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Finding characterizations of trivial solitons is an important problem in geometry of Ricci solitons. In this paper, we find several
characterizations of a trivial Ricci soliton. First, on a complete shrinking Ricci soliton, we show that the scalar curvature
satisfying a certain inequality gives a characterization of a trivial Ricci soliton. Then, it is shown that the potential field having
geodesic flow and length of potential field satisfying certain inequality gives another characterization of a trivial Ricci soliton.
Finally, we show that the potential field of constant length satisfying an inequality gives a characterization of a trivial Ricci soliton.

1. Introduction

Recall that Ricci solitons, being self-similar solutions of the
Ricci flow (cf. [1]), are a topic of current interest. Moreover,
they are models for some singularities which make their
geometry very interesting. An n-dimensional Ricci soliton
(M, g,u, A) is a Riemannian manifold (M, g) on which there
is a smooth vector field u (called potential field) satisfying
(cf. [1]),

1
Ric + E,»Eug:)tg, (1)

where Ric is the Ricci tensor, £,g is the Lie derivative of
the metric g with respect to u, and A is a constant. A Ricci
soliton (M, g,u,A) is said to be expanding, stable, or
shrinking depending on A <0, A =0, or A >0, respectively.
If the potential field u=Vf is a gradient of a smooth func-
tion f, then (M, g,Vf, A) is called a gradient Ricci soliton,
and in this case, equation (1) takes the form

Ric+H; = Ag, (2)

where H; is the Hessian of the function f. Ricci solitons
are stable solutions of the Ricci flow (cf. [1]) and have
been used in settling Poincare conjecture, and since then,
the study of Ricci solitons has picked up immense impor-

tance. One of the important findings on Ricci solitons is
that if it is compact, the potential field u is a gradient of
a smooth function f, that is, a compact Ricci soliton is a
gradient Ricci soliton (cf. [1]). A Ricci soliton (M, g, u, A) is
said to be trivial if £,9=0, and in this case, the metric g
becomes an Einstein metric with A becoming the Einstein con-
stant. Several authors have studied the geometry of Ricci soli-
tons (cf. [2-4]); in [5-7], Myers-type theorems have been
proved for Ricci soliton; similarly in [8], it has been observed
that a complete shrinking Ricci soliton (M, g, u, A) has a finite
fundamental group. In [9, 10], Bishop-type volume compari-
son theorems have been proved for noncompact shrinking
Ricci solitons.

As Ricci solitons generalize Einstein metrics, a natural
open problem is the existence of triviality results (i.e., condi-
tions under which a Ricci soliton becomes an Einstein man-
ifold). Thus, an important question in the geometry of a Ricci
soliton (M, g,u,A) is to find conditions under which it
becomes trivial. Recently in [11, 12], authors have found nec-
essary and sufficient conditions for a compact Ricci soliton to
be a trivial Ricci soliton. In this paper, we find necessary and
sufficient conditions for compact Ricci solitons as well as
noncompact Ricci solitons to be trivial. In our first result,
we show that the scalar curvature S of a compact Ricci soliton
(M, g,u, A) satisfying a differential inequality involving the
first nonzero eigenvalue A, of the Laplace operator gives a
characterization of a trivial Ricci soliton (cf. Theorem 1).
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We also show that for a connected Ricci soliton (M, g,u, 1)
the flow of potential field u being geodesic flow with its
length ||u|| satisfying certain inequality gives a characteriza-
tion of a trivial Ricci soliton (cf. Theorem 2). Finally, it is
observed that potential field u being of constant length satis-
fying certain inequality on a connected Ricci soliton (M, g,
u, 1) also gives a characterization of a trivial Ricci soliton
(cf. Theorem 4).

2. Preliminaries

Let (M, g,u, A) be an n-dimensional Ricci soliton and « be
smooth 1-form dual to the potential field u. We define a skew
symmetric tensor field ¥ on the Ricci soliton (M, g, u, 1) by

%doc(X, Y)=g(yX, Y), X, Y € X(M), (3)

where X(M) is the Lie algebra of smooth vector fields on
M. We call this tensor field y the associated tensor field of
the Ricci soliton (M, g, u, A). The Ricci operator Q on the
Ricci soliton (M, g, u, A) is a symmetric operator defined by
Ric(X,Y)=g(QX,Y), X, Y € X(M). The gradient VS of the
scalar curvature S = TrQ satisfies

Vs, (4)

N =

Y (VQ)(ese;) =

where {e;,--,e,} is a local orthonormal frame and the
covariant derivative (VQ)(X,Y) = V,QY — Q(V4Y).

