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In this paper, we introduce a new type of labeling of a graph G with p vertices and g edges called edge 5— graceful labeling, for any
positive integer &, as a bijective mapping f of the edge set E(G) into the set {9, 26, 38,---,q0} such that the induced mapping
7 :V(G) —{0,8,28,30,+,98 - 8}, given by f*(u) = (¥,ep(c).f (#v)) mod (6k), where k= max (p, ), is an injective function.
We prove the existence of an edge §— graceful labeling, for any positive integer 8, for some cycle-related graphs like the wheel graph,

alternate triangular cycle, double wheel graph W

n,n>

the prism graph IT,, the prism of the wheel P(W,), the gear graph G, the

closed helm CH,, the butterfly graph B,, and the friendship Fr,,.

1. Introduction

The graphs considered here will be finite, undirected, and sim-
ple where V(G) and E(G) will denote the vertex set and edge
set of a graph G, respectively, p = |V(G)| and g = |[E(G)|.

A labeling of a graph is a mapping that carries graph
elements (edges or vertices, or both) to positive integers,
subject to certain constraints. A labeling of a graph is called
edge labeling if the domain of the mapping is the edge set.
Graph labeling methods are used for application problems
in a communication network addressing system, for fasting
communication in sensor networks, and for designing fault-
tolerant systems with facility graphs, in coding theory for
the design of good radar type codes, and can also be used
for issues in mobile ad hoc networks [1-3].

In the early 1960s, the idea of graph labelings was intro-
duced by Rosa in [4]. Following this paper, different tech-
niques have been studied in graph labelings. One such
graph labeling technique is the edge graceful labeling intro-
duced by Lo [5]. In 1985 as a bijective, f from the set of edges
to the set {1,2, -+, q} such that the induced map f* from V
(G) to {0,1,2,+,p~1} given by f* () = (Syper(cf (w¥))
mod (p) is a bijective. The graph that admits a graceful label-
ing is called a graceful graph.

Solairaju and Chithra [6] in 2009 introduced a labeling of
G called edge odd graceful labeling, which is a bijection f
from the set of edges E(G) to the set {1,3,---,2q— 1} such
that the induced map f* from V(G) to {0,1,2,---,2g -1}
given by f*(u) = (¥ ,er(c)f(#v)) mod (2q) is an injective.
For many results on this type of labeling, see [7-10].

Recently, a new type of labeling is introduced by Elson-
baty and Daoud [11] called edge even graceful labeling,
which is a bijective f from the set of edges E(G) to the
set {2,4,---,2q} such that the induced map f* from V(G)
to {0.2,4,,2k~2} given by [ ()= (Typericf ()
mod (2k) where k=max (p,q) is an injective. Several
results have been published on edge even graceful labeling,
see [12-15]. For a detailed survey on graph labeling, refer
to a dynamic survey of graph labeling [16].

Now, we introduce a generalization of the edge grace-
ful labeling to edge 8- graceful labeling for any positive
integer .

Definition 1. An edge — graceful labeling of a graph G =
(V(G), E(G)), with p=|V(G)| vertices and g = |E(G)| edges,
for any positive integer 6, is a bijective mapping f of the edge
set E(G) into the set {8, 28, 36,--,g0} such that the induced
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FIGURE 1: A graph with edge 5— graceful labeling and an edge 4— graceful labeling of another graph.

mapping f*: V(G) - {0,6,26,36,---,q0 — 8}, given by
£ () = (Tnes(cyf (4)) mod (8K), where k=max (p. ). is
an injective function. The graph that admits an edge 8-
graceful labeling is called an edge 0— graceful graph.

Note that, if § = 2, we have the edge even labeling; also, if
d =3, we have the edge triple labeling and so on. The odd
cycle C, whose vertices v, v, --+, v,, and edges (v;v,,,) where
i=1,2,-,nis an edge 06— graceful graph if and only if n is
odd. Labeling the edges, respectively, by &, 26,36, ---, né
yields the labels 6, 38, 56, -+-, 0326, 49, -+-, (n — 1)d on verti-
ces, respectively. In Figure 1, we present an edge 5— graceful
labeling of a graph and an edge 4- graceful labeling of
another graph.

2. Edge 6— Graceful Labeling of the Wheel
Graph W,

Theorem 2. For any positive integer 8, the wheel graph W,
n> 3 is an edge 6— graceful graph.

Proof. Let {vgy, vy, v,, -+, v, } be the vertices of W,, with hub
vertex v,, and the edges of W, will be {v,v;,v,v;,;,i=1,2,
=+, n}. So, p|V(W,)|=n+1 and q= |E(W,,)| =2n. There
are three cases:

Case 1. n=0(mod 4), or n=1(mod 4).
We define the labeling function f : E(
-+,2nd} as follows:

flvov)) =i, forie{l,2,3,---,n-1},

f(VIV ) (1’1+1)8 f( i z+1) (1)
=82n—-i+1),forie{1,2,3,---,n—1}.

