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Transformation is an important means to study problems in analytical mechanics. It is often difficult to solve dynamic equations,
and the use of variable transformation can make the equations easier to solve. The theory of canonical transformations plays an
important role in solving Hamilton’s canonical equations. Birkhoffian mechanics is a natural generalization of Hamiltonian
mechanics. This paper attempts to extend the canonical transformation theory of Hamilton systems to Birkhoff systems and
establish the generalized canonical transformation of Birkhoff systems. First, the definition and criterion of the generalized
canonical transformation for the Birkhoff system are established. Secondly, based on the criterion equation and considering the
generating functions of different forms, six generalized canonical transformation formulas are derived. As special cases, the
canonical transformation formulas of classical Hamilton’s equations are given. At the end of the paper, two examples are given

to illustrate the application of the results.

1. Introduction

Birkhoffian mechanics can be traced back to Birkhoft’s
monograph Dynamical Systems, which gave a new class of
dynamic equations more common than Hamilton’s canoni-
cal equations and a new class of integral variational principles
more common than Hamilton’s principle [1]. Santilli [2]
studied Birkhoft’s equations, the transformation theory of
BirkhofP’s equations, and the extension of Galileo’s relativity
and applied Birkhoff’s equations to hadron physics. Galiullin
et al. [3] studied the inverse problem of Birkhoffian dynam-
ics, the symmetry, and the conformal invariance of Birkhoff
systems. Mei et al. have conducted in-depth studies on the
dynamics of Birkhoff systems, including Birkhoffian repre-
sentation of holonomic and nonholonomic systems, integra-
tion theory, symmetry theory, inverse problem of dynamics,
motion stability, geometric method, and global analysis of
Birkhoff systems [4], and extended the results to generalized
Birkhoff systems [5]. In recent years, some new advances
have been made in the study of dynamics of Birkhoft systems,
such as [6-19] and the references therein.

The integration problem of dynamic equations is an
important aspect of analytical mechanics. Since it is often dif-
ficult to solve the general dynamic equations, the transforma-
tion of variables can make the equations easy to solve. The
classical Hamilton canonical transformation theory plays
an important role in solving dynamic equations. How do
we extend Hamilton canonical transformation theory to
Birkhoff systems? Santilli first proposed and preliminarily
studied the transformation theory of Birkhoff’s equations
and only gave one kind of generating function and its trans-
formation [2]. In this paper, based on the basic identity of
Birkhoft system’s generalized canonical transformation, we
derive six generalized canonical transformation formulas by
selecting different forms of generating functions and give
the transformation relations between the old and new vari-
ables in each case. The way of selecting the generating func-
tion in this paper is different from that in Reference [2].
The canonical transformation formulas of classical Hamil-
ton’s equations are the special cases of the generalized canon-
ical transformation formulas of Birkhoft systems. The
application of the results is illustrated with two examples.
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This paper is organized as follows. In Section 2, we
give the definition of the generalized canonical transforma-
tion for Birkhoft systems and establish the basic identity
for constructing the generalized canonical transformation.
In Section 3, we present six generating functions of Birkhoft
systems, derive the corresponding generalized regular trans-
formation formulas, and discuss their special cases, namely,
the canonical transformation of Hamilton systems. Two
examples are given in Section 4. We conclude in Section 5.

2. Definition and Criterion of Generalized
Canonical Transformations

We consider a mechanical system described by 2# Birkhoff’s
variables a*(u=1,2,---,2n). The differential equations of
motion of the system can be expressed as the following
Birkhoff’s equations:

<aRV - aRP‘)aV a_B _&zo

(#)V = 1: 2> R 2”))
(1)

where B=B(t,a”) is the Birkhoffian and R, =R, (t,a") are
BirkhofF’s functions.
If there is a contemporaneous transformation

da* 0av) Oa¢ ot

t—t=t,a* —a'(t,a"), (2)

where the equations of motion expressed by the new vari-
ables a* remain in the form of Birkhoff’s equations, i.e.,

OR, OR,\., 0B OR,
- i - —-—£=0
da*  da” da* ot

(M)v: 1: 2) Y zn);

(3)

where B=B(t,a") and R, = R,(t, a") are the new Birkhoffian
and new Birkhoff’s functions, then the transformation (2) is
the generalized canonical transformation of the Birkhoft
system.

