Hindawi

Advances in Mathematical Physics
Volume 2020, Article ID 8057294, 12 pages
https://doi.org/10.1155/2020/8057294

Research Article

Hindawi

Pinning Synchronization of Nonlinearly Coupled Complex
Dynamical Networks on Time Scales

1,2

Fang-Di Kong

ICollege of Electrical and Information Engineering, Lanzhou University of Technology, Lanzhou 730050, China
Department of Applied Mathematics, Lanzhou University of Technology, Lanzhou 730050, China

Correspondence should be addressed to Fang-Di Kong; kongfd@lut.edu.cn

Received 19 December 2019; Accepted 21 May 2020; Published 8 July 2020

Academic Editor: Soheil Salahshour

Copyright © 2020 Fang-Di Kong. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we study the synchronization problem for nonlinearly coupled complex dynamical networks on time scales. To
achieve synchronization for nonlinearly coupled complex dynamical networks on time scales, a pinning control strategy is
designed. Some pinning synchronization criteria are established for nonlinearly coupled complex dynamical networks on time
scales, which guarantee the whole network can be pinned to some desired state. The model investigated in this paper generalizes
the continuous-time and discrete-time nonlinearly coupled complex dynamical networks to a unique and general framework.

Moreover, two numerical examples are given for illustration and verification of the obtained results.

1. Introduction

Complex networks are an important part of our daily life
and in nature, due to many systems in the real world which
can be modeled by complex dynamical networks, such as
the Internet, World Wide Web, and food webs [1]. There
have been a lot of researches on complex networks and
neural networks (see, for example, [2-8] and references
therein). Synchronization of complex dynamical network
has been a hot topic in the past decades [9-16]. When con-
sidering synchronization problem of complex dynamical
network, the controlled synchronization problem of com-
plex dynamical network is significant. In recent years, the
pinning synchronization of complex dynamical networks,
which means the network to achieve desired synchroniza-
tion by applying control to a small fraction of network
nodes, has become a topic of great interest; see [17-34]. In
particular, Liu and Chen [16] investigated the global syn-
chronization for nonlinearly coupled complex networks.
Further, they investigated pinning synchronization for
continuous-time nonlinearly coupled networks; see [32].
In [33], a pinning control scheme was developed for
continuous-time nonlinearly coupled complex dynamical
network, while the results were extended to discrete-time

case. In [34], the synchronization of continuous-time
dynamical networks with nonlinearly coupling function
was considered.

In real life, the time domains do not always match the
known continuous-time intervals or discrete integer time
domains. From practical point of view, it is important to
study complex dynamic networks on general time domains.
This is the starting point of the present investigation.
Recently, synchronization of complex dynamical networks
on time scales has attracted considerable attention [35-43],
which contains not only synchronization of continuous-
time and discrete-time complex dynamical networks but also
some continuous-time intervals accompanying some discrete
moments.

Motivated by the aforementioned discussions, the syn-
chronization of nonlinearly coupled complex dynamical net-
works on time scales by applying pinning control scheme will
be investigated. The objective in this paper is driving the
whole network to some desired state by pinning control strat-
egy. By investigating pinning controlled networks on time
scales, some sufficient conditions are presented to guarantee
the realization of pinning synchronization for nonlinearly
coupled complex dynamical networks on time scales. The
main contributions of this paper are listed as follows:


https://orcid.org/0000-0002-4180-4158
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/8057294

(i) The model investigated in this paper generalizes the
continuous-time and discrete-time nonlinearly
coupled complex dynamical networks to a unique
and general framework. Therefore, the obtained
results include continuous-time and discrete-time
nonlinearly coupled complex dynamical networks
as special cases. Moreover, the model investigated
in this paper is more general. Our results can be
applied to investigate pinning synchronization of
nonlinearly coupled complex dynamical networks
on a mixed time domain

(ii) Linearly coupled complex dynamical networks on
time scale are included as a special case of the present
work

The rest of this paper is organized as follows. Some foun-
dational knowledge about time scales and some notations
and supporting lemmas are simply outlined in Section 2. In
Section 3, the pinning synchronization problem of nonli-
nearly coupled complex dynamical networks on time scales
is formulated. In Section 4, the main theorems and some cor-
ollaries are established. In Section 5, two numerical examples
are given to verify the effectiveness of our results. Finally,
conclusions are provided in Section 6.

