of Hom-Lie-Yamaguti superal-
gebras from [17].

Definition 3. A Hom-Lie-Yamaguti superalgebra (Hom-LY
superalgebra for short) is a quadruple (L, [-, -], {- -, - }, &)
in which L is K-vector superspace, [, -] a binary supero-
peration and {-, -, - } a ternary superoperation on L, and
a:L— L an even linear map such that

(SHLY1) «([x, y]) = [a(x), a(y)]

(SHLY2) a({x,y,z}) = {a(x), a(y), a(z) }

(SHLY3) [x, ] = —(-1)"1[y, x]
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(SHLY4) {x, y,z} = —(-1)*V{y, x, 2z}

(SHLYS) 0 .o, (~1) I ([[x, y], a(2)] + {3, 2}) =
(SHLY6)0 o, (1) ({[x, ], a(2), (1) }) = 0
(SHLY?7) {a(x), a(y), [, v]} = [{x,y, u}, &2 (v)] +

(=) e (w), {x, 3, )]
(SHLY8) {a?(x), (), {u v, w}} = {{x,y,u}, &®(v), &

()} + (1) ), {2y, v} 0% ()} +

(=1) DD £02(4) 02 (), {x, y, w} Hor all x,y,z, u, v,

w € L and where U, .y denotes the sum over cyclic permu-

tation of x,y,z, and |x| denotes the degree of the element

x € L. We denote a Hom-LY superalgebra by (L, ).
Remark 4.
(1) If a=1d, then the Hom-LY superalgebra (L, [, -],

{-, -, -}, ) reduces to a LY superalgebra (L, [ -],
{, -, -}) (see (SLY 1)-(SLY 6)).

(2) If [x,y] =0, for all x,y € L, then (L, [, - ,{~ -, - }, )
becomes a Hom-Lie supertriple system (L, {-, -, - },
a?).

(3) If {x,y,2} =0 for all x,y,z€L, then the Hom-LY
superalgebra (L, [-, -], {-, -, - }, @) becomes a Hom-
Lie superalgebra (L, [, -], @).

A homomorphism between two Hom-LY superalgebras
(L,«) and (L',a') is a linear map ¢ : L — L' satisfying
poa=a' o¢ and

P({x.y.2}) = {9(x), (), 9(2)} -
(3)

o([x ) = [p(x), o(7)]'»

Example 5. Consider the 5-dimensional Z,-graded vector
space L =L;® L;, over an arbitrary base filed K of charac-
teristic different from 2, with basis {u;, u,, u;} of Ly and
{e;,e,} of Ly, and the nonzero products on these elements
are induced by the following relations:

Uy * Uy = —Us, Uy * Uy = U, Uy * Uz = —2U,,
Uy % Uy =20y, Uy % Uy = =20y, Uy * Uy =21y, (4)
e ¥ Uy=e,,€ * Uy =—€,€, % U =€],8 * Uy =¢&,.

Define the superspace homomorphisms « : L — L by

a(u) =u,i=1,2,3,a(e;) = —e;, a(e,) = —e,. (5)

It is not hard to check that (L,*,«) is a Hom-Leibniz
superalgebra. By [18], we can define [, -] and {- -, -},
and the nonzero products on these elements are induced
by the following relations:
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[uy, uy] =
e, uy] = €y, [er, us] = —ey, [, ] =€y, [€y, us] = €,

{uys ugs uy b = 2u, {1y, uz, uy }

2uy, [uy, us] = —4uy, [uy, Uz] = 4u,,

1
=2u3, {ey, ty, Uz} = A

1
{ep upup )= _5‘31’ {er, uz uy}

6
1 I (6)
=5 {e1>”3>”3}=_§e1)
1
{ez’uv“z}:‘zez’ {ep up, us}
1 1
= 5‘31’{32’”3#1}:_5‘317
1
{62,u3,u3}=—562.
Then, (L[, -],{~ -, -},a) becomes a Hom-LY

superalgebra.

Definition 6. Let (L, ) be a Hom-LY superalgebra and (V, f3)
be a Hom-vector super-space. A representation of L on V'
consists of an even linear map p : L — End(V) and even
bilinear maps D, 8 : L x L — End(V) such that the follow-
ing conditions are satisfied:

(SHR1) p(a(x)) o B= o p(x)

(SHR2) D(a(x), a(y)) o = o D(x,y)

(SHR3) 0(a(x), a(y)) o f = ﬁ 6(x, )

(SHR4) D(x,y) - (-1)*"0(y,x) + 6(x, y) + p([x, ]) » B

= pla(x)p(y) + (-1)"Mp(a(y))p(x) =0

(SHR5)  D([x, yl, a(2)) + (~1) WD D[y, 2], a(x)) +
(=1) D[z, . ay)) =0

(SHR6) 0([x,y], a(2)) B = (-1)"F0(a(x), a(2))p(y) -
()MYHDO(a(y), a(2)) plx)