Considering that BirkhofF’s equations are directly derived
from the Pfaff-Birkhoff principle, we give a general definition
of the generalized canonical transformation of the Birkhoft
system, as follows:

Definition 1. For the Birkhoft system (1), if the contempora-

neous transformation (2) preserves the Pfaff-Birkhoff princi-
ple in the transition from the old variables

5]“ [R,(t a")a(t) - B(t,a")] dt =0 (4)

ty

to the new variables
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where the notation () represents the isochronous variation
of (*), then the transformation is called a generalized canon-
ical transformation of the system.

According to Definition 1, equations (4) and (5) need to
be satisfied simultaneously for the generalized canonical
transformation, but this does not mean that their integrand
functions are exactly the same. In general, they can differ
from each other by the total derivative of any function F(t,
a¥,a”) with respect to time . Due to

tl dF v =V v =V
J Edt:F(t,a,a)\tl—F(t,a,a)hU. (6)

ty

Considering da*(t,) = dat(t,) = da*(t,) = da*(t,) =0 (u
=1,2, -+, 2n), so the variation of equation (6) is zero, we have

b dF
aJIU Crdi=0. 7)

Hence, we obtain the following.

Criterion 2. Transformation (2) is the generalized canoni-
cal transformation of Birkhoft system (1), if and only if
there is a function F(t,a”,a") such that the following basic
identity [2]

R,(t,a")da" - B(t,a")dt — R, (t,a")da" + B(t,a")dt
= dF(t,a",a")

holds.

Formula (8) is called the criterion equation to judge
whether the given transformation of the Birkhoft system is
a generalized canonical transformation. The function F is
called the generating function.

Since the old variables a, the new variables a, and time ¢
are connected by 2u transformation equation (2), only 2n
variables are independent except for the variable . Selecting
independent variables usually can have different schemes.
Thus, the generating function can also have different forms.

3. Generating Functions and Generalized
Canonical Transformations

For the convenience of interpretation, we express Birkhoft’s
variables as a = {a%, a,} and Birkhoff’s functions as R={R,,
R°}, where s=1,2,---,n. Then, the criterion equation (8)
can be expressed as

Rida’ + R°da, - Bdt — R da* — R'da, + Bdt o)
=dF (s=1,2,---,n),

where R, R are functions of the old variables a*, a, and R, R’

are functions of the new variables a*,a,. The generating

function F only needs to be a function of any 2n dimension

subset of variables a, a, @, @, and time t. The generalized
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canonical transformation of Birkhoff system (1) depends
on different choices of generating functions. In the follow-
ing six theorems, we give the transformation relations
between new functions and new variables and old func-
tions and old variables and corresponding generating func-
tions of six basic forms.

Theorem 3. If the old variables a’ and the new variables
a*(s=1,2,---,n) are regarded as 2n independent variables,
namely, the generating function is taken as F,(t, a°, @*), then
the transformation determined by the following equations

R oF, oRk ORk 0a; oR" 0, i o
S da Ky doa’ kaa 8(15 kaa oas
o _OF __oRtds, _oR' _oR‘0a,
" 9@ "oa, 00 " *oa ™ oa 00
_ oF ORk ORk 0a;
B-B- —1-
or "ot 34 ;n
oR* _ oR‘aa

+ak at +aka at 0,

S:k’]=1)2:"'>n3

(10)

is the generalized canonical transformation of Birkhoff system
(1), where F,(t,a’,a%) is called the first kind of generating
function.

