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It is well known that nonexpansive mappings do not always have fixed points for bounded sets in Banach space. The purpose of this
paper is to establish fixed point theorems of nonexpansive mappings for bounded sets in Banach spaces. We study the existence of
fixed points for nonexpansive mappings in bounded sets, and we present the iterative process to approximate fixed points. Some

examples are given to support our results.

1. Introduction and Preliminaries

Throughout the paper, we assume that X is a real Banach
space and C c X is a subset. T : C — X is a mapping, if a
point x * €C such that Tx* = x % we call that x * is a fixed
point of T. The set of fixed points of T is denoted by F(T).
Let N and N* denote the set of natural numbers and the set
of positive integers; let Q and R denote the set of rational
numbers and the set of real numbers.

We recall that nonexpansive mapping if for every x,
y€C such that ||Tx—Ty| <|x-y|. A Banach space X
is said to have the fixed point property if for every closed
convex bounded subset C ¢ X and for every nonexpansive
T:C—C, there is a fixed point. Since Browder [1]
obtained fixed point theorems for nonexpansive mapping,
the fixed point theory of nonexpansive mappings has made
great progress. A large number of results are obtained by
authors (e.g., see [2-7]). Goebel et al. presented general-
ized nonexpansive mappings, if for every x, y € C such that
| T = Ty|| <allx— yl| + b(lJx - Tl + | Ty =yl + (| Tx— y
| +ly— Tx|, where a+2b+2c<1, a,b,c>0. In recent
years, generalizations of nonexpansive mappings have
received attention, and their fixed point theory has been
studied by many authors (see [8-14]).

Amini-Harandi et al. [15] presented («, 3)-nonexpansive
mappings and obtained fixed point theorems for (a, f3)
-nonexpansive mappings in Banach space.

Definition 1. Letting X be a Banach space, wesay T : X — X
is an (a, 8)-nonexpansive mapping, if for every x,y € X, a,
B € R we have

1T = Ty||” < af| Tx = y||* + || Ty — x]|* + B|| Tx - x|

(1)

+BIITy = y|* + (1=2a=2B)|lx - y||”.
Theorem 2. Let X be a Banach space, C C X is a bounded
subset, T:C— C is an (a, f)-nonexpansive mapping
with a=0, >0, then T has a fixed point.

Remark 3. Obviously, (a, 8)-nonexpansive mappings are
more generalized nonexpansive mappings, and many fixed
point theorems are extended by Theorem 2, but the condi-
tions of Theorem 2 are inadequate. See Example 1.

Example 1. Letting the set C = (0, 1], take Tx = (1/2)x.
We have T : (0, 1] — (0, 1] which is a mapping; more-
over,

2
+

2

1 1 1
|Tx—Ty|2:Z|x—y|2S§x—y zy—x —|x—y\2. (2)

So, T is a (1,0)-nonexpansive mapping in bounded set
(0,1]. Hence, the conditions of Theorem 2 are satisfied, but
T has no fixed point. In fact, it is easy that bounded subset
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C of conditions of Theorem 2 should be a closed bounded
subset C.

Remark 4. If C is a closed bounded set, T: C— C is an
(a, )-nonexpansive mapping, where a« =0, 8>0. Then, T
has no fixed point. See Example 2.

Example 2. Let the set C=[-1, 1],

1, x=0,
Tx:{ (3)

-x, x#0.
If x =0 and for every y # 0, we have

|TO-Ty|> = |y + 1 <2+ 2|2y - 3]0 -y
=2|T0-0)*+2|Ty —y[> = 3|0 -y,

(4)

if for all x, y € C/{0}, we get

| Tx = Ty|* =[x - y|* < 2[2x* + 2(2y]" = 3|x -y
= 2|Tx—x|2 + 2|Ty—y|2 - 3\x—y|2.

(5)

So, T is a (0,2)-nonexpansive mapping in [-1,1], which
has no fixed point.

Remark 5. For an (a, §)-nonexpansive mapping in mapping,
as a« =0 and =0, the (&, )-nonexpansive mapping is the
class of nonexpansive mapping. It is important about fixed
point theory of the class of nonexpansive mapping, but which
is not contained by Theorem 2.