(SHR7) D(a(). (7)) p(2) = (1) (a2 (2))D(x, y)
+p({x, y,2}) o B

(SHR8)  O(a(x), [y 2]) o B= (1) p(e?(3))0(x, 2) -

)s
(_I)IZ\(\x|+|}'\ (oc )O(x, y)

(z
(SHR9)  D(a?(x), a®(y))0(u, v) = (- 1)(|u\+\vl)(\x\+\y\)9(az
(), @2(v)) D, 9) + O({x yo b o2 (v)) o B + (=1)l(bg
(@(u), {x. 3> v}

)o B
(SHR10) 6(a? ( b iy zul)o = (_1)(\Z\+\“|)(\x\+\y\)6(a2
(2), o(u))0(x, y) = (=1)"0(o (), &2 ())0(x. 2) +

(-1 )IXI VHED Do (), a*(2))0(x, u)for any x,y,z,u,v€ L. In
this case, V is also called an L-module.

Proposition 7. Let (L, «) be a Hom-LY superalgebra and V
be a Hom-vector superspace. Assume we have a map p
from L to End(V) and maps D,0 : L x L — End(V) satisfy-
ing (SHR1)-(SHR10). Then, (p, D, 0) is a representation of
(L, &) on (V, B)ifand onlyif L& V is a Hom-LY superalgebra
under the following maps:

(ot f)(x +u) = a(x) + B(u),
o 3]+ p()(v) = (=D p(y) (),
{x+u,y+v,z+w}:={xy 2} +D(x,y)(w)

~ (-D)MEg(x, 2) (v

+ <_1)\XI(Iy\+\ZI>9(y, 2)(u),

[x+u,y+v]:=

(7)
forany x,y,ze L and u,v,weV.

Proof. It is easy to check that the conditions (SHLY1)-(SHLY4)
hold, we only verify that conditions (SHLY5)-(SHLY8) hold
for maps defined on L& V.

For (SHLY5), we have

{x+u,y+v,z+w} +cp.
= | {xp 2} +D(xy)(w) - (-1)"FO(x 2)(v) (g
+ (=1)H 01Dy, z)(u)} +cp.

and

[x+u,y+v],a(2z) + f(w)] + c.p.
=[]+ p()(¥) = (-1)*p(y) (), a(2) + B(w)| + cp.
= (o] ()] + () B(w) - (=) p(a(2))p(x) (v)
+ (1) p(a(2)) p(y) ()0 + € p.
(9)
Thus by (SHR4), the condition (SHLY5) holds.
For (SHLY®6), we have
(D + s,y + ], a(2) + B(w), alp) + B(1)) +cp.
= ()M ({bx, ), (2, ox(p) } + D[, a(2)) (B(1))
=[xy a(p)) (B(w)) + (~1) FF(a(2), a(p))
(pl)(v)) = (1) D0 (a(2), a(p) (p(y) () )
+c.p.=0.
(10)

Thus by (SHR5), the condition (SHLY6) holds.
For (SHLY?7), we have

{a(x) + B(u), ay) + B(v), [z + w, p + 1]}
{a(x), a(y), [z, p]} + D(a(x), a(y)) (p(2) (1))
~ (=1)FPD(a(x), a(y)) (p(p) (w))
- (-
(=

1) \Z\+|P|)\)’\9(x, [z, p])(v)

+(-1) \ZHIPI*M)\X\QO,, [z, p]) (1),



{x+uy+vz+w})a(p)+B(1)

+ (~1)FHDD [0 (2) 4 B2 (w), {x+ iy +v,p + 1]
= [{x 3.2}, ()] +p({x3.2})(0)

— (=1) (R VEDIEL 5 () (D, ) (w))

—(-1) (|x|+y|+z]) |p|+|y||z|P(P)( (x,2)(v))

+ (=1) =D DRl () By, 2) (u))

+ (1) FGE (@2 (), {x,, p}]

+ (=1) D p(2) (D(x, ) (£))
— (=)D o ) (B(x, p) (v))
(=1) FIPHIEIED 5 2) (B(y, p) (1))
- (-1 p({x, . p}) (w).

