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In this paper, we introduce a generalization of rectangular b-metric spaces, by changing the rectangular inequality as follows: D,
(a,b) <(a, b, u, v)[De(a, u) + D (u, v) + Dy (v, b)], for all distinct a, b, u, v € X. We prove some fixed point theorems, and we use
our results to present a nice application in the last section of this paper.

1. Introduction

It will not be an exaggeration if we say that Banach [1] in
1922 introduced in some way a new area in mathematics,
which is called fixed point theory, and that is due to the
fact that he proved the existence and uniqueness of a fixed
point for self-contractive mappings in metric spaces. Since
1922, mathematicians around the world start to generalize
his result either by changing the type of contractions or
by generalizing the type of metric spaces (see [2-19]). The
question here is what is the point of all these generaliza-
tions? Well, in fact, the answer to that is quite simple and
that is the larger the class of functions or metrics, the more
fields that results can be applied to, such as computer
sciences and engineering.

In this paper, and inspired by the work done in [20-27],
we introduce the notion of controlled rectangular b-metric
spaces as a generalization of the rectangular metric spaces
and rectangular b-metric spaces. In the second section, we
present some preliminaries; in the third section, we prove
our main result; in the fourth section, we present an applica-
tion of our result to polynomial equations; and in the closing
section, we give a conclusion with some open questions.

2. Preliminaries

The concept of rectangular metric spaces was introduced by
Branciari in [28] as follows.

Definition 1 [28] (rectangular (or Branciari) metric spaces).
Let X be a nonempty set. A mapping A : X* — [0,00) is
called a rectangular metric on X if for any x,y € X and all
distinct points u,v e X\ {x,y}; it satisfies the following
conditions:

(R,) x=y if and only if A(x,y) =0

(Ry) A(x, y) = Aly, x)

(Ry) A(x,y) < A(x, u) + Alu, v) + A(v, y)

In this case, the pair (X, A) is called a rectangular metric
space.

In [29], George et al. introduced the concept of b-rect-
angular metric spaces as follows.

Definition 2 [29] (rectangular b-metric spaces). Let X be a
nonempty set. A mapping B : X* — [0,00) is called a rect-
angular b-metric on X if there exists a constant a > 1 such
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that for any x, y € X and all distinct points u, v € X \ {x, y}; it
satisfies the following conditions:

(Ry;) x =y if and only if B(x, y) =0

(Ry,2) B(x, y) =B(y, x)

(Ry3) B(x, y) <a[B(x,u) + B(u,v) + B(v, y)]

In this case, the pair (X, B) is called a rectangular metric
space.

As a generalization of rectangular b-metric spaces,
Abdeljawad et al. in [30] introduced the concept of extended
Branciari b-distance spaces as follows.

Definition 3 [30]. For a nonempty set S and a mapping w : S
x § — [1,00), we say that a function By, : S x S — [0,00)
is called an extended Branciari b-distance if it satisfies

(i) Byt(x,y) =0if and only if x =y
(ii) Bdist (x’ = Bdist (y’ x)
(iii) Byt (%, ) < @(x, y)[Bist (% 1) + Byt (s v) + Byt (v> )]

y)
y)

for all x, y € & and all distinct u, v € &\ {x, y}. The couple of
the symbols (S, By,) denotes an extended Branciari b-dis-
tance space (shortly, By -metric space).

Now, we present the definition of controlled rectangular
b-metric spaces.

Definition 4. Let X be a nonempty set, a function { : X* —
[1,00), and D : X* — [0,00). We say that (X, D) is a con-
trolled rectangular b-metric space if all distinct a, b, u, v € X;
we have

(1) Dy(a,b)=0if and only ifa=b
)=Dy(b.a)

b
(2) D((a,b =
(3) Dy(a,b) <{(a, b,u, v)[De(a, u) + Dy(u, v) + Dy (v, )]

Next, we present the topology of controlled rectangular b
-metric spaces.

Definition 5. Let (X, D;) be a controlled rectangular b-metric
space.