W,) — {8,20,34,

Then, the induced vertex labels are

frv)=8(n+2), f(v)
=68[2n - i+ 3] mod (2nd),i=2, -, n.

Hence, the labels of the vertices v,, v3, vy, -+, v,_1, v, Will
be 8,0,8(2n—1),--,8(n+4),8(n+3), respectively, which
are all a multiple of § and distinct numbers.

i=1

0) = lif(vov ) mod (2n0) = i

] mod (2n8)
. (3)
= [E (n* + n)} mod (2n9).

(i) f n=0(mod 4) = n=4r = §q=2nd = 8rJ, then

f*(vo) = [876 +2r8] mod (8r8) = (2r8) mod (8r) = (?)

(4)
(i) If n=1(mod 4), then f*(v,) =nd

Case 2. n=2(mod 4). Define the labeling function f as
follows:

fvv,)=nd, f(vyvy,)=id forie{1,2,3,---,n—-1},
fvovi) = (n+1)8,  f(vov;)
=8(2n—i+2),forie{1,2,3,--,n—1}.
(5)
Then, the induced vertex labels are f*(v,) =28 and f*

(v;) =[6(i+ 1)] mod (2nd),i € {2, 3, ---, n}. Hence, the labels
of the vertices v,,v;, -+, v, 1, v, will be 38,46,---,6n,8
(n+1), respectively.
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n

f(vo)= | flvov >] mod (2n8)

i=1

I
D=

(n6 + 18)1 mod (2n0) (6)

Il
—

NN

(3n2 + n)} mod (2n9).

(i) If n=2(mod 4) = n=4r+2 = 8q=2nd =8r6 + 45,
then

f*(vo) = [24r°6 +26r8 + 78] mod (8r + 4)6

= (610 + 38) mod (878 + 45) = <3§S> @)

Case 3. n=3(mod 4). Define the labeling function f as fol-
lows:

fvov)) =26, f(vyv;)=08(n—i+3),forie{2,3,--,n},
fnv,) =0, f(vivie,) =08(n+i),forie{1,2,3,---,n—1}.
(®)
Then, the induced vertex labels are f*(v,) =36, f*(v,)

=46, and f*(v;)=[0(n+i+2)] mod (2nd), i=3,4,---,n
Hence, the labels of the vertices v;,v,, -+, v,_;, v, will be
8(n+5),8(n+6),--,08,28, respectively.

n+1

fr(vo) = Zf("ovi)] mod (2n8)

= [nd+ i(i&)] mod (2nd) ©)

i=1

NS

(n2 + 3n)} mod (2n9).

(i) If n=3(mod 4) = n=4r+3 = 8q=2n8 =8r6 + 65,
then

£ (vo) = [18r%6 + 188 + 98] mod (878 + 66)

10
= (4r6 + 36) mod (870 + 68) = nd (10)

It is clear that, in all cases, for all i€ {1,2,3,---,n}, the
labels of the vertices v; are all distinct, multiple of §, and
different from f*(v,) which complete the proof.

It should be noted that W, is not an edge §— graceful
graph because for any bijective function f : E(W;) — {6, 26

-, 60}, there is no injective induced function f* that satis-
ﬁed the requirements

Hllustration 1. In Figure 2, we present W, with edge 5-
graceful labeling, W, with edge 3— graceful labeling, W,
with edge 4 graceful labeling, and W5 with edge 6— graceful
labeling, respectively.

3. Edge 6— Graceful Labeling of the Alternate
Triangular Cycle A(C,,,)

Definition 3 (see [16]). An alternate triangular cycle A(C,,) is
obtained from an even cycle C,, = {v;, u;, v, ty, ++, v, U, }
by joining v; and u;, to a new vertex w;. That is, every alternate
edge of a cycle is replaced by C;.

Theorem 4. For any positive integer 8, the alternate triangu-
lar cycle A(C,,) is an edge 5— graceful graph.

Proof. Let the alternate triangular cycle A(C,, ) be given as in
Figure 3 with the edge set will be {vu;, u;, v, ,, v;w,, uw,,
i=1,2,---,n}. The graph A(C,,) has p= 3n and q=4n. We
define the labeling function f : E(A(C,,)) — {9,24,39, -+,

4nd} by

f(viu;) =i,

Fltn) = Gne )8, )
=(4n—-i+1)8,forie{1,2,3, -

forie{1,2,3,---,n},

= 1};

frw)=(2n+2)8,  fvw) (11)
=8(n+1+i),forie{2,3,---,n},
fmw,)=(n+2)8, f(u,w,)=(n+1)5,f(uw,)

=6(2n+1+i),forie{2,3,--,n-1}.

