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In this paper, we introduce the Hom-algebra setting of the notions of matching Rota-Baxter algebras, matching (tri)dendriform
algebras, and matching pre-Lie algebras. Moreover, we study the properties and relationships between categories of these

matching Hom-algebraic structures.

1. Introduction

1.1. Hom-Algebraic Structures. The origin of Hom-structures
may be found in the study of Hom-Lie algebras which were
first introduced by Hartwig, Larsson, and Silvestrov [1].
Hom-Lie algebras, as a generalization of Lie algebras, are
introduced to describe the structures on deformations of
the Witt algebra and the Virasoro algebra. More precisely,
a Hom-Lie algebra is a triple (L,[—,—|, «) consisting of a k-
module L, a bilinear skew-symmetric bracket [-,-]: L®
L— L and an algebra endomorphism « : L — L satisfy-
ing the following Hom-Jacobi identity:

[e(x)> > 2]] + [a(y)s [ x]] + (%), [, Y] (1)

=0for allx, y,z € L.

Recently, there have been several interesting develop-
ments of Hom-Lie algebras in mathematics and mathemati-
cal physics, including Hom-Lie bialgebras [2, 3], quadratic
Hom-Lie algebras [4], involutive Hom-semigroups [5],
deformed vector fields and differential calculus [6], represen-
tations [7, 8], cohomology and homology theory [9, 10],
Yetter-Drinfeld categories [11], Hom-Yang-Baxter equations
[12-16], Hom-Lie 2-algebras [17, 18], (m, n)-Hom-Lie alge-

bras [19], Hom-left-symmetric algebras [20], and enveloping
algebras [21]. In particular, the Hom-Lie algebra on semisim-
ple Lie algebras was studied in [22], and the Hom-Lie struc-
ture on affine Kac-Moody was constructed in [23].

In 2008, Makhlouf and Silvestrov [20] introduced the
notation of Hom-associative algebras whose associativity
law is twisted by a linear map. Usual functors between
the categories of Lie algebras and associative algebras have
been extended to the Hom-setting. It is shown that a Hom-
associative algebra gives rise to a Hom-Lie algebra using the
commutator. Since then, various Hom-analogues of some
classical algebraic structures have been introduced and stud-
ied intensively, such as Hom-coalgebras, Hom-bialgebras
and Hom-Hopf algebras [24, 25], Hom-groups [26, 27],
Hom-Hopf modules [28], Hom-Lie superalgebras [29, 30],
generalize Hom-Lie algebras [31], and Hom-Poisson alge-
bras [32].

Dendriform algebras were introduced by Loday [33] with
motivation from algebraic K-theory. Latter, tridendriform
algebras were proposed by Loday and Ronco [34] in their
study of polytopes and Koszul duality. The classical links
between Rota-Baxter algebras and (tri)dendriform algebras
were given in [35, 36], resembling the structure of Lie alge-
bras on an associative algebra. In 2012, Makhlouf [37] gener-
alized the concepts of dendriform algebras and Rota-Baxter
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algebras by twisting the identities by mean of a linear map,
which were called Hom-dendriform algebras and Rota-
Baxter Hom-algebras, respectively. The connections between
all these categories of Hom algebras were also investigated in
[37]. Due to the fundamental work of Makhlouf [37], we
have the following commutative diagram of categories (the
arrows will go in the opposite direction for the corresponding
operads), see Figure 1.

1.2. Motivations for Matching Hom-Algebraic Structures. The
recent concept of a matching or multiple Rota-Baxter [38]
came from the study of multiple pre-Lie algebras [39]
originated from the pioneering work of Bruned, Hairer,
and Zambotti [40] on algebraic renormalization of regularity
structures. It is shown that the matching Rota-Baxter algebra
was motivated by the studies of associative Yang-Baxter
equations, Volterra integral equations, and linear structure
of Rota-Baxter operators [38]. More precisely, for exploring
the relationship between associative Yang-Baxter equations
and classical Yang-Baxter equations, Aguiar [41] proposed
a polarized form of the expression on the left-hand side of
the associative Yang-Baxter equation:

{r s} =138, = 1283 + 13805 (2)

where 7,5 € A® A and A is a unitary associative algebra. The
corresponding equation

13812 — 12823 + 123813 =0 (3)

was called polarized associative Yang-Baxter equation
(PAYBE) by Guo and etc. [38]. Paralleled to the fact that
solutions of the associative Yang-Baxter equation naturally
give Rota-Baxter operators, the matching Rota-Baxter opera-
tors are determined by solutions of a PAYBE [38].

The basic theory of matching Rota-Baxter algebras was
originally established in [38, 42], has proven useful not only
in (compatible) multiple operations [43-48] but also in
other areas of mathematics as well, such as polarized asso-
ciative Yang-Baxter equation [38], algebraic combinatorics
[38, 49], matching shuffle product [42], algebraic integral
equation [50], and Grobner-Shirshov bases and Hopf alge-
bras [49]. Based on the close relationships between match-
ing Rota-Baxter algebras, matching dendriform algebras,
and matching pre-Lie algebras, Guo et al. [38] previously
showed the following commutative diagram of categories,
see Figure 2.

The main purpose of this paper is to extend these match-
ing algebraic structures to the Hom-algebra setting and study
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the connections between these categories of Hom-algebras.
These results give rise to the following commutative diagram
of categories, see Figure 3.

We would like to emphasize that the notation of match-
ing Hom-Lie Rota-Baxter algebras will play a curial role in
mathematical physics. The Rota-Baxter equation on a Lie
algebra is the operator form of the classical Yang-Baxter
equation [51]. Similarly, there should be a close relationship
between the matching Hom Rota-Baxter equation in (82)
with weight zero and the polarized classical Yang-Baxter
equation, as a Hom-Lie algebra variation of the Hom version
of the polarized associative Yang-Baxter equation.

1.3. Outline of the Paper and Summary of Results. In section
2, we provide definitions concerning the generalization of
matching associative algebras, matching pre-Lie algebras to
Hom-algebras setting and describe some specific cases of
matching Hom-algebraic structures. Also, the close relation-
ship between matching Hom-Lie algebras and Hom-Lie alge-
bras will be shown.