Using equations (1) and (3) and Koszul’s formula, the
covariant derivative of the potential field u is given by

Vyu=AX-QX+vyX, XeX(M). (5)

Now, using equation (5), we get the following expression
for Riemannian curvature tensor of the Ricci soliton (M, g,
u, A):

R(X, Y)u=(VQ)(Y,X) - (VQ)(X, Y)

(6)
+ (V)X Y) = (V) (Y, X).

As the operator Q is symmetric and y is skew-symmetric,
using equations (4) and (6), we obtain

Ric(¥, w) = V(5) - 3 Y(5) - g (VY. (W)(es ), ()
which leads to
Q)= 395~ (V) (e ). (®)

We denote by A, the first nonzero eigenvalue of the
Laplace operator A acting on smooth functions on compact
(M, g,u,A). If h : M — R is a smooth function satisfying

J h=o, ©

~—
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then by minimum principle, we have
J ||Vh\|22}t1j n. (10)
M M

3. A Characterization of Compact Trivial
Ricci Solitons

Now, we prove the first result of this paper.

Theorem 1. An n-dimensional complete shrinking Ricci soli-
ton (M, g, u, A) with Ricci curvature bounded below by a con-
stant ¢> 0 and first nonzero eigenvalue A, of the Laplacian
operator is trivial if and only if the scalar curvature S satisfies
the inequality

< —_)(S—n}t)z. (11)

Proof. Suppose (M, g,u, A) is a complete shrinking Ricci sol-
iton with Ricci curvature satisfying Ric > ¢ > 0 and the scalar
curvature S satisfies the inequality

2nA(A, - )

oD (S—nhy*. (12)

(AS)* <

Note that the assumption on the Ricci curvature in view
of Myers’ theorem implies that M is compact. Thus, (M, g,
u, 1) is a compact Ricci soliton, and therefore, it is a gradient
Ricci soliton (cf. [1]). Consequently, u is a closed vector field,
that is, ¢ = 0. Equation (8) takes the form

VS, (13)
which gives

Ric(w,VS) = = || VS||. (14)

1

5|
Moreover equation (5) becomes

Vyu=AX - QX, (15)

which we use to compute the divergence of Qu and obtain

1

div Qu=AS - ||Q|]* + Su(s). (16)
Now, using equation (13) in the above equation leads to
div Qu=AS - ||Q||> + Ric(u, u), (17)

which on integrating gives

JM{ (IIQII2 - S;Z) + S—: — S - Ric(u, u)} —0. (18)
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Using equation (15), we have div u = nA — S, which gives

J nh = J s, (19)
M M
and consequently, we conclude
J (S—nA)* = J (8> - nAS). (20)
M M

Thus, equation (18) takes the form

[ {(1ar-5)+ Ls-my-wicww} =0 e

Now, equations (13) and (16) imply
1
AS=2 div Qu=2{)&8—||Q|2+ Eu(S)], (22)

which together with div Su=u(S) + S(nA - S) gives
AS - div Su =218 -2||Q|* - S(nA - S). (23)
Integrating the above equation, we conclude

J {2|Q|I* - 2AS+ S(nA - S)} =0, (24)

that is,

which gives

[ f2(1ar-5)- (2 -m9 ) =0 o)

Now, using equation (20) in the above equation yields

JM<||QI2 - ;) = (";) JM(S— ) (27)

Thus, equations (21) and (27) imply

1
J Ric(u, u) = —J (S— n/\)z. (28)
M 2)m
Also, we have Bochner’s formula
J {Ric(VS,VS) + ||AS||2 - (AS)Z} =0, (29)
M

where Ag(X) =V,VS is the Hessian operator of the scalar
curvature S. Note that equation (19) implies [, (S-nl)=0,
which in view of equation (10) gives

3
J |\VS||22A1J (S—nA)> (30)
M M
Now, we use equation (14) to compute
Ric(VS - 2Au,VS - 2Au) = Ric(VS,VS) — 2A||VS||? 31)

+ 4\ Ric(u, u).