+

(11)

Thus by (SHR6), the condition (SHLY7) holds.
Now it suffices to verify (SHLY8). By the definition of the
Hom-LY superalgebra, we have

{“z(xl) + 7 (1), 02 (33) + B2 (u)s {3y + V1o ys + V2 ps + vs}}
= {“z(xl)’“z(xz)’ {)’1’)’2’)’3}}
= (=)D (o (x,), {3102 75}) (B (1)
+ (=)l Fb2F0g (o (xy), {31, 35095 }) (B (1))
+D(a(x,), & (%)) (D(y1> 7,) (v3))
- () ), o2 5,)) B3 ) ()
+(_1)\y1\(\yzl+ly3I)D( 2(x)), “Z(xz))
00y y3) (v, {{xl +up Xyt Y+ v
o (1,) + B (v2) o (v3) + B (v) }
= {{xl’XZ’y1}> “2()’2) + 0‘2()’3)}
+D({x1,x2,y1},oc2(y2)) (ﬁz(v3))
+ (_1)‘},2“),3‘9({"1’xz))’1}’ “2()’3)) (ﬁz(ul))
+ <_1>(\yz\+\ys|)(\xl\+\Xz|+|y1\)9((x2(),2), 020,3))
(D (xpxz)("l)) (-1) (Dl + D2+ D (D)

( (1,), @y ))(e(xl’yl)( 2))
+ (- 1)(Iyz\+\y3 (b2l lysD)tben (L [y [ [+ 1ys | )9(“2(},2))
o (y3)) (0(x20 1) (1)), (=)D L ()
+ﬁ (i) {x +u1,x2+u2,y2+v2},¢x2(y3) +/32(V3)}
= (-1 )Iyl‘(‘x]‘ﬂxz”{“z()’l )s 4% X35 2 1 “2()’3)}
+ (~)IEERID (0 (7)), {21,200 }) (B (v3))
+ (= l)lyl (2D ({xl’xz’)’z}’“ ()’3)) (ﬁ (Vl))
= (1) P20 (2 (y,), & (v3)) (D(x1, %) (v3))
(1)

(sl ([ D+ el (D [+ a1+ s D+ 1]

+ (-1
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0(« (yl) (ys))(@(xpyz)( ))

_9( ) (22, 72)(

- (-1) \Jﬁ\*\yz \x1\+\xz| {oc +ﬁ Vl) 2(y,)

+ﬁ2("2)a {xp+upx+uy,y,+ V3}}
= (_1)(\y1\+\y2\)(|xl\+\x2\) [062()/1), o (y,), {xpsz’aH
(1)l = (@ (), x93} (B()
()00 (o2 ), (3,35, }) (B (1)
+ (- R Do (), 2()’2))( (%1,%2) (v3))
-1

1) (il D (el +1xs) \XzHYle( )

+

S (0(x1, y5) (1)) + (- )(\hl*lyz\)(\xz\*\hU \X1\(\leﬂyl\*lyz\ﬂys\)

- D(e (1), 0 (7,)) (B2, ) (w41))
(12)

Thus by (SHR7), the condition (SHLY8) holds. There-
fore, we obtain that L& V is a Hom-LY superalgebra.

Let V be a representation of Hom-LY superalgebra L. Let
us define the cohomology group of L with coefficients in V.
Let f:LxLx--xL—V be an n-linear map such that
the following conditions are satisfied:

Sla(xy), -
J(xp5 -

sa(x,)) =B (x,

S Xain1s Xgpp 0> X)) =

'>xn))’

0,if x,;_; = xy;.

(13)

The vector space spanned by such linear maps is called an
n-cochain of L, which is denoted by C*(L, V) for n > 1.

Definition 8. For any (f, g) € C**(L, V) x C***}(L, V), the
coboundary operator 8 : (f, g) — (8,f,8,,9) is a mapping
from C*'(L, V) x C*"*}(L, V) into C*"**(L, V) x C*"**(L, V)
defined as follows:

(01f) (X1 X5 -+ X312)
= (~1) Pl b (27 () )

G015 X+ X0 Xgpyz) — (—1) (Bl

(07 (X302)) G (%1 %5 -

- gla(xy), a(x,), -

> X Xppi1)
5 0(X3)s [Xone1> Xonea))

n
+ Z (_1)"+k+1+(‘x2k—1 [+ 0k ) ([0 [+[25 [+ -+ X005 |)

D(“ZIH (%2k-1)> o (xzk))f(xl’ -

+ z Z (_1)”+k+(|x2k—l‘szk‘)(‘xzkﬂ‘+‘x2k+2‘+"'+|xj—1|)

Xk 1> Xk 5 K42

k=1 j=2k+1
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f(“z(xl)’ s X Xopo 0 {xzk—l’xzk’ xj}’ T “2(x2n+2)))
- (_1)(|x2n+2H‘XZVHS‘)('@H‘XI‘+‘x2‘+”'+|x2n+l‘)

. G(az” (%2042)5 rxz”(xmg,))g(xp 0 Xgpi1)