In section 3, we extend the notion of matching Rota-
Baxter algebras to the Hom-associative algebra setting. It is
also shown that matching Hom-associative Rota-Baxter alge-
bras can be reduced from a matching Rota-Baxter algebra. At
the end of this section, the construction of Hom-algebras
using elements of the centroid is generalized to the matching
Rota-Baxter algebras.

Section 4 is devoted to the definition of matching Hom-
(tri)dendriform algebras and the approach of construction
of a matching Hom-(tri)dendiform algebra from a matching
(tri)dendiform algebra. Some results related to the connec-
tions between matching Hom-(tri)dendiform algebras and
compatible Hom-associative algebras as well as between
matching Hom-dendriform algebras and matching Hom-
preLie algebras will be established.

In section 5, the concepts of matching Hom-Lie Rota-
Baxter algebras and matching Rota-Baxter algebras involv-
ing elements of the centroid of matching Lie Rota-Baxter
algebras will be established. Also, some results related to
the connection between matching Hom-Lie Rota-Baxter
algebra of weight zero and matching Hom-preLie algebra
will be obtained.

Notation. Throughout this paper, let k be a unitary
commutative ring unless the contrary is specified, which
will be the base ring of all modules, algebras, tensor prod-
ucts, operations as well as linear maps. We always suppose
that Q is a nonempty set. We denote by P, = (P,),., the
collection of operations P, w € (2, where Q is a set index-
ing the linear operators.
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2. Matching Hom-Associative, Matching Hom-
preLie and Matching Hom-Lie Algebras

In this section, we give the definitions of matching Hom-
associative algebras, compatible Hom-associative algebras,
compatible Hom-preLie algebras, and compatible Hom-Lie
algebras, which generalize the corresponding matching alge-
braic structures introduced in [38]. Then, we explore the
relationships between these categories from the point of view
of Hom-algebras.

Definition 1. A matching Hom-associative algebra is a k-
module A together with a collection of binary operations
‘w A®A— A weQ and a linear map p: A — A such
that

(x07)-pP(2) = p(x)-o (y-p2) for allx, y,z€ A and &, B € Q.
(4)

A matching Hom-associative algebra is called totally
compatible if it satisfies

(x-wy)~ﬁp(z) :p(x)-[;(y-wz) for allx,y,z€ A and o, f € Q.
(5)

More generally,

Definition 2. A compatible Hom-associative algebra is a k-
module A together with a collection of binary operations
‘v A®A— A,weNand a linear map p: A— A such
that

(xa) P (2) + (%) -aP(2) = P(%)-a(y2) + P(x)5(1a)
(6)

for all x, y, z € A and «, 8 € Q. For simplicity, we denote it
by (A, -, p)-

Remark 3.

(a) Any matching Hom-associative algebra or totally
compatible Hom-associative algebra is a compatible
Hom-associative algebra

(b) By taking p=id, we recover to the definition of
matching associative algebras, totally compatible
associative algebra and compatible associative alge-
bra given in [38]

(c) If Qs a singleton and the characteristic of k is not 2,
then the notation of matching Hom-associative alge-
bras and the notation of compatible Hom-associative
algebras are equivalent and recover to the Hom-
associative algebras introduced in [20]

Definition 4. A matching Hom-Lie algebra is a k-module
g equipped with a collection of binary operations [,],, : ¢ ®
g — ¢, w € Q and a linear map p : ¢ — ¢ such that

x], =0 (7)

() 12l + [p0) [ 5] o+ [p(2) i) =0 (8)
forall x,y,z€gand a, B, w € Q.

Remark 5. A totally compatible Hom-associative algebra
(A,-q,p) has a natural matching Hom-Lie algebra structure
with the Lie bracket defined by

(% Y], = X0y = Yo% for x,y € Aandw € Q. 9)

The matching Hom-Lie algebra has a close relation-
ship with Hom-Lie algebras. We first record a lemma for a
preparation.

Lemma 6. Let (g, [, p) be a matching Hom-Lie algebra.
Consider linear combinations

ba= D allgand]p=) bglle (10)

a0 BeQ

where a,, by € k for a, B € O with finite supports. Then

[P(x), [ 2lg], + [PO)s [2:¥]a] 5 + [P(2)s (%714

(11)
=0forx,y,z €g.

Proof. By Eq. (10), for x, y, z € g, we have

[p(x), [7:2]5] , = [P(x% > byly, Z]ﬁ]

BeO

=Y a, [p(x), Y bly, Z]ﬁ] (12)

a0 BeQ

=2 Y abg[p(x). [y

acQ BeO

24



Similarly, we also have

[PO) 2] = . ﬁZ bpay[p(y), [24],] jand
ac) BeN (13)
[p(2): 5 31,4] 5 = ZQ ,;ZQ byau[p(2), [ Y] 5

Since (g, [,] o, p) is @ matching Hom-Lie algebra, then

(). 1. 2lg) + [pO) [ 3] o+ [p(2): bV
=0forallx,y,zeganda, f € Q.

(14)

Thus

() [ 2lp] 4 + [PO)s (22 %] ]y + [P(2)s [ ¥],4] , =05 (15)
as desired.

Proposition 7. Let (g, [,] 5> p) be a matching Hom-Lie algebra.
Consider linear combinations

HA = Z aw[’]w’ aw € k’ (16)

weN
with a finite support. Then, (g, [,],) is a Hom-Lie algebra.

Proof. It follows from Lemma 6 by taking (a = (by) weor

() ) weN
More generally, we propose

Definition 8. A compatible Hom-Lie algebra is a k-module g

together with a set of binary operations [,], : g®g—g,
w €O and a linear map p : g — g such that
[‘x’ x]w = 0 (17)

[P, 121, g + [P0 129 ] 5 + [p(2)s o]
+ [P 1 2ly| + [p0)exlg] +[p@) vy =0

24

(18)
for all x,y,z€¢g and w,a, B

Remark 9.

(a) Every matching Hom-Lie algebra is a compatible
Hom-Lie algebra.

(b) Given two Hom-Lie algebras (g, [.],.» p) and (g, [| s, )-
Define a new bracket [,]: ¢ ® g — g as follows:

%, y] = ay[x, ], + bp[x, y] s for some a,, by € k. (19)

Clearly, this new bracket is both skew symmetric and
bilinear. Then, (g, [,], p) is further a Hom-Lie algebra if [,] sat-
isfies the Hom-Jacobi identity
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[p(x); > 2] + [p(y), [ x]] + [p(2), [x. 1] = 0. (20)

By a direct calculation, we get that this condition is equiv-
alent to Eq. (18).