2. Preliminaries

In this section, we will present some foundational knowledge
about time scales and some notations and lemmas which are
needed later.

2.1. Foundational Knowledge on Time Scales. Throughout
this paper, N, Z, and R denote the sets of positive integers,
integers, and real numbers, respectively. A time scale is
defined as a nonempty closed subset of R and denoted by T.

Definition 1 (see [44, 45]). Let t € T. Define the forward jump
operator 0 : T— T by o(¢) =inf {r € T : 7> t}, while the
backward jump operator p: T— T is defined by p(t) =
sup {T €T : < t}. In this definition, we put inf@ =sup T
and sup@ = inf T, where & denotes the empty set. If o(¢) >
t, we say that ¢ is right-scattered, while if p(¢) < ¢, we say that
t is left-scattered. Also, if t <sup T and o(t) =t, then ¢ is
called right-dense, and if ¢t>inf T and p(t) =¢, then t is
called left-dense. The graininess function g : T — [0, +00)
is defined by u(t) =0 (t) — t. The set T* is derived from the
time scale T as follows: if T has a left-scattered maximum
m, then T* =T \ {m}. Otherwise, T*="T.

Definition 2 (see [44]). Let f : T — R. Define the function
f7:T—Rbyf7(t)=f(o(t)) for all teT,ie, f"=fo0.

Definition 3 (see [44, 45]). Assume that f : T—> Rand t €
T*, then f is called A-differentiable at the point ¢ if there
exists 0 € R such that for any given £ > 0, there is an open
neighborhood U of the point t such that

7(6) - f(5) - 6o (t) - 9)| <elo(t) -5, seU. (1)
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In this case, 0 is called the A-derivative of f at the point

t and we denote it by 6 = f*(t). Moreover, we say that f is
A-differentiable (or in short: differentiable) on T* provided
fA(t) exists for all t€T* The function f4:T*— R is
called the A-derivative of f on T*. If FA(t) =f(t), t e T¥,
then for any a, b € T, the integral is defined as follows:

b
j F(8)At=F(b) - F(a). 2)

Remark 4. If T=R, then f(t) = f(t), fA(t)=f'(t) is the
usual derivative, and fl;f(t)At = fif(t)dt is the usual inte-
gral. If T=27, then f°(¢t)=f(t+1) is the forward shift,
FA(t) = Af(t) = f(t +1) — f(¢t) is the usual forward differ-
ence and fo(t)At =Yl () (a < b).

Lemma 5 (see [44, 45]). If f, g : T — R are differentiable at
t € T, then

(F9)" (1) =f4(1)g(t) + £ (1)g" (1) = F (1) (1) + (1) 9" (8).
(3)

Lemma 6 (see [44, 45]). If f : T — R is differentiable at t

€T, then f7(t) = £(1) + u(D)f(1).

Definition 7 (see [44, 45]). A function f : T — R is called rd
-continuous provided it is continuous at right-dense points
in T and its left-sided limits exist (finite) at left-dense points
in T. The set of these functions is denoted by C,;(T ; R).

Definition 8 (see [44, 45]). Wesay that a functionp : T— R
is regressive (positive regressive) provided
L+u(t)p(t)#0 (1+p(t)p(t)>0), for all teT* (4)

holds. The set of all regressive (positive regressive) and rd
-continuous functions is denoted by Z(T; R)(Z#*(T; R)).

Definition 9 (see [44]). If p € R(T; R), then we define the
exponential function by

ey(t,s) = exp <Jt£y(r)(P(T))AT>’ for all s,teT, (5)

N

where the cylinder transformation &, (z) is defined by

1
—Log(1+zh), h>0,

()= o8 (©)
z, h=0,

where Log is the principal logarithm function.