By using the above labeling pattern, the induced vertex
labels will be

frv)=8(n+4), f(v,)
=6§(2n+3)andfori=2,3,--,n-1,
fr i) = [f (viw) + f (vw;) + f (u;1v;)] mod (4n8)
=[0(n+3+1i)] mod (4n9),
fH(w)=8(n+3), [ (u,)
=§(n+2)andfori=2,3,---,n—-1,
S () = [f (vig) + f (uw;) + f (v,1)] mod (4n8)
=[0(2n +2 +i)] mod (4nd),
ff(w)=63n+4), f"(w,)=0803n+2),
fH(w;) =[6(3n+2+2i)] mod (4nd), i=2,3,--,n—1.
(12)
Hence, the labels of the vertices v,, v5, -, v,_; will be

8(n+5),8(n+6),---,8(2n+2), respectively, the labels of
the vertices u,, us, -+, u,_1, 4, will be §(2n+4),8(2n+5),

--,0(3n + 1), respectively, and the labels of the vertices w,,
wy, -+, w,_; will be 8(3n+6),8(3n+8), -+, On, respectively.
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FIGURE 2: W5 with edge 5— graceful labeling, W, with edge 3— graceful labeling, W, with edge 4— graceful labeling, and W5 with edge 6—

graceful labeling.

Hence, there are no repeated vertex labels which complete
the proof.

Illustration 2. In Figure 4, we present an alternate triangular
cycle A(C,4) with an edge 4— graceful labeling.

4. Edge 6— Graceful Labeling of the Double
Wheel Graph W,

Theorem 5. For any positive integer §, the double wheel graph
W, is an edge §— graceful graph.

Proof. The double wheel graph W, , consists of two cycles
of n vertices connected to common hub. Let {v;,v,, -,
v,} be the vertices of one wheel and {u,u,, -, u,} be
the vertices of other wheel with hub vertex v,; the edges of
W, will be {vyv, vivi, 1, vou, with;,,,i=1,2, -+, n}. So, p =
|V(W,,)|=2n+1 and gq=|E(W,,)|=4n, see Figure 5.
There are two cases:

Case 1. When n is even. We define the labeling function
f+EW,,)—{6,26,36,,4nd} as follows:

flvovy) = 2n+0)8,  f(vou;)
=(3n+i)d,forie{1,2,3,---,n},

fv,)=nd,  f(viviyy)
=id,forie {1,2,3,---,n—1},

fugu,)=2n8,  f(uu;,)
=(n+i)d,forie{1,2,3,--,n—1}.

(13)

Then, the induced vertex labels are

frn)=08(3n+2), f(v)

=[6(2n+3i~-1)] mod (2nd),i=2,---, n,

i) =6@2n+2), f"(u)
O[n+3i-1] mod (4n6),i=2, -, n.
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FIGURE 3: An alternate triangular cycle A(C,,) with edge ordinary
labeling.

Hence, the labels of the vertices v,,vs,:-,v, are
8(2n+5),8(2n+8),---,8(n—4),8(n—1), respectively, and
the labels of the vertices u,, us, -+, u, 1, u, are 8(n+5),0
(n+8),--+,0(4n—4),8(4n - 1), respectively.

fr(vo) = | LU (vovi) +f(VoVi))] mod (4n0)

(218 + SnS)] mod (4n3) (15)
= [5n°6 + n(n+1)6] mod (4nd)
= [8(6n” +n)] mod (4nd).

Since n=0(mod 2) = n=2r = 8q=4nd = 874, then

f*(vo) = [24r°6 + 2r8] mod (8r0) (16)
=2rd mod (8r6) = nd.

Case 2. If n is odd number, define the labeling function f
as follows:

JF(vovi) =
fvv,) =

i, f(vow;) =

(21’!+1)6 f( i 1+1)
3n-i+1)0,forie{1,2,3,---,n-1},

= (
f( ) (37’1 + 1)8 f( i 1+1)
=(4n—-i+1)d,forie{1,2,3, -

(n+i)d,forie{1,2,3,---,n},

shn—1}

5
Then, the induced vertex labels are
) =08(n+2), f*(v)
=[8(2n—i+3)] mod (4nd),i=2,---, n,
[6( ) (4nd) (18)
() =26, f"(u;)
=[0(n—i+3)] mod (4nd),i=2,---, n.
Hence, the labels of the vertices v, vs, -+, v,_1, v, will

be 8(2n+1),8(2n),---,8(n+4),8(n+3), respectively, and
the labels of the vertices u,, uy, -+, u,_ 1, u, are (n+1)8,n
d, -++, 48, 30, respectively.