Proposition 10. Let (g, ||, p) be a matching Hom-Lie alge-
bra. Then for x,y,z € g and a, 3 € O, we have

[pGo) b2l = [P 1)) -
[P(x): 2] g + [PO)s (22 6] ] s +

(21)
[p(2) oyl =

Proof. Since Eq. (8) holds for any x, y,z € A and a, f € 2, we
get

[P0 [, g+ [Pl o] + [P I 2ly] =0 (22)

o

Egs. (8) and (22) result in

p@): o)~ [P eyl =0 (23)

o

By the arbitrariness of x, y, z, we have

and so
P 2], + [P0 [, ]  + [Pl oyl ], =0, (29)

Generalizing the well-known result that an associative
algebra has a Lie algebra structure via the commutator
bracket, we show that a compatible Hom-associative algebra
has a compatible Hom-Lie algebra structure.

Proposition 11. Let (A,-o,p) be a compatible Hom-
associative algebra. Then (A, [,)n,p) is a compatible Hom-
Lie algebra, where

[l, :A®A— A, [x,y], = Xy = VoXforx,ye Aand w € Q.

(26)

Proof. For x,y,z€ A and «, B,w € Q, by Eq. (26), we get
[x,x],=0and

[P0, 121, 5 = P(3)s oz = 200

=p(%)p(yaZ = 2:¥) = (VaZ = Z:¥) pP (%)
=p(x)p(ra2) = P(x)p(z:a))
= (1a2) pP (%) + (2:y) pP(%)-

(27)
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Similarly, we have

[P0, [2:%,] 5 = PO) p(2:) = PO) p(x:02)
~ (2020 (9) + (%20 (7),
[p(2), [0 7]u] g = P(2)5(x:0y) = P(2):p(ra)
~ (%) gb(2) + (%) 5P (2)
:P(x)’ b/’ Z]ﬁ: . :p(x)'a ()/BZ) _p(x)'zx (Z/Sy)
)b + () apl) Y
pO) (23] =P0)a(z x) ~P)ales z)
= (2p%) P (V) + (¥:52) b (¥
p(@):[2:¥]5] =P ) P2y ﬁx)
= () ab(2) + (vp%)ub
By Eq. (6), we get
[P 2] + [P0 [, + () 0]
#pe ]+ [0 ]+ [ple) ] =0
(29)

Hence, (4, || p) is a compatible Hom-Lie algebra.

Now, we give the definition of matching Hom-preLie
algebras.

Definition 12. A matching Hom-preLie algebra is a k-module

A together with a family of binary operations *,: A® A
— A, w € Q and a linear map p : A — A such that
X)*, (y#p2) — (X% ,p)* z
p(x) (}’ﬁ) (X)) *pp(2) (30)

=p(y)*p(x%,2) = (y*px) %P (2)

forall x,y,z€ Aand o, f € Q.
Now, we give the relationship between matching Hom-
preLie algebras and compatible Hom-Lie algebras.

Proposition 13. Let (A, %, p) be a matching Hom-preLie
algebra. Then (A, [,]q, p) is a compatible Hom-Lie algebra,
where

Do A®A— A [ )],
=X%,y — y*, X, forall x,y €A and we Q.

(31)

Proof. Forx,y,z€ A and «a,B€Q, by Eq. (31), we have
[x,x],=0and

5
[p(x), [y 2la] g = [P(%), y#oz = 2% 0¥
=p(x)#p(y*az = 2%,Y)
— (r*az = 2%)) % pp(%) (32)
=p(x)*p(r*a2) = p(x)*p(2%a))
= (rxa2)*pp(x) + (2%29) %P (%)
Similarly, we have
[PO)s [ 4] g = P) % p(25 %) = p() #p(x%02)
= (z%ax)*pp(y) + (x%,2) *5P(¥),
[P(2), [ ¥a] g =P(2) %5 (x%0y) = P(2) %5 (y%a%)
- (x*txy)*ﬁp(z) + (y*(xx)*ﬁp(z)’
-p(x)’ D/’ Z]ﬁ_ :p(x)*w(y*ﬁz> _p(x)*lx(z*ﬁy)
) ¢ (33)
= (y#p2) %ap (%) + (2%p7) %P (%),
P [:4]g] =P *u(z%) —p(y)m(x*ﬁz)
— (2% px) *p(y) + (X% p2) %P
p(@) [ )ly] =p(e) (x*ﬁy) Pz m(y*ﬁx)
= (exgy) ¥ap(2) + (y%px) P
Then, by Eq. (30), we get
[p(x), [y 2la] g+ [PO): [2: %] 5 + [(2)s [ 1] 4
+ [P I zlg] + [0 [xly] + [p@): e ly] =0
(34)

Hence, (4, [,]o, p) is a compatible Hom-Lie algebra.

3. Matching Rota-Baxter Algebras and Hom-
Associative Algebras

In this section, we extend the notion of matching Rota-Baxter
algebras to the Hom-associative algebra setting.

Definition 14 [38]. Let Ay = (), Sk be a set of scalars
indexed by Q. A matching Rota-Baxter algebra of weight
A, is an associative algebra A equipped with a family P, =
(P,)weq of linear operators P, : R — R, w € , that satisfy
the matching Rota-Baxter equation

Po(x) - Pg(y) = Po(x - Pg(y)) + Pp(Pa(x) - 7)
+AgP,(x-y),forallx,y € Aanda, S € Q.

(35)

Definition 15. A matching Hom-associative Rota-Baxter alge-
bra is a quadruples (A4, -, Py, p), where (A, P,) is a matching



Rota-Baxter algebra and (A,.,p) is a Hom-associative
algebra.

Taking p = id, we recover to matching Rota-Baxter asso-
ciative algebras and denote it by (A, -, P,). If Q is a singleton,
a matching Hom-associative Rota-Baxter algebra becomes a
Hom-associative Rota-Baxter algebra given in [37].

A Hom-associative Rota-Baxter algebra can be induced
from an associative Rota-Baxter algebra with a particular
algebra endomorphism [37]. The following result generalizes
it to the matching Rota-Baxter case.