Lemma 10 (see [44]). Let ty €T, y,f€C,y(T;R) and p e
R (T;R). Then,

YA <p(t)y(t) + f(t), forallteT (7)
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implies

t

ME) < (e, (b 1) + j 6,(t (1) (1)Ar,

ty

forallteT.
(8)

Lemma 11 (see [43]). For fixed ty €T, if p<0 and p e R*
(T5R), then e,(t,t)) — 0 as t — +oo, teT.

Let A be an m x n-matrix-valued function on T. We say
that A is differentiable on T provided each entry of A is differ-
entiable on T. In this case, we put A%(t) = (a%(t))

ij
where A = (a;(t))

. . b
I<i<m,I<j<n

Igism,Isjsn’

Lemma 12 (see [44]). If a matrix-valued function A is differ-
entiable at t € T%, then A?(t) = A(t) + u(t)A(t).

Lemma 13 (see [44]). Suppose that A and B are differentiable
n x n-matrix-valued functions on T. Then,

(1) (A+B)*=A%+B*
(2) (aA)” = «A®, where « is a constant

(3) (AB)* = A®B + A°B® = AB* + A%B’

2.2. Notations and Supporting Lemmas. For each interval [ of
R, INT is denoted by I;. R” denotes the n-dimensional
Euclidean space with the Euclidean norm ||-|. R™" denotes
the set of all m x n real matrices. Let Iy € RV be the N-
dimensional identity matrix, diag (d;,d,, -+, dy) indicate
the diagonal matrix with diagonal entries d, to dy, AT be
the transpose of matrix A, and A,;,(-) and A, (-) represent
the minimum eigenvalue and the maximum eigenvalue of a
real symmetric matrix. For a symmetric matrix P € R™",
write P>0 (P<0, P>0,andP <0, respectively) if P is pos-
itive definite (negative definite, positive semidefinite, and
negative semidefinite, respectively). For square matrices A
and B, the notation A > B (A < B) means that A — Bis a pos-
itive semidefinite (negative semidefinite) matrix. The symbol
® denotes the Kronecker product.

Lemma 14 (see [46]). For matrices A, B, C, and D with appro-
priate dimensions, we have the following properties:

(1) («A) ® B=A® (aB) = a(A ® B), where a is a constant
(2) (A+B)®@C=A®C+B&C

(3) (AeB) =AT®B"

(4) If A and B are symmetric, then A ® B is symmetric

(5) For square matrices A and B, every eigenvalue of A ® B
arises as a product of eigenvalues of A and B

Lemma 15 (see [47]). Let U:(ocl-]-)

T T T\T _
(x1, x5, - x5) ", where x; = (x;;, X;, -+

nxn —
NN MeR™", x=

x;,)  €R" and y =

T T .
oyl yk)', where y,= (i, Vi - ¥in) €R™ (i=1,2,
-+,N). If U= UT, and each row sum of U is zero, then

xT(U®M)}/:_ Z (Xij(xi—xj)TM(yi_)’j)~ (9)

1<i<j<N

Lemma 16 (see [26]. Suppose A = (aij)NxN is a real sym-
in which a;>0 (j#i)
and a; = —Zjl\il)#iaij, nonzero matrix D = diag (d,, d,, -+-, dy)
satisfies d; >0 (1<i<N). Let B= A — D. Then, all the eigen-
values of B are less than 0.

metric and irreducible matrix,

Lemma 17 (see [48]). If A, B € R™" are symmetric, x € R™,
x # 0 (m-dimensional zero vector) and 0< a, b € R, then

(1) AX is symmetric for ke N
(2) A is positive definite &—A is negative definite

(3) A is positive definite & there exists a positive definite
matrix C € R™" such that A = CC, that is, C is a real
square root of A

(4) Ay (A) <xTAx/xTx <A, (A)
(5) Apax(aA +bB) <ald, (A) +bA . (B)

(6) if A is the eigenvalue of A, then A* is the eigenvalue of
AM keN

3. Problem Formulations

Throughout the rest of the paper, let T be a time scale with
0eT and sup T=+co. In this section, the nonlinearly
coupled complex dynamical network on the time scale T will
be introduced.