Integrating the above equation and using equations (28)
and (29), we get

J Ric(VS - 2Au,VS - 2\u) = J {(48)* - || Ag|* - 2A||VS|?
M M

+ 4)&2Ric(u, u) },
(32)

which on using A > 0 (for a shrinking Ricci soliton) and the
inequality (30) gives

J Ric(VS - 2Au,VS - 2Au)
M

<[ {-(ade - fas) « () @st

—2MA, (S-nA)? +2A%(S - nA)z}

or

J Ric(VS - 2Au,VS - 2Au)
M

<[ {-(1e - 5 cas) (34

; (” . 1) (482~ 20(A, — 1)(S - nA)? }

n

Thus,

J Ric(VS - 2Au,VS - 2Au)
M

<[ {-(1e - 5 cas2)

" (” . 1) [(AS)Z - (ﬁ”l) (A~ A)(S— nA)Z} }
(35)

Since the Ricci curvature satisfies Ric > ¢ for a constant
¢> 0, the above inequality takes the form



: [(AS)Z -

Using the Schwarz inequality ||Ag||* > (1/n)(AS)?, and
the inequality (12) in the above inequality, we conclude

VS=2\u,

37
4=~ (a5)2 7

Also, the equality in the Schwarz inequality holds if and
only if Ag=(AS/n)I. Moreover, the equation VS=2Au in
view of equation (15) implies

Ag(X) =2A(AX - QX),

(38)
AS=2A(nA-S).
Consequently, using A = (AS/n)I, we get
2 —
X - Qx) = 2A=S) (39)

that is, Q(X)=(S/n)X. Now, using Q(X)=(S/n)X with
equation (13) and first equation in equation (37), we get
S=nA, that is, Q= Al. Hence, Ric = Ag and the Ricci soliton
(M, g,u, A) is trivial.

Conversely, if (M, g, u, A) is a trivial soliton, then Ric =
Ag, A>0 gives S=nA which implies AS=0, and conse-
quently, the equality (12) holds.

It is well known that the odd-dimensional unit sphere
$*"*lwith induced metric g as a hypersurface of the Euclid-
ean space (C™,(,)) admits a unit Killing vector field u,
and consequently, we have the trivial Ricci soliton ($*"*1, g,
u, ), A = 2n, satisfying the hypothesis of Theorem 1.

4. Characterizations of Connected Trivial
Ricci Solitons

In this section, we consider a connected Ricci soliton (M,
g-u, 1) and find necessary and sufficient conditions under
which it is a trivial Ricci soliton. Recall that the local flow
{¢,} of a smooth vector field u on a Riemannian manifold
(M, g) is said to be geodesic flow if the orbits of {¢,} are
geodesics on (M, g). Geodesic flows have been used in study-
ing geometry of foliations on a Riemannian manifold (cf.
[7, 13]). Note that a flow consisting of isometries is a geode-
sic flow and the converse is not true. For example, consider
the 3-dimensional unit sphere S*> which has a Sasakian struc-
ture (¢, u, o, g) (cf. [14]). Then for a positive function f on
§°, deform the metric g by

g=fg+(1-flasa. (40)
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Then, u is still a unit vector field on the Riemannian
manifold (S°, ). However, u is no more a Killing vector field
on (8%, g) but instead (v, u, &, g) is a trans-Sasakian structure
[15], and the flow of u on the Riemannian manifold ($*.g) is a
geodesic flow.

In the next result, we use this notion of geodesic flow for
the potential field u of the Ricci soliton (M, g, u, A) to char-
acterize trivial Ricci solitons.

Theorem 2. Let (M, g, u, A) be an n-dimensional connected
shrinking Ricci soliton with the local flow of potential field u
be the geodesic flow. Then, (M, g, u, A) is trivial Ricci soliton
if and only if the scalar curvature S is a constant along the
integral curves of u and the associated tensor v satisfies the
inequality

vl < Al (41)
Proof. Suppose (M, g, u, A) is connected with local flow of u a

geodesic flow and the scalar curvature S is a constant along
the integral curves of u and the associated tensor v satisfies

Iy (1” < Afful” (42)
As the local flow of u is a geodesic flow, equation (5) gives
Qu=Au+yu (43)

As the scalar curvature S is a constant along the integral
curves of u, using equations (4) and (8), we conclude

9(wX(VQ)(ese)) =0 (4)

Ric(u, u) = ~g () (Vy)(es e) ). (45)
Now, using equations (5) and (44), we find the diver-
gence of the vector field Qu. After some straight forward
computations, we get
div Qu=AS - ||Q|*. (46)
Similarly, using equations (5) and (45), we get

div yu=—||y|* + Ric(u, u). (47)

