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Degenerate dense plasmas are of great interest due to their important applications in modern technology and astrophysics. Such 
plasmas have generated a lot of interest in the last decade owing to their importance in many areas of physics such as semiconductors, 
metals, microelectronics,carbon nanotubes, quantum dots, and quantum wells.Besides, degenerate plasmas present very interesting 
features for fusion burning waves’ ignition and propagation. In this paper, we investigated the effects of static magnetic field on 
energy states and degeneracy of electrons in dense plasma. Using perturbation theory, two cases are considered, strongly and weakly 
magnetized electrons. Strong magnetic field will not eliminate completely the degeneracy, but it functions to reduce degeneracy. 
Perturbed energy eigenvalues Δ�퐸 are calculated to high accuracy. Besides, regardless of whether the perturbed state is degenerate or 
not, the energy Δ�퐸 is given by considering the average of orbital and spin coupling �푊� = ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆  with respect to the eigenfunction 
Ψ�푛,�푙,�푚,�푚�

. Here �㨀→�퐿  is the angular momentum vector, 
�㨀→�푆  is the spin vector of electrons, and ℵ(�푟) is the energy of spin orbit coupling 

in plasma, which plays a crucial role in the study of energy states and degeneracy of plasma electrons.

1. Introduction

When the plasma density is increased sufficiently, quantum 
effects become very interesting. �is includes degeneracy 
effects, which becomes important when �푇 << �푇�, � is the 
plasma temperature, �푇� = �퐸�/�푘� is the Fermi temperature, 
defined in Fermi energy as �퐸�퐹 = (ℏ2/2�푚)(3�휋2�푛0)

2/3
, �� is 

Boltzmann’s constant, ℏ is the reduced Planck constant. In this 
model, particle dispersive effects tend to be important for short 
scale-lengths (comparable to the characteristic de-Broglie 
length) when ℏ�휔�/�푘��푇� ≈ 1, �� is the plasma frequency. In 
quantum kinetic theory, these effects can be well modeled 
using the perturbation theory.

In plasmas, in order to further improve these models, the 
electron spin is taken into account, which introduces a mag-
netic dipole force, spin precession, and spin magnetization 
currents into the picture [1–4].

In fact, there has been an increasing interest in plasmas of 
low-temperature and high densities, where quantum proper-
ties tend to be important [5–8]. Promising applications include 
quantum wells [9], spintronics [10], and plasmonics [11]. 
Quantum plasma effects can also be of interest in experiments 

with solid density targets [12]. Important classifications of 
dense plasmas include whether they are strongly or weakly 
coupled, and whether they are degenerate or nondegenerate 
[1]. Several works [5, 13–15] have applied quantum plasma 
effects, for example, in X-ray �omson scattering in high 
energy density plasmas provide experimental techniques for 
accessing narrow bandwidth spectral lines [2], so as to detect 
frequency shi�s due to quantum effects [13], and the next 
generation intense laser-solid density plasma interaction 
experiments [14].

Besides, quantum or degenerate plasmas are of great inter-
est due to their important applications in modern technology 
and astrophysics. Such plasmas have generated a lot of interest 
in the last decade owing to their importance in many areas of 
physics such as semiconductors, metals, microelectronics [16] 
carbon nanotubes, quantum dots, and quantum wells [17–19]. 
Degenerate plasmas also play an important role in dense astro-
physical objects like plasmas in the interior of stars and neu-
tron stars [20]. �e effect of trapping in a degenerate 
investigated in a plasma comprises degenerate electrons and 
nondegenerate ions in the presence of a quantizing magnetic 
field [4].
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�e usual perturbative treatment of magnetic effects like 
Zeeman splitting of atomic energy levels in a strong field 
regime does not apply in such a situation, but instead, the 
Coulomb forces act as a perturbation to the magnetic forces.