Proof. Let
F=F,(t,a’,a@) + Ra,— Ra,. (11)

We have

dF = %dt + oF, sdat v —— aFl +da’ + R'da,

aRS aRS OR’ 55 -
OR oR’ oR’
-a <adt a—d ta3a dak>

Since a%, @* (s=1, 2, -+-, n) are independent variables, we

have

da, = 9% gp 4 0% g 1 9% g
at " oa o 13)

da, aakdt a“kdf ga’]‘daf

Substituting formula (12) into the criterion equation (9),
and considering the relation (13), we get

ORk aa

kaa aas kaa oas

oF, oR*
(Rs T or  %ow

OR* D
a)ds

<_ 0F,  0R‘da; _ 9R° _ OR aa> y
+ | -R, - d

o “3a, M S v
(5_g oF, . OR*  0R"0a
ot % or "% oa da at

+a or" +a or’ aa dt=0
kot ka at e

(14)

By the independence of da’ and da’, we get the results
easily. The theorem is proved.

Hamilton’s principle is a special case of the Pfaff-Birkhoff
principle, and Hamilton’s canonical equation is a special case
of Birkhoft’s equation. Therefore, the generalized canonical
transformations of the Birkhoff system are naturally suitable
for the Hamilton system. In fact, if we take a° =g, a,=p,,

R, =p,, R =0, B=H, then equation (1) is reduced to the fol-
lowing Hamilton canonical equations
. _OH
q;= TPS)
. OH (15)
py=- 3.
s=1,2,--,m

Equation (8) becomes the basic identity for constructing
the canonical transformation of the Hamilton system, i.e.,

pdq, - Hdt — p.dq, + Hdt = dF. (16)

The transformation (10) gives

_oF,
©0q,’
o,

=—___1 17
ps aqs’ ( )
H=H+ oF,

ot
So, from Theorem 3, we have the following corollary.

Corollary 4. If we take the old variables q, and the new vari-
ables g, (s=1, 2, ---, n) as 2n independent variables, the trans-
formation determined by equation (17) is the canonical
transformation of Hamilton system (15), where F(t,q, q,)
is called the first kind of generating function.

Theorem 5. If the old variables a’° and the new variables
a,(s=1,2,---,n) are regarded as 2n independent variables,
namely, the generating function is taken as F,(t, a*, a,), then
the transformation determined by the following equations



4
_0F, oR* OR* da; kaRk oa/
ST a5 Koas *3a. aa aaS oal 0a°
_, OF, ORk da kaRk _(ORDa
_R_ﬁ kaa 8a+ aa Ta %%‘0’
3 oF, oR* OR* da,
ot %ot %%, 5t
oR R, 0@/
—k k —k k
T T e T
sk j=1,2,-n,
(18)

is the generalized canonical transformation of Birkhoff system
(1), where F,(t,a°,a;) is called the second kind of generating
function.

Proof. Let
F=F,(t,a’,a,) + Ra,— Ra’. (19)
We have
_0F, 0F, oF, .
dF—a—dt an +aasdas+Rdas
OR’ OR’ OR’ —
+a <a—dt 5 kd + a—dak> -Rda’  (20)

oR oR
_ =5 S dt s d—k s 7= )
a (at dt + e + aakd“k)

Since @*, a, (s=1,2, -+,
have

n) are independent variables, we

da, . da, D
dag= SEdt+ Sdal + S da,

oa,
(21)
dak = 0 gy, 08 da;.
B R T

Substituting formula (20) into equation (9), and consid-
ering the relations (21), we get

oF, oR* OR*0a; _, 0R. 0d) | |
(Rs_ﬁ_”kaas kaa 6a5+aﬁﬁ da
s OF,  0R0a; 0R, kaRk oa/
(R da, kaaaa +“a_as+ 0l da, 4a
(55 % OR*  0OR*0a;
ot ot %oa; da 8t
R R, 0@/
—k k k k _
R TR T ar) -
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By the independence of da’ and da,, we get the results
easily. The theorem is proved.
For the Hamilton system (15), equation (18) gives

_0F,
*0q,’
JF,
=__2 23
=% (23)
H=H+ oF,
R T

So, from Theorem 5, we have the following corollary.

Corollary 6. If we take the old variables q, and the new vari-
ablesp, (s=1,2,---, n) as 2n independent variables, the trans-
formation determined by equation (23) is the canonical
transformation of Hamilton system (15), where F,(t,q,, p,)
is called the second kind of generating function.