The following examples show that for some nonclosed
bounded sets, nonexpansive mappings have fixed points in
Banach space, but for some closed bounded sets, nonexpan-
sive mappings have no fixed point.

Example 3. Let the set C={-1,1}, and take Tx = —x.

It is easy that T : C — C is a nonexpansive mapping
and C is a closed bounded set. But T has not fixed point
in C.

Example 4. Let the set C=[0, 1]

, x=1,

Tx= (6)

O N | =

, x#1.

It is obvious that T is not a nonexpansive mapping in
closed bounded set C; however, it is a nonexpansive mapping
in nonclosed bounded set [0, 1), and there exists a fixed point
(7/8) €10,1).
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Example 5. Dirichlet function:

1, xe0,1]nQ
DE={ o (7)
, X T

Obviously, D: [0,1] — [0,1] is not a nonexpansive
mapping, but D is a nonexpansive mapping in bounded set
[0,1]NnQ,and 1 €[0,1] N Q is a fixed point of D.

Usually, authors study fixed point problems of nonex-
pansive mappings for closed bounded sets. The above
examples show that for some bounded sets, nonexpansive
mappings have fixed points in Banach space, and for others
of bounded sets, nonexpansive mappings have no fixed point.
So it is significant to study fixed point problems of nonexpan-
sive mappings for bounded sets. The goal of this paper is to
obtain fixed point theorems of nonexpansive mappings for
bounded sets.

2. Main Results

Let I, denote the Banach space of bounded real sequence
with the supremum norm. Let y be a bounded linear func-
tional on I ; y is called a Banach limit, if it satisfies ||y|| =
y(1) =1 and w(t,,,) =¥(t,), t, €l,,. Moreover, suppose ¥
is a Banach limit, then the following conclusions are held:

(i) If for all ne N, s, <t, means y(s,) <y(t,), s, t, €
I

(6]

(ii) For each p e N*,t, €, have y(t,) =y(t,,,)

(iii) lim inf,_ t, <w(t,) <limsup,  t,t, €l

n—oo"n —

Lemma 6. [16] Suppose that {a,},{b,} are two sequences of
nonnegative numbers, and Y b, < oo, if there exists some
number N, € N, for all n> N, such that

A1 < a, + bn’ (8)

a, exists.

n—-o0"'n

then lim

Theorem 7. Letting X be a Banach space, C ¢ X is a bounded
subset and T : C— C is a nonexpansive mapping. If the
following two conditions are satisfied:

(i) There exists a sequence {s,} C[0,1) with lim,__,
$3=1 Ylsusp —5,l/(1=s,) <00, for all n,pe N,x €
C, such that s,x € C.

(ii) If the sequence {x,} C C and lim;_ x, =x *, we
have xx€C, where k — oo implies n;. — co.

Then, (1) there is at least a fixed point of T in C; (2) take
x, =5, ;Tx,_;, then the iterative sequence {x,} approach to a
fixed point of T.
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Proof. Let x, € C, take x, =s,_Tx,_,, where the sequence
{s,} €[0,1) satisfies the condition (i) of Theorem 7, that
is, lim,, s, =1 and Y|s s,|/(1—s,) < oo, for each n,
peN.

Firstly, we show that there exists a subsequence {y,,}
of {x,} which is convergent.

Since T : C — C is a nonexpansive mapping, for each
n,p € N*, we have

n—00 ntp

Tx
Tx

Hxn+p _an = H5n+p—1 n+p-1 " Sn—lTxn—IH

= {[$np-1 s = Spa T
8,1 Ty = S 1%, H
[y = 5ot [ x| ©)
+S,., HTxnﬂ’—l -Tx,, H
< [Spapt = Sno ||| Tspe ||

TS Hanrp—l ~Xn-1 H .

According to the Banach limit, we have

Y ey =2all) <Y (snp1 = swoa || TXnspea |
+Su-1 Hxn+p—l —Xp-1 H)
= [susp-1 = Sut [V (| TXuspa )
+ Sy W (|| Xpapor = Xt |])
= [snsp-1 = Sut[W (| TX01p1 )

it ([ =5

(10)

Also, for C is a bounded set, which means that there
exists a constant M >0 such that for every x € C, we have
||lx|| < M. Thus, by the inequality (10), we have

|Sn+p—1 ~Sp-1 |
1- Sy-1

¥ ([lnep = 2ll) < Y (|50 )

(11)

’Sn+p—1 Sl ‘
1-s,,

<

¥(M).