Theorem 16. Let (A, -, Py,) be a matching Rota-Baxter alge-
braandp : A — A be an algebra endomorphism which com-
mutes with P, for all we Q. Then (A, Pq,p), where

Xpy =p(x-y), is a matching Hom-associative Rota-Baxter
algebra.

Proof. The Hom-associative structure of the algebra follows
from Yau’s Theorem in [52]. We only need to show that
the matching Rota-Baxter equation holds. For x,y € A and
a, fe,

P, (x):,Ps(y) =p(Pu(x) - Pg(y)) (by the definition of -))
=p(Pu(x-Pp(r)) + Pp(Pu(x) -y)
+ AgPy(x 7)) (by Eq.( 10)
)

=P(Pa(x Pg(r))) +(Pp(Pa(x) )

+Aﬁp< W(x9))
Po(p(x-Pa(y))) + Py(p(Pu(x) - »))
+ AP, (p(x y»(by w=P,oP)
=P, (x,,Ps(7)) + Pg(Pul py)MP( y),

(36)

as required.

Given a matching Hom-associative Rota-Baxter algebra
(A, -, Py, p), it is natural to wonder that whether this match-
ing Hom-associative Rota-Baxter algebra is induced by an
ordinary associative matching Rota-Baxter algebra (4,-’,
Py), ie., p is an algebra endomorphism with respect to -’
and - =po.’.

Let (4, -, p) be a multiplicative Hom-associative algebra,
ie, p(a-b)=p(a)-p(b) for all a,beA. It was proved in
[53] that in case p is invertible, (A, p~! ¢ -)is an associative
algebra. It is generalized to the multiplicative Hom-
associative Rota-Baxter algebras in [37], and the following
result generalizes it to the multiplicative matching Hom-
associative Rota-Baxter algebras.

Proposition 17. Let (4, -, P, p) be a multiplicative matching
Hom-assoicative Rota-Baxter algebra, where p is invertible
and poP, =P, op for each w € Q. Then, (A,- =p~lo. Pp)
is an associative matching Rota-Baxter algebra.
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Proof. For x, y,z € A, we have

(x.’y).’z_x.’ (y"z)
=p (7 xey)2) = (e () (by =)
=P )-p(z)—p(x)-@.z»
(byp(x)p
(37)

Hence, the associativity condition holds. For , § € Q, we
have

P, (x)-'Pg(y) =p" (Pu(x) - P(»))
=p (Pu(x-Pg(y)) + Py(Py(x) -y)
+A/5Pa(x‘)’))
=P, (p7 (x-Pa(»))) + Pp(p™ (Pu(x) 7))
+ )‘ﬁpa(Pfl(x 7))
=P, (x'Py(y)) + Ps(Pulx)y)

+AgP, (x-'y).
(38)

Hence, the matching Rota-Baxter equation holds for the
new multiplication, and (A4, -', P,,) is an associative matching
Rota-Baxter algebra.

There are two new ways of constructing Hom-associative
algebras from a given multiplicative Hom-associative algebra
(37, 54].

Definition 18. ([37, 54]). Let (A, -, p) be a multiplicative Hom-
algebra and #n > 0. Then, the following two algebras are also
Hom-associative algebras:

(a) the n-th derived Hom-algebra of type 1 of A defined
by

AN = (A, () = p g .,pnﬂ), (39)

A = (A, () :P2”—1 R .,pz"). (40)

Now, we show that the n-th derived Hom-algebra of type
1 and 2 of a multiplicative matching Hom-associative Rota-
Baxter algebra is also a matching Hom-associative Rota-
Baxter algebra generalizing the Rota-Baxter case in [37].
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Theorem 19. Let (A, -, Py, p) be a multiplicative matching
Hom-associative Rota-Baxter algebra such that po P, =P, o
p for all w € Q. Then,

(a) the n-th derived Hom-algebra of type 1
(A, =p"o., p™1) is a matching Hom-associative
Rota-Baxter algebra

(b) the n-th derived Hom-algebra of type 2 (A,-™ =
p? 1o p?) is a matching Hom-associative Rota-
Baxter algebra

Proof. (a) By [54], (A, ", p™*!) is a Hom-associative algebra.
Now, we show the matching Rota-Baxter equation holds.
For x,y,z € A and «, 3 € 2, we have

Py (x)"Pp(y) =p" (Pa(x) - Pg(y)) =p" (Pa(x - Ps(»))
+ Py(Py(x) - y) + AgPy(x - y))

=Py (p" (x- Pp(y))) + Pp(p" (Pa(x) -
+ APy (p" (%)) a(x”P )
+Pg(Py(x)"y) + AgP(x"y).

7)) (41)

Thus, the matching Rota-Baxter equation holds for the
new multiplication.

(b) By [54], (A,-"=p" 1o, p¥) is also a Hom-
associative algebra. For x, y,z € A and a, 8 € 2, we have

T (Pa(x) Pa(y) =p” 7 (Pulx - Py(2))
+Pp(Py(x) -y +)LﬁP y)
( ! (x-Pa(y) >+Pﬁ(p2" (P, (x )
+/\ﬁPa(p ) P, (x"Py(y))
+ Pg(Py(x)"y) + ApPq(x"y).

Po(x)"Pg(y) =p

(42)

This completes the proof.

Let (A, ) be an associative algebra. The centroid of A is
defined by
Cent(A):={p € End (A) | p(x-y) =p(x) -y

(43)
=x-p(y)forallx,y € A}.

The same definition of the centroid is assumed for Hom-
associative algebras.

In [4], Benayadi and Makhlouf gave the construction of
Homb-algebras using elements of the centroid for Lie algebras.
In [37], the construction was extended to Rota-Baxter alge-
bras. Now, we generalize it to the matching Rota-Baxter case.

Proposition 20. Let (A,-, Py) be an associative matching
Rota-Baxter algebra. For p € Cent(A) and x,y € A, define

xpy=p(x) -y and x5y = p(x) - p(y). (44)

If poP,=P,op for all we, then (A,-,Pq,p) and
(A, 2, Pq,p) are matching Hom-associative Rota-Baxter
algebras.