Theorem 7. If the old variables a, and the new variables
a’(s=1,2,---,n) are regarded as 2n independent variables,
namely, the generating function is taken as F4(t, a,, a*), then
the transformation determined by the following equations

s OF; [ ORy kaRkan oR" 0a;
R 5 %%, anaa+kaaaa =0
g 9F_ O0Rd OR 0R'%%
< oa oz | % ow "aaas"
_ oF R OR, da/
B-B- 3 gtk gk k2"
ot " or "o ot
oR" _ oR‘aa

+a +a =0,
“ot " oa; 3
(24)
is the generalized canonical transformation of Birkhoff system

(1), where F;(t,a,,a’) is called the third kind of generating
function.

Proof. Let
F=F,(ta,a’) +Ra’ - R'a,. (25)
We have
OF oF aF
dF = Z2dt+ - da, + —— da* + Rda’
ot © 1 Ba, 0T g 0 T RAA

<[ OR, OR, , , OR, =5 -
+a (Wdﬂ aakda t e dak) Rda;  (26)

aRS nS
—a,| =——dt+ oR da + — o dak
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Since a,, a* (s=1,2, -,
have

n) are independent variables, we

0ak ddk 0ak
k__ [ [
da = Sdt+ aad+a da,

i (27)
da, = 2% gy 4 9% 4, +afdaf

ot oa oa

]

Substituting formula (26) into equation (9), and consid-
ering the relation (27), we get
oR" aa
TR aa da )da

(R ~ Da, -4 oa,
p  OFs 0RO oR" _ or‘oa;)\
R - da
+< < aa18a+k8a+kaaa a4

. 9F, R
N ( at % or

»k
9
R oR" a)d_

. OR, 0a/
dal 6a

. OR, 0a/
dal Ot

M T P

(28)

By the independence of da, and da’, we get the results
easily. The theorem is proved.
For the Hamilton system (15), equation (24) give

_oF,

BT,

_ 9F,

——_3 29

ps aqs’ ( )
dF,

H=H+Z3
Tt

So, from Theorem 7, we have the following corollary.

Corollary 8. If we take the old variables p, and the new vari-
ables g, (s=1, 2, ---, n) as 2n independent variables, the trans-
formation determined by equation (29) is the canonical
transformation of Hamilton system (15), where F;(t,p,,q;)
is called the third kind of generating function.

Theorem 9. If the old variables a, and the new variables
a,(s=1,2,---,n) are regarded as 2n independent variables,
namely, the generating function is taken as F,(t, a, a,), then
the transformation determined by the following equations

5
oF oR oR, da/ oR, 9a/
re_ e 9% kO 0@ ok Of% -0,
oa . oa, a 0a/ Oay Ta anaa
_, O0F, OR. 0d/ kaRk kaRk oa
-4 =0,
da. " woa, " da, " 3w oa,
5 _OF, kaRk x OR, 0a/
ot ot dal ot
OR OR, 0a/
T _
HEr TR FT i T
(30)

is the generalized canonical transformation of Birkhoff system
(1), where F,(t, a,, a,) is called the fourth kind of generating
function.

Proof. Let
F=F,(t,a,a,) +Ra’ —Ra’. (31)
We have
dF = a(_f:dt (—;ijd + E;ijda + R da’
+a (a(_fs dt + gde + gde ) -Rda®  (32)
- (aaRs dt + Zde + ng dak>

Since a, a; (s=1,2, -+,
have

n) are independent variables, we

dak dak dak

k
da* = Wdl‘+ Bajda + B_ajda
k (33)
oa* da oak
—k _ j
da e dt + 0 da + 5 da’.

J

Substituting formula (32) into equation (9), and consid-
ering the relation (33), we get

(RS _O0F, 2 oR, i~ OR, 0a/ K OR R, aaf)
da da, dal da, 04 oa
(o3 S
0F, OR OR, 0a/
(b e e
+‘ka;;k + kgﬁf?t )dt:O.

(34)

By the independence of da, and da,, we get the results
easily. The theorem is proved.