Owing to the extreme confinement of electrons in the 
transverse direction, the Coulomb force becomes much more 
effective in binding the electrons along the magnetic field 
direction [21]. As is well known, electron gas magnetization 
in a weak magnetic field has two independent parts; (i) para-
magnetic, and (ii) the diamagnetic parts. �e intrinsic or spin 
magnetic moment of electrons gives rise to Pauli paramag-
netism. �e diamagnetic part is due to the fact that the orbital 
motion of electrons becomes quantized in a magnetic field.

As a fact, the field of quantum plasma physics is becoming 
of an increasing current interest [22–25], motivated by its 
potential applications in modern technology (e.g., metallic 
and semiconductor nanostructures-such as metallic nanopar-
ticles, metal clusters, thin metal films, spintronics, nanotubes, 
quantum well and quantum dots, nano-plasmonic devices, 
quantum X-ray free-electron lasers, etc.). In dense quantum 
plasmas and in the Fermi gas of metals, the number densities 
of degenerate electrons are extremely high so that their wave 
functions overlap, and therefore electrons obey the Fermi-
Dirac statistics. �e Fermi degenerate dense plasma may also 
arise when a pellet of hydrogen is compressed to many times 
the solid density in the fast ignition scenario for inertial con-
finement fusion (ICF) [26, 27].

Our work is of high current interest in experiments and 
theory-experiment comparisons are becoming possible, e.g., 
via �omson scattering using free electron lasers, e.g., [5]. �e 
increasing accuracy of these experiments will be a driving 
force for theory developments in the near future.

In the present work, we limit ourselves to considering only 
weakly coupled degenerate plasmas, where effects of ion vis-
cosity are not considered because as ion viscosities can nor-
mally be neglected as long as the wave period is much larger 
than the time scale of the ion correlations and the damping 
rate due to the viscosities is much smaller than the work fre-
quency of the wave [28].

We investigated the effects of static magnetic field on 
energy states and degeneracy of electrons in dense plasma. 
Using perturbation theory, two cases are considered, strongly 
and weakly magnetized electrons. Perturbed energy eigenval-
ues Δ�퐸 are calculated to high accuracy. �e energy of spin orbit 
coupling in plasma, which plays a crucial role in the study of 
energy states of plasma electrons, is also calculated.

2. Basic Set of Equations

In degenerate plasmas, physical parameters like density, mag-
netic field, and temperature vary over a wide range of values. 
For example, the degenerate electron number density may 
exceed the solid matter density by many orders of magnitude 
in white dwarfs, neutron stars, and in the next generation of 
inertially compressed materials in intense laser-solid target 
interaction experiments.

�e theory presented here is of most interest for systems 
where at least one of the parameters ℏ�휔�푝/�푚�푐2 or �휇�퐵/�푚�푐2 is 

not too small. Examples include e.g., laser-plasma interac-
tions, solid state plasmas, and strongly magnetized 
systems.

�e following parameters may be used for experimental 
applications. �e number density and the magnetic field have 
the values of the order of 1026 cm−3 and 1010�, respectively [4]. 
�ese numbers used to calculate the Fermi energy and the 
Fermi temperature as �푇�퐹 = 9.14108 × 108 K and have taken the 
electron temperature �푇 << �푇� [29].

We assume electrons in plasmas to be of a quantum 
medium of many body system. Such an assumption is due to 
the fact that the solutions obtained have characteristic sizes of 
atomic order.

Let us assume that we have a magnetic field �㨀→�퐵  applied to 
unperturbed quantum plasma system with Hamiltonian given 
by:

where, �㨀→� - the angular momentum vector, 
�㨀→� - the spin vector 

of electrons, and ℵ(�푟)—the energy of spin orbit coupling in 
plasmas, which has an essential role in the study of energy 
levels of plasma electrons. �푉(�푟) is a type of potential in the 
system.

In the presence of a magnetic field, we have to introduce 
to (1) both (i) ��� as the interaction energy between the orbital 
magnetic moment �㨀→�  of the electrons and the magnetic 
induction,

and (ii) ��� as the interaction energy between the spin mag-
netic moment �㨀→� � and the magnetic induction,

For simplicity, let us consider a static magnetic field directed 
to �-direction (�㨀→� = �㨀→� ��).

