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We consider wave propagation problems in which there is a preferred direction of propagation. To account for propagation in
preferred directions, the wave equation is decomposed into a set of coupled equations for waves that propagate in opposite
directions along the preferred axis. This decomposition is not unique. We discuss flux-normalised and field-normalised
decomposition in a systematic way, analyse the symmetry properties of the decomposition operators, and use these symmetry
properties to derive reciprocity theorems for the decomposed wave fields, for both types of normalisation. Based on the field-
normalised reciprocity theorems, we derive representation theorems for decomposed wave fields. In particular, we derive
double- and single-sided Kirchhoff-Helmholtz integrals for forward and backward propagation of decomposed wave fields. The
single-sided Kirchhoft-Helmholtz integrals for backward propagation of field-normalised decomposed wave fields find
applications in reflection imaging, accounting for multiple scattering.

1. Introduction

In many wave propagation problems, it is possible to define
a preferred direction of propagation. For example, in ocean
acoustics, waves propagate primarily in the horizontal direc-
tion in an acoustic wave guide, bounded by the water surface
and the ocean bottom. Similarly, in communication engi-
neering, microwaves or optical waves propagate as beams
through electromagnetic or optical wave guides. Wave prop-
agation in preferred directions is not restricted to wave
guides. For example, in geophysical reflection imaging appli-
cations, seismic or electromagnetic waves propagate mainly
in the vertical direction (downward and upward) through a
laterally unbounded medium.

To account for propagation in preferred directions, the
wave equation for the full wave field can be decomposed
into a set of coupled equations for waves that propagate
in opposite directions along the preferred axis (for example,
leftward and rightward in ocean acoustics or downward
and upward in reflection imaging). In the literature on elec-
tromagnetic wave propagation, these oppositely propagating
waves are often called “bidirectional beams” [1, 2] whereas in

the acoustic literature they are usually called “one-way wave
fields” [3-7]. In this paper, we use the latter terminology.

There is a vast amount of literature on the analytical and
numerical aspects of one-way wave propagation [8-13].
A discussion of this is beyond the scope of this paper.
Instead, we concentrate on the choice of the decomposition
operator and the consequences for reciprocity and represen-
tation theorems.

Decomposition of a wave field into one-way wave fields is
not unique. In particular, the amplitudes of the one-way
wave fields can be scaled in different ways. In this paper, we
distinguish between the so-called “flux-normalised” and
“field-normalised” one-way wave fields. The square of the
amplitude of a flux-normalised one-way wave field is by def-
inition the power-flux density (or, for quantum-mechanical
waves, the probability-flux density) in the direction of prefer-
ence. Field-normalised one-way wave fields, on the other
hand, are scaled such that the sum of the two oppositely
propagating components equals the full wave field. These
two forms of normalisation have been briefly analysed by
de Hoop [14, 15]. From this analysis, it appeared that the
operators for flux-normalised decomposition exhibit more
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symmetry than the operators for field-normalised decom-
position. Exploiting the symmetry of the flux-normalised
decomposition operators, the author derived reciprocity
and representation theorems for flux-normalised one-way
wave fields [16, 17].

The first aim of this paper is to discuss flux-normalised
versus field-normalised decomposition in a systematic way.
In particular, it will be shown that reciprocity theorems for
field-normalised one-way wave fields can be derived in a sim-
ilar way as those for flux-normalised one-way wave fields,
even though the operators for field-normalised decomposi-
tion exhibit less symmetry.

The second aim is to discuss representation theorems
for field-normalised one-way wave fields in a systematic
way. This discussion includes links to “classical” Kirchhoff-
Helmbholtz integrals for one-way wave fields as well as to
recent single-sided representations for backward propaga-
tion, used for example in Marchenko imaging [18]. Despite
the links to earlier results, the discussed representations
are more general. An advantage of the representations
for field-normalised one-way wave fields is that a straight-
forward summation of the one-way wave fields gives the
full wave field.

We restrict the discussion to scalar wave fields. In Sec-
tion 2, we formulate a unified scalar wave equation for
acoustic waves, horizontally polarised shear waves, trans-
verse electric and transverse magnetic EM waves, and
finally quantum-mechanical waves. Next, we reformulate
the unified wave equation into a matrix-vector form, discuss
symmetry properties of the operator matrix, and use this to
derive reciprocity theorems in matrix-vector form. In Section
3, we decompose the matrix-vector wave equation into a
coupled system of equations for oppositely propagating
one-way wave fields. We separately consider flux normal-
isation and field normalisation and derive reciprocity the-
orems for one-way wave fields, using both normalisations. In
Section 4, we extensively discuss representation theorems for
field-normalised one-way wave fields and indicate applica-
tions. We end with conclusions in Section 5.

2. Unified Wave Equation and Its
Symmetry Properties

2.1. Unified Scalar Wave Equation. Using a unified notation,
wave propagation in a lossless medium (or, for quantum-
mechanical waves, in a lossless potential) is governed by the
following two equations in the space-frequency domain:

—iwaP +0,Q; = B, (1)

—iwpQ;+0;P=C;. (2)

Here, i is the imaginary unit and w the angular fre-
quency (in this paper, we consider positive frequencies
only). Operator 0; stands for the spatial differential opera-

tor 0/0x;, and Einstein’s summation convention applies to
repeated subscripts. P(x,w) and Q;(x,w) are space- and
frequency-dependent wave field quantities, a(x) and fB(x)
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TaBLE 1: Quantities in unified equations (1) and (2).

P Q a B B o
Acoustic waves (3D) p vj K P q f j
1
SH waves (2D) 123 Ty p ; 52 2h2j
TE waves (2D) E, —€pH; 3 TR TS e
TM waves (2D) H, &;E; |z e -J3 —eudi
2h 4V m
Quantum waves (3D) ¥ %6].‘1’ " e 2ho

are real-valued space-dependent parameters, and B(x, w)
and C;(x, w) are space- and frequency-dependent source dis-
tributions. Parameters o and f3 are both assumed to be posi-
tive; hence, metamaterials are not considered in this paper.
All quantities are specified in Table 1 for different wave phe-
nomena and are discussed in more detail below. As indicated
in the first column of Table 1, we consider 3D and 2D wave
problems. For the 3D situation, x = (x|, x,, x5) is the 3D Car-
tesian coordinate vector and lowercase Latin subscripts take
on the values 1, 2, and 3. For the 2D situation, x = (x, x;)
is the 2D Cartesian coordinate vector and lowercase Latin
subscripts take on the values 1 and 3 only.