™=

[ (vo) = [ (f(vovi) + £ (vov i))‘| mod (4n9)

Il
—_

M:

[ (i8 + (n +1) )] mod (4n0d) (19)

[n26 +n(n+1) ] mod (4nd)
[8(211 +n)| mod (4nd).

Clearly, the vertex labels are all distinct, multiple of §, and
different from f*(v,). Thus, the double wheel graph is an edge
&— graceful graph for any positive integer 6.

Illustration 3. In Figure 6, we present Wy, with edge 4-
graceful labeling and W, ,, with edge 5— graceful labeling.

5. Edge 6— Graceful Labeling of the Prism
Graph I],

Theorem 6. For any positive integer 8, the prism graph IT, is
an edge 6— graceful graph.

Proof. Let {vy, vy, V5, =+, v, } be the vertices of C, and C| =
{1y, ty, uy, -+, u, } be a copy of C,. The prism I, is defined
by joining each v; of C, to the corresponding vertex u; of C,
for all i€ {1,2,3,--,n}; edges of W, will be {v;v;,;, v, u;, u;
U, 1,i=1,2,--,n}. Thus, an n-prism graph has p = 2n verti-
ces and g = 3n edges.
Let the vertex and edge symbols be given as in Figure 7.

Define the labeling mapping f : E(I1,) — {4, 28,35,:--,

3nd} by
f(VIV ) f’l6 f( i 1+1)
=id,forie{1,2,3,---,n—-1},
f( ) 37’18 f( i z+1) (20)
=8(2n+1i),forie{l,2,3,---,n—1},
fnu) =08(n+1),  f(viu;)

=8(2n+2—i),forie{2,3,---,n}.
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FIGURE 4: An alternate triangular cycle A(C¢) with an edge 4—
graceful labeling.

F1GURE 5: The double wheel graph W with ordinary labeling

So the induced vertex labels will be

frv)=8(2n+2), f*(v)
=68(2n+1+1i) mod (3nd),forie {2,3,---,n},
ff(u)=26, f"(u;)=6(i+1),forie{2,3,---,n}.
(21)
Hence, the labels of the vertices v, vs, -+, v,_;, v, will

be 8 (2n+3),6 (2n+4), -,
of the vertices u,, us;, -+-, u,
(n+ 1), respectively.

0, 8, respectively, and the labels
_pu, will be 38,46,--,6n,6

Advances in Mathematical Physics

Overall, the labels of the vertices are all different and
multiplies of §. Thus, the prism graph IT, is an edge &—
graceful graph for any positive integer 6.

Hllustration 4. In Figure 8, we present IT,, with edge 7— grace-
ful labeling.

6. Edge 6— Graceful Labeling of the Prism of the
Wheel P(W,)

Definition 7 (see [3]). For n >3, let {v,, v;, v,, -+, v, } be the
vertices of W, with hub vertex vy and W/ = {ug, uy, ty, -+, 1, }
be a copy of W,. Define Prism(W,,), called the prism of W,
by P(W,) =K, x W, i.e., joining v, of W, to the correspond-
ing vertex u, of W/ and each v; of W, to the corresponding
vertex u; of W for all i € {1,2,3, ---, n}. Thus, E(P(W,)) =
E(W,)UEW) U {vulie{1,2,3,--,n}}U{vyuy}.

Theorem 8. For any positive integer 8, the prism of the wheel
P(W,) is an edge 6— graceful graph, when n is even.

Proof. The prism of the wheel P(W,) has p =2#n + 2 vertices
and g=5n+1 edges, the edges will be {vyv,, vv,,1, uou;, u;
Ui 1> Villy Vol i=1,2, -, n}. Let the vertex and edge sym-
bols be given as in Figure 9.
We define the labeling function f : E(P(
36, -+, (5n+1)8} by

w,)) — {9,296,

fvoup) =8(5n+1),  f(viu;)
=diforie{1,2,3, -, n},
f(Vl‘V ) :6(}’1 + 1) f(vlvl+1)
=8(2n—i+1)forie{1,2,3,---,n-1},
Fvov) =8(2n+1),  f(vov;) (22)
=8(3n—-i+2)forie{2,3,---,n},
f( ) :8(3’1 + 1) f(utuﬁl)
=8(4n—i+1)forie{1,2,3,--,n-1},
fuguy) =0(4n+1),  f(uou;)
(

O0(5n—i+2)forie{2,3, -, n}.