From the condition (ii) of Theorem 7, we have

=0. (12)
Let n — oo in the inequality (11), by (12), we get

lim v (||x,,, = x,[|) =0, (13)

n—00

that is
limy(x, - x,[)=0, mneN.  (14)

So
0<lim inflx,, — x| S Y(%, ~%,[) =0, (15)

which implies that there exists a monotonically increasing
sequence {n,} (that is, n; <n, <ny---) such that

I}Lll()lo||xmk -x, || =0, mmneN. (16)

It means that {x, } is a Cauchy sequence; thus, there
exists some x* such that

]}Lrgoxnk =x". (17)

From the condition (ii) of Theorem 7, we have x* € C.
Next, we show that x,, is convergent to x* and x* € F(T).
From (9), we have

[[nep =] < [

x,HH + |s sn_1H|Tx

n+p—1 H

(18)

Also, by the condition (i) of Theorem 7, we may obtain
2Isp=s4|<00. Thus, applying Lemma 6 in (18), lim

n+p n+p-1 n+p—-1

H‘)OO”

Xp4p — X,|| exists; moreover, from (16), limy_|[lx,, —x, ||

n+p
=0, m,n € N. So it implies

lim ||x,, —x,||=0, m,neN. (19)

n—-0oo0

Hence, {x,} is a Cauchy sequence, also from (17), that is,
lim;_,,x, =x". Therefore,

lim x,, = x™. (20)
k—o00
Since T is nonexpansive, then

[l = Tx™|| = ||x™ = x, +x, - Tx"||
S 67 = x|+ [lx, = T
=[1x" = x|+ {851 Tx
= sp) Tx7|| (21)
n1— IxX7|
(L= ) [ Tx < |67 = x|

45,y — x|+ (L= 5, )| T

al
-5, Tx* — (1

S A R [

n-1

According to (20) and the condition (i) of Theorem 7, let-
ting n — co in the inequality (21), we have ||x* — Tx"|| =0;
that is, Tx™ = x*; therefore, x* is a fixed point of T.

Corollary 8. Let X be a Banach space, C C X is a bounded
closed subset, and T : C— C is a nonexpansive mapping.
If there exists the sequence {s,} C [0, 1) with lim,_ s, =1,
2snip = Sal/(1=s,) <00, for all n,peN,x€C, such that
s,x€C.

Then, (1) there is at least a fixed point of T in C; (2) taking
x,=s,_;Tx,_,, then the iterative sequence {x,} approaches to
a fixed point of T.

Let us use the following example to support the above
results.



Example 6. Let the set C={£(1/n)|n e N} U {0}

0, x=0,
Tx= (22)
-x, x#0.

If every x € C, y = 0, we have
|Tx—TO| = |x| = |x-0]. (23)
Moreover, if every x, y € {+(1/n)|n € N}, we get
|Tx =Ty = |x—yl- (24)

Obviously, C is a bounded closed setand T': C— Cisa
nonexpansive mapping. And for all x € C, that is, for all n,
then x=+(1/n), or x =0, so there exists the sequence s, =
n/(n+ 1), which satisfies the following three conditions:

(a) lim s, =1

n—oo°n —

(0) Xlspsp —sul/(1=s,) <c0,m,peN
(c) s,xeC

Thus, all conditions of Corollary 8 are satisfied; therefore,
T has at least a fixed point. Next, we use the iterative approx-
imation methods to obtain a fixed point of T. Now, we take
x,=1€eCandx,,, =s,Tx,, then we easily obtain

1 1
m=gnn= ()T (29)

X, =-
3 n

NI —

x_ =0, in which 0 is a

n—0o0""n

Letting n — 00, we have lim
fixed point of T.

The following results are extensions of fixed point theo-
rems of nonexpansive mappings for convex bounded sets.