In general, the dynamic for each isolated (uncoupled)
node of the dynamical network can be described as

sA(t)=f(s(t),  te[0,+00), (10)
where s(t) = (s, (£), 5,(£), -+ 5, (t))" € R”, s is the A-deriva-
tive of s on [0,+00)y, f : R" — R” is continuous and of
such a nature that existence and uniqueness of solutions to
dynamic equation (10) subject to s(0) =s, (s, € R") as well
as their dependence on initial values is guaranteed.

Suppose that the dynamical network consists of N identi-
cal nodes, with each node being an n-dimensional dynamical
system. Then, the nonlinearly coupled dynamical network
can be described by

X (1) =f(xi(1)) +¢ ) gyh(x;(), 1€ [0, +00),
j=1
i=1,2,--,N, (11)

where x,() = (x;, (), x5 (), -+ x;, (£)) T € R is the state vec-
tor of the ith node at time f; the constant ¢ > 0 represents the



coupling strength of network; the nonlinearly coupled func-
tion h: R" — R" is continuous, which satisfies standard
assumptions on existence and uniqueness of solutions to
dynamic equation (11) subject to x(0) =x, (x, € R") as well
as their dependence on initial values; the coupling configura-
. . _ NxN .

tion matrix G= (gij) € R™ represents the topological
structure of the complex network and is defined as follows:
if there exists a connection between the node i and the
node j (i # j), then g,; = g; = 1; otherwise, g;; = g;; =0, and

9i = _Z?]:l,j#igij = _ij\il,j#igji’ i=1,2,---,N. Suppose that
network (11) is connected in the sense of having no isolated
clusters, which means that the coupling configuration matrix
G is irreducible.

Suppose that s(¢) is a solution of the uncoupled system
(10). In order to synchronize the network (11) to the objec-
tive state s(¢), we will design a pinning control scheme, if
the network (11) cannot synchronize to the objective state s
(t) without control. Without loss of generality, we add the
controllers to the first [ nodes. Hence, we have the pinning-
controlled network as follows:

XA(t) = f(x;(1)) + cZgijh(xj(t)) +u(t), te0,+00)y,
j=1

i=1,2,--N (12)
with the feedback controllers given by

ui(t) = —cd;(h(x;(1)) = h(s(t))),
(13)

where d;=d>0, (i=1,2,---,1), d;,=0, (i=1+1,1+2,--
,N). Define the matrix: D = diag (d;, d,, ---, dj, .-+, dy).

Definition 18 (see [30]). The network (12) is said to be syn-
chronized by pinning control, if

lim [1x,(£) ()| =,

t—00

i=1,2,---N. (14)

We get the following error dynamical network by letting
z;(t) =x;(t) —s(t) eR" (i=1,2,--,N):

2(6) = F(xi(1) = F(s(6) + € 3 g5 (R (x,()) = h(s(1)))
Jj=1
= cdi(h(x(1)) = h(s(1))),

t€[0,+00),i=1,2,,N.

(15)

It follows from Lemma 16 that the symmetric matrix
G - D is negative definite, and so the maximal eigenvalue
Amax (G — D) < 0. From Lemma 17((1)-(3)), it is easy to prove

max
that the matrix (G — D)* is symmetric positive definite.

t€[0,+00)pi=1,2,-+, N,
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4. Pinning Synchronization Criteria for
Nonlinearly Coupled Complex Dynamical
Networks on Time Scales

In order to derive the synchronization criteria for the
pinning-controlled network (12), we make the following
assumptions:

(A1) (see [18]). The function f : R* — R" is assumed
to satisfy Lipschitz condition, that is, there exists a constant
I, > 0 such that

()~ £)]| <1 [lx ~ ¥ holds forany x,y € R". ~ (16)

(A2) (see [9, 21, 49]). There exists a constant [, >0,
such that

(x=2)"(h(x) = h(y)) 2 (x - )" (x~y), foranyx,yeR".