_ (_ 1)("‘2n+1 [+2213 1) (|g[+ [0 [+ [+ [0 ) %12 | [Xans]|

) 6(0‘2n (X2141)> " (x2n+3))9(x1’ 5 Xy Xope1)
n+l

+ Z (_1)”+k+1+(‘x2k71‘+‘x2k‘><|g‘+|xl‘+‘x2‘+"'+‘x2k72|>
k=1

D(“Zn(xzk71)> " (xzk))g(xl, s g1 X 7 X3
n+l 2n+3

+ Z Z (_l)n+k+(‘x2k—l‘szk‘)(‘xzkﬂ|+|x2k+2|+‘”+|xjfl|)

k=1 j=2k+1

9(0‘2("1)7 “ Koo Xopo 70 {xzk—l’xzk’xj}’ T “2(x2n+3))~

(14)

Proposition 9. The coboundary operator defined above sat-
isfies § 00 =0, that is §;8,=0 and &2 6,;=0.

Proof. Similar to [14].

The subspace Z*'(L,V)x Z*"*(L, V) of C*(L,V)x
C*™1(L, V) spanned by all the (f, g)'s such that §(f, g) =0
is called the space of cocycles while the space B*'(L, V) x
B*™Y(L, V) =8(C*"*(L, V) x C* (L, V)) is called the
space of coboundaries.

Definition 10. For the case n > 2, the (2n,2n + 1)-cohomol-
ogy group of a Hom-LY superalgebra L with coefficients in
V is defined to be the quotient space:

H™(L, V) x H*"(L, V)
= (Z*"(L, V) x Z"™(L, V))/(B*" (L, V) x B"*!(L, V)).
(15)

In conclusion, we obtain a cochain complex whose coho-
mology group is called the cohomology group of a Hom-LY
superalgebra L with coefficients in V.

4. o*-Derivations of Hom-Lie-Yamaguti
Superalgebras

In this section, we give the definition of af-derivations of
Hom-LY superalgebras, then, we study its generalized
derivations.

Definition 11. A linear map D : L — L is called an o-deri-
vation of L if it satisfies

D([x,]) = (-1)M o (x), D()| + [Dx), ()],
D({x.7,2}) = {D(x), " (y), & (2) |
+ ()P (x), D(y), o (2) }
+ (_1)ID\<\XI+IyI) {(xk(x), (xk(y), D(z) }’
(16)

for all x,y,z € L, where |[D| denotes the degree of D.
We denote by Der(L) = @ ,Der« (L), where Der (L) is

the set of all homogeneous af-derivations of L. Obviously,
Der(L) is a subalgebra of End(L).

Theorem 12. Der(L) is a Lie superalgebra, where the bracket
product is defined as follows:

[D,D'} =pp' - (-1)"I”'|Ip'p, (17)

Proof. 1t is sufficient to prove [Der (L), Der,(L)] € Der
(L). Note that

[D.0'] (f=.5)
=D([@*(x). D' )] + ()" I[P’ (), )] )
_ (_1)\DIID'|D’ ( {ak(x),D(),)} + (1Pl [D(x), “k(y)D
= (-)I”I" [pa(x), &*D' )]
4 (1P| {akﬂ (x), DD’ (y)}
+ [DD (1), @) + (1) U190 4D (2), D)
- ()PP D' e (), D)
- ()P [ s ), )
- ()P [D' D), ()]
_ (_I)ID'|<\x\+\D|>+|D\|D’| [asD(x), D' o (y)}
= [[p.0'] ). ()]
+ ()PP o), [, D] ().



Similarly, we can check that

[D.D'] ({.7,2})
={[D.0] @), (). ()}
. (_1)(|D/|+\D|)|x\{(xkﬂ(x)) [D,D’} ), ock+5(z)}
# (1) (P FRDID L ko), (), [0, D] )}
(19)

It follows that [D, D'] € Der ..(L).

Definition 13. Let (L, &) be a Hom-LY superalgebra. D € En
d,(L) is said to be a homogeneous generalized af-derivation

of L, if there exist three endomorphisms D', D", D"" € End,
(L) such that
D). )] + (1) o (), D' ()] = D" ([, ),

{DE). ), a2 + (-1 (), D' (), ot (2)}

+ () @), 64 (), D" () } = D" ({x.302)),
(20)

forall x,y,z € L.

Definition 14. Let (L, &) be a Hom-LY superalgebra. D € En
d (L) is said to be a homogeneous a*-quasiderivation of L,
if there exist endomorphisms D', D" € End,(L) such that

[D@), )] + (-1 [ (), D) | = D' (1% 5)),
{DE),d ), o ()} + (1) (), D). o (2)}

+ () e (x), (), D) | = D" ({72},
(21)

forall x,y,z € L.