(1) A sequence {a,} is called D,-convergent in a con-
trolled rectangular b-metric space (X, D), if there
exists a € X such that lim,,_,,D(a,, a) = D;(a, a)

n—0o0

(2) A sequence {a,} is called D;-Cauchy if and only if
lim, ,_,p(a,,a,,) exists and is finite

(3) A controlled rectangular b-metric space (X, D;) is
called D;-complete if for every D,-Cauchy sequence
{a,} in X, there exists v €X, such that lim D,

(an’ V) = limn,mﬂoopr(an’ am) = D( (V, V)

n—00
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(4) Let a € X define an open ball in a controlled rectan-
gular b-metric space (X, D;) by B;(a,n)={beX|

Dy(a, b) <n}

Notice that rectangular metric spaces and rectangular b
-metric spaces are controlled rectangular b-metric spaces,
but the converse is not always true. In the following example,
we present a controlled rectangular b-metric space which is
not a rectangular metric space.

Example 1. Let X =Y U Z, where Y ={1/m | misanatural
number} and Z be the set of positive integers. We define
D; : X* — [0,00) by

0, ifandonlyifa=5b,

Dc(a, b)= Zﬁ, ifa,bEY, (1)

, otherwise,

where f3 is a constant bigger than 0. Now, define { : X* —
[1,00) by {(a, b, u, v) = max {a, b, u, v} + 2. It is not difficult
to check that (X, D;) is a controlled rectangular b-metric
space. However, (X, D;) is not a rectangular metric space;
for instance, notice that D,(1/2,1/3)=2f>D;(1/2,2) +
D;(2,3) + Dy(3,1/3) = 3p/2.

3. Main Results

Theorem 6. Let (X, D;)be a controlled rectangular b-metric
space and T a self-mapping on X. If there exists 0 < 8 < 1, such
that D¢(Tx, Ty) <0p(x,y)and sup, lim, C(x,, %,
Xpp2 X,) < 1/8, then T has a unique fixed point in X.

Proof. Let x, € X and define the sequence {x,} as follows:
x, = Txg, %, = T?xg, ++, X, = T"x,, ---. Now, by the hypothe-
sis of the theorem, we have

D((xn’xnﬂ) S(SDC(xn—l’xn) (2)

< SZD((xn,z,xn,l) <+ < 8" Dy (%9, %p)-

Note that if we take the limit of the above inequality as
n— 00, we deduce that Di(x,,x,,,) — 0 as n— 0.
Now, consider D; = D(x,,,;> X,,;1;). Thus, for all n>1, we
have two cases.

Case 1. Let x,, = x,, for some integers n # m. So, if for m > n,
we have T"7"(x,,) =x,. Choose y =x, and p=m —n. Then,
TPy = y; that is, y is a periodic point of T. Thus, D(y, Ty)
=Dy (T?y, TF*'y) <KDy (y, Ty). Since 8 € (0, 1), we get D;
(y, Ty) =0, so y=Ty; that is, y is a fixed point of T.

Case 2. Suppose that T"x # T™x for all integers n # m. Let
n<m be two natural numbers; to show that {x,} is a
D;-Cauchy sequence, we need to consider two subcases:
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Subcase 1. Assume that m = n + 2p + 1. By property (R_3) of
the controlled rectangular b-metric spaces, we have

Dy (x,, xn+2p+1) < (X Xppi1> Xy xn+2p+l)
: [D((xn’ K1) + Dy (Xpe1> Xa2)
+Dy ('xn+2’ xn+2p+l)}
< C(xn, X1 Xpy2o xn+2p+1)D((xn» Xpi1)
+D; (‘xn’ X1 Xpa2> Xp2pel ) Dy (X115 Xp12)
+ ((xw Xn+1> Xnt2> xn+2p+l)
: ((anrZ’ Xn+3> Xpiao xn+2p+1>
: [D((xn+z> Xpi3) + Dy (X130 Xpps)
+Dy (xn+4’ xn+2p+l)} (3)
= ((xn, X1 Xpy2o xn+2p+l)D((xn’ Xpe1)
+ ((xw Xp+1> Xpt2> xn+2p+1)D((xn+1> Xpi2)
+ ((xn, Xnt1> Xni2> xn+2p+1)
: C(xnarz’ Xn+3> Xpas xn+2p+1)D( (X425 X43)
+ ((xn’ Xn+1> Xp12> xn+2p+1)
’ ((xn+z> Xp+3> Xpao xn+2p+1)
Dy (%43 Xaq) + C(xw Xn+1> Xnt2> xn+2p+1)
’ ((xn+2’ Xn+3