(17)

(A3). There exists a constant matrix K € R™", such that

(F(0) = f ()" (h(x) = h(y)) = (x =) K(x = ),
foranyx, y e R". (18)

(A4) (see [18]). The function h : R" — R" is assumed
to satisfy Lipschitz condition, that is, there exists a constant
I; >0 such that

||h(x) = h(y)| < L5]jx - y| holds forany x,y e R". ~ (19)

We have the following theorems and corollaries, which
give some sufficient conditions to guarantee synchroniza-
tion of the network (12) by pinning control.

Theorem 19. Suppose that assumptions (A1), (A2), (A3), and
(A4) hold. If there exists 0 : T— R with 6 € " (T ; R) and
tlim eg(t, 0) = 0 such that the following condition is satisfied:

2L,y +2cL[(G= D) ® L] + p(t) [1i,n
+2¢((G=D) @ K) + LA o ((G— D))y <6(1)1 x5
t € [0, +00)
(20)

then, the network (12) is synchronized by pinning control.

Proof. Consider the Lyapunov function V(t) = YN 27 ()
z;(t), t € [0, +00). By Lemmas 5, 6, 12, and 13, calculating
the A-derivative of V(¢) along the trajectories of the error
dynamical network (15), one has
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=1

Z{lez OIS (i(8)) = F ()

+ 2c;gijz? (1) (h(x;(8)) = h(s()))
- 2cdiziT(t)(h(xi(t)) -h(s(1)))

C(f() = £(s(0))" (r(x;(1)) = h(s(2)))
= cd;(f (x,(t)) = F(s(1))) " (h(x,(1)) = h(s(2)))

(21)

By assumption (Al), the following inequalities can be
obtained:

Zzl llz; ()2 + V, (£) + V,(t)
Zl2||z I + V() + V() (22)

+ V(1) + Vg(t) + Vo (£) + V(1) |5
where V,(£) =2¢Y, 3, 92! (1) (h(x;(1)) = h(s(1))), V(1)
=-2c3 diz] (1) (h(x,(1) = h(s(t))), V5(t) =2e3 1, 3 E, g,
(fxi(8) = fF(s(0) (h(x;() = h(s(t))),  Vy(t) = =231 d,
(f(x(1)) = F(s(8) " (h(x,(E)) = h(s(£))), V5(t) = YN (23
gi(h(x;(t)) - h(s(1))" V(T3 (h(x;() = h(s(£)))V(t) =



6

gy 1d<271g,1<h< (1)) = h(s(1))))" (h(x,(t
V(1) =23 dy(h(xi (1)) ~ h(s(1)) " (XY, g, (h(x;(1)

j
(s(1)))), and Vg(t) =3, d7 (h(x()) = h(s(1))" (h(x,
—h(s(t)))-

We introduce the notations

N
=
|
=
—~
“
PN
~
=
=

By assumption (A2) and Lemma 15, we have

M=
[\/]z

Vi(t)=2c) ) 2 (t)g;(h(x;(t)) — h(s(t)))

(GelL,)H(z(t))
=-2c Y g,(z(t) ~ (1) [(h(x (1)) - h(s(1))

1<i<j<N

i

Il
—_
-

Il
—

=2z (t

=

= (h(x;(1) = h(s(1)))]
=-2¢ Y gy(x() ~x;(1) " [h(xi() = h(x;(1))]

1<i<j<N

<=2y Y g(xi(t) —x5(0) " (xi(t) — x,(t))

1<i<j<N

==2dy ), g5(=(0)-5(1)" (2(1) - (1))

1<i<js<N

=2cLz" (£)(G®1,)z(t)).
(24)

By assumption (A2), we get

=2 Y gy(f(u() £ (x00)) " (h(x(6) = h(x(1)))

1<i<j<N
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<-2c Z gij(xi(t)_

1<i<j<N

=-2 Z gij<Zi(t))_z t

1<i<j<N
=2cz"(t)(G® K)z(t). (26)

By assumption (A3), we get

Vi(t) = —ZCZ di(f (xi()) = £(s(1))" (h(x;(1)) = h(s(2)))

N
<-2c Z dzl (H)Kz

i=1

i(t) = =227 (1) (D® K)z(t).