�e total Hamiltonian (1) for spinning electrons reads:

where, �푊� = ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆 , �푊� = (1/2)�㨀→�휔 �� ⋅ (
�㨀→�퐿 + 2�㨀→�푆 ), �휔�� = (�푒�퐵/�푚) 

is the electron cyclotron frequency, and �퐻0 = (�푃2/2�푚) + �푉(�푟).
�� and �� are now considered as two perturbed terms, 

and let us now determine the energy levels of the eigenvalue 
equation for the Hamiltonian (4) using perturbation theory 
by considering and specify the relative values between �� and 
��.

Two cases will be considered, i.e., (i) strongly magnetized 
electrons �� >> ��, and (ii) weakly magnetized electrons 
�� << ��.

3. Strongly Magnetized Plasma

If the magnetic field �㨀→�  is very strong such that �� >> ��, it 
is justifiable to consider only �� as a perturbed quantity, and 
the unperturbed Hamiltonian reads:

(1)�퐻 ≡ �푃2

2�푚 + �푉(�푟) + ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆 ,

(2)�푊�� = −�㨀→�휇 ⋅ �㨀→�퐵 , �㨀→�휇 = − �푒
2�푚

�㨀→�퐿 ,

(3)�푊�� = −�㨀→�휇 � ⋅
�㨀→�퐵 , �㨀→�휇 = − �푒

�푚
�㨀→�푆 .

(4)�퐻 ≡ �퐻0 +�푊�푆 +�푊�퐵,
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It is easy to check that the operators �퐻0, �퐿2, �푆2, �퐿�푧, and �� are 
all commutes with the unperturbed Hamiltonian (5), and 
hence the eigenfunction corresponding to (5) may be repre-
sented as Ψ�푛,�푙,�푚,�푚�

.
Accordingly, Schrodinger equation may have the form:

where,

is the eigenvalue of the unperturbed Hamiltonian �01.
For values �푚� = −(1/2); � and �푚� = (1/2); �푚 − 2, then 

�푚 + 2�푚� = �푚 − 1 for both cases and we have degeneracy of 
order two. For fixed states �푛 = 2; �푙 = 1, we have six possible 
states corresponding to �푚 = (−1, 0, 1); �푚� = (−(1/2), (1/2)). 
�ese six states define six possible different eigenfunctions, 
two of them are degenerate, and the rest are nondegenerate as 
indicated in Table 1.

From (7), it is clear that, using strong magnetic field—to 
confine the plasma—will not eliminate completely the degen-
eracy but it functioning to reduce the degeneracy.

Let us consider now the perturbation theory to calculate 
the electron energy levels in plasmas, it will be very important 
to know if the state under investigation is degenerate or not. 
�is is because calculation methodology is different for both 
cases.

�e perturbed energy eigenvalues of the four nondegen-
erate states is given by

For degenerate states, let us make use of the above case.
Let �푚1 = �푚; �푚2 = �푚 − 2 and �푠1 = −(1/2); �푠2 = (1/2) and 

assume the degenerate states

Besides, we define

For the degenerate case, the perturbation theory requires the 
vanishing of the determinant of the unperturbed Hamiltonian 
��, which represents a matrix formed of the different eigen 

(5)�퐻01 ≡ �퐻0 +
1
2�휔�푐�푒(�퐿�푧 + 2�푆�푧).

(6)�퐻01Ψ�푛,�푙,�푚,�푚�
≡ �퐸0

�푛�푙�푚�푚�
Ψ�푛,�푙,�푚,�푚�

,

(7)�퐸0
�푛�푙�푚�푚�

= �퐸0
�푛�푙 +

ℏ
2�휔�푐�푒(�푚 + 2�푚�푠),

(8)Δ�퐸 = ⟨Ψ�푛,�푙,�푚,�푚�

�����푊�푠
����Ψ�푛,�푙,�푚,�푚�

⟩.

(9)Ψ1 = Ψ�푛,�푙,�푚1 ,�푚�푠1
,

(10)Ψ2 = Ψ�푛,�푙,�푚2 ,�푚�푠2
.