The unified boundary conditions at an interface between
two media with different parameters state that P and n;Q; are

continuous over the interface. Here, n ; represents the compo-
nents of the normal vector n = (n,, n,, n;) at the interface for
the 3D situation or n = (n,, n;) for the 2D situation.

We discuss the quantities in Table 1 in more detail. The
quantities in row 1, associated to 3D acoustic wave propaga-
tion in a lossless fluid medium, are acoustic pressure p(x, w),
particle velocity v;(x, w), compressibility x(x), mass density
p(x), volume-injection rate density g(x,w), and external
force density f;(x,w). For 2D horizontally polarised shear
waves in a lossless solid medium, we have in row 2 horizon-
tal particle velocity v, (x, w), shear stress 7,;(x, ), mass den-
sity p(x), shear modulus u(x), external horizontal force
density f,(x, w), and external shear deformation rate density
h,;(x, w). Rows 3 and 4 contain the quantities for 2D electro-
magnetic wave propagation, with TE standing for transverse
electric and TM for transverse magnetic. The quantities
are electric field strength E,(x,w), magnetic field strength
H,(x, w), permittivity e(x), permeability p(x), external elec-
tric current density J§(x, w), and external magnetic current
density Ji(x, w). Furthermore, € is the alternating tensor
(or Levi-Civita tensor), with €3 =€3,=€,3 =1, €;3=
€357 = €13, =—1, and all other components being zero. In
row 5, the quantities related to 3D quantum-mechanical
wave propagation are wave function ¥(x, w), potential V (x),
particle mass m, and # = h/2m, with h PlancK’s constant.

By eliminating Q from equations (1) and (2), we obtain
the unified scalar wave equation

Bo; (% ajp) +k*P =30, (% c].> + iwpB, (3)
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Ficure 1: Configuration with the x;-direction as the preferred
direction. In the lateral direction, this configuration can be
bounded (for wave guides) or unbounded (for example, for
geophysical reflection imaging applications). For the 2D situation,
the configuration is a cross section of the 3D situation for x, = 0.

with wave number k defined via
K = afw’. (4)

2.2. Unified Wave Equation in Matrix-Vector Form. We
define a configuration with a preferred direction and reorga-
nise equations (1) and (2) accordingly.

Consider a 3D spatial domain D, enclosed by surface 0D.
This surface consists of two planar surfaces 0D, and 0D, per-
pendicular to the x;-axis and a cylindrical surface 0Dy with
its axis parallel to the x;-axis, see Figure 1. The surfaces 0D,
and 0D, are situated at x; =x;, and x; = x5 |, respectively,
with x3 ; > x;3 . In general, these surfaces do not coincide with
physical boundaries. Surface S in Figure 1 is a cross section of
D at arbitrary x,. The parameters a(x) and 3(x) are piecewise
continuous smoothly varying functions in D, with discontin-
uous jumps only at interfaces that are perpendicular to the x;
-axis (hence, P and Q; are continuous over the interfaces). In
the lateral direction, the domain D can be bounded or
unbounded. When D is laterally bounded, the configuration
in Figure 1 represents a wave guide. For this situation, we
assume that homogeneous Dirichlet or Neumann boundary
conditions apply, ie, P=Q;=0 or n,0,P=n,0,Q;=0 at
0Dy, where lowercase Greek subscripts take on the values
1 and 2. When D is laterally unbounded (for example,
for reflection imaging applications), the cylindrical surface
0D, has an infinite radius and we assume that P and Qs

have “sufficient decay” at infinity. For the 2D situation,
the configuration is a cross section of the 3D situation
for x,=0 and lowercase Greek subscripts take on the
value 1 only.

We reorganise equations (1) and (2) into a matrix-vector
wave equation which acknowledges the x;-direction as the
direction of preference. By eliminating the lateral compo-
nents Q; and Q, (or, for 2D wave problems, the lateral com-
ponent Q, ), we obtain [8, 15, 19-21]

0;q=&q+d, (5)

where wave vector q and source vector d are defined as

with
1

5C. 7)

1
By,=B+ —0
0 iw v

and operator matrix & defined as
0 o

o= 2 (8)
oy 0

A, =iwf, (9)

with

1 1
= iwa — Bavﬁav. (10)

The notation in the right-hand side of equations (7)
and (10) should be understood in the sense that differen-
tial operators act on all factors to the right of it. Hence,
operator 0,,(1/8)0,, applied via equation (5) to P, stands
for 0,,((1/B)0,P).

Note that the quantities contained in the wave vector q
are continuous over interfaces perpendicular to the x;-axis.
Moreover, these quantities constitute the power-flux density
(or, for quantum-mechanical waves, the probability-flux
density) in the x;-direction via

1
j= {P'Q+QiP), (1)

where the asterisk denotes complex conjugation.

2.3. Symmetry Properties of the Operator Matrix. We discuss
the symmetry properties of the operator matrix &. First,
consider a general operator % (which can be a scalar or a
matrix), containing space-dependent parameters and differ-
ential operators d,. We introduce the transpose operator
' via the following integral property:

| urroan = pagan, (12)

S

Here, x, is the lateral coordinate vector, with x; = (x;, x,)
for 3D and x; =x,; for 2D wave problems. S denotes an
integration surface perpendicular to the x;-axis at arbitrary
x5, with edge 0S, see Figure 1. The quantities f(x;) and
g(x;) are space-dependent test functions (scalars or vectors).
When these functions are vectors, f' is the transpose of f;
when they are scalars, f* is equal to f. When S is bounded,



homogeneous Dirichlet or Neumann conditions are imposed
at 0S. When S is unbounded, 0S has an infinite radius
and f(x;) and g(x;) are assumed to have sufficient decay
along S towards infinity. Operator % is said to be symmetric
when %'=% and skew-symmetric when %'=-%. For
the special case that % = 0,, equation (12) implies 0, = -0,
(via integration by parts along S). Hence, operator 0, is
skew-symmetric.