Proof By [37]. (A,-,p) and (A
algebras. Now, we show that they are also matching Rota-
Baxter algebras. For x, y € A and «, 5 € (2, we have

,-;, p) are Hom-associative

Po(x):,Pg(y) = p(Po(x )) Pg(y) = Po(p(x)) - Pg(y)
=P, (p(x) - Pg(y)) + Pp(Py(p()) - ¥)
+AgP,(p(x)-y) =P (x;Pﬁ ) (45)
+Pﬁ( y +/\/3Pa<x y)
and
Po(x)5Pp(y) = p(Po(x)) - p(Py(y)) = Pa(p /s(P(y))
=P, (p(x) - Py(p(y))) + Pg(Po(p(x)) - p(¥))
+AgPo(p(x) - p(y)) =P ( (P/s(y)))
+

+ Pg(p(Pa(x)) - p(0)) + ApPe (P( )-P())
=P, (x.;Pﬁ(y)) +Pyg (P (x )Py) +AgP a(x-[z,y).
(46)
This completes the proof.

4. Matching Hom-Dendriform Algebras and
Matching Hom-Tridendriform Algebras

In this section, we introduce the notions of matching Hom-
dendriform algebras and matching Hom-tridendriform alge-
bras generalizing the definitions of matching dendriform
algebras and matching tridendriform algebras given in [38].

Definition 21. A matching Hom-dendriform algebra is a k-
module D together with a family of binary operations
0, :D®D — D, whereo €{<, > } and w € 2, and a linear
map p : D— D such that for all x, y,ze€ Dand a, f € O,

(x<ay)</3p(z) :p(x)<oc (y<ﬁz) +p(x)</3(y>ocz)’
(x>ay)<pp(2) = p(%)>a (¥<2)> (47)
<x<ﬁy) >ocp(z> + (X>a}/)>ﬁp(2) :p(x) >{X (}/>ﬁZ) .
For simplicity, we denote it by (D, <, >, p)-
Definition 22. A matching Hom-tridendriform algebra is a

k-module D together with a family of binary operations
©,:D®D— D, whereoee{<,e, >} and weQ, and a



linear map p : D — D such that for all x,y,z€D and «,
BeQ,

(x<ay)=pp(2) = p(¥)<a (¥<p2) + (%)< (1>a2)

+p(x)<, (y.ﬁz), (48)

(x>07)<pP(2) = p(x) >4 (< p2) (49)

P)=a(y>52) = (x<py)>ap(2) + (x>o¥)>pp(2) (50)
+ (xoﬁy) >.P(2),

(x>oy) 0 (2) = p(x) >4 (y2p2) (51)

(x<07)2pp(2) = p(x)23(y>42)s (52)

(xe0)<pp(2) = p(x)24 (¥<42), (53)

(xe.y)opp(2) = p(x) % (yop2) (54)

Definition 23.

(@) Let (D,<g,>0op) and (D',<p5 >4 p') be two
matching Hom-dendriform algebras. A linear map
f:D— D' is called a matching Hom-dendriform
algebra morphism if for all w € O

<o (f®f)=fo<pryo(f®f)=for,andp’of =fop.

(55)

(b) Let (D, <00 >0op) and (D', </}, >5p') be
two matching Hom-tridendriform algebras. A lin-
ear map f:D—— D' is called a matching Hom-
tridendriform algebra morphism if for all w € Q

<o (f®f)=fo<peue (fOf)=fosp>yo(ff)

(56)
=for,andpof=fop

The following results show that we can construct a
matching Hom-(tri)dendriform algebra from a matching
(tri)dendriform algebra, generalizing the (tri)dendriform
case in [37].

Theorem 24.

(a) Let (D,<q,>q) be a matching dendriform algebra
and p: D— D be a matching dendriform algebra
endomorphism. Then, A,=(A,<,0,>,0.p), Where
<pw=Po <, and >, =po>, for each we ), is a
matching Hom-dendriform algebra. Moreover, sup-
pose that (A', <>, >0) is another matching dendri-
form algebra and p' :A' — A" is a matching
dendriform algebra endomorphism. If f : A— A’ is
a matching dendriform algebra morphism that sat-

isfies fop=p' o f, then
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1 (D<p>porP) — (D', <o >'p)9,p') (57)

is a morphism of matching Hom-dendriform algebras.

(b) Let (D, <, ®q, ) be a matching tridendriform alge-
bra and p: D— D be a matching tridendriform
algebra endomorphism. Then, A,
>0 D), Where <, i=po<, p oe, and >,
pe>, for each weQ, zs a matchzng Hom-
tridendriform algebra. Moreover, suppose that (A,
<oy 8 >0) is another matching tridendriform alge-
bra and p' : A' — A" is a matching tridendriform
algebra endomorphism. If f : A— A’ is a matching
tridendriform algebra morphism that satisfies f o p =

p' of, then

= (4, <p00® pQ’

f (D=0 ¥prP) — (D’,<;,Q, .;’Q, >}:’Q,p') (58)

is a morphism of matching Hom-tridendriform
algebras.

Proof. We just prove Item (b) and Item (a) can be proved
similarly. For any x, y,z € A and «, 3 € 2, we have

Hence,

(%<pa) <p,p0(2) = P(%) < (¥<,52) + P(%) <15 (¥pa?)
+ P(x) <pa (y'p,ﬁz) >
(60)

thatis Eq. (48) holds for (4, <, o, 9, 0, >0, p)- Similarly, Eqgs.
(49), (50), (51), (52), (53), (54) hold. Hence, (A, <, 0, ®, 0
>p p) is a matching Hom-tridendriform algebra. And

F@)<, af(7) =p" (f(x)<af (7)) =p o f(x<,p)
f(x=par) s

(

=feop(x<y) =

=P f@r 0N =p )
f°P(x> ) f(x>pocy)

=0 (f(x)ef (7)) =p" o f(xe,(»))
=fop(xey) =f(xe,0p).
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! ! ! ! !
Hence, f : (D, <,0: %00 >p00 P) = (D' <500 %00 >po P)
is a morphism of matching Hom-tridendriform algebras.

Now, we show that any linear combinations of the oper-
ations of a matching Hom-dendriform algebra still result in a
matching Hom-dendriform algebra, generalizing the match-
ing dendriform case in [38].