(11)�퐸�푖�푗 = ⟨Ψ�푛,�푙,�푚� ,�푚��

�儨�儨�儨�儨�푊�푠
�儨�儨�儨�儨Ψ�푛,�푙,�푚� ,�푚��

⟩, �푖, �푗 = 1, 2.

functions of the unperturbed terms corresponding to same 
energy, i.e.,

Relation (11) determines the possible values of Δ�퐸 for degen-
erate state. �e functions used are eigenfunctions for ��, i.e., 
�� has the eigenfunctions

Accordingly, the off-diagnoal terms of (11) vanish due to the 
orthognality of the wave functions, i.e.,

or

Relation (13) shows that perturbation theory in the presence 
of strong magnetic field (�푊� >> �푊�) has eliminated the 
plasma electron’s degeneracy. Besides, whenever the perturbed 
state is degenerate or not; Δ�퐸 is given by the average value of 
�푊� = ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆  in the state Ψ�푛,�푙,�푚,�푚�

.
It is clear from above that the perturbation theory, the 

presence of external magnetic field, has succeeded to eliminate 
completely the degeneracy, i.e., only one eigenfunction Ψ� for 
each eigenvalue (Δ�퐸)�. Besides, regardless the perturbed state 
is degenerate or not, the energy Δ�퐸 is given by considering the 
average of �푊� = ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆  with respect to the eigenfunction 
Ψ�푛,�푙,�푚,�푚�

.
From (13) it is easy to evaluate (Δ�퐸)1,2 as

where,

Now, the perturbed energy of (14) should be added to (7), i.e.,

which shows the complete nondegeneracy of the final state 
due the third term on right hand side of (16).

4. Weakly Magnetized Plasma

In this case the electron spin orbit coupling �� is assumed to 
be much greater than ��, �� << �� and the perturbed 
Hamiltonian reads:

while the unperturbed Hamiltoninan reads:

(12)[ �11 − Δ�퐸 �퐸12
�퐸21 �퐸22 − Δ�퐸 ] = 0.

(13)Ψ1 ⇒ Ψ�푙−(1/2),

(14)Ψ2 ⇒ Ψ�푙+(1/2).

(15)(Δ�퐸)1 = ⟨Ψ1
�儨�儨�儨�儨�푊�푠

�儨�儨�儨�儨Ψ1⟩,

(16)(Δ�퐸)2 = ⟨Ψ2
�儨�儨�儨�儨�푊�푠

�儨�儨�儨�儨Ψ2⟩.

(17)(Δ�퐸)1,2 = �푚(1,2)�푚�푠(1,2)ℏ2ℵ�푛�푙(�푟),

(18)ℵ�푛�푙(�푟) = ⟨Ψ�푛,�푙,�푚(1,2) ,�푚�푠(1,2)
|ℵ(�푟)|Ψ�푛,�푙,�푚(1,2) ,�푚�푠(1,2)

⟩.

(19)�퐸�푛�푙�푚�푚�
= �퐸0

�푛�푙 +
ℏ
2�휔�푐�푒(�푚 + 2�푚�푠) +�푚�푚�푠ℏ2ℵ�푛�푙(�푟),

(20)�퐻 ≡ 1
2�휔��(�퐿� + 2�푆�),

(21)�퐻 ≡ �퐻0 +ℵ(�푟)�㨀→�퐿 ⋅ �㨀→�푆 .

Table 1: Degenerate, and nondegenerate electron states in magnet-
ized plasma.

1 �퐸0
211(1/2) = �퐸0

21 + ℏ�휔�푐�푒 4 �퐸0
211(1/2) = �퐸0

21

2 �퐸0
210(1/2) = �퐸0

21 +
ℏ
2�휔�푐�푒

5 �퐸0
210(1/2) = �퐸0

21 −
ℏ
2�휔�푐�푒

3 �퐸0
21

−
1 (1/2)

= �퐸0
21 6 �퐸0

21
−
1 (1/2) = �퐸0

21 − ℏ�휔�푐�푒



Advances in Mathematical Physics4

where, � is the well known electron Lande’s factor or the spec-
troscopic factor (lies between 1 and 2), which measures the 
plasma electrons energy levels. �, plays a crucial role in degen-
erate plasmas when considering fusion burning waves’ ignition 
and propagation.