We introduce the adjoint operator %" (i.e., the complex
conjugate transpose of %) via the integral property

j <%f>*gde=j (%' g)dx,. (13)
S S

When the test functions are vectors, fT is the complex
conjugate transpose of f; when they are scalars, f is the com-
plex conjugate of f. Operator % is said to be Hermitian (or
self-adjoint) when %" = % and skew-Hermitian when %' =
—%. For the operators &/, and &/,,, defined in equations
(9) and (10), we find o', =, A, =d,,, di,=-d,,
and &/}, = —d,,. Hence, operators </, and </, are symmet-
ric and skew-Hermitian. With these relations, we find for the
operator matrix &

A'N=-Nd, (14)

Ad'K=-Kd, (15)

with
(16)

Note that, using the expressions for q and K in equations
(6) and (16), we can rewrite equation (11) for the power-flux
density (or, for quantum-mechanical waves, the probability-
flux density) as

1
j= ZqTKq- (17)

2.4. Reciprocity Theorems. We derive reciprocity theorems
between two independent solutions of wave equation (5)
for the configuration of Figure 1. We consider two states A
and B, characterised by wave vectors q, (x, w) and qz(x, w),
obeying wave equation (5), with source vectors d,(x, w)
and dg(x, w). In domain D, the parameters o and f3, and
hence the matrix operator &, are chosen the same in the
two states (outside 0D they may be different in the two
states). Consider the quantity 0;(q,Nqg) in domain D.
Applying the product rule for differentiation, using equation
(5) for both states, integrating the result over D and applying
the theorem of Gauss yields
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J (((9,)" +d)Nas + a4N(qp + dy) ) dx

D

(18)

=J q,Nqgn;dx.
oD

Here, n, is the component parallel to the x;-axis of the
outward pointing normal vector on dD, with n;=-1 at
0D, n; =+1 at dD,, and n, =0 at dD_,, see Figure 1. In
the following, the integral on the right-hand side is restricted
to the horizontal surfaces 0D, and 0D, which together are
denoted by 0D ;. The integral on the left-hand side can be
written as [(--)dx = [ iz;dx3j§()de Using equation
(12) for the integral along S and symmetry property (14), it
follows that the two terms in equation (18) containing oper-
ator & cancel each other. Hence, we are left with

eyl

qNqpn;dx; . (19)

|| g+ qiNag x|
D E

This is a convolution-type reciprocity theorem [22-24],
because products like q',(x,w)Nq(x,w) in the frequency
domain correspond to convolutions in the time domain. A
more familiar form is obtained by substituting the expres-
sions for q, d, and N (equations (6) and (16)), choosing o
=0 and using equation (2) to eliminate Q;, which gives

1
J (_BAPB+PABB)dX:J - (P403Pp — (03P ) Pp)nsdx; .
D oD, iwf

(20)

Next, consider the quantity d,(q},Kqy) in domain D. Fol-
lowing the same steps as above, using equations (13) and (15)
instead of (12) and (14), we obtain

q,TqK‘anstL~ (21)
oDy,

J (d}Kqp + q}Kd;)dx = J
D

This is a correlation-type reciprocity theorem [25],
because products like q}(x, w)Kqg(x, w) in the frequency
domain correspond to correlations in the time domain.
Substituting the expressions for q, d, and K and choosing
C; =0 yield the more familiar form

* 5 1 s *
J (BAPB+PABB)dX:J m(PAa3PB_(a3PA) Pp)nsdx;.
D

0Dy,
(22)

We obtain a special case by choosing states A and B iden-
tical. Dropping the subscripts A and B in equations (21) and
(22) and multiplying both sides of these equations by 1/4 give

1 1
Z J (dTKq + qTKd)dx = —J q'Kqn,dx;, (23)
4 D 4 0Dy,
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1 1 1
- B*P+P'B dXZ—J —— (P*0,P — (0;P)* P)n,dx,,
K =] g P @R P,

(24)

respectively. These equations quantify conservation of power
(or, for quantum-mechanical waves, probability).

3. Decomposed Wave Equation and Its
Symmetry Properties

3.1. General Decomposition of the Matrix-Vector Wave

Equation. To facilitate the decomposition of the matrix-

vector wave equation (equation (5)), we recast the operator

matrix & into a somewhat different form. To this end, we
introduce an operator #,, according to

7= iRty JB=R 4 VB, g2 B(25)

with operator &/, defined in equation (10) and wavenumber
k in equation (4). Operator 7, can be rewritten as a Helm-
holtz operator [14, 21]

H,=k+0,0,, (26)
with the scaled wavenumber k; defined as [26]

k2 — k2 _ 3(avﬁ)(avﬁ) + (avavﬁ) .
s 4ﬁ2 2[3

(27)

Note that #% = %, and #' = % ,; hence, operator %, is
symmetric and self-adjoint and its spectrum is real-valued
(with positive and negative eigenvalues). Using equation
(25), we rewrite operator matrix &, defined in equation
(8), as

0 iwf
A = 1 1 . 28
BRI (9)
iwy/B /B
Next, we decompose this operator matrix as follows

A=FHZL", (29)

with

gl gl
& = , (31)
32 _32
—1 -1
1 <
sy (2 ) @)
1 _32

Operators #',, &, and &, are pseudodifferential oper-
ators [7, 8, 14, 16, 21, 27-30]. The decomposition expressed
by equation (29) is not unique; hence, different choices for
operators %, &,, and £, are possible. We discuss two of
these choices in detail in the next two sections. Here, we
derive some general relations that are independent of these
choices.

By substituting equations (28), (30), (31), and (32) into
equation (29), we obtain the following relations

wB=L,%, %", (33)

1 1
— W, — =L, L (34)
wyV/B VB

We introduce a decomposed field vector p and a decom-
posed source vector s via
q=Zp, P=Z'q (35)

d=%s,

-(5)
(%)

Substitution of equations (29), (35), and (36) into the
matrix-vector wave equation (5) yields

s= 4, (36)

where

0,p=(H -ZL'0,ZL)p+s. (38)

Substituting equations (30), (31), (32), and (37) into
equation (38) gives

3, = -
P 0o iz, )\P) 2\z -
<a331 3,2, )(p*) (S)
. + .
L -0,%,) \P s

This is a system of coupled one-way wave equations.
From the first term on the right-hand side, it follows that
the one-way wave fields P* and P~ propagate in the positive
and negative x;-direction, respectively. The second term on
the right-hand side accounts for coupling between P* and
P~. The last term on the right-hand side contains sources
S* and S~ which emit waves in the positive and negative
x5-direction, respectively.