Proposition 25. Let I be an nonempty set. For each i € I, let
A;: Q—k be a map with finite supports, identified with
finite set A; = (a;,) .o 0 € K.
(a) Let (D,<q,>q,p) be a matching Hom-dendriform
algebra. Define the following binary operations:

Q;:= Z a;,©,where ©e{<,>}andiel. (62)
we

Then, (D,<;,>,p)
dendriform algebra.

(b) Let (T,<gp, %0, >, p) be a matching Hom-
tridendriform algebra. Define the following binary
operations:

is also a matching Hom-

Q= Z a;, @ ,» where ©€{<,
we

o,>}andiel. (63)

Then, (T,<;,e,>,p) is also a matching Hom-
tridendriform algebra.

Proof. We just prove Item (b) and Item (a) can be proved
similarly. For x, y,z € D and i, j € I, we have

(x<p)<;p

)= w(Z a, xw) <sp(2)

e aeQd

= Z Z a,abjﬁ (x<,y

acQ feO

= Z Z amb]ﬁ

<a(y<42)
acQ feQ)
+P(x)<5(r>a2) + P(¥)<a(yep2))

= D (¥ (Z bJﬁY<ﬁZ>

acQ) BeO

+ Z bj’ﬁp(x)<ﬁ<z ai,ay>az>

BeO acQ)

+ ) ap(x (Z b]ﬁyoﬁz>

50) Be

)<pp(2)

9
= z ai,aP( y< Z Z b]ﬁp <,B(y> Z)
aeQ BeO
+ ZQ ai,ap(x)<tx (y.jz)
:P(x)<i(}’<jz) +p(x)<;(y>iz) +P(x)<i(y°jz)'
(64)

Hence, Eq. (48) holds. Similarly, Egs. (49), (50), (51),
(52), (53), (54) hold. Hence, (T, <}, 9;, >, p) is a matching
Hom-tridendriform algebra.

The following results establish the connections between
matching Hom-(tri)dendriform algebras and compatible
Hom-associative algebras, generalizing the well-known result
that a (tri) dendriform algebra has an associative algebraic
structure.

Theorem 26.

(a) Let (A,<q>>0,p) be a matching Hom-dendriform
algebra. Then (A,-o,p) is a compatible Hom-
associative algebra, where

w A®A— A x y=x<,y+x>,yforx,yc Aandw € Q.
(65)

(b) Let (A, <00, >»p) be a matching Hom-
tridendriform algebra. Then, (A, -, p) is a compatible
Hom-associative algebra, where

w A®A— A x y:=x<,y+ X0,y +x>,yforx,y

(66)
ceAandw e Q.

Proof. We only prove Item (b) and Item (a) can be proved
similarly. For x, y,z € A and a, € (2, we have

X ocy>[3p(z) + (x'ﬁy)'txp(z)
= (X< + X0y +X7,9)pp(2) + (X< 5y +x0pY +x>3) oP(2)

= (x<,9)<pP(2) + (x00y)<pp(2) + (x>4) <P (2)

+ (x<,7)0pp(2) + (x0.)0pp(2) + (x>.y)epp(2)
+ (x<)>pp(2) + (x0,9)>pp(2) + (x>43)>pp(2)
+ (x<py)<aP(2) + (x>57) <ap(2) + (x0py)<aP(2)
+ (x<py)0up(2) + (x>py) 0ap(2) + (x0p7) 0up(2)
+(X<ﬁ)’)>o¢P(Z) (x‘ﬁ)’) p(z) + (x>/3}’)>ap(z)’
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()0 (r-p2) +p
=P(%)q ()’</32 +y°;;2 +y>ﬁz) +P(X) (Va2 + Yooz +y>42)
P(x)<u()’<ﬁz) +p(x)< ()"ﬁz) +P(x)<a(}’>ﬁz)
+P(x)°a()’<pz) +p(x)e ()”ﬁz) +p(x)e, (J’>ﬁz)
+P(x)>a(}’<ﬁz) +p(x)> ()”ﬁz) +p(x)> a()’>/3z)
P(x)<p(r<a2) + p(x)<p(yee2) + P(x)<p(y>42)

(x)

(x)

+
=

)
+p(x)op(r<a2) + p(x)0p(yeuz) + p(x)*p(r>a?)
+P(x)>p(r<a2) + p(%)>p(r0a2) + P(%)>5(y>42)-
(67)

By Eqs (48), (49), (50), (51), (52), (53), (54), we get

(x09)-pP(2) + (x:5Y) o (2) = P(%)4 (752) + P(%)-5(ya2)-
(68)

Hence,
algebra.

Now, we explore the relationship between matching
Hom-dendriform algebras and matching Hom-preLie
algebras.

(A,-q,p) is a compatible Hom-associative

Theorem 27. Let (A,<n, >q.p) be a matching Hom-
dendriform algebra. Then (A, *g,p) is a matching Hom-
preLie algebra, where

k, t AQA — A xx y=x>,y—y< xforx,y € Aand w € Q.
(69)

Proof. For x, y,z € A and «, 8 € 2, we have

P(x)*q (y#p2) = (x%4) *5p(2)
=p(x)q (y>pz = 2<pY) = (>4 = y<aX)*p(2)
=p(x)>o (1>p2) = P(x) >4 (2<pY) = (1>p2)<ap(x)  (70)
+ (2<) <aP (%) = (x709) > pp(2) + (¥<X) > pP(2)
+p(2)<p(x>0y) = p(2)<p(r<aX)

and

P(y)#p(ax,2) = (ypx) *oP(2)
=p(y)*p(X> 42 = 2<,X) = (y>ﬁx - x<ﬁy) #,p(2)
=p()>p(x>a2) = p(r)>p(2<a%) — (x>,2)<pp(y)  (71)
+(224%)<P(y) = (> px) >op(2) + (¥<pY) >aP(2)
+p(z)<a(y>,,3x) - p(2)<4 (x<,,3y).
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By Eqs (48), (49), (50), (51), (52), (53), (54), we get

P(x)%a(y#p2) = (x*ay)*P(2)

(72)
=P()*p(x42) = (y#x) 4P (2)-

Hence, (A, *q, p) is a matching Hom-preLie algebra.