However, the outcome of fusion burning waves in nonde-
generate plasmas is limited by the strength of ion-electron 
Coulomb collisions and subsequent energy loss mechanisms 
as electron heat conduction and radiation emission 
(Bremsstrahlung).

Relation (26) is in agreement with (37) as per [30].
It is clear that the shi� in energy levels Δ�퐸 depends on 

the quantum number ��, which removes the degeneracy as 
mentioned before. Δ�퐸 Also strongly depend on the Lande’s 
factor �, hence the quantum numbers of the plasma electron 
states.

For instants, let us consider the following two cases, i.e.,

�erefore, in the presence of weak magnetic field �� << �� 
we have the following energy states:

In case of neglecting electron spin, (
⇀
�푆 = 0), the interaction 

Hamiltonian is reduced to ≈ (1/2)�㨀→�휔 �� ⋅
⇀
�퐿  and finally the 

plasma electron’s energy � is reduced to,

5. Results and Conclusions

In this work, we have investigated the effects of static magnetic 
field on the energy states and degeneracy of electrons in quan-
tized dense plasma. Using perturbation theory, two cases are 
considered, strongly and weakly magnetized electrons. 
Perturbed energy eigenvalues Δ�퐸are calculated analytically to 
high accuracy in both cases. Let us summarize major results 
obtained in this work:

5.1. In Strong Magnetic Field

(i)	� �e eigenvalues of the unperturbed Hamiltonian  
�01, relation (7). Strong magnetic field will not elim-
inate completely the degeneracy but it functioning 
to reduce it.

(ii)	� Six states define six possible different eigenfunctions, 
two of them are degenerate, and the rest are nonde-
generate as indicated in Table 1.

(iii)	� �e perturbed energy eigenvalues of the four non-
degenerate states is given by (13), (14).

(30)

�푗 = (�푙 − 1
2) ⇒ �퐺 = 2�푙

2�푙 + 1 , �푗 = (�푙 + 1
2) ⇒ �퐺 = 2(�푙 + 1)

2�푙 + 1 .

(31)�퐸 = �퐸0
�푛�푙 +

ℏ
2�휔�푐�푒�푚�푗

2�푙
2�푙 + 1 − ℏ(�푙 + 1)ℵ�푛�푙(�푟) for �푗 = (�푙 − 1

2),

(32)�퐸 = �퐸0
�푛�푙 +

ℏ
2�휔�푐�푒�푚�푗

2(�푙 + 1)
2�푙 + 1 + ℏ�푙ℵ�푛�푙(�푟) for �푗 = (�푙 + 1

2).

(33)�퐸 = �퐸0
�푛�푙 +

ℏ
2�휔�푐�푒�푚�푗.

From Pauli’s spin theory, which has the same Hamiltonian 
(18), the constants of motion are �퐻, �퐿2, �푆2, �퐽2, �퐽�푧 and the eigen-
functions and eigenvalues of (18) will have the form:

Both eigenvalues in (20) has degeneracy of order (2�푗 + 1), and 
since the operators ��.

Commutes with the Hamiltonian, therefore, the allowed 
eigenvalues of �� in the state function Ψ�����

 will have the same 
energy given by (20). Besides, �� commutes with �퐻0,�푊�퐵,�푊�푠 
and therefore the perturbation matrix which determines the 
perturbed energy Δ�퐸 will be diagonal in this case also. 
Accordingly, the vanishing its elements yields:

It is clear that the appearance of first term on the right hand 
side of (21), (1/2)�휔��ℏ�푚�, is due to the external static magnetic 
field, functioning to remove completely the degeneracy.