For the Hamilton system (15), equation (30) gives

JF,
=T,
_ 0F,
qs al—)s > ( )
Hels oF,

ot

So, from Theorem 9, we have the following corollary.

Corollary 10. If we take the old variables p_ and the new var-
iables p,(s=1,2,---,n) as 2n independent variables, the
transformation determined by equation (35) is the canonical
transformation of Hamilton system (15), where F(t,p,, p,)
is called the fourth kind of generating function.

Theorem 11. If the old variables a® and a,(s=1,2,---,n) are
regarded as 2n independent variables, namely, the generating
function is taken as Fs(t,a’,a,), then the transformation
determined by the following equations

o OFs  ,0ROF 0,03,
' Oa’ Ja 0a° aa aas
. OR'oa _oR'da
“0aioar " 0a;0a°
. 0F, ,0R.0& ,0R, 04
k- da, ta 0a a, ta aa aa
ke (36)
2 OR" o0&/ oRf aa 0
“kﬁaa kaa 8a ’
- OF oR OR, 0a/ R, 0a,
g_p_ s kOB  kOR 0@ _j OR
ot "o T ar T da, o
L. o8 oR'oa _oR0a
T T T T

is the generalized canonical transformation of Birkhoff system
(1), where Fs(t,a’,a,) is called the fifth kind of generating
function.

Proof. Let
F=F4(t,a’,a,) - Ra’ - Ra,. (37)
We have
oF oF OF _
dF = —2dt+ ——>da’ + — da, - R da*

TR P
_# (aal}d OR, ga + R dak> ~Rda, (33)

oak oay,
oR’ oR’ OR
—-a <8t dt + a—da t 3z kdak>
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Since af, a,(s=1,2,---,n) are independent variables,

we have

oak oak oak

ok 7% e 27
da atd+aajd“+aa]d“
da da da (39)
_ a a ] ay
da,= — = dt + a]d t da;.

J

Substituting formula (38) into equation (9), and con-
sidering the relation (39), we get

o OFs  OROd 0OR0G; oR" 0a/

" oa " o dw " Ba, 00 " oal oa°
oR" 04 dF OR, 0/
i da + | R _ U5k k

%3, da ) < da, % 3 oa,

k" aaf
% 0@ Oa. oa,

B-B- oF, +‘kaRk+
ot ot

k

OR aa oR" aa

k k

oa, aa kaa da. )d“
kaRkBa

OR, 0d/
—k O
T aa ot

oa) ot
. OR . oR‘9a) _ oR'0a; e
“or T aaar T ka- at

(40)

By the independence of da’ and da,, we get the results
easily. The theorem is proved.
For the Hamilton system (15), equation (36) gives

_O0F; _0p;
" oq, Vg,
%p; _ 9Fs (41)
Jop,  op,’
_pg, 9Fs %
H=H+ 5 qja

So, from Theorem 11, we have the following corollary.

Corollary 12. If we take the old variables q, and p, (s =1, 2,

.-+, n) as 2n independent variables, the transformation deter-
mined by equation (41) is the canonical transformation of
Hamilton system (15), where Fs(t,q,, p,) is called the fifth
kind of generating function.
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Theorem 13. If the new variables a* and a, (s=1, 2, ---, n) are
regarded as 2n independent variables, namely, the generating
function is taken as Fg(t,a’,a,), then the transformation
determined by the following equations

—R _ aF6 kaRk aa] kaRk aa
fooa 0dl 0 aa 8a‘
. ORk Baf ORk aa 0
“oa 0w % oa. da; 0a°
—RS _ aF6 _ k aRk aa] k aRk aa
0a, da/ 0a, aa aa
OR* 00/ ORK aa 0
“"Wa_as aa aa ’
B 0F; &~ aRk « OR, an « OR, aa
ot ot = oal ot oa; at
. OR . OR‘0al  OR*0a; i _o
ot % oa ot " a, da; ot

(42)

is the generalized canonical transformation of Birkhoff system
(1), where F¢(t,a%,a,) is called the sixth kind of generating
function.