We conclude this section by substituting equations (35)
and (36) into equations (19), (21), and (23). Using equations
(12) and (13) for the integration along the lateral coordinates,
this yields

(39)



J (s4y L' NLpy + Py L' NLs;)dx
D

(40)
= J Py L' NLpynydx,,
oDy,
J (shL'KZp, + p) L'KPLs;)dx
v (41)
:J PA L KZpynydx,
oDy,
1
ZJ (" Z'KZp + p' 'K Zs)dx
v (42)

1
= 7] p' F'KSLpn,dx; .
4 )op,,

These equations form the basis for reciprocity theorems
for the decomposed field and source vectors p and s in the
next two sections.

3.2.  Flux-Normalised Decomposition and Reciprocity
Theorems. The first choice of operators &, &,, and &,
obeying equations (33) and (34) is [14-16]

x, =Y, (43)
%, = (w2) 2B g1, (44)
32 — (zw)71/2ﬁ—1/2%i/2. (45)

Operator 7, which is the square root of the Helmholtz
operator #,, is commonly known as the square root opera-
tor [3, 4, 8]. Like the Helmholtz operator #’,, the square root
operator % is a symmetric operator [16], hence %' = 7.
For the adjoint square root operator, we have % = (%#!)"
=2 7. The spectrum of 7, is real-valued for propagating
waves and imaginary-valued for evanescent waves. Hence,
unlike the Helmholtz operator, the square root operator is
not self-adjoint. If we neglect evanescent waves, we may
approximate the adjoint square root operator as % I =#,.
Similar relations hold for the square root of the square root

. . t
operator and its inverse; hence, (#7i'?) =2+, and

neglecting evanescent waves, (%)" =~ %2, From here
onward, we replace = by = when the only approximation is
the negligence of evanescent waves. Using these symmetry
relations for 7, and equations (16), (31), (44), and (45),
we obtain

F'NZ =-N, (46)
and neglecting evanescent waves,

F'KZ =7, (47)
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1 0
I=< ) (48)
0 -1

Hence, equations (40), (41), and (42) simplify to

with

_J (SZNPB + PZNSB)dX = _J puNppn;dx;,
D Dy,
J (S,TA]PB + ij ]SB)dX = J PLIPandXL’ (49)
D aD,,
1 T T 1 T
—| (s"Jp+p'Js)dx=— p'Ipnsdx;.
4)p 4 Jop,,

By substituting the expressions for p, s, N, and J (equa-
tions (37), (16), and (48)), we obtain

J (=SLP; + P, — P'S; + PS5)dx

° (50)

= | ip By,
BIDQ1

JD(sg*pg-s;*p;+p;*sg-pg*sg)dx

(51)

:J (Py"Py—P,"Py)nydxy,
3Dy,

ﬂ (S P* =S P +P"*S*—P S )dx
7 i 2 (52)
:ZJ (|P*2 = [P ") mydlxy

0,1

Note that, since the right-hand side of equation (52) is
equal to the right-hand side of equation (24), it quantifies
the power flux (or the probability flux for quantum-
mechanical waves) through the surface 0D ;. Therefore, we
call P* and P~ flux-normalised one-way wave fields. Conse-
quently, equations (50) and (51) are reciprocity theorems of
the convolution type and correlation type, respectively, for
flux-normalised one-way wave fields. These theorems have
been derived previously [16] and have found applications
in advanced wave field imaging methods for active and pas-
sive data [31-42].

3.3. Field-Normalised ~Decomposition and Reciprocity
Theorems. The second choice of operators #,, £, and &,
obeying equations (33) and (34) is [21]

%1 :ﬁl/Z%;/Zﬁ—I/Z) (53)
Z, =1, (54)
Z, = (wp) 7). (55)

Only the Helmholtz operator 7, is the same as in
the previous section (it is defined in equation (26)). The
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operators &', &, and &, are different from those in the
previous section, but for convenience, we use the same sym-
bols. Using q = &p (equation (35)) and equations (6), (31),
(37), and (54), we find

P=pP*+P. (56)

Hence, P* and P~ have the same physical dimension as the
full field variable P (which is defined in Table 1 for different
wave phenomena). Therefore, we call P* and P~ field-
normalised one-way wave fields (for convenience, we use
the same symbols as in the previous section).

The square root operator 3 is symmetric, but %,
defined in equation (53) is not. From this equation, it easily
follows that %, premultiplied by 8" is symmetric, hence

CORCIE

and neglecting evanescent waves,

(;%I)Tz %%1. (58)

Using these symmetry relations for (1/8)%, and equa-
tions (16), (31), (54), and (55), we obtain

0 2%, 5
Z'NZ = --N ( 7{1)
2%, 0 wp

(59)
2 t
=—|—=%#,| N,
(@)
and neglecting evanescent waves,
2%, 0 2
L'KZ = =] ( 7/1>

2 T
== )
(@)
Using this in equations (40) and (41) yields
- e (2 H tN +p,N 2 H dx
JDsAw_ﬂl Ps tPa w_ﬁlsB
2 t
t
=- P —%)andx,
JB[DM A(w/)a 1 p13AX],
s 27/T]+T]2%sdx
JD A aTﬁ 1] JPptPa ;ﬁ 188

D) f
= N - dx; .
JaDmpA (w[o’ 1) Jppnsdx;

(61)

By substituting the expressions for p, s, N, and ]
(equations (37), (16), and (48)), using equations (12) and
(13), we obtain

2 +\ D~ _ —\ D+
_J[Dw_ﬂ ((%ISA)PB (%ISA)PB
+PZ(%1S§)_PZ(%1S§))‘1X (62)

2 +\ D— -\ D+
= _LD w_ﬂ ((%IPA)PB - (%IPA)PB)n3dXL’

| Srsyr-rsy e

+PX*(%1SE)_P:(%1S§))‘1X (63)

2 * —\ * )—
=LD @((%11)2) Py — (¥ ,Py) PB)n3de'

We aim to remove the operator %, from these equa-
tions. From equations (39) and (54), we obtain

0sP" = +i% \P" — = (£,'0,%,)(P* - P ) +S,  (64)

N —

1
0P =i \P"+ (£,'0,2,)(P*-P)+S,  (65)

with &, defined in equation (55). Assuming that in state
A the derivatives in the x;-direction of the parameters o
and 8 at 0D, vanish and there are no sources at oD,
we find from equations (64) and (65)

03P} = +iT | P} at 0D, . (66)

Below we use this to remove 7, from the right-hand
sides of equations (62) and (63). Next, we aim to remove
#, from the left-hand sides of these equations. From s =
Zd (equation (36)) and equations (6), (32), (37), (54), and
(55), we find

soe (L) B+ Lc (67)
=53 \ap™1) B2
or
2 1
+— S =B+ —¥,C,. (68)