Let GDer(L) and QDer(L) be the sets of homogeneous

generalized a-derivations and of homogeneous a*-quasi-
derivations, respectively. That is,

GDer(L) == @ GDer (L), QDer(L) := P QDery (L). (22)

k=0 k>0

Definition 15. Let (L,«) be a Hom-LY superalgebra. The
oF-centroid of L is the space of linear transformations on L
given by
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L)={D e End(L)||D(x), " ()|

= ()P [ (x), D)

D([x,y]) and { D(x), &* (), & (2) }
= ()P & (x), Dy), o (2) }

= (=1)/PIlllsD) {ock(x), o(y), D(C)}
=D({x.02})}-

(23)

We denote C(L) =
of L.

Po0Cu (L) and call it the centroid

Definition 16. Let (L, «) be a Hom-LY superalgebra. The qua-
sicentroid of L is the space of linear transformations on L
given by

QCu(L) = {D €End(L) | [D(x), ock(y)}
= ()" [&(x), D(y)| and { D(x), & (1), @*(2) }
= (-1 {a*(x), D). (=) |

= (1P L), (), D(2) ),
(24)

for all x, y,z € L. We denote QC(L) =
it the quasicentroid of L.

® 59QC (L) and call

Remark 17. Let (L, «) be a Hom-LY superalgebra. Then C
(L) <QC(L).

Definition 18. Let (L, «) be a Hom-LY superalgebra. D€
End(L) is said to be a central a*-derivation of L if

D6 0)] = DB ) =0,

(25)
D(fx.3.2]) = [D(x), ¢! (), a(2)] =0,

for all x, y, z € L. Denote the set of all central af-derivations
by ZDer(L).

Remark 19. Let (L, «) be a Hom-LY superalgebra. Then
ZDer(L) < Der(L) < QDer(L) < GDer(L) < End(L). (26)

Definition 20. Let (L, @) be a Hom-LY superalgebra. If Z(L)

={xeL|[x,y,2]=0Vx,y,z€L}, then Z(L) is called the

center of L.

Proposition 21. Let (L, ) be a Hom-LY superalgebra, then
the following statements hold:

(1) GDer(L), QDer(L), and C(L) are subalgebras of End
(L)
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(2) ZDer(L) is an ideal of Der(L).

Proof.
(1) We only prove that GDer(L) is a subalgebra of End
(L), and similarly for cases of QDer(L) and C(L).
For any D, € GDer (L), D, € GDer (L) and x,y,z
€ L, we have
{D D ( ) ak+5()’) k+S(Z)}
=D"' | {D,(x), &’ (y), &*(2)}
- ()PP LD, (), D', (@ (), 04 (2) }

= (1) PP Lok (D, (x)), 04 (), D'y (o0 (2)) |
_p" { D", ({xy,2}) - (- 1)|Dz\\x\{a5(x>,1)’2(y),of(z)}
— ()P (), @2 (y), D'y (2) } |
= ()PP Lok (D, (x)), D' (2 (1)), 0 (2) |
= (1) PP Lok (D, (x)), 04 (), D"y (o0 (2)) |
—D”D”«xyd)(lwmbm{ 2002}
1)IDal(be) e {x }
—(- )|D||D2|+|"|>{D2(x) L), }
_ (_1)ID1I(ID2I+IxI+IyI){Dz(x),y’ D 1(2)}
= D" D" ({x3,2}) = (~1)* Dy (@(x)),
o (D), (@) } - (-1) PPl
@), DDy (), 7 (2) = (1) P D)
H{d @, d (020). D1 (@)}
- ()P D, (6 (x)), 0 (), o (D' (2))
= (1) PRI Lk (), D (@), 0 (D'5(2)) }
( 1) (ID, [+1D,[) (1xl+[y1) { k+s<x),“k+5(y),D//1D//2(Z)}
= (1) PP Lk (D, (x)), D' (@), @4 (2) |
- (-1)

1)/PAPD Lk (D, (), 0% (), D" (0*(2)) .
(27)

Similarly, we have

{DD( ) ak+5(y) k+s( )}
=D",0" ({3 2}) = (1)

D, (a(x)), & Di(y), "*(2) |

1) (|Dy[+]Dsy] \x\{ kﬂ(x),D;Di(y),(ka(Z)}
1)\D W D, | (el 1+ [)

1

- (-

-(=

k() @D)(), D" ((2))
—(-1yPi |x|+|y\{ z(ak(x) ,ak“(y),ofD”l(z)}

~ (1) Pil) +\D2Hxl{ *(x), D', ((Xk()/)),‘st"l(Z>}
— (~1)(PilIRa) \xl+\yl>{ k¥ (x), o5 (y), D", D" (z)}
— (12l MX\{ «D,(x),D (oc (y)) ot (z )}
NN \+\x\+m>{ le(x),oc"“(y),D"z(“"(Z))}-

(28)