A matching Rota-Baxter algebra (A, -, Py,) is of weight 0 if
the set A, = {0}. The connections between Rota-Baxter alge-
bras and (tri)dendriform algebras are given in [36, 41] and
extended to matching Rota-Baxter algebras. Now, we gener-
alize it to matching Hom-associative Rota-Baxter algebra.

Proposition 28.

(a) Let (A, -, Py, p) be a matching Hom-associative Rota-
Baxter algebra of weight 0. Assume that po P, =P,
o p for each w € Q. Define the operations <, and >,

for we Q by

X<,y =x-P,(y)and x>,y =P (x) -y, forx,y € A.  (73)

Then (A,<q, >0, P) is a matching Hom-dendriform
algebra.

(b) Let (A, -, Py, p) be a matching Hom-associative Rota-
Baxter algebra. Assume that po P, =P, op for each
w € Q. Define the operations <, >, w € Q by

X<,y =x-P,(y) + A x-yand x>,y =P, (x)-y,forx,y € A.
(74)

Then, (A, <, >, P) is a matching Hom-dendriform
algebra.

Proof. Since Item (a) can be seen as a special case of Item (b)
by taking A, = {0}, we only prove Item (b). For x,y,z€ A
and a, 5 € Q, we have

P(x)<o (7<p2) +p(x)<p(y>42)
=p(x)<a (v Pp(2) + Agy - 2) + p(x)<4(Py(y) - 2)
=p(x) Py (y- Pg(z) + Agy-2) + Aap(x)
(v Pp(2) + Agy-2) +p(x) - Pp(Py(y) - 2)

+Agp(%) - (Pu(y) -2) = p(x) (Pu(y) - Pp(2))  (75)

+ AP (x) - (v Pp(2)) + AeAgp(x) - (v - 2)

+/\ﬁp(x) (Pa(y) - 2) = (x-Pa(y) + Aex )
Py(p(2)) + Ag(x- Pa(y) + Aux - y) - p(2)

= (x- Pa(y) +Aax - y)<pp(2) = (x<09)<gP(2)-
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Also,
(x>0))<pp(2) = (Po(x) - y)<pP(2)
= (Pa(x) - y) - Pp(p(2)) + Ag(Po(x) - y) - p(2)
=P,(p(x)) - (v Pg(2)) + AgPa(p(x)) - (y - 2)
=P, (p(x)) - (- Py(z) + Agy - 2)
=P,(p(x)) ()’<ﬁz) =P(x)>u()’<ﬁz)
(76)
and
(x<py)>ap(2) + (x>07)>p(2)
= (x Pg(y) + Apgx - y)»ap(2) + (Py(%) - y)>4p(2)
=Py By0) +dx-3) 0(2) +By(Pl) ) p0)

= (Py(x - Pg(y)) + Pp(Py(x) - y) + AgPy(x-y)) - p(2)
= (Pu(x) - Pg(y)) - p(2) = Po(p(x)) - (Pp(y) - 2)
=p(x)>, (y>l3z) )

Hence, (A,<q,>qo,p) is a matching Hom-dendriform
algebra.

Proposition 29. Let (A,-,Pn,p) be a matching Hom-
associative Rota-Baxter algebra. Assume that poP, =P o
p for each w e Q. Define the operations <, >, and e, for

weQ by
x<,y=x-P,(y), x>,y=P,(x)-yand (78)
xe y=A,x-y, forx,y€A.
Then, (A,<g %0 >q,p) is a matching Hom-

tridendriform algebra.

Proof. For x, y,z € A and «, 8 € 2, we have

(x<22)<p(P(2)) = (x Po(y)) - Pa(p(2)) =p(x) - (Pa(y) - Pp(2))
=p(x) - (Pa(y - Pp(2)) + Pg(Po(y) - 2)
+ApPo(y - 2)) = p(x)<4 (¥<4(2))
+p(x)<p(r>42) + x<a(y-ﬁz),

(x>)<P(2) = (Po(x) y) - Pp(p(2)) = Po(p(%)) - (y - Ps(2))
=p(x)>tx(y<ﬁz)’

P(X)>o(y>p2) = Pa(p(x)) - (Pp(y) - 2) = (Pl Pﬁ()’)) p(2)
= (Po(x-Pgly)) + Pﬁ(Pa(
+AgPy(xy)) - p(z) = (x<ﬁy) p(2)
+(x>y)>pp(2) + (xoﬁ )
(x>ay)opp(2) = Ag(Po(x) - ) - P(2) = AgPo(p(x)) - (¥ - 2)
:p(x)>a(y./32)’

11

(x<ay)opp(2) = Ap(x - Po (1)) - p(2) = Agp(x) - (Pu(¥) - 2)

=p(x)ep(y=a2),

(x003)=ap(2) = Ao(x ) - Pp(p(2)) = Aap(x) - (v - Pg(2))
:P(x).tx(y<ﬁz)’

(xeay)opp(2) = AeAp(x - y) - p(2) = AaAgp(x) - (v - 2)
= P(x)%a(yes2)>

as required.
Corollary 30.

(a) Let (A, -, Py, p) be a matching Hom-associative Rota-
Baxter algebra of weight 0. Then, (A, ) is a match-
ing Hom-preLie algebra, where

x#,y=P (x)-y—y-Py(x)forx,yc Aandwe Q. (80)

(b) Let (A, -, P, p) be a matching Hom-associative Rota-
Baxter algebra. Then, (A, ) is a matching Hom-
preLie algebra, where

xx,y =P, (x)-y—y-Py(x)—A,y-xforx,y€c Aand w € Q.

(81)

Proof. (a) It follows from Theorem 27 and Proposition 28 (a).
(b) It follows from Theorem 27 and Proposition 28 (b).

5. Matching Rta-Baxter Operators and Hom-
Nonassociative Algebras

Rota-Baxter Lie algebras were introduced independently by
Belavin and Drinfeld and Semenov-Tian-Shansky in [51,
55] and were related to solutions of the (modified) Yang-
Baxter equation. Makhlouf extended Rota-Baxter operators
to the context of Hom-Lie algebras. Now, we generalize it
to the matching Rota-Baxter case.