*Xpias Xpiopel )D( (xn+4’ xn+2p+1) <-
Thus,

Dy (xn’ xn+2p+1) < C(xn’ Xni1> Xpi2s xn+2p+1)D((xn’ Xpi1)

+ ((xn, Xnt1> X2 xn+2p+1)D( (Xne1> Xpa2)
+ ((xn’ Xp+1> Xn2s xn+2p+1)((xn+2’ Xn+3>
“Xpra> xn+2p+1)Dc (Xpezs Xn3) +C (X X
" Xni2> xn+2p+1)<(xn+2’ Xn+3> Xpiao 'xn+2p+1)
“ Dy (X130 Xpag)Foo e+ (xn’ Xni1> Xni2> xn+2p+1)
: C(xn+2’ Xn+3> Xpias xn+2p+1) o ((xn+2p—2’ Xn+2p-1>
" Xpi2ps xn+2p+1)Dc (xn+2p’ xn+2p+l)

< ((xn’ Xps1> Xps2> xn+2p+l)D0 + (X X 1> X
" Xpr2pt )D; + C(xn, Xni1> X2 xn+2p+1)((xn+2’
“ K13 Xpiao xn+2p+1)D2 + ((xn’ Xni1> X2 xn+2p+1)
: C(xn+2’ Xn+3> Xpias xn+2p+1)D3+‘ <A (X X1
" Xpi2o xn+2p+1)((xn+2’ Xp+3> xn+4>xn+2p+1) Xovee Xoee
: ((xn+2p—2) Xn+2p-1> Xna2p> xn+2p+1)D2p

= C('xn’ Xpt1> Xnt2s xn+2p+l) [Dy + Dy +C (%, X415
*Xn+2> Xpaope )((xn+2’ Xn+3> Xpids xn+2p+1) (D, + D;]
+et( (xm Xn+1> Xn42 xn+2p+1)((xn+2’ Xn+3> Xyao
: xn+2p+1) X X "'C(xn+2p—2’ Xpa2p-1> Xnazp> xn+2p+l)
. [DZP_1 + sz] .

(4)

Therefore,

De(x,, xn+2p+1> <8 (% X115 Xy xn+2p+l) (8" + 5%1)
“ Dy (0> %, )] + ((xn, Xnt1> Xn42s xn+2p+1)
: ((xn+2, Xn+3> Xpao xn+2p+1) [(8n+2 + 5n+3)
: D((x0>xl)]+"'+((xn’xn+1’xn+2’xn+2p+l)
) C(xn+2’xn+3’xn+4’xn+2p+l) Hoere Xooee
’ ((xn+2p—2’ Xn+2p-15 Xnt2p> xn+2p+1)
) [(8n+2p—2 +8n+2p71)D((x0’x1)]
< (8 (% Xpat> Xnazs Xpazpe) (8" + 8"
+ C(xn’ Xpi1> Xp125 'xn+2p+1>c(xn+2’ X430
* Xpa xn+2P+1) (6n+2 + 8n+3)+' (%,
*Xpt1> Xpi2o xn+2p+l)c(xn+2’ Xn+3> Xpgo

’ xn+2p+1) X X "'((xn+2p—2> Xn+2p-1
*Xpt2p xn+2p+1) (8}”21)72 + & ) }D( (xO’ xl)

p-1 1
= C(xn+2i’ Xn+2ir 1> Xna2ir2> xn+2p+l>
=0 i=0
n+21 n+2l+1
. [8 +0 }D((xo,xl)
p-1 1
= Z H c('anrZi’xn+2i+l’xn+2i+2’xn+2p+l>
=0 =0

< [1+8]0™' Dy (xg, x,).