It follows that

{101 Dy (), (), 04 (2)}

={D,D,(x), y»z} = (-1 )‘Dl ‘D2|{D2D1 (%), 2}

_ (DWIDWZ _ (—l)|D1|+|D2|DW2D"’1)
xy,2) - (_1)\X\(\D1\+ID2\){‘xkﬂ(x)’
(DllDrz - (‘U‘DIMDZlD’zD’l) »), “k+5(z)}
- (_1)(IX\+\)'D(ID1\+\D2D{ ok (x), a5 (y), (29)
(D” D// ( \D |+‘D2‘D” DII )

- [D"' D" ]{x 9,2} — (~1) 1P #I2s)
H{d . [P 05 ). @4(@)}
- (_1)(IX\+\y\)(ID1\+\Dz\) {ock“(x), ok (y),
D" 0%] )}

and it is easy to check that

[0y, 5] (), ()]
- [D”p D"z} [, y] — (~1)Pil+1D2D (30)
[ @), [P0 D% )],
Obviously, [D'}, D',], [D",, D",] and [D'" |, D"',] are con-
tained in End(L), thus [D;, D,] € GDer .1 (L) € GDer(L), that
is, GDer(L) is a subalgebra of End(L).

(2) Forany D, € ZDery (L), D, € Der,. (L) and x,y,z € L,
we have



[Dy> Dy]([x > 2]) = D1 D, ({x, 3, z})

(3D
- (=)D, ({x,5,2}) =0.

Also, we have

(1D D)), (), o (2) |
= {DiD;(x), (), () |
= (-1)P1P{ D,D, (x), & (), o*(2) }
=0 (-1)PI2HD,D, (x), (), o (2) |
= ()PP (D, ({Dy (x), (), () )
- (_1)|Dz\<\Dl|+|x|>{asD1 (x), D, ((xk(y)>, o (2) })

+ (_l)lDlHDz\ (_1)\Dz\(\D1|+|x|+\y\)

@D, (). 0y (o)) =0,

(32)
and it is easy to check that
(D1, Dy ](x), & ()] =0. (33)

It follows that [D;, D,] € ZDer 4
an ideal of Der(L).

«(L). That is, ZDer(L) is

Lemma 22. Let (L, &) be a Hom-LY superalgebra, then the fol-
lowing statements hold:

[Der(L), C
[QDer(L), QC
[QC(L), QC

~—
!
—~
>

Q

GG

LR O
9
=

S

]

=

=~
Y

L

e)

(34)

Q
>
o]
S
)
= =
K>

N NN NN

QDer(L) +QC

G
Q
S
)

=
=~

~—~—

Proof. (1)-(4) are easy to prove and we omit them, we only
check (5). In fact, let D; € QDery (L), D, € QC(L). Then,
there exist D'}, D', € End, (L), for any x, y, z € L, we have

[D1(x), ()] + (1) [ 4 (x), Dy ()] = Dy ([ ),

{D1 (%), ock(y), ock(z)} + (—l)s‘x‘ {ock(x), D, (), (xk(z)}

+ () (), (), Dy (2) | = Dy ({9, 2)):
(35)
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Thus, for any x, y, z € L, we have

(D) +Dy) () a"(y)}

=D,"({x3n2}) - (-)*{a* (). D, (), & (2) |
- () e (x), o (), D (2)}
+ (1] o (x), Dy (), o (2) |
=D,"({x.3.2}) - (-1 { & (), (D, - D)), o (2) }
= () ek (), o (), Dy (2)}.
(36)
Therefore, D, + D, € GDer ,(L).

Proposition 23. Let (L, a) be a Hom-LY superalgebra, then
QC(L) + [QC(L), QC(L)] is a subalgebra of GDer(L).

Proof. By Lemma 22, (3) and (5), we have

QC(L) + [QC(L), QC(L)] < GDer(L), (37)

and it follows that

[QC(L) + [QC(L), QC(L)], QC(L)
QC(L) + GDer(L), QC(L) + [QC(L),
QC(L), QC(L)] +[QC(L), [QC(L),
+[QDer(L), QC(L))[QDer(L), |

|
|

—_ —

It is easy to verify that [QDer(L), [QC(L), QC(L)]] < [QC
(L), QC(L)] by the Jacobi identity of Hom-Lie algebras. Thus,

[QC(L) +
cQC(L) +

[QE(L), QE(L)], QC(L) + [QC(L), QC(L)]]

(39)
[QC(L), QC(L)] < GDer(L).