- wp wp

We define new decomposed sources Bj and By, accord-
ing to

1 2
Boi:BOiw—ﬁ%1C3=iw—/3%ISi. (69)



Using equations (66) and (69) in the right- and left-
hand sides of equations (62) and (63), we obtain

J (=BgaPp = ByaPy + PiBy s + Py Bj 5)dx
D

B . . (70)

= — ((0, PPy + (0.P;)P dx;,

JaDm iwﬁ(( 3PP + (05P) B)”3 Xy,

J (Bg;Pg + By P3+Py" By p+P, "By ;) dx

D

5 . L (71)

:J = ((05P}) Py + (3;P)" Pp) mydxy .
an, 0P

Equations (70) and (71) are reciprocity theorems of the
convolution type and correlation type, respectively, for
field-normalised one-way wave fields. These theorems are
modifications of previously obtained results [43, 44]. The
main modification is that we applied decomposition at both
sides of the equations instead of at the right-hand sides only.
Moreover, in the present derivation, the condition for the
validity of equation (66) is only imposed for state A. In the
next section, we use equations (70) and (71) to derive repre-
sentation theorems for field-normalised one-way wave fields
and we indicate applications.

4. Field-Normalised Representation Theorems

4.1. Green’s Functions. Representation theorems are obtained
by substituting Green’s functions in reciprocity theorems.
Our aim is to introduce one-way Green’s functions, to be
used in the reciprocity theorems for field-normalised one-
way wave fields (equations (70) and (71)). First, we introduce
the full Green’s function G(x, x4, w) as a solution of the uni-
fied wave equation (3) for a unit monopole point source at x4,
with B(x, w) =8(x — x,) and C;(x, w) = 0. Hence,

Bo; (%BJG) +K°G=iwfS(x — x4). (72)

As boundary condition, we impose the radiation condition
(i.e., outward propagating waves at infinity). Next, we intro-
duce one-way Green’s function as solutions of the coupled
one-way equations (64) and (65) for a unit monopole point
source at x,. Hence, we choose again B(x,w)=38(x—x,)
and Cj(x, w) =0. Using equations (69) and (7), we define
decomposed sources as Bj =B*=B=+2%,§", with &,
defined in equation (55), or

1 1
§*(x, w) =+ - Z,' B (x, 0) = £ = ;' B(x, w)
2 2 (73)
= iEZEIS(X—XA).

We consider two sets of one-way Green’s functions. For
the first set, we choose a point source S*(x, w) = (1/2)%;"
B*(x,w), with B*(x,w)=0(x—-x,), which emits waves
from x, in the positive x,-direction, and we set S™(x, w)
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equal to zero. Hence, for this first set, one-way equations
(64) and (65) become

0,G"" =+ \G" - = (£,'0,%,) (G -G ™)

N =

1 (74)
+ 53518(){— X,)

1
0;G™" =~ G + 3 (£,'0:%,)(G-G™). (75)

Here, G** stands for G**(x,x,, w). The second super-
script (+) indicates that the source at x, emits waves in the
positive x;-direction. The first superscript (+) denotes the
propagation direction at x. For the second set of one-way
Green’s functions, we choose a point source S~ (x, w) = —(1/2)
Z,'B™(x,w), with B~ (x, w) =8(x — x,), which emits waves
from x, in the negative x;-direction, and we set S*(x, w)
equal to zero. Hence, for this second set, one-way equations
(64) and (65) become

0,G" =+ |G - (£,'0,%,) (G -G ™),  (76)

N =

0,G™ =—i |G + = (£,'0:%,) (G -G ™)

N~

1 (77)
- Efif(?(x —Xy).

Here, G stands for G* (x,x,,w), with the second
superscript (—) indicating that the source at x, emits waves
in the negative x;-direction. Like for the full Green’s function
G(x, x4, w), we impose radiation conditions for both sets of
one-way Green’s functions.

To find a relation between the full Green’s function and
the one-way Green’s functions, we evaluate [0;(1/f3)0,
(G**+ G+ G"™ + G~) using equations (74), (75), (76),
(77), (25), (53), and (55). This gives equation (72), with G
replaced by G"* + G™* + G + G™. Since the full Green’s
function and the one-way Green’s functions obey the same
radiation conditions, we thus find

G=G"+G"+G"+G . (78)

This very simple relation is a consequence of the field-
normalised decomposition, introduced in Section 3.3.

4.2. Source-Receiver Reciprocity. We derive source-receiver
reciprocity relations for the field-normalised one-way Green’s
functions introduced in the previous section. To this end, we
make use of the reciprocity theorem of the convolution type
for field-normalised one-way wave fields (equation (70)).
This theorem was derived for the configuration of Figure 1,
assuming that in domain D, the parameters a and f3 are the
same in the two states (see Section 2.4). Outside D, these
parameters may be different in the two states. For the Green’s
state, we choose the parameters for x; < x5, and for x; > x5
independent of the x,-coordinate, according to a(x;) and
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G(x, X, 0) G(x,, X, @)

()

xl
x
2
m » I"s [_\\
XB XA XB XA

G (x, X, W) G (x,, X, W)

()

G™(x, X,, @) G (x,, X, w)

G"’(XB, X,, w)

G (x,, X, W)

(d)

FIGURE 2: Visualisation of the source-receiver reciprocity relations for the field-normalised one-way Green’s functions, formulated by
equations (80), (81), (82), and (83). The “rays” in this and subsequent figures are strong simplifications of the complete one-way wave

fields, which include primary and multiple scattering.