Definition 31. Let A := (A,) ,cr € k be a family indexed by Q.
A matching Hom-Lie Rota-Baxter algebra is a Hom-Lie alge-
bra (g, [,], p) endowed with a set of linear maps P, : g — g,
where w € Q, subject to the relation

[Pa(x), Pp(y)] = Pa([% Ps(y)]) + Pp([Pu() 7))

82
+/\ﬁpa<[‘x’yb’ ( )

forall x, y € gand &, 8 € Q. For simplicity, we denote it by
(6 [} Po. p).

Theorem 32. Let (g, [,], P,) be a matching Lie Rota-Baxter
algebra and p : ¢ — g be a Lie algebra endomorphism such
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thatpo P, =P, o p for each w € Q. Then, (g, ],» Po, p), where
[l,=pe [} is a matching Hom-Lie Rota-Baxter algebra.

Proof. Since [p(x), [, 2],] =plp(x), ply>2]] = p*[. [, 2]], the
Hom-Jacobi identity for (g, [],,p) follows from the Jacobi
identity of (g, []). The skew-symmetry of (g, [,],, p) holds
from the skew-symmetry of (g, [.]);, hence, (g, [],,p) is a
Hom-Lie algebra.

For x,y € g and «, 3 € 2, we have

P[Pu(x), Ps(y)] =

+ Pg[Po (),
= Po(p[x Py(

p(Pu([% Ps(r)])
¥+ AgPy([x, D)
)]) + Pa(p[Pu(x), ¥])
) =Po( [0 Pe0)],)

+ Py (IPu(x).3],) + AgPu([7],):
(83)

[Pa(x): Ps(y)], =

+AgP, (plx,

as required.

Proposition 33. Let (g, [,], Py, p) be a matching Hom-Lie
Rota-Baxter algebra such that po P, =P, o p for each w € Q.
Then (g, [}, = plol],Py) is a matching Lie Rota-Baxter
algebra.

Proof. Since [x, [y, 2] p’l]p—l =p~'x, p' [y, 2]}, the Jacobi iden-
tity of (g, [,], holds from the Hom-Jacobi identity of (g, |.],
p)- The skew-symmetry of (g, [ -
of (g, ], p); hence, (g, [] - is a Lie algebra.
Since po P, =P, op,ptoP, =P, op'. Then,

1 holds from skew symmetry

[Pa(): Pg(»)] 0 =27 ([Palx): Po(0)]) =7 (Pu ([ P ()]
)

+ Py([Pa(x),y]) + AgPo([%, 1))
=P, (p7 ([x Ps)])) + Pp(p ™ ([Pa(x)3]))

+ AP (7 (o 21) = Pa ([ P00,

+ Py (1Pu(¥), 31,0 ) + AgPa ([0 ),
84)
as required.
Definition 34. Let (g,[],p) be a multiplicative Hom-Lie

algebra and #>0. The n th derived Hom-algebra of g is
defined by

800 = (& 1" =p" o L") (85)

Theorem 35. Let (g, )], Po, p) be a multiplicative matching
Hom-Lie Rota-Baxter algebra and assume that po P, =P op
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for each w € Q. Then its n th derived Hom-algebra is a match-
ing Hom-Lie Rota-Baxter algebra.

Proof. Following [54], the n-th derived Hom-algebra is a
Hom-Lie algebra. For x,y € g and a, B € (2,

P ([Pa(%): Pe(0)]) = 2" (Pa([ Pp(0)])
) AP ()

Pa(p" ([ Pa])) + Pop" (1Pu): 1)
+ AgPo(p"([.91)) = P [ Pe()] ™)
+ P ([Pa(x). )" ) + AgPy (1)),

(36)

[Po(x), Py ()] ™ =

=

as required.

In the following, we construct matching Hom-Lie Rota-
Baxter algebras involving elements of the centroid of match-
ing Lie Rota-Baxter algebras. Let (g, [,], 2, R) be a matching
Lie Rota-Baxter algebra. The centroid is defined by

Cent(q) = {p € End(g): plx,y] = [p(x), y],Vx. y € g} (87)

Proposition 36. Let (g, ||, P,) be a matching Lie Rota-Baxter
algebra. Let p € Cent(g) and set for x,y € g

%, y], = p(x), Y] and [x, 3], = [p(x), p(y)].  (88)

Assume that po P, =P, o p for each w € Q. Then, (g, [,] ;,
Py, p) and (g, [,};, P, p) are matching Hom-Lie Rota-Baxter
algebras

Proof. Following Proposition 1.12 of [4], (g, [,]Il),p) and (g,
[,]12,, p) are Hom-Lie algebras. Also,

[Po(), P(7)], = [P(Pulx)), Pp(r)] =

=P (Pa([x Pp0r)]
+AgP,([x.y])) =P

([ o), Pg(»)])
) + P([Pa(x),])

= ([ )-Pp(»)])
+ Pa([p(Pa(x)), ¥]) + ApPu([p(x), ¥])
=P, ([ P, ) + Py ([Pul)- 3}
+)t/3Pa<[x)J’];>

(89)
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and

[Pa(x), Py(»)], = [P(Pel)), ( )] =p([Palx), (P/su )])
=" ([Ps0): Pu(®)]) = * ([Pulx): P(»)])
=p'(P ([x,Pm)

+Pg([P, x),y])
+ ApPa([ 7)) = Pu([p(x). 2 (P5(2))])
+ P([p(Pa(x)), p)]) + AgPu([p(x), p(¥)])
=Pu(bo Pa0)];) + Po([Pal23)
+AgP, ( )
(90)

This completes the proof.

Proposition 37. Let (A, [,], Pn, p) be a matching Hom-Lie
Rota-Baxter algebra of weight zero (i.e. A, =0 for all w € ).
Assume that poP =P, op for each we Q. Then, (A, {*,
|weQ},p) is a matching Hom-pre-Lie algebra, where

x#,y =[Py (x),y| forx,y e Aand w € Q. (91)

Proof. For x,y,z€ ¢ and a, f € O, we have

+[p(2), [Pa(x), Ps()]]  (92)

,p(2)] (bypoP,=P,op)

~[P(Ps) [ Pa<x>n ~ [P([Ps(»), %)), p(2)]
(by Hom — Jacobi identity)

= [Pa(p(¥)): [Pa(x), 2]] = [Pu([Pp(r), %] ), p(2)]
=p(y)*p(x*,2) — (y*ﬁx) *,p(2).

This completes the proof.
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