(5)

Now, using the fact that § <1, the above inequalities
imply the following:

—

p-

1
D( (xn’ xn+2p+1) < Z H C(xn+2i’ Xn+2i+1> Xn+2i+2 xn+2p+1)
=0 =0

. 26n+21D( (xo, X1 ) .

(6)

Since sup,,,. , 1im,, . { (%, X1 1> Xpp25 Xp) < 1/8, we deduce

!
H ((xn+2i’ Xni2it1> Xni2is2> xn+2p+1)

M8

lim Dy(x,,x <
mp—00 (( n n+2p+1)

=0 =0

28n+21D < . 1 26n+21D

: ((xo’xl)—z T ¢ (%0> X1)
1=0

[ee]
< z 20" Dy (x40, x,).
=0

(7)

Note that the series Y5 26””’1D¢(x0,x1) converges by
the ratio test, which implies that Dy (x,, x,,,,,,1) converges as
1, p — 00.



Subcase 2. m =n + 2p. First of all, note that

D( (xn’ xn+2) < 6D((xn71’ xn+1)
< 62D((xn,2, x,) <

(®)

-+ < 8" Dy (x5 X,),

which leads us to conclude that D;(x,, x,,,,) — 0 as n —
co. Similar to Subcase 1, we have

Dy ('xn xn+2p> C(x Xn+1> Xp42> xn+2p)
* [De(x> Xpa1) + Dy (K15 Xpi2)
+ Dy (%125 xn+2p)]
< C( Xpi15 Xy xn+2p)DC(xn’ Xpi1)
+ (<xn’ Xpi1> Xni2o xn+2p)
: D((xn+l’ Xpi2)
+ (('xn’ Xpt1> Xp12> xn+2p)
: C(xn+2’ Xn+3> Xpigo xn+2p)
* [Dy(Xni2r X)) + D (X3 Xpaa)
+ Dy (%40 xn+2p)]
< ((xw Xn+1> X2 xn+2p)
Dy (x> Xp41)
+ ((xn’ Xn+1> Xp42> xn+2p)
D((xn+1> Xpi2)
+ (( Xnt1> Xn42s xn+2p)
(X2 Xpass Xprao xn+2p)
’ D(( n+2> n+3)
+ (%> X1 Xpy20 Xi2)
: C(xn+2’ Xn+3> Xpiao ‘xn+2p)
’ D(( n+3> n+4)
+ (( w n+1’xn+2’xn+2p)
: C(anrZ’ Xn+3> Xpao xn+2p)
- Dy (xn+4’ xn+2p)
< ((xn, Xn+1> Xnt2 xn+2p)DO
+ ((x ’xn+1’xn+2’xn+2p)D1
+ (( Xpa1> Xni2o xn+2p)
: C(xnarz’ Xn+3> Xpigo xn+2p)D2
+ ((xn’ Xpt1> Xp12o xn+2p)
: C(xn+2’ X435 Xppdo xn+2p)D3+' "
+C( Xni1> Xpy2s xn+2p)
C(x,

+2> Xn13> Xpyao xn+2p)

X X (( n+2p-3 n+2p—2’xn+2p—l’xn+2p)D2p
2p-2

+ H c(xn+2i’ Xn+2i+1> Xn42it1> xn+2p)
i=0

Dy (xn+2p—2’ xn+2p) .
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Hence,

—_

p- l

n+2p HC n+2i> n+2i+1’xn+2i+2’xn+2p+1)
=0 =0

D (x
|:8n+21 6n+21+1j| D(‘ (x(), xl)

+ H C (%2 Xe2iet> Xnaiat> Xnazp)
=0

—

-

I
- Dy (xn+2p—2’ xn+2p) = H
=0 =0

: C(xn+2i’ Xn+2ir1> Xn42ir2 xn+2p+1)
2p-2
[1+8)8™' Dy (xg0x) + [ |
i=0
: C(xn+2i’ Xn+2i+1> Xn+2i41> xn+2p)
p-1