Equation (43) gives Ric(u, u) = A||ul|?, which on insert-
ing in the above equation yields

div yu =~ |y + Au]. (48)
Note that equation (5) gives divu=(nA-S). Conse-
quently, on taking divergence in equation (43) and using

equations (46) and (48), we conclude

AS = |Q* =nA* = AS = [l ||* + AJJu|*, (49)
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1 1
(101 58°) + 5 (5= b+ (Al - o) =0. (50

Using the Schwarz inequality ||Q|*>(1/n)$* and
inequality (42), in the above equation, we conclude

1
Q= -8,
n
S=mnA, (51)
][> = Allu|*.

Since the equality in the Schwarz inequality holds if and
only if Q= (S/n)I, we get Ric=A2g, that is, (M, g,u,A) is
trivial.

Conversely, if (M, g,u, A) is a trivial Ricci soliton with
local flow of u a geodesic flow, then it follows that S is a con-
stant and equation (5) takes the form

Vyu=yXandyu=0. (52)

Then finding the divergence of yu using above equation,
gives the equality

][> = Al ul|. (53)
Remark 3.

(1) It is clear that an odd-dimensional unit sphere
(81, g>w, A) is a trivial Ricci soliton, where A = 2n,
the potential field u=—JN, ] being the complex
structure on C"*! and N is the unit normal to the
hypersurface $***!. The associated tensor y is given
by wX = (JX)", the tangential component of JX. It
follows that ||ly||* =2n=A|ul|* holds. Naturally, u
being the Killing vector field, its flow consists of
isometries of $*"*!, and therefore, it is a geodesic flow.

(2) Next, we give an example of a nontrivial Ricci soliton
with the flow of potential field u not a geodesic field.
Consider the open subset

M:{xeR":||x||>ﬁ}, n>3, (54

of the Euclidean space (R", g), where g is the Euclid-
ean metric. Consider the vector field ue X(M)

defined by
u:'%’—xz—+xli (55)
Ox! ox2’
where
V=x'—+ w9 (56)

5
is the position vector field and x',---,x" are the
Euclidean coordinates on M. It follows that

£,9=29. (57)
Hence, we have
. 1
Ric + E£“g =9 (58)

that is, (M, g,u,A), A=1 is a nontrivial Ricci soliton with
associated tensor field v, given by

0 0
wX:—X(xz)ﬁ +X(xl)W. (59)

The flow {¢,} of u is given by

1

PN T 2 2
got(x,m,x )—e(x cos t + x* sin t, x* cos t

(60)

—x'sint, x°, ---,x”),

which is not a geodesic flow. Moreover, we have ||y||* = 2 and
[ul|> = @)% + (x1)” + (x2)?, that s, ||||* < A|ju||* holds.

Next, we consider Ricci solitons (M, g, u, 1), with poten-
tial field u of constant length. Note that if M is compact and
|lu|| is a constant, then (M, g, u, A) is trivial, the argument
goes as follows: in this case, u = Vh for a smooth function A,
and as M is compact, there is point p € M (the critical point
of h), where u, =0. As |[ul| = ¢, a constant, that will give u=
0, that is, (M, g, u, A) is trivial.

We get the following characterization of noncompact
trivial Ricci solitons with potential field u having constant
length.

Theorem 4. Let (M, g,u, A) be an n-dimensional connected
noncompact Ricci soliton with a constant length of potential
field. Then, (M, g,u, A) is trivial if and only if the associated
tensor y satisfies the inequality

[ylI? = M. (61)

Proof. Suppose (M, g, u, A) is an n-dimensional Ricci soliton
with ||u|| a constant and

Iy (1” = Afful” (62)
As ||ul|® is a constant, using equation (5), we conclude
yu=Au- Qu. (63)

Now, div u = nA — § and using equations (5) and (8), we
get

div Qu=AS - ||Q|I* + %u(S),
1 (64
div yu=—||y|* + Ric(u, u) - Su(S)-



Taking divergence in equation (63), and using the above
equations, we conclude

—[Jy||* + Ric(u, u) = nA* = 2AS + ||Q||*. (65)
Also, the inner product with u in equation (63) gives

Ric(u,u) = A|ju/|>, and consequently, the above equation
becomes

(101~ 55°) (5=« (vl ~Ajul) =0. (69

Using the Schwarz inequality and the inequality (62), in
the above equation, we conclude that

1
Q|I* ==,
n
S=mnA, (67)
[w[l* = Afful®,

which, as in the proof of Theorem 2, implies that (M, g, u, A)
is trivial.
Converse follows on the similar lines as in Theorem 2.