By calculating, one has

(28)

Hence, by Lemmas 14((1), (2), (4), (5)) and 17 (4) and
assumption (A4), we have

Vs(t) + V(1) + V(t) + V(1)

=’H'(2(t))[(G* - GD- DG+ D*) ® I,))| H(z(t))
=cH" (z(t)) ((G-D)*®I,)H(z(t))
<l (G- D)Z) (Z(t))H(Z(f))
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N
:Cz max Z

i=1

Znh (s(t))|?

2l2

max Z ”Z

(29)

In view of (22), (24), (25), (26), (27), (29), and Lemma
14((1), (2)), one can get

VA(t) < 21,27 (£)z(t) + 2L 2" (1)[(G - D) ® I, ]2(¢)
+u(t){2" (t)z(t) + 2¢2" (1) [(G - D) ® K]z(t)
+ B ((G-D)*)2" (1)z(1)}
=z'(t){2l 1,5 +2cL[(G-D)® 1,
+u(t)[R1,y +2¢((G- D) ®K)
+ LA ((G = D)) L} 2(0).

(30)
From (20), we have
VA() <O(t)V (L), te[0,+00). (31)
By Lemma 10, it implies that
V(t)<V(0)ey(t,0), te€0,+00)y. (32)

Since 0 € Z*(T;R) and }i‘},’oeﬂ(t’ 0)=0, V(t) — 0 as

t — 00. Thus, the network (12) is synchronized by pinning
control.

Theorem 20. Let u(t) < y* for all t € T. Suppose that assump-
tions (A1), (A2), (A3), and (A4) hold. Then, the network (12)
is synchronized by pinning control, if there exists a constant
a < 0 with a € Z*(T; R) such that

21,y +2c,[(G-D)®
+ CZZZ max((

L] +u" [BLy +2¢((G-D)®K)
- DY) Ly] <al,y
(33)

holds.

Proof. Lemma 11 yields hme L(1,0) =

Zi:lzi (t)zi(t)» te

0. Choose the Lyapu-

nov function V(t) = [0, +00). Note that

The rest proof of the theorem is analogy with the proof of
Theorem 19.

Theorem 21. Let u(t) < u* for all t € T. Suppose that assump-
tions (A1), (A2), (A3), and (A4) hold, and K is symmetric in
assumption (A3). Then, the network (12) is synchronized by

pinning control, if A=A, (21,15 +2cL,[(G-D)®I,] +p*|
Bl +2c((G-D)®K) + 2EA,. ((G-D)*),y]) <0 and A
€ Z"(T;R).

Proof. Choose the Lyapunov function V(£) = YN,z ()z,(t),
t €0, +00)y. Taking into account the inequality (34), by
analogy with the proof of Theorem 19, one has

VA <2 (){2L 1,y +2cL[(G-D) ® 1] + u* [F1,y
+2¢((G=D) ® K) + 1A ((G— D)) L] }2(1).
(35)

Hence, by Lemma 17(4), the following estimate holds:

VA(t) < Aoy (2L 1y + 2cL[(G-D) ® 1] + u* L1,y
+2¢((G-D) @ K) + LA (G- D)*)Ly))z" (1)z(t)
=2z"(t)z(t) = AV (t), te€[0,+00);.

(36)

By Lemma 10, we have V(t)<V(0)e(t,0), te

[0, +00)¢. Since A <0 and A€ Z"(T;R), it follows from

Lemma 11 that tlim e)(t,0) =0. Therefore, V(f) — 0 as t
—00

— 00. This completes the proof.