B(x;). Hence, if we let Green’s state (with a point source
at x, in D) take the role of state A, then the condition for
the validity of equation (66) is fulfilled. Moreover, Green’s
functions are purely outward propagating at 0D, (because
outside D no scattering occurs along the x;-coordinate).
Hence, G™*(x,x,,w)=0 at 0D, and G*(x,x,,w) =0 at
0D,. We let a second Green’s state (with a point source
at Xz in D and the same parameters « and f as in state
A, inside as well as outside D) take the role of state B.
Hence, G™*(x,xg,w) =0 at 0D, and G*(x,x5,w)=0 at
0D,. With only outward propagating waves at 0D, the
surface integral on the right-hand side of equation (70) van-
ishes. Hence, taking into account that By = B* (since C ;=0),

equation (70) simplifies to

J (-B}Py - B,P} + P} By + P,B;)dx=0.  (79)
D

First, we consider sources emitting waves in the positive
x;-direction in both Green’s states, hence B} =&(x —xy),
B, =0, P} =G""(x,x4,w), B;=08(x-xp), B;=0, and P}
= G™*(x, X, w). Substituting this into equation (79) yields

G (X, Xy, @) = G (X, Xp, @), (80)

see Figure 2(a). Next, we replace the source in state B by one
emitting waves in the negative x;-direction, hence B} =0,
B =68(x —x3), and Pj = G (X, X, w). This gives

G (Xp, Xy, ) = G (Xy, Xp, @), (81)

see Figure 2(b). By replacing also the source in state A by one
emitting waves in the negative x;-direction, according to
B} =0, B; =6(x-x,), and P} = G"(x, X4, w), we obtain

G" (x5, X, ) = G (x4, Xp, @), (82)

see Figure 2(c). Finally, changing the source in state B
back to the one emitting waves in the positive x;-direc-
tion yields

G (xp Xy, w) = G™F (X, Xp, W), (83)

see Figure 2(d).

Source-receiver reciprocity relations similar to equations
(80), (81), (82), and (83) were previously derived for flux-
normalised one-way Green’s functions [17], except that two
of those relations involve a change of sign when interchan-
ging the source and the receiver. The absence of sign changes
in equations (80), (81), (82), and (83) is due to the definition
of By in equation (69). Moreover, unlike the flux-normalised
reciprocity relations, the field-normalised source-receiver
reciprocity relations of equations (80), (81), (82), and (83)
have a very straightforward relation with the well-known
source-receiver reciprocity relation for the full Green’s func-
tion. By separately summing the left- and right-hand sides of
equations (80), (81), (82), and (83) and using equation (78),
we simply obtain

G(xp, X, w) = G(X,, X, 0). (84)

4.3. Kirchhoff-Helmholtz Integrals for Forward Propagation.
We derive Kirchhoff-Helmholtz integrals of the convolution
type for field-normalised one-way wave fields. For state B, we
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G (x, x " w)\\

oD X
P(x, w)

FIGURE 3: Visualisation of the different terms in the field-normalised
one-way Kirchhoft-Helmholtz integral for forward propagation,
formulated by equation (87). The solid Green’s functions contribute
to P*(x,, w), the dashed Green’s functions to P~ (x4, w).

consider the decomposed actual field, with sources only out-
side D; hence, Bg’B =0 in D and Py = P*(X, ). The parame-
ters & and f are the actual parameters inside as well as
outside D. For state A, we choose the Green’s state with a unit
point source at x, in . The parameters « and 8 in D are the
same as those in state B, but for x; < x;, and for x; > x5,
they are chosen independent of the x;-coordinate. Hence,
the condition for the validity of equation (66) is fulfilled.
First, we consider a source in state A which emits waves in
the positive x;-direction, hence B} = §(x - x,), B; =0, and
P} =G""(x,Xx,, w). Substituting all this into equation (70)
(with By , = By) gives

- = . (X, X4 w))PT (X, @
Poe= [ g (06 e ma)

+(0;G77 (%, X4, W) ) PT (X, @) )y dxy .

Next, we replace the source in state A by one which
emits waves in the negative x;-direction, hence B} =0,
B, =08(x-x,), and P} = G*(x, X4, w). Equation (70) thus
gives
2

P (xy, w) = LDOJ m ((63G (%, Xy, 0))P7 (%, 0) (56)

+(0;G77 (%, X4, w)) PT (X, @) )y dxy .

Recall that dD,, consists of dD, (with n;=-1) and
0D, (with n; =+1), see Figure 1. Since G"*(x,x,,w) =0
at 0D, and G™*(x,x,,w)=0 at 0D, (because outside D
no scattering occurs along the x;-coordinate in state A),
the first term under the integral in equations (85) and
(86) gives a contribution only at 0D, and the second term
only at dD,,.

Hence,

(xy, w) = 2 —F(x,X,, w)) Pt (x, w)dx
Pue)= | o (056 xa )P )
2 (X, X4, w)) P (X, 0 )
+Lmlm(a3G (% X4, ))P (%, w)dx,
(87)
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Note that there is no contribution from P~ (x, w) at 0D,
nor from P*(x, w) at 0D, see Figure 3.

We conclude this section by considering a special case.
Suppose the source of the actual field (state B) is located
at xp in the half-space x; < x;,. Then, by taking x;;, —
00, the field P~ at 0D, vanishes. This leaves the single-
sided representation

-2

P xp0) = ,[au)(, m

(0,67 (%, X, ) ) P* (X, Xp, w)dxy .
(88)

Note that we included the source coordinate vector x;
in the argument list of P*(x,, x5, w). This representation is
an extension of a previously derived result [43], in which
the fields were decomposed at 0D, but not at x,. It
describes forward propagation of the one-way field P*(x,
xp, w) from the surface 0D, to x, (with x, and x defined
at opposite sides of 0D,). In the following two sections, we
discuss representations for backward propagation of one-
way wave flelds.

4.4. Kirchhoff-Helmholtz Integrals for Backward Propagation
(Double-Sided). We derive Kirchhoff-Helmholtz integrals
of the correlation type for field-normalised one-way wave
fields. For state B, we consider the decomposed actual field,
with a point source at x; and source spectrum s(w). The
parameters o and f are the actual parameters inside as well
as outside D. For state A, we choose the Green’s state with
a unit point source at x, in D. The parameters « and f in
D are the same as those in state B, but for x; <x; and for
X3 2 X3, they are chosen independent of the x;-coordinate.
Hence, the condition for the validity of equation (66) is ful-
filled. First, we consider sources emitting waves in the posi-
tive x;-direction in both states, hence B} =08(x—x,),
B, =0, P} =G""(x,x4,w), B =8(x - xp)s(w), B; =0, and
Py = P**(x, X5, ). Substituting this into equation (71) (with
Bj 4 = B} and Bj ; = B) gives

P (%, X )+ X (%) { G (X5, X5 @) } ' 5(w)
2 (%, x40) } PY (%, Xp,

J,o. 7 (06 Coxa)) P x) (59

+{0,G7" (%, x,4,0) } P (X, Xp, w) )y dxp

where y is the characteristic function of the domain D. It is
defined as

, forxginD,

X(xg) =< ~, forxyondD,,, (90)

1
1
2
0, for x5 outside D.