Proof. Let
F=F(t a’,a,)+Ra’+ R’ (43)
We have
_ 0F, 0F, . OF;
dF—?d 35 ——da +aa da, + Rda’

S

OR, . OR oR
S Sdt Sd S
a <at 0a " " B,

OR’ OR*  , OF
+as<at dt + aakda + a—akdak)

ak> +Rda;, (44)

Since @', a, (s=1,2, -+, n) are independent variables, we

have

dak dak dak
ko270 = ad v 22
da 3 dt+a]da+aada
oay, 0 0 (45)
ak ] ak _
da. = ot iy oa Pk a]d

Substituting formula (44) into equation (9), and consid-
ering the relations (45), we get

. OF akaRkan akaRk da, . OR* 0a/
s oa da/ 0a’ oa, aa k9al 0a*
R 00\ o (g O _ R0
% 3a; da; 0a* oa, 0/ da,
kaRk 0a, a_Rk% OR* 0a; da,
aa aa Y3 oay aa da,
5.p_9F OR OR o Ry 0a;
ot ot dd ot da; at
. ORF . OR‘0a/  OR‘Oa; Jeo
“or ~“%oa ot " 3a, da at o
(46)

By the independence of da’ and da,, we get the results
easily. The theorem is proved.
For the Hamilton system (15), equation (42) gives

_ 0F,  0p;
ps———,—q-—,,
og, 7 og,
L (47)
Top,  p,
_ 0F, op;
H=H+ -2 TR atj

So, from Theorem 13, we have the following corollary.

Corollary 14. If we take the new variables q, and p_ (s =1,
2,---,n) as 2n independent variables, the transformation
determined by equation (47) is the canonical transformation
of Hamilton system (15), where Fy(t,q,,p,) is called the
sixth kind of generating function.

The generating functions F,(t,q,,q,), F,(t,q, p,), F5(t,
P 4,), and F,(t, p,, p,) for Hamilton system (15) are consis-
tent with the classical results [20, 21], while the fifth kind of
generating function F;(t, g,, p,) and the sixth kind of gener-
ating function F(t, g, p,) and their corresponding canonical
transformations (41) and (47) are generally not reported in
the classic textbooks, for example, [20, 21].

The application of the theorems given above has two
aspects. One is that you can specify the explicit form of any
kind of the generating functions. The corresponding general-
ized canonical transformation can be calculated according to
the generating function by using the theorem on implicit
functions. Second, if a generalized canonical transformation
is specified, the corresponding generating function can be
obtained by applying the above transformation formulas.
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4. Examples
1 6 1 2
B:Etz( 1) +ﬁ(a1a2) 5
R, =0, (48)
1 2
Ry=—3 (a)

Example 1. The famous Lane-Emden equation [4, 22] arising
in the field of mathematical physics and astrophysics can be
expressed as the following Birkhoft system:

Let us study the generalized canonical transformation of
the system.
According to (48), BirkhofF's equations of the system are

—a'a® - tz(al)5 - tizal (a2)2 =0,
1 (49
ata' - o (a1)2a2 =0

If we take Fs = F5(t, a', a?) as the generating function, by
using the transformation formula (36), we have

_0F; 4ol OR,0a' | OR, 0a®
L 9al da! 9a' 0a% 0a'
oal dal 0a2oal
2 da? da! 0a? 0a? 0a? (50)
,0R,0a" ,0R,0a
a—-—+ta —== =0,
oal 0a? da? 0a?
_ oF OoR OR, oa! OR, 0a*
B_p- 25 g T pdfhoa o 0% 00
ot ta ot dal ot da? ot
OR OR, da! OR, 0a?
0y 501y _p 014y _
HE T T TR P T

Suppose the transformed Birkhoff’s functions are
_ (51)

Substituting (51) into equation (50), we have

aF5+_18a2 0
— a _— = >
da! da!

1, ,2 OF, _ oa
@) e a0

(52)
_ 1 6 1 2
B—gtz(al) —?(alaz)

oF, o o

—¥+a at +a at :O.