Corollary 22. Let u(t) < y* for all t € T. Suppose that assump-
tions (A1), (A2), (A3), and (A4) hold, and K is symmetric

in assumption (A3). If inequality 21, + 2cl,A,.,.(G— D) +
uH B+ 2cA,, (G- D) ® K) + B, (G- D)) < 0 holds,
and 21, + 2\, (G~ D)+ pu* [+ 2cA,,,,((G-D) ® K) +
B ((G=D)*)] € B*(T;R), then the network (12) is
synchromzed by pinning control.

Proof. By Lemmas 14((4), (5)) and 17((5)) and Theorem 21, it
is not hard to see the result holds when y* >0 and u* =0.

Next, let us consider the particular case when the func-
tion h(x) is linear: h(x) = I'x, where I' € R™". The network
(11) can be written as

1)+ g;lx(0),
j=1

i=1,2,--N. (37)

€ [0, +00),



We write the network (12) as the following

(38)

where u;(t) = —cd,I'(x;(t) —s(t)), te€[0,+00)y, d;=d>0,
(i=1,2,--,1), d,=0, (i=1+1,1+2,--,N), and s(¢) is a
solution of system: s*(¢) = f(s(t)), t€ [0, +00);. Meanwhile,
the assumption (A3) can be described as

(A3'). There exists a constant matrix K € R™", such that

(x=») T (f(x) - f (7))

v 39
> (x-y)'K(x-y), )

forany x,yeR".

Corollary 23. Let u(t) <p* for all t € T and I' be symmetric

positive definite. Suppose that assumptions (A1) and (A3')
hold. The network (38) is synchronized by pinning control if
there exists a constant <0 with f€ R*(T;R) such that
the following inequality is satisfied:

211,y + 2cA iy (D)[(G - D) ® L] + p* [51,y + 2¢((G - D) ® K)

+ & (Aas (1) Apyax (G = D)) L] < Bl
(40)

Proof. Since I' is symmetric positive definite, one has 0 <
Ain (). By Lemma 17(3), I'? is also symmetric positive def-
inite. From Lemma 17((4), (6)), it is easy to see that

(x=)"T(x=7) = dn(D)(x =) (x=y), foranyx,yeR",

10 =)l S Ay (D) =3]l, foranyx,y € R".

(41)

That is, assumptions (A2) and (A4) hold, where [, =
Amin(I) and I; = A, (I'). Now, the result follows from The-
orem 20, immediately.

By Theorem 21 and Corollary 23, we have the following
corollary.

Corollary 24. Let u(t) <p* for all t € T and I' be symmetric
positive definite. Suppose that assumptions (A1) and (A3')
hold, and K is symmetric in assumption (A3'). The network
(38) is synchronized by pinning control if y = A, (21,I,N + 2
A (M) [(G-D) &I+ [B1, +2¢((G-D) ®K) +
(Amax(I) A (G = DY) ,y]) < 0 and y € & (T R).

Obviously, the research of synchronization problem for
nonlinearly coupled complex dynamical networks on time
scales is more general. It contains continuous-time and
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discrete-time nonlinearly coupled complex dynamical net-
works. In addition, it contains linearly coupled complex
dynamical networks on time scales.

Remark 25. According to the previous works [12, 26, 31, 35,
39, 40], the synchronization problem of complex dynamical
networks with delay on time scales by pinning control strat-
egy can be investigated, but there are some challenges for the
effects of time delays and the various forms of time scales.

5. Numerical Examples

In this section, two numerical examples are given to verify
the theoretical results established above.

Example 1. Consider 2-dimensional nonlinearly coupled

complete network with ten nodes on time scale T, which is
described by

XA(t) = f(x;(8)) + cZgijh(xj(t)), t €[0,+00) s
j=1

i=1,2,---,10,

(42)

where T=J;2 [k, k+0.7], ke NU{0}, in this case the
graininess function of T is given by

0, t ook,k 0.7),
u(t) = ¢ Ukkror) (43)