Since G**(x,x4,w) =0 at 0D, and G~ (x,x,,w)=0
at 0D, (because outside D no scattering occurs along the
x5-coordinate in state A), the first term under the integral
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in equation (89) gives a contribution only at dD; and the
second term only at 0D,. Hence,

P (x4, X, @) + X(Xp){ G (Xp, X, 0) } 's()
2 (X, X 4,w) YV P (X, X5, w)dx
=LDOM{63G (36 %40)} P (3 X3, @)dx,
2 (X, X 4,w) VPP (X, Xp, w )
| e (207 ) P o )
(91)

Next, we replace the source in state B by one emit-
ting waves in the negative x;-direction, hence Bj =0,
By =8(x—xp)s(w) and Pj=P* (x,xp w). This gives

P (x4, X @) + X(x5){ G~ (Xp, X, 0) } "s()
2 (X, X,,0) VP (X, Xp, w)dx
‘LDOM{63G (% %00)} P (555, ),
2 (X, X ,,0) VPP (X, Xp, w)dX .
—LDIM{%G (% %00} P (30 X, @),
(92)

By replacing also the source in state A by one
emitting waves in the negative x,-direction, according
to B} =0, B, =8(x—x,), and P} = G*(x, X,, w), we obtain

P77 (x4, Xp, @) + X(xp){ G (Xp, Xy, @) } *5(w)
2 (X, X,4,0) YV PTT(X, X, w)dx
_Lﬂ%m{aﬁ (%, X,0)} P~ (%, Xp, w)dx,
2 BT(x, X PT(x,x :
_Jamlm{aﬁ ( ’ A’w)} P ( ? B’w)dXL
(93)

Finally, changing the source in state B back to the one
emitting waves in the positive x,-direction yields
P (x4, X, ) + X(Xp){G™ (Xp, X, @)} "5(0)

2 _ P
=Ja[@ M{%G’ (% X4,0) } " P (x, Xp, w)dxy,

2 - *
_LD iwf(x) {0,G™ (3 x,0,00) } P (%, X5, ) dxy

(94)

Equation (93) is an extension of a previously derived
result [44], in which the fields were decomposed at 0D,
but not at x, and x5. Equations (91), (92), and (94) are fur-
ther variations. Equation (94) is visualised in Figure 4.
Together, these equations describe backward propagation
of the one-way wave fields P~*(x,x, w) from 0D, and
P™*(x,xp, w) from 0D, to x,. Except for some special cases,
the integrals along 0D, do not vanish by taking x;, — co.
Hence, unlike the forward propagation representation (87),
the double-sided backward propagation representations
(91), (92), (93), and (94) in general do not simplify to
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FIGURE 4: Visualisation of the different terms in the field-normalised
one-way Kirchhoftf-Helmholtz integral for backward propagation,
formulated by equation (94).

single-sided representations. In the next section, we discuss
an alternative method to derive single-sided representations
for backward propagation.

We conclude this section by considering a special case.
Suppose that in state B the parameters « and f3 are the
same as in state A not only in D but also outside D. Then,

(X, X, w) = GP*(x, X5, w)s(w) for all x. Substituting this
into representations (91), (92), (93), and (94), summing the
left- and right-hand sides of these representations separately
and dividing both sides by s(w), using equations (78) and
(84) and assuming that x is located in D, we obtain

2
ap, 1wP(x)

2 . -
_Jamlm{a3c (%X, )} G (X, Xp, w)dxy,

G (%> Xpp ) =[ (0,67 (%, X0 @)} G~ (% Xpy 0)dx,

(95)

where the so-called homogeneous Green’s function Gy (x,,
Xp, w) is defined as

Gy (x4, Xp, @) = G(X, Xg, w) + G* (X, X, ) (96)
= 2R{G(x4 % @)},

(with & denoting the real part) and where G*(x, x,,, w) =
G**(x, x4, w)+G" (%, X, w) (and a similar expression for
G*(x, xp, w)). Equation (95) is akin to the well-known repre-
sentation for the homogeneous Green’s function [45, 46],
but with decomposed Green’s functions under the integrals.
The simple relation between representations (91), (92), (93),
and (94) on the one hand and the homogeneous Green’s
function representation (95) on the other hand is a conse-
quence of the field-normalised decomposition, introduced
in Section 3.3.

4.5. Kirchhoff-Helmholtz Integrals for Backward Propagation
(Single-Sided). The complex-conjugated Green’s functions
{0,G**(x,x4,w)}" under the integrals in equations (91),
(92), (93), and (94) can be seen as focusing functions, which
focus the wave fields P**(x, x5, w) onto a focal point x,,.
However, this focusing process requires that these wave
fields are available at two boundaries 0D, and 0D, enclos-
ing the focal point x,. Here, we discuss single-sided field-
normalised focusing functions f7 (x, x4, ) and we use these
in modifications of reciprocity theorems (70) and (71) to
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Ficure 5: Configuration for the derivation of the single-sided
Kirchhoft-Helmholtz integrals for backward propagation.

derive single-sided Kirchhoft-Helmholtz integrals for back-
ward propagation.

We start by defining a new domain D, enclosed by two
surfaces 0D, and 0D, perpendicular to the x;-axis at x; =
X3, and x3 = x; 4, respectively, with x; 4 > x5, see Figure 5.
Hence, 0D, is chosen such that it contains the focal point
x,. The two surfaces 0D, and 0D, are together denoted by
0Dy 4. The focusing functions f7(x,x,, ), which will play
the role of state A in the reciprocity theorems, obey the
one-way wave equations (64) and (65) (but without the
source terms S*), with parameters « and 8 in D, equal
to those in the actual state B, and independent of the
x3-coordinate for x;<x;, and for x;>x;,. Hence, the
condition for the validity of equation (66) is fulfilled.
Analogous to equation (56), the field-normalised focusing
functions f7(x,x,,w) are related to the full focusing
function f,(x,x,, w), according to

fixxp @) =f1(x %y, @) + f(x x4, @), (97)

The focusing function f(x,x,,w) is incident to the
domain D, from the half-space x; <x;, (see Figure 5).
It propagates and scatters in the inhomogeneous domain
D,, focuses at x, on surface 0D,, and continues as
f1(x,x,,w) in the half-space x; > x5 4. The back-scattered
field leaves D, via surface 0D and continues as f] (x,x,, w)
in the half-space x; < x;,. The focusing conditions at the
focal plane 0D, are [18]

Bufi o xpe)], = 3ioBx)d( ~x.)  (98)

[a3fI (X’ X4 a))]x3:x3)A =0. (99)

Here, x; 4 denotes the lateral coordinates of x,. The oper-
ators d; and the factor (1/2)iwf(x,) are not necessary to
define the focusing conditions but are chosen for later conve-
nience. To avoid instability, evanescent waves are excluded
from the focusing functions. This implies that the delta func-
tion in equation (98) should be interpreted as a spatially
band-limited delta function. Note that the sifting property of
the delta function, h(xy 4) = [(O(xy — Xy 4)h(x; )dx;, remains
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valid for a spatially band-limited delta function, assuming
h(x;) is also spatially band-limited.