Advances in Mathematical Physics

If we take Fy = —(1/2)(a")’a%, from the second equation
of (52), we get

a=f(a"), (53)

where f(a') represents any differentiable function of a'.
Substituting equation (53) and F, = —(1/2)(a")’a? into the
first equation of (52), we get

a'a’+a'f'(a') =0. (54)
If we take f(a') = a', then we the following generalized
canonical transformation
(55)
According to the third equation of (52), the new Birkhof-
fian is obtained as

=1 201, 56
B:Z—tz(al) +6t2(a2) . (56)

From formulas (51) and (56), we get the new Birkhoff’s
equation as follows:

t2 (57)

where @' and a? are the new variables. Here, the new equa-
tion (57) is simpler than the original equation (49).

2\ 2
B= 1e’t(al)4 + (a )zet +—a'a’,
8 2(@1) 2
(58)
1 =a
,=0.

Example 2. We now study a nonconservative system [4],
whose Birkhoffian and Birkhoff’s functions are

BirkhofF's equations of the system can be written as

1 2P,
_a2__e—t(a1)3+ ( )3 - Zat=0,
al) 2
(59)
2
1
al- L e Zal=o
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According to BirkhofFs equation (59), the second-order
differential equation of motion of the system is

(60)

If we take F,(t,a',a’) as the generating function, by
using the transformation formula (18), we have

az — % gl a_jzla_al =0
da! oal dal
_  OF OR OR, 0a'
“Ry— ——= +a' —— +a' — = =0,
2 9a? 0a’ dal 0a? (61)
| 4 (a2)2 1,
B-_e'(a') - e ——a'a
8 2(@1) 2
oF, _,0R, _,0R,o0a’
-—+a —+a ——=0.
ot o T od ot
Suppose new Birkhoff’s functions are
R, =a*,
_ (62)
R,=0
Then equation (61) is reduced to
oF
2 — 72 =
a dal ’
oF,
57 +a =0, (63)
_ 1 a?)’ 1 OF
B- —e_t(a1)4 - ( ) R - —a'a®- 2 =0.
8 2(a1) 2 ot
If we take the transformation as follows,
1
a'= et (a')’,
2 (64)
a*=etalat.

Substitute formula (64) into the first two equations of for-
mula (63), we get

F,=-¢"(a')"a. (65)

Substituting formula (65) into the third equation of (63),
we get

B=_¢(a")’ + -t ()" (66)

From formulas (62) and (66), we obtain the new Birkh-
off’'s equations as follows:

=2 1t

—-a —ae =0,

-1 2 —t (67)
a —ae =0,

where a' and a? are the new variables. Similarly, other forms
of generalized canonical transformations given in this paper
can be obtained.

5. Conclusions

Birkhofhian mechanics is a natural generalization of Hamilto-
nian mechanics. It is because Birkhoft systems have many
good properties, such as autonomous and semiautonomous
Birkhoff systems have a Lie algebraic structure and proper
symplectic form and Birkhoft’s equations have self-adjoint
form, that Birkhoft systems are widely used in physics,
mechanics, engineering, and other fields. In addition, the
generalized canonical transformation has the property of
preserving algebraic and geometric structures, which lays a
foundation for the Hamilton-Jacobi method, so it is an
important aspect of the integral theory of analytical mechan-
ics. In this paper, we studied the generalized canonical trans-
formations of Birkhoff systems. Our main work consists of
three aspects. The first is that we derived the criterion equa-
tion (8) or (9) of the generalized canonical transformations
of Birkhoff systems. The second is that, according to the
selection of 2n independent variables, we presented six differ-
ent forms of generating functions, and the method we con-
structed generating functions is different from the existing
methods, as shown in formula (11), (19), (25), (35), (37),
and (43). The third is that, based on the basic identity (9),
six kinds of generalized canonical transformation formulas
corresponding to the generating functions are derived from
the independence of variables, namely, (10), (18), (24), (30),
(36), and (42), which are the new results of this paper. The
main results are summarized as six theorems. At the end of
the paper, we gave two examples to illustrate the validity of
the results.
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