In view of the above labeling pattern, then the induced
vertex labels are

frn)=28, f'(v)
=[6(2n—-2i+4)] mod [(5n+1)6],i=2,3, -, n,
frwm)=(n+1)8, f"(u)
=[6(3n—-2i+3)| mod [(5n+1)8],i=2,3,--,n
(23)
Hence, the labels of the vertices v, vs, -, v,_;, v, are

2nd,(2n-2)6,--+,698, 40, respectively, and the labels of
the vertices uy, us, --+, u,_;, u, are (3n—1)8,(3n-3)6, -,
(n+5)8, (n+3)0, respectively.
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FIGURE 7: The prism graph I, with ordinary labeling.

FiGure 8: The IT,, with edge 7— graceful labeling.

Hence, there are no repeated vertex labels. Also in this
labeling, we can check that

(@) [f(vov1) +f(vov,)] mod [(5n+1)6]=0
(i) [f(vovy) + f(vyV,_i13)] mod [(5n+1)8] =0, i=3,4,
e (nf2) +1

Then, f*(vy) = [XiLif (Vo) + f (vottg)] mod [(5n + 1)8]
=0, finally

n
i1

I () = [ f(“oui)+f(vouo)] mod [(5n +1)d]

(24)

= E (9n” + n)] mod [(5n+ 1)8].

FIGURE 9: The prism of the wheel P(W,,) with ordinary labeling.

There are three cases:



Case 1. When n=0(mod 10) or n=2(mod 10) or n=8
(mod 10).

(i) fn=0(mod10) =>n=10r=3¢q=
r+1)96, then f~(u,y) =

(5n+1)8 = (50
[450728 + 5r8] mod (507 + 1)

0 = (46r8 + 8) mod (507 + 1)8 = [23n + 5/5]8
(ii) If n=2(mod 10), then f*(u,) = [(18n +4)/5]5
(iii) If n=8 (mod 10), then f*(uy) = [(3n + 1)/5]8

Case 2. When n=4 (mod 10),=2n=10r+4=3¢g=
& =(50r +21) &, then

(5n+1)

I (u) =
= (2616 + 118) mod (507 +21)0 = [

[4507°8 + 36578 + 748] mod (50r +21)8
1
3n+ 3} 5.

(25)

In this case, we have f*(u,) will equal to f*(u;) when
i=(n+6)/5, so we change the labeling of two edges (u,v,)
and (ug(,,q)5) as follows: f(uyv,) =((24n+4)/5)5 and f

(”oV(n+6)/5) 8(5n+1).

Then, f*(vy) = ((24n +4)/5)8, and f* (u(,16)5) = ((14n
+4)/5)6.
Case 3. When n=6 (mod 10),=2n=10r+6=358g=(5n+1)

8 = (507 + 31) §, then

I (up) = [4507°8 + 54578 + 1658 | mod (507 + 31)0
8n + 2] 5 %0

= (1610 + 108) mod (507 + 31)3 = {

In this case, we have f*(u,) will equal to f*(v;) when
i=(n+9)/5, so we change the labeling of two edges (u,v,)

and  (VyV(,.9)5) as follows: f(uyvy)=((14n+1)/5)8 and
f(VOV(n+9)/5) 8(5n+1).

Then, f* (uy) = [(22n+ 3)/5]8, and f*(V(y.9)5) =
6)/5]6.

In all cases, f*(v,) and f* (u,) are not congruent to f*(v;)
nor f*(ui) mod [(5n+1)48],i=1,2,3, -+, n which completes
the proof.

[(19n +

Illustration 5. In Figure 10, we present P(W,) with an edge
3— graceful labeling and P(Wy) with an edge 4— graceful
labeling.

Theorem 9. For any positive integer 8, the prism of the wheel
P(W,) is an edge 8— graceful graph, when n is odd.

Advances in Mathematical Physics

Proof. Let the vertex and edge symbols be given as in Figure 9.
Define the labeling function f by

flvoug) =96, f(viu;))=86(mn+i)forie{1,2,3,---,n},
f( ) 3718 f( i z+1)
=6(2n+i)forie{1,2,3,---,n-1},
f( ) 4718 f( i 1+1)
=0(3n+i)forie{1,2,3,---,n—1},
Jfvovy) =516, f(vv;)
Si ifi=2,3,- L
_ 2
0(4n+i-1) ifi:n;3,---,n,
fugu,) = (5n+1)8,  f(uou;)

+1 _1
(M2 i) ifi=1,2,3, -, 2,
2 2

7n+1 +1
(T i) =0
2 2

wn—1.