The proof is finished.
Theorem 24. Let (L, «) be a Hom-Lie-Yamaguti superalgebra,

where o is surjective, then [C(L), QC(L)] € End(L,Z(L)).
Moreover, if Z(L) = {0}, then [C(L), QC(L)] = {0}.
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Proof. For any D, € Cu(L),D, € QCu(L) and x,y,z€L,
since « is surjective, there exist y',z’ € L such that y=
a5 (y"), z = ak*(z"), then we have

So [D;,D,](x) €Z(L) and therefore, [C(L), QC(L)] <
End(L,Z(L)). Moreover, if Z(L)={0}, it is easy to see
that [C(L), QC(L)] = {0}.

5. 1-Parameter Formal Deformations of Hom-
Lie-Yamaguti Superalgebras

Let (L, ) be a Hom-LY superalgebra over K and K[[¢]] the
power series ring in one variable t with coefficients in K.
Assume that L[[t]] is the set of formal series whose coeffi-
cients are elements of the vector space L.

Definition 25. Let (L, ) be a Hom-LY superalgebra. A 1-
parameter formal deformations of L is a pair of formal power
series (f,, g,) of the form

+Y fithg={s b+ gt (41)

i1 (23

where each f; is a K-bilinear map f, : L x L — L (extended
to be K[[t]]-bilinear) and each g; is a K-trilinear map g, :
LxLxL—>L (extended to be K[[t]]-trilinear) such that
(L[[t]],f;» g,»«) is a Hom-Lie-Yamaguti superalgebra over
K[[f]]. Set fy=1[, ] and gy={- -, -}, then f, and g, can
be written as f, = Y .of it g, = Yis09;t'> respectively.

Since (L[[t]], f,» g,» «) is a Hom-LY superalgebra. Then, it
satisfies the following axioms:

ao f, (%)= f(a(x), a(y)), (42)

e 9,50 2) = g,(a(x), a(y). 4(2)), (43)
filoy)==(1)VIf (%), (44)

g,(%9,2) = =(-1)"Mg,(y, . 2), (45)

Oy “D)MA(S (1 (. 7), a(2)) + g (3, 3,2)) = 0, (46)

Oy (") lg, (f, (), a(z), a(w)) =0, (47)

gi(a(x), a(y), f,(u,v))
=f1(9,(x y, u), &*(v)) (48)
+ (~1)HEIE (o (), g,(x, 3, ),

g,(e*(x), 2(y 9t U, v, w))

=9,(9,(x. 1), & (v), & (w)) (49)
+ (= 1)‘"‘ 'x'”y‘ g (* (), g,(x. ), & (w))
+(-1) (Jul+[v[) (|x[+[y]) ((XZ(M) ( ) g, (% 9, )))

for all x,y,z, u, v,w € L.

Remark 26. Equations (42)-(49) are equivalent to

(n=0,1,2,--)
aof,(x.y) = f,(a(x), a(y)), (50)
x°g,(%.y,2) = g,(a(x), a(y), «(2)), (51)
fuloy) ==(-DFVIf, (3, ), (52)
gu(%32) ==(-1)"Vg, (%, 2), (53)
Opey (1) <l+]znf < )) +9,(%, )) =0,
(54)

DMLY g, (f ey () a(w) <0, (s5)

i+j=n
Y ai(a(x).al).f(w))
i+j=n
Zf( (% y 1), ()) (56)
i+j=n

# (1) 0 (), g (3 7))
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Ya(@n

i+j=n

_lﬂzngz( (%, u), & (v )s“Z(w)) (57)

+ ()M g, (0 (w), g6, v), @ (w)

+ (1) (D= g (a2<u), A (v), g;(x., w)>,

0)- g w))

forall x, y, z, u, v, w € L. These equations are called the defor-
mation equations of a Hom-LY superalgebra. Equations
(50)-(53) imply (f, g) € C*(L,L) x C*(L, L).

Let n=1 in Equations (50)—(57). Then,

Oy (~1)ME([f, (%, ), a(2)]
+f1([6 ) a(2)) + g, (%, 2)) =0,
Oy DM ({f, (%, 7), a(2), ()}
+ 91 ([% ) &(2), a(u)) =0,
{a(x), a(y), fl(” V)}+g1( (%), «(y), [ v])
[91(x )} fl({x’)””} o ( ))
O "“*‘y‘[ (2), 91 (%3, )]
1) MEFDVE, (o (2), {2y, u}) =0
{oc2 (x), &*(y), g, (1, v, w }+g1((x (x), &*(y), {u, v,w})
{916y u), 2 (v),@*(w)} = g, ({x 3, u}, & (v), &*(w))
= (=)Mo g(x,y, V), (w)}
-1) 9, (¢ (), {x, y, v}, @ (w))
~DMEE LR (), o (v), g, (x5, w) }
)
)

- (-
- (-
9 (

|l (Ixl+1v1)

BN (az(u) 2( V), %y w})