: D( (xn+2p—2’ xn+2p Z
=0 =0

: C(xn+2i’ Xn2i+1> Xn+2i42> xn+2p+1)
2p-2
[1+8)8™' Dy (xg0x) + [ |
i=0
2p-2
: c(xn+2i’ Xp42i+1> Xn+2i+1> anrzp)‘SnJr g
“ D¢ (%0, %2)-

(10)
Since sup,,,, , lim,,_, . {(%,> X115 X125 %) < 1/8, we deduce

p-l1 1
Xnizp) < im ; ok
+ 62p715n+2p72D( (xo’ xz)
p-1

lim Y [1+8]0"" Dy(x,, x,)

Vl,pA'OO =0

+8"' Dy (x, ;)

(e

lim D( (

n,p—00

+ 5]8n+2ZD((x07 x)

IN

[1+8]0" Dy (%9, %) + 8™ Dy (x5 %3)-
m=0
(11)

By using the ratio test, it is not difficult to see that the series

(gl

[1+8]6" D¢ (¢, %, ) + 6™ Dy (% X5), (12)
0

3
I

converges. Hence, D;(x,,X,.,,,) converges as n and p go
toward oo Thus, by Subcases 1 and 2, we deduce that the
sequence {x,} is a D;-Cauchy sequence. Since (X, D;) is a
Dy-complete extended rectangular b-metric space, we deduce
that {x, } converges to some v € X. We claim that v is a fixed
point of T. Note that there exists an integer N such that
xy =Vv. Due to Case 2, T"x#v for all n>N. Similarly,
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T"x # Tv for all n> N. Hence, we are in Case 1, so v is a
fixed point of T.

Also, there exists an integer N such that TNx = Tw. Again,
necessarily, T"x#v and T"x+# Tv for all n>N. Thus, T
v =v. Therefore, we may assume that for all n, we have
x,€{v, Tv}.

Dy (v, Tv) <C(v, TV, X, X111 ) [Dy (Vs %,,)
+ Dy (%5 X1) + Dy (%41, TV)]
<Dp(v, TV, X, X1 )
“ [De(vsx,) + Dy (%, Xp41) + Dy (T, TV)]
<C(v, TV, x,, X,41)
. [Dc(v, %,) + Dy (X, X111 ) +0D¢ (x,,, v)] )

(13)

Now, taking the limit as n — oo, we deduce that D;
(v, Tv) =0; that is, Tv=v and v is a fixed point of T as
desired.

Finally, to show uniqueness assume, there exist two fixed
points of T say v and y such that v # u. By the contractive
property of T, we have

Dy(vs ) = Dy(Tv, Tp) < 8D (v, ) < D(vs ), (14)

which leads us to a contradiction. Thus, T has a unique fixed
point as required.

Theorem 7. Let(X, D;)be a complete extended rectangular b

-metric space and T a self-mapping on X satisfying the follow-
ing condition; for alla, b € X, there exists 0 < 8 < 1/2 such that

Also, if
Sup lim C(xn’xn+1’xn+2’ xm) < 1/6’ (16)
m>1 n—00

and for allu, v € X, we have

lim ¢(u, v, x,, %) < 15 (17)
n—00

then, T has a unique fixed point in X.
Proof. Let x, € X and define the sequence {x,} as follows:
x, = Txgy Xy = Ty = Txy, -+, x, = Tx,_; = T"xy, ---. (18)
First of all, note that for all n> 1, we have
Dy (%, X41) < 8Dy (%15 X,) + Dy (%, %141 )]
= (1= k)D¢ (% Xp41) < 0p(X,0-1 %) (19)

:>'1)Z(x;1"xi1+l)S 1 D{<xn—1’xn)'

-6

Since 0 < § < 1/2, one can easily deduce that 0 < /(1 - )
< 1. So, let y=8/(1 - 8). Hence,

D((xn’xnﬂ) SHDC(xn—l’xn) (20)
<UD (X0 X) < 0 < Dy (X, %y).