To calculate ⟨Ψ�����

�����푆�
����Ψ�����

⟩, we note that Ψ�����
 is not 

an eigenfunction for �� or��. �erefore, we can use the follow-
ing mathematical rule:

where, �㨀→�  is an arbitrary operator, � any additional quantum 
number, and �������⟩ is an eigenket of the operators that �2 and 
��.

Taking the �-component of �㨀→�  as ��, then

Set the scatter product 
�㨀→�푆 ⋅ �㨀→�퐽 = (1/2)(�퐽2 + �푆2 − �퐿2) into (23), 

we get

Set (24) into (21) we obtain Δ�퐸 the shi� in energy levels as:

(22)Ψ = Ψ�����
,

(23)�퐸�푛�푙�푗�푚�
⇒

�퐸0
�푛�푙 + (�푙 + 1)ℏ2ℵ�푛�푙(�푟), �푗 = �푙 + 1

2 ,

�퐸0
�푛�푙 − (�푙 + 1)ℏ2ℵ�푛�푙(�푟), �푗 = �푙 − 1

2 .

(24)

Δ�퐸 = 1
2�휔��⟨Ψ�����

�儨�儨�儨�儨�퐿� + 2�푆�
�儨�儨�儨�儨Ψ�����

⟩ = 1
2�휔��⟨Ψ�����

�儨�儨�儨�儨�퐽� + �푆�
�儨�儨�儨�儨Ψ�����

⟩

= 1
2�휔��[ℏ�푚� + ⟨Ψ�����

�儨�儨�儨�儨�푆�
�儨�儨�儨�儨Ψ�����

⟩].

(25)

⟨�훾�퐽�푀
�儨�儨�儨�儨�儨�儨
�㨀→�퐴
�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩ = ⟨�훾�퐽�푀

�儨�儨�儨�儨�儨�儨
�㨀→�퐽
�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩ ⋅

⟨�훾�퐽�푀
�儨�儨�儨�儨�儨�儨
�㨀→�퐴 ⋅ �㨀→�퐽

�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩

⟨�훾�퐽�푀
�儨�儨�儨�儨�儨�儨
�㨀→�퐽 2�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩

,

(26)

⟨�훾�퐽�푀�儨�儨�儨�儨�푆�푧
�儨�儨�儨�儨�훾�퐽�푀⟩ = ⟨�훾�퐽�푀�儨�儨�儨�儨�퐽�푧

�儨�儨�儨�儨�훾�퐽�푀⟩ ⋅
⟨�훾�퐽�푀

�儨�儨�儨�儨�儨�儨
�㨀→�푆 ⋅ �㨀→�퐽

�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩

⟨�훾�퐽�푀
�儨�儨�儨�儨�儨�儨
�㨀→�퐽 2�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩

=
�푚�푗

�푗(�푗 + 1)ℏ⟨�훾�퐽�푀
�儨�儨�儨�儨�儨�儨
�㨀→�푆 ⋅ �㨀→�퐽

�儨�儨�儨�儨�儨�儨�훾�퐽�푀⟩⋅

(27)⟨�훾�퐽�푀�儨�儨�儨�儨�푆�
�儨�儨�儨�儨�훾�퐽�푀⟩ = �푚�ℏ

�푗(�푗 + 1) + �푠(�푠 + 1) − �푙(�푙 + 1)
2�푗(�푗 + 1) .

(28)Δ�퐸 = ℏ
2�휔���푚��퐺,

(29)�퐺 = 1 + �푗(�푗 + 1) + �푠(�푠 + 1) − �푙(�푙 + 1)
2�푗(�푗 + 1) ,
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By using the results presented here, a unified treatment of 
the Zeeman effect becomes possible over the entire range of 
magnetic fields presently employed in e.g., fusion plasma, 
where the influence of the Zeeman effect on the plasma tem-
perature measurements has been demonstrated to be signifi-
cant in many cases.

Authors are very interested to investigate, in due course, 
the application of their methods to

(i)	� A relativistic dense plasma immersed in oscillating 
inhomogeneous magnetic field.

(ii)	� �e plasma degeneracy in the presence of an electric 
field.
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