We now derive single-sided Kirchhoft-Helmholtz inte-
grals for backward propagation. We consider the reciprocity
theorems for field-normalised one-way wave fields (equa-
tions (70) and (71)), with D and 0D, replaced by D, and
0D, 4, respectively. For state A, we consider the focusing
functions discussed above; hence, Bj(x,w)=B;(x,w)=0
and P%(x,w) =f7(x,x,, w). For state B, we consider the
decomposed actual field, with a point source at x; in the
half-space x; > x;, and source spectrum s(w). The parame-
ters o and S in state B are the actual parameters inside as well
as outside 0D, ,. First, we consider a source in state B which
emits waves in the positive x;-direction, hence Bj(x, w) =
8(x—xp)s(w), Bz(x,w)=0, and Pj(x,w)=P"*(x,x5, w).
Substituting all this into equations (70) and (71) (with

> =B*), using equations (98) and (99) in the integrals
along 0D, gives

P (x4, Xp, 0) + X4 (Xp)f 1 (Xp> Xy 0)5(w)
=LD ﬁ((aﬂ(x, X,@) ) P~ (X, Xp, @) (100)

+ (087 (5 %00)) P (3,55 ) ) dx,

+,+
P (x4, Xp,

@) = x4 (xp){f] (X5 X4, ) } "5(0)
_J oD, lwﬁzx <{a3f1 (% X,0) } P (X, Xp, ) (101)

(x)
+{0:f1 (% x40) } P (x, XB’w))dXD

where x, is the characteristic function of the domain D,.
It is defined by equation (90), with D and dD,, replaced
by D, and 0D, 4, respectively. Next, we replace the source
in state B by one which emits waves in the negative
x5-direction, hence Bj(x,w) =0, Bz(x,w)=08(x - x5)s(w),
and P3(x, w) = P*(x, Xp, ). This gives

P~ (XA) Xp, (4)) + XA(XB) T(XB, X4 (U)S((U)
- JBID m)/_;z(x) ((a3f1r (x, XA,a)))P”’ (X, X3, w)

+(03f1 (% X4,0) )P (X, Xp, “’))dXL)

(102)

P (x40 X, ) = X4 (Xp) {1 (Xp X4, w) } ' s()
—J , lwﬁzx ({0af1 (6 x400) } P (X, X5, ) (103)

(x)
+{0:f1 (%, x,,0)}" P”’(x,xB,w))de.

Equations (100), (101), (102), and (103) are single-sided
representations for backward propagation of the one-way
wave fields P**(x, x5, w) from 0D, to x,. Similar results
have been previously obtained [47, 48], but without decom-
position at xz. An advantage of these equations over equa-
tions (91), (92), (93), and (94) is that the backward
propagated fields P**(x,, Xy, w) are expressed entirely in
terms of integrals along the surface dD,,.
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Single-sided representations containing the field-
normalised focusing functions f7 (x, x4, w) find applications,
for example, in reflection imaging methods, which account
for multiple scattering. In these methods, the focusing func-
tions are retrieved from the reflection response at the surface
0D,, using the Marchenko method [18, 49-51].

We conclude this section by considering a special
case. Suppose that in state B the parameters a and f3
are the same as in the Green’s state. Then, P**(x, x5, w) =

=% (X, X, w)s(w) for all x. Moreover, P**(x, x5, w) =0 for
x at 0D,. Substituting this into representations (100), (101),
(102), and (103), summing the left- and right-hand sides of
these representations separately, dividing both sides by s(w)
and using equation (97), we obtain

G(x4, Xp> @) + X4 (Xp) 207 { f (Xp> X4, @) }
2 (x, x4, w
—meaaw x400)

~{f1(6x,40)}") G (% x5, w)dx,

(104)

(with . denoting the imaginary part), where G™(x,
Xp, w) = G (X, X, 0)+G (X, X, ). Taking the real part
of both sides gives

Gy (X4, Xp> @) = %Jan ﬁ 05 (fir(x’ Xy, W)

—{f1(xx,, w)}*)Gf (x, X, w)dx,

(105)

where Gy, (x4, X, w) is the homogeneous Green’s function,
defined in equation (96). Unlike in equation (95), here the
homogeneous Green’s function is represented by a single
integral along the surface 0D, containing field normalised
one-way focusing and Green’s functions.

5. Conclusions

We have considered flux-normalised and field-normalised
decomposition of scalar wave fields into coupled one-way
wave fields. The operators for field-normalised decomposi-
tion exhibit less symmetry than those for flux-normalised
decomposition. Nevertheless, we have shown that reciprocity
theorems can be derived for field-normalised one-way wave
fields in a similar way as those for flux-normalised one-way
wave fields. An additional condition for the reciprocity theo-
rems for field-normalised one-way wave fields is that in one
of the states the derivatives in the x;-direction of the param-
eters o and 8 vanish at the boundary of the considered
domain. This condition is easily fulfilled when one of the
states is a Green’s function or a focusing function, for which
the parameters o and f3 can be freely chosen at and outside
the boundary of the domain.

We have used the reciprocity theorems for field-
normalised one-way wave fields as a starting point for deriv-
ing representation theorems for field-normalised one-way
wave fields in a systematic way. We obtained representations
for forward and for backward propagations of one-way wave
fields. These representations account for multiple scattering.
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Whereas the Kirchhoft-Helmholtz integrals for forward
propagation can be easily transformed into single-sided rep-
resentations, this transformation is less straightforward for
the Kirchhoft-Helmholtz integrals for backward propagation.
By replacing the Green’s functions by focusing functions, we
obtained single-sided representations for backward propaga-
tion of field-normalised one-way wave fields. These represen-
tations are particularly useful to retrieve wave fields in the
interior of a domain in situations where measurements can
be carried out only at a single surface. An important applica-
tion is reflection imaging, accounting for multiple scattering.
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