Theorem 9. Let X be a Banach space, C C X is a bounded sub-
set, and T : C — C is a nonexpansive mapping. If the follow-
ing two conditions are satisfied:

(i) There exists some x, € C and the sequence {s,} C [0,
1) with lim =1 and }|s,,, —s,|/(1-s,) < oo,
foralln,peN,xeC, such that (1—-s5,)xy)+s,x€C

HHOOSVI

(i) If the subsequence {x, } C{x, } cC and lim_,
x, =x", we havex” € C, where k— co implies n

—> 00

Then, (1) there is at least a fixed point of T in C; (2) taking
iterative sequence x,, = (1 —s,_;)xy+5,_,;Tx,_;, the sequence
{x,} approaches to a fixed point of T.

Proof. From the condition (i) of Theorem 9, there exists some
X, € C and the sequence s, € [0, 1], for each x € C, such that
(1 -s,)x, +s,x € C, where the sequence {s, } C [0, 1) satisfies
lim, s, =1and }[s,,, —s,/[/(1-s,) <oco, for all n,peN.

Now, we take x,=(1-s, ;)x,+s5,;Tx,_;, which implies

Advances in Mathematical Physics

that x,, € C; moreover, since T : C — C is a nonexpansive
mapping, thus we have

[nep =%l = [[ (1= Snsp-1)%0 + Sppr Tspr
= (L =s,-1)% = Sy Tx,y H
= [ (Suspmt = 5n-1) %0 + Snapmr Xy
=Sy TXpy +500 Txn+p—1 =Sy Tx, H
< [Spapot = Suct |10l + [Suep-1 = St ||| Tepen |
* 81 ||Txn+p—l -Tx, H
< Jsnepo1 = Suct | (1%l + [ Tepr [])
T Sp-1 ||xn+p—1 Xy H

(26)
Based on the Banach limit, we have

Y [xnp =%all) < ¥ (np-t = nal (ol + [ Toxnepea])
+Su-1 Hanrp—l —Xu-1 H)
= ‘Sn+p—1 _Sn—1|1//(||'x0H + ||Txn+p—1H)
+ Sy (|[Xneper = %t [])
= [Snep1 = Sua [W (1%l + || Txipa )
5t ([ =5
(27)
Since C is a bounded set, then there exists a constant

M >0 for each x € C such that ||x|| <M. So by (27), we
may get

Spipe1 — S
Wl =)« 222y (g 5,)

< |Sn+p—1_sn—1|v/(2M)-

-5,
(28)
From the condition (ii) of Theorem 9, we have
Spip 1= Sy
lim M =0, (29)
n—00 —S,1
Hence, as n — 0o in (28), we get
tim (%, 5, ) =0, )
that is
lim y(||x,, —x,]) =0, m,neN. (31)
n—00
This implies that
OSh}r}lg’lfom_an SV/(me—an):O. (32)
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Hence, there exists a monotonically increasing sequence
{n;} (that is, n, <n, <ny ---) such that

lim ||x,, —x,||=0, mneN. (33)

H—00 M H
It means that {x,, } is a Cauchy sequence, so there exists
some x* such that

lim x, =x". (34)

k—00

From the condition (ii) of Theorem 9, we have x* € C.

Next, we show that x,, is convergent to x* and x* is a fixed
point of T.

From (26), we have

Hx”ﬂ? _an < Hxn+p—l ~Xp-1 H + |5n+p—1 - Sn—1|

(35)
(T [+ 1ol1)-

Also, by the condition (i) of Theorem 9, we obtain ) ||
s,|< 0o. Thus, applying Lemma 6 in (35), we have
— x, /s moreover, from (33), limy_,, ||, — X,
|| =0, m, n e N. It implies

Sn+p_

llmﬂHOO ‘ | xﬂ+P

lim ||x,, —x,||=0, m,neN. (36)
n—.0oo

So {x,} is a Cauchy sequence, also from (34), that is,
limy_,,x, =x". Therefore,

lim x,, = x™. (37)

k—o00
By the triangle inequality, we have
67 = To™|| = []7 = 26, +x, = Tx7|
<l =2 ||+ [l = T

<" =, ||+ [[8,m1 Txog + (1 =5,00)%
St TH — (1= 5, )T

. . (38)
<Jx" =, || + 5, || Tx,oy — Tx7 |
+(1=5,.0)[| Tx" = x|
<X =2, + S [ — x|

+(1=5,.0) | Tx" = x|

Applying (37) and the condition (i) of Theorem 9 and
letting n — oo in (38), we have |x* — Tx"|| =0. That is,
Tx* = x*; therefore, x* is a fixed point of T.