(27)

In view of the above labeling pattern, we can check that

) [f (g% + £ (v71e2)] mod [(5n+ 1)8] =0, i=2,3,
S (n+1)/2
(i) [f(uou;) + f(ugu,_;)] mod [(5n+1)8] =0, i=1,2,
(n-1)/2
(iii) [f(voug) +f(vyv;)] mod [(5n+1)8] =0 then, the
induced vertex labels are
F (o) =0, f"(ug) =6,f"(vy) =nd, f"(u,,)
= (51 =2)8, " (V(uu1)n ) = 208,
S(4i-2) ifi=2,3,, ”T”
frv)= n+3
0(4i-n—-4) ifi= 3 S 1, (28)
8(5"_3 +4i> ifiz2,3, "L
()= ’ :
8(”_5 +4i> ifi= "o
2 2

Hence, the labels of the vertices v;, v3, -+, V(1) are 66,
108, ---,2n6 and the labels of the vertices v(,,3),, V(y45)2>
e, v, are (n+2)8, (n+6)5, -+, (3n + 4)J, respectively. Also,
the labels of the vertices u,, us, -+, (), are ((5n+13)/2)
8, ((5n+21)/2)8, -+, ((9n = 7)/2)3, and the labels of the ver-
tiCeS U(yyy1)2> Uinrs)yn " Uy ar€ ((5n=1)/2)8, ((5n+7)/2)
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Ficure 10: P(W) with an edge 3— graceful labeling and P(Wy) with an edge 4— graceful labeling.

8, -+, ((3n—13)/2)9, respectively. There are no repeated ver-
tex labels when 7 =3 (mod 8), i.e., n=38r+3.
Also in this labeling, there are two cases:

Case 1. When n=1 (mod 4), i.e., n=4r+ 1.

In this case, we have ™ (u,) will equal to f*(u;) when
i=(3n+5)/4, so we change the labeling of two edges (u,u;)
and (ugu,) as follows: f(uyu,)=((n+5)/2)8 and f(uyu,)
=((n+3)/2)0.

Then, f*(u,)=((7n+7)/2)8, and f*(u,)=((5n+ 11)/
2)6.

Case 2. When n=7 (mod 8), i.e, n=8r+7.

In this case, we have f* (1,,,),) will equal to f* (v;) when
i=(7n+7)/8, so we change the labeling of two edges
(ot (11)2) and (Ugth(,3),5) as follows: f(”o”(nﬂ)/z) =(4n+
2)6 and f (ug(y3)2) = (41 + 1)0.

Then, f* (”(n+1)/2) =((5n+1)/2)8, and f* (”(n+3)/2) =((5
n+5)/2)0.

Note that P(W5) does not follow this rule; however, it is
an edge 6— graceful graph, as in Figure 11. In all cases, ™ (v;)
and f*(u,) are not congruent to f(v;) nor f*(ui) mod [(5
n+1)68],i=1,2,3,---, n which completes the proof.
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Ficure 12: P(W,) with an edge 5— graceful labeling and P(W,) with an edge 2— graceful labeling.
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F1GURE 13: The gear graph G, with ordinary labeling.

Hllustration 6. In Figure 12, we present P(W,) with an edge 5
— graceful labeling and P(W,) with an edge 2— graceful
labeling.

7. Edge 6— Graceful Labeling of the Gear
Graph G,

Theorem 10. For any positive integer J, the gear graph G, is
an edge 6— graceful graph.

Proof. The gear graph G, is the graph obtained from the
wheel W, by inserting a vertex between any two adjacent ver-
tices in its cycle C,; the gear graph G, has p =2n + 1 vertices
and g = 3n edges. Let the vertices of the wheel be {v,, v,, -+,
v, }, the hub vertex be v, and the new vertices be {u,, u,,--,
u,}, so the edges will be {vyv,, v;u,, uv, ;,i=1,2,--,n}, see
Figure 13.

We define the labeling function f : E(G,) — {9, 26, 36,
---,3n8} by

fviu))=08i fori=1,2,--,n,
fvov) =0(3n=1),  f(vev;)) =06(n+2i=3),i=2,3,-m,
Fluyvy) =308,  f(uv,,)=03n-2i),i=2,3,---,n.
(29)
So the induced vertex labels will be
frv)=0, f*(v)
=[6(n+i-1)]mod (3n6),i=2,3,---,n, (30)
fr(u)=nd, f*(u)=803n-i),i=2,3,n.

Hence, the labels of the vertices vy, vs, -
d(n+1),6(n+2),--,6(2n-2),6 2n-1),

Va1V, are
respectively,

11
and the labels of the vertices uy, u,, -+, u, ,, 4, ; are (3n
-1)8,(3n-2)6,--,6 (2n+2),6 2n+1), respectively.
Hence, there are no repeated vertex labels.