Therefore,
D¢ (%, %1) — 0 asn— oo. (21)
Also, for all n > 1, we have

D((xn’ xn+2) <é [D((xn—l’ xn) + D((xnﬂ’ xn+2)] . (22)

Thus, by using the fact that Dy (x,,, x,,,;) — 0asn — oo,
we deduce that

Dy (%, Xpyp) — 0 asn — oo. (23)

Now, similar to the proof of Cases 1 and 2 of Theorem 6, we
deduce that the sequence {x, } is a D;-Cauchy sequence. Since
(X, D) is a D;-complete extended rectangular b-metric space,
we conclude that {x,} converges to some v € X. Using the
argument in the proof of Theorem 6, we may assume that for
all n > 1, we have x, €{v, Tv}. Thus,

D((v, Tv) <C(v, TV, X, X, )
. [D((v, x,) + De(x,, x
<L TV % %,00)
. [D((v, x,) + D((xn,xnﬂ) + D((Txn, Tv)]
<L TV % %)
. [D((v, X)) + Dy (% X)) + SD((x”, Tx,) + 8D{(v, Tv)}.
(24)

)+ D((x Tv)]

n+l n+1>

Taking the limit of the above inequalities, we get
D(v, Tv) < [0+0+0+8D; (v, Tv)] < Dg(v, Tv).  (25)

Thus, D; (v, Tv) = 0 which implies that Tv = v, and hence,
v is a fixed point of T. Finally, to show uniqueness, assume
there exist two fixed points of T say v and p such that v # .
By the contractive property of T, we have

Dy (v, ) = D (Tv, Tu) < 8D¢ (v, pt) < Dy (v, ), (26)

which leads us to a contradiction. Thus, T has a unique fixed
point as required.

4. Application

In closing, we present the following application for our
results.



Theorem 8. For any natural numberk > 3, the equation
s+ 1= (k"= 1) +xs, (27)
has a unique real solution.

Proof. First of all, note that if |s| > 1, Equation (3.1) does not
have a solution. So, let X = [~1,1], and for all 5,7 € X, let D,
(s;r)=|s—r| and {(s,r,u,v) =max {s,r,u, v} + 2. It is not
difficult to see that (X,D;) is a D;-complete controlled
rectangular b-metric space. Now, let

s“+1

Ts= TS (28)

Notice that since x > 2, we can deduce that ¥* > 6. Thus,

sC+1 r“+1
De(Ts, Tr) = ’(K‘l N R P
- s (29)
(e = 1)s* + 1) (1 = 1)r* + 1)
[s=r| |s-r] 1
< K4 < 6 = gD((S, 1’).
Hence,
1
D((TS, Tr) < (SD((S, T"), 8 = g . (30)

On the other hand, notice that for all s, € X, we have

(31)

3

Thus,

2 1
sup im {(s;, $;115 Si125 S,) = = <2<6= . (32)

n>1 1—00 8

Finally, note that T satisfies all the hypothesis of Theorem
6. Therefore, T has a unique fixed point in X, which implies
that Equation (3.1) has a unique real solution as desired.

Example 2. The following equation
'+ 1.=999999995'°! + 100000000s, (33)

has a unique real solution.

Proof. The proof is a direct consequence of Theorem 6, by
taking x = 100.

5. Conclusion

In closing, we would like to bring to the readers’ attention to
the following open questions:
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Question 1. Let (X, D;) be a controlled rectangular b-metric

space and T a self-mapping on X. Also, assume that for all
distinct s, r, Ts, Tr € X, there exists 6 € (0, 1) such that

D¢(Ts, Tr) <8 (s, 1, Ts, Tr)Dy(s, 7). (34)

What are the other hypotheses we should add so that T
has a unique fixed point in the whole space X?

Question 2. Let (X, D;) be a controlled rectangular b-metric
space and T a self-mapping on X. Also, assume that for all
distinct s, r, Ts, Tr € X, there exists 6 € (0, 1) such that

Dy(Ts, Tr) <{(s,r, Ts, Tr)[Dy(s, Ts) + D(r, Tr)].  (35)

What are the other hypotheses we should add so that T has a
unique fixed point in the whole space X?
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