Corollary 10. Let X be a Banach space, C C X is a bounded
closed subset, and T : C — C is a nonexpansive mapping.
If there exists some x,€ C and sequence {s,} C [0,1) with
lim, . s,=1, and )]s s,|/(1—s,)<o0, for all n,p €N,
x € C, such that

ntp

(I-s,)x,+s,x€C. (39)

Then, (1) there is at least a fixed point of T in C; (2) taking
iterative sequence x, = (1 —s,_;)x,+s,_;Tx,_;, the sequence
{x,} approaches to a fixed point of T.

Definition 11. Letting X be a Banach space and CcX be a
subset, if there exists a x, € C such that for every yeC,
A €0, 1], we have

(1-A)x,+AyeC, (40)
then, C is a called a star-shaped set.

Obviously, a star-shaped set satisfies the conditions of
which set C of Corollary 10, so we have

Corollary 12. Let X be a Banach space, C ¢ X is a bounded
closed star-shaped set, and T : C— C is a nonexpansive
mapping. Then, T has at least a fixed point in C.

Corollary 13. Let X be a Banach space, C C X is a bounded
closed convex set, and T : C— C is a nonexpansive map-
ping. Then, T has at least a fixed pont in C.

Let us give the example to support our results.
Example 7. Let the set C=[0,1] N Q, take Tx=-x+1,x€C.
It means that C be a bounded set and T: C— C is a
nonexpansive mapping. Now, we take x,=1 and a

sequence s, =n/(n+ 1), we have s, €[0,1), and for all #,
pe€N* such that

lims, =1,
n—00
‘5n+p _Sn’ (4)
Zl_—sn < ©0.

Moreover, for all x € C, we have (1 -s,)x, +s,x € C.

As an overview, all conditions of Theorem 9 are satisfied.
So T has a fixed point.

Next, we take

Xpy1 = (1 =8,)%0 +5,Tx,, (42)
then we have
1 2 1 3 1 4
xl—i,xz g,xS E,x4:§,x5—i,x6—§,"' (43)
So we have
1
3 n=2k+1,keN,
(44)
n+2
, n=2kkeN.
2n+2

x, =1/2 € C. It is clear that

It implies x,, € C, and lim,_, _x,,

1/2 is a fixed point of T.



Therefore, a fixed point of T be iteratively approximated
by the sequence {x,,}.

From Remark 2.1 of the reference [15], a subset C of
Banach space X, T : C — X is an (&, )-nonexpansive map-
ping; if &« + 8 <0, then T has a fixed point. So by Theorem 7
and Theorem 9, we easily obtain the following two results.

Theorem 14. Let X be a Banach space, C C X is a bounded
subset, and T : C— C is an («a, B)-nonexpansive mapping
with a <0, B < 0. If the following two conditions are satisfied:

(i) There exists a sequence {s,} C[0,1) with lim,_,
s,=1 and }s,., —s,|/(1-s,) <oo, forall n,p €N,
x € C such that s,x € C

(ii) If the sequence {x, } € C andlim;_, . x, =x", we have
x* € C, where k — oo implies n, — 0o

Then, (1) there is at least a fixed point of T in C; (2) taking
x,=s,_;Tx,_;, the iterative sequence {x,} approaches to a
fixed point of T.

Theorem 15. Let X be a Banach space, C C X is a bounded
subset, and T : C— C is an (a, )-nonexpansive mapping
with a <0, B < 0. If the following two conditions are satisfied:

(i) There exists some x, € C and the sequence {s,} C [0,
1) with lim, s, =1 and }s,., —s,//(1-s,) < oo,
foralln,peN,xeC, such that (1-s5,)x,+s,x€C

(i) If the subsequence {x, }C{x, }cC and limy_,
x, =x", we have x* € C, where k— oo implies

1y — 00

Then, (1) there is at least a fixed point of T in C; (2) taking
iterative sequence x,, = (1 —s,_;)xy+5,_;Tx,_;, the sequence
{x,} approaches to a fixed point of T.
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