7 (v) = Y. (f(vov;)) mod (3n.6)
i=1
=[(6n+8) + (6n+30) + (n +58)+--- (31)

+(0n+ (2n-3)8) + (36n - 8)] mod (3nd)
=[0n(n—1)+ (6 + 38 +58+---+(2n - 3)9)
+(36n - 8)] mod (3n8) = 2n*8 mod (3n9).

Case 1. When n=1(mod 6) or n=4(mod 6).

(i) fn=1(mod 6) >n=6r+1=58q=3n8=18r8 +
34, then f*(v,) = [72r?8 + 24r 8 + 28] mod (1878 +
38) = (12r 8 + 28) mod (1878 + 38) =2nd

(i) If n=4 (mod 6), then f*(v,)=2nd

Case 2. When n=0 (mod 6) or n=3 (mod 6).

(i) If n=0(mod 6) =>n=6r=358q=3nd=18rJ, then
f*(v0)=1[72r28] mod (18r5)=0

(i) If n=3 (mod 6), then f*(v,) =0

In this case, we have f*(v,) will equal to f*(v,), so we
change the labeling of two edges (v,v,) and (u, v, ) as follows:
f(vgv;)=3nd and f(u,v,)=8(3n-1). Then, f*(v,) =0
and f*(u,)=(n—-1)4.

Case 3. When n=2 (mod 6) or n=5 (mod6).

(i) fn=2(mod 6) =>n=6r+2=58q=3n8=18r8 +
60, then f*(vy)=[72r8 + 4878 + 85] mod (1874 +
60) = (618 + 28) mod (1873 + 60) = nd

(i) If n=5(mod 6), then f*(v,)=nd

In this case, we have f*(v,) will equal to f*(u,), so
we change the labeling of two edges (v,v,) and (v, u,)
as follows: f(vyv,)=nd and f(v,u,)=8(n+1). Then,
£ (0) =8 (= 1), f*(,) = (n+ 1), f*(v,) =200, and f*
(v,) =né.
In all cases, f*(v,) is not congruent to f*(v;) nor f*(ui)
mod (3n0d),i=1,2,3,-,n, and there are no repetition in
the vertex labels which completes the proof.

Hllustration 7. In Figure 14, we present G,, with edge 7—
graceful labeling, G, with edge 4— graceful labeling, and G,
with edge 5— graceful labeling.

8. Edge 6— Graceful Labeling of the Closed
Helm CH,,

The closed helm CH, is the graph obtained from a helm
H,, by joining each pendent vertex to form a cycle; a closed
helm has p =2n+ 1 vertices and q = 4n edges.
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FIGURE 14: The gear graph G,, with edge 7— graceful labeling, G, with edge 4— graceful labeling, and G,, with edge 5— graceful labeling.

Theorem 11. For any positive integer 8, the closed helm CH,,
is an edge 6— graceful graph.

Proof. In the closed helm CH,,, we have two copies of the
cycle C,; let the vertices in the inside copy be {v,,v,, -+, v,}
and the vertices on the outside copy be {u,, u,, -, u,} and a
hub vertex v; the edges will be {vyv,, v;u;, v;v,,,, uu
1,2,---,n}, see Figure 15.

We define the labeling function f : E(CH,) — {4, 24,
36,---,4nd} by

i 1=

flvov;)=06i forie{1,2,3,---,n},

fvv,)=3nd, f(vyvy,)=002n+i)forie{l,2,3,---,n—1},

fluwu,)=4nd, f(uu,,)=0(3n+i)forie{l,2,3,---,n—1},
)=

(n+1)8,  f(uu)
(32)

=0(2n—-i+2)forie{2,3, -, n}.

In view of the above labeling pattern, then the induced
vertex labels are

fr(n)=802n+3), f*(v)

=[0(2n+2i+ 1)) mod (4nd),i=2,3,---,n, (33)
fHm) =28, f(u)=

Hence, the labels of the vertices v,, v, -
be 8§ (2n+5),6(2n+7),-,8 (4n—
the labels of the vertices u,,u;,
46,--,8n,8 (n+1), respectively.

0(i+1),i=2,3,---,n.

SV v, will
1),8, respectively, and
U, ,u, will be 38,

M-

Il
—_

f (vo) =) (f(vyv;)) mod (4nd) = i di) mod (4nd)

1

|

(34)

S her)

(" + n)] mod (4nd).
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FiGure 15: The closed helm CH,, with ordinary labeling.

Case 1. When n=2(mod 8) or n=4(mod 8) or n=
3(mod 8) or n=7(mod 8).