0.3, t=k+0.7,

x;(t) = (xn(t)’xiz(t))T’ (i=1,2,---,10), flxi(2) =
(fi (xil(t))>f2(xi2(t)>)T with fj(xij(t)) =0.01[tanh (xij(t)) +
x;i(0)], (j=1,2), h(x;(t)) = (hy (1 (1)), hy(x,(1)))" with h;
(x;;(t)) =0.01 tanh (x;;(t)) +0.1x;(t), (j=1,2), ¢=0.2, and
the corresponding matrix G is
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Note that each isolated node of network (42) is a 2-
dimensional nonlinear system described by

A
s1 (1)
At

55 (1)

z; (©)

zi; (1)

_4 T T T T T
0 10 20 30 40 50 60
t
FIGURE 1: Error z;; and z;, of the system (42) without control.
4
‘\.i'__‘.
_4 T T T T T
0 10 20 30 40 50 60
t
_4 T T T T T
0 10 20 30 40 50 60
t

FIGURE 2: Synchronization error z;, and z;, of the system (42).

It is not difficult to obtain that f(-) and h(-) satisfy
assumptions (Al), (A2), (A3), and (A4) with [, =0.02, , =
0.1, ; =0.11, and constant matrix

<0.001 0 )

K= ' (46)
0 0.001

(O'Ol[tanh ) +Sl(t>]) t € [0, +00)

_ i ,+00)

0.01[tanh (s,(t)) + s,(¢)]

The objective here is to synchronize the network (42)
to the solution s=0 (2-dimensional zero vector) of (45)
(45) by pinning control. From Figure 1, we see the complex
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FIGURE 4: Synchronization error z;, and z;, of the system (47).

dynamical network (42) without control cannot reach syn-
chronization with s=0. Now, we apply pinning control to
the network (42) with matrix D =diag (3,3,3,3,3,3,3,0,
0,0). By calculations, all conditions of Theorem 21 are
tulfilled. Then by Theorem 21, the network (42) can achieve
synchronization under the above pinning control strategy.
Figure 2 also shows that the synchronization is realized.

Example 2. Consider 2-dimensional nonlinearly star-shaped
network with five nodes on time scale T, which is
described by

xiA(t) =f<xi(t)) + C];gijh(xj(t))’ (47)

te|o, +oo)T,i: 1,2,---,5,

where T=0.1Z; in this case, the graininess function is
u(t) =01, x;(t) = (x;,(£), X (6) s (i=1,2,+,5), f(x,(1))
= (filxa(1)), fz(xiz(t)))Th with f;(x;(1)) = O.El [tanhd<xij
)+ x.(t),(1=1,2), x:(t)) = I'x;(t) with I =dia
EO).S)S,O.gg)?}c (:] 0.6, an)d the(ctl)irz:)spondiil(g)matrix Gis :
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(48)
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Note that each isolated node of network (47) is a 2-
dimensional nonlinear system described by

s st (t)
55 (t)
<0.01[tanh (5,(£)) + 5, (£)]

= ) t €[0, +00) .
0.01[tanh (s,(¢)) +5,(¢)]

(49)

I' be symmetric positive definite. It is not difficult to

obtain that assumptions (Al) and (A3') are satisfied with
[, =0.02 and constant matrix

_[0.0005 0
K= . (50)
0  0.0005

The objective here is to synchronize the network (47) to
the solution s=0 (2-dimensional zero vector) of (49) by
pinning control. From Figure 3, we see the complex
dynamical network (47) without control cannot reach syn-
chronization with s=0. Now, we apply pinning control to
the network (47) with matrix D = diag (2.5,2.5,2.5,2.5,0).
By calculations, all conditions of Corollary 24 are fulfilled.
By Corollary 24, the network (47) can achieve synchroniza-
tion under the above pinning control strategy. Figure 4 also
shows that the synchronization is realized.

6. Conclusions

In this paper, we have investigated the synchronization prob-
lem of nonlinearly coupled complex dynamical networks on
time scales by pinning control strategy. Some pinning syn-
chronization criteria have been established which guarantee
that the nonlinearly coupled complex dynamical networks
on time scales can be pinned to some desired state. Two
numerical examples have been given to verify the effective-
ness of the obtained results.
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