We construct an example of a nontrivial Ricci soliton
with a nonconstant length of potential. Let M be the unit
open ball

M={xeC": x| <1} (68)
in the Euclidean space (C",], g), where ] is the complex

structure and g is the Euclidean metric. Consider the smooth
vector field u € X(M) defined by

u=¥Y+]JY¥, (69)
where
‘I’:xl%+-~+x2” aon (70)
is the position vector field. Then, it follows that
£u9 =29, (71)
that is,
Ric + %£ug=g. (72)

Hence, (M, g,u, A) is a nontrivial Ricci soliton with A =1
and associated tensor y = J. We get ||y||* = 2n and ||u|* =2
IP]J* <2, that is, Allu]l” <[|y|*

Data Availability

No data have been used to support this study.

Advances in Mathematical Physics

Conflicts of Interest

The authors declare no conflict of interest.

Acknowledgments

The authors extend their appreciations to the Deanship of
Scientific Research at King Saud University for funding this
work through research group no. (RG-1440-142).

References

[1] B. Chow, P. Lu, and L. Ni, Hamilton's Ricci Flow: Graduate
Studies in Mathematics, AMS, Providence, RI, 2006.

[2] T. Ivey, “New examples of complete Ricci solitons,” Proceed-
ings of the American Mathematical Society, vol. 122, no. 1,
pp. 241-245, 1994.

[3] O. Munteanu and J. Wang, “Geometry of shrinking Ricci sol-
itons,” Compositio Mathematica, vol. 151, no. 12, pp. 2273~
2300, 2015.

[4] O.Munteanu and J. Wang, “Positively curved shrinking Ricci
solitons are compact,” Journal of Differential Geometry,
vol. 106, no. 3, pp. 499-505, 2017.

[5] A.Derdzinski, “A Myers-type theorem and compact Ricci sol-
itons,” Proceedings of the American Mathematical Society,
vol. 134, no. 12, pp. 3645-3649, 2006.

. Ferndndez-Lopez and E. Garcia-Rio, remark on com-
[6] M. Fernandez-Lop: d E. Garcia-Rio, “A k
pact Ricci solitons,” Mathematische Annalen, vol. 340, no. 4,
Pp. 893-896, 2008.

[7] P.Molino, Riemannian Foliations, vol. 73 of Progress in Math-
ematics, Birshauser Bosten, Inc, Boston, MA USA, 1988.

[8] W. Wylie, “Complete shrinking Ricci solitons have finite fun-
damental group,” Proceedings of the American Mathematical
Society, vol. 136, no. 5, pp. 1803-1807, 2008.

[9] H.-D. Cao, “Geometry of Ricci solitons,” Chinese Annals of
Mathematics, Series B, vol. 27, no. 2, pp. 121-142, 2006.

[10] H.-D. Cao and D. Zhou, “On complete gradient shrinking

Ricci solitons,” Journal of Differential Geometry, vol. 85,
no. 2, pp. 175-186, 2010.

[11] S.Deshmukh, “Jacobi-type vector fields on Ricci solitons,” Bul-
letin Mathématique de la Société des Sciences Mathématiques
de Roumanie, vol. 55(103), no. 1, pp. 41-50, 2012.

[12] F. Li and J. Zhou, “Rigidity characterization of compact Ricci
solitons,” Journal of the Korean Mathematical Society, vol. 56,
no. 6, pp. 1475-1488, 2019.

[13] P.H. Tondeur, Foliations on Riemannian Manifolds, Springer-
Verlag, New York, 1988.

[14] D. E. Blair, Contact Manifolds in Riemannian Geometry,
vol. 509 of Lecture Notes in Mathematics, Springer, 1976.

[15] S. Deshmukh, “Trans-Sasakian manifolds homothetic to Sasa-

kian manifolds,” Mediterranean Journal of Mathematics,
vol. 13, no. 5, pp- 2951-2958, 2016.



	Characterizations of Trivial Ricci Solitons
	1. Introduction
	2. Preliminaries
	3. A Characterization of Compact Trivial Ricci Solitons
	4. Characterizations of Connected Trivial Ricci Solitons
	Data Availability
	Conflicts of Interest
	Acknowledgments