-1 ([l (1x[+[y]) {OC gl X, Y, W } 0
(58)
which imply (87, 8%)(f,, g,) = (0,0), i.e.,
(fi-91) € Z*(L L) x Z*(L, L). (59)

The pair (f}, g,) is called the infinitesimal deformation

of (fyg,)-

Definition 27. Let (L,«) be a Hom-LY superalgebra. Two
1-parameter formal deformations (f,, g,) and (f',. g',) of L

are said to be equivalent, denoted by (f,, g,) ~ (f'» g',), if
there exists a formal isomorphism of K[[¢]]-modules

)= ¢i(%) ), fp g &) —

i>0

(LS g @),

(60)
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where ¢, : L — L is a [K-linear map (extended to be K[[¢]]-
linear) such that

$o=id, pca=ac¢,
¢iofi(xy) :flt(¢t(x)’ ¢:()s b ° 9,(% 3 2) (61)
= g,t((rbt(x)’ ¢:(¥), ¢:(2))-

In particular, if (f;, g,) = (f,» 9,) = - = (0,0), then (f,,
g,) = (fo» go) is called the null deformation. If (f,, g,) ~ (f
go)> then (f,, g,) is called the trivial deformation. If every
1-parameter formal deformation (f,, g,) is trivial, then L is
called an analytically rigid Hom-LY superalgebra.

Theorem 28. Let (f,, g,) and (f',, g',) be the two equivalent
I-parameter formal deformations of L. Then, the infinitesimal
deformations (f,,g,) and (f'},g',) belong to the same coho-
mology class in H*(L, L) x H*(L, L).

Proof. By the assumption that (f,,g,) and (f';,g,’) are

equivalent, there exists a formal isomorphism ¢,(x) =2,
¢,(x)t" of K[[t]]-modules satisfying

Z¢i <ij(x1,x2)tj> t

>0 >0
=21 (Z‘/’k(’ﬁ)tk, Zgbl(xz)t’) t'
0 k=0 1>0
Z¢i <Zgj(xl’ % x3)tf> t
i>0 j=0

= Zg’f<Z¢k<x1>t’22¢z<xz>rh Z¢m<x3>tm> f,

i>0 k>0 1>0 m=0
(62)

for any x,, x,, x; € L. Comparing the coefficients of t' in both
sides in each of the equations above, we have

Ji(x %) + ¢y ([x15 %5])
=f1 (0 x5) + [ (%) %3] + [x1, 6, (%)),
91 (X1 %95 %3) + @y ({15 %5, X3 }) (63)
=91 (%1, X5 %5) + {8, (x1), %, X3}
+{x ¢y (x2), X3} + {0, %5, by (33) }-

It follows that (f, - f'1, 9, = g'1) = (61.6;,) (¢, ¢,) € B
(L,L) x B}(L, L), as desired. The proof is completed.

Theorem 29. Let (L, «) be a Hom-LY superalgebra with H?
(L,L)x H*(L, L) = 0, then L is analytically rigid.
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Proof. Let (f,, g,) be a 1-parameter formal deformation of

L. Suppose f, = fo+ Y f it 9, = gy + Xinrgit'- Set n=r in
Equations (50)-(53), it follows that

(f»9,)€Z*(L,L)x Z*(L,L)=B*(L,L) x B*(L,L).  (64)

Then, there exists h, € C'(L,L) such that (f,.g,)=
(d1h, O1h,).

Consider ¢, =id; —h,t", then ¢, : L— L is a linear
isomorphism and ¢, e @ = a o ¢,. Thus, we can define another
1-parameter formal deformation by ¢, ' in the form of

f't(x,y) :¢;1ft(¢t(x)’¢t(y))’g’t(x’y’ z) (65)
= ¢;1gt(¢t(x)’ (/’t()’)’ ¢t(z))

Set f’t = Zizof’iti and use the fact ¢tf't(x,y) =£,(¢,(x),
¢,(y)), then we have

(idy ~ b)Y £ ()t

i20 | (66)
- (fo : Zfit'> (2= By = b)),
that is
DIyt =Y by fx )t
=fo(%y) = fo(h(x)s )t = fo (% b (y))E
ol () ) + T ) -
= S (3),3) ~ oy ()}
+ 3 (), B, ()
By the above equation, it follows that
flolxy)=folxy) =[x,
friey) =fixy)=—=f 1(xy)=0,
F @ y) = h ([ 3) = £, (% 9) = [y (x), )] =[x b, (9))-
(68)
Therefore, we deduce
f'H(x%y) = f,(x.) = 81h,(x,y) = 0. (69)
So f'y =[]+ Yipuf it Similarly, we have g, ={,

> -} + Yo g it'. By induction, we have (f,, g,) ~ (fp» 9o)>
that is, L is analytically rigid. The proof is finished.
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