(i) f n=2(mod8)=>n=8r+2=06q=4n8=32r +
86, then

[32r°8 + 2016 + 38] mod (3216 + 85)

I (v) = N
= (12rd + 38) mod (32r6 + 898) = %S (35)

5n8/2

(ii) If n=4(mod 8), then f*(v,)
(ili) If n=3(mod 8), then f*(v,)=2nd
(iv) If n=7(mod 8), then f*(v,) =0

Case 2. When n=0(mod 8). If n=0(mod 8) =>n=8r=
8q=4nd=32r6, then
f*(vo) = [3276 + 4rd] mod (32r)

= (4r8) mod (32r0) = n8 (36)

In this case, we have f*(v,) will equal to f™(u(,_5):),
so we change the labeling of two edges (u(,_4)24(s-2))
and (u,u,) as follows: f(u,_4)nU(s-2)2) =4nd and f(

uy) =8((7n/2) = 2).
) = (n+ 18, 7, 0)) =

Then, f*(u,
(uy) = (7n6/2), and f*(u,) = ((n/2) - 1)8

(n+2)8, f*

Case 3. When n=6(mod 8). If n=6(mod 8) =>n=38r+
6=>0q=4n8=32r0+ 2446, then

[ (vo) = [321°6 + 52r8 + 218] mod (32r8 + 249)

(37)
= (28¢5 + 218) mod (3218 + 249) = @

13

In this case, we have £~ (v;) will equal to f*(v(3,_5)4), 0
we change the labeling of two edges (v(3,_)4V(3ns2)4) and
(V(3n+2)/4v(3n+6)/4) as follows: f(v (3n-2 /4V(3n+2)/4) 8((11n +

2)/4) and f(v (3n+2 /4V(3n+6)/4) 8((11” 2)/4).

Then, f*(v (3n— 2/4) ((7Tn+2)12)8, f*(v (3n+2 /4)
4)/2)0, andf( 3n+6/4) ((7n+6)/2)0.

((7n+

Case 4. When n=1(mod 8). If n=1(mod 8) >n=8r+1
=08qg=4n8=32r8+40, then f*(v,) =[327r* 8 + 12r§ + 6]
mod (32r8+468)=(8r0+0) mod (32rd+408) =nd.

In this case, we have f*(v,) will equal to f*(u,_;), so we
change the labeling of two edges (u,_, u,_;) and (u, u,) as
follows: f(u,_,u, ,)=4nd and f(u,u;) =6 (4n-2).

Then, f*(u,,) =(n+1)8, f*(u,,)=(n+2)8, f"(u,)
=(n-1)08, and f*(uy) =0.

Case 5. When n=5(mod 8). If n=5(mod 8) >n=8r+5
=08q=4n8=32r5+200, then f*(v,)=[32r"8+44rd +
15 6] mod (32r8 +208) = (24r 8 + 158) mod (32r 6 +209)
=3nd.

In this case, we have f*(v,) will equal to f*(v(,_;)»), so
we change the labeling of two edges (v(,_5)2V(s-3)2) and

(Ve 312V (n- 1)/2) as follows: f( (n-5)12Y (n-3 y2) = (8/2)(5n - 3)
and f(v(,_3)2V(n-1)2) = (6/2)(5n = 5).

Then,  f*(v(,.5),) = (31 =3)8, f* (v(,3),) = (31— 2)8
and f* ( (n- 1/2) (3n—1)é.

Clearly, in all cases, f*(v,) is not congruent to
f*(v;) nor f*(u;) mod (4nd), i=2,3,---,n, and all the
labels of the vertices v; and u; are distinct and a mul-
tiplies of §. Thus, the closed helm is an edge §— graceful
graph.

Hlustration 8. In Figure 16, we present CH,, with edge 7—
graceful labeling, CH,, with edge 6— graceful labeling, CHg
with edge 5— graceful labeling, CH,, with edge 3— graceful
labeling, CH,, with edge 5— graceful labeling, and CH,; with
edge 5— graceful labeling, respectively.

9. Edge 6— Graceful Labeling of the
Friendship Fr,,

Theorem 12. For any positive integer O, the friendship graph
F, is an edge 6— graceful graph.

Proof. The friendship graph F,, is a planar undirected graph
constructed by joining n copies of cycle graph C; with com-
mon vertex, so p=|V(Fr,)|=2n+1 and q=|E(Fr,)|=3n.
Let the friendship graph F,, be given as in Figure 17 with cen-
tral vertex v,, and the edges of Fr, will be {vyv,, vou;, v;u;,
i=1, 2,~~,n}. There are two cases:

Case 1. n=1(mod 3), or n=2(mod 3).
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FIGURE 16
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We define the labeling function f : E(Fr,) — {9, 26, ---,
3nd} as follows:

fori=1,2,--,n, f(v;u;) = 6i,
fori=1,2,--,n,f(vyv;,) =6(n+2i-1), (38)
fori=1,2,--,n, f(vou;) = 8(n +2i).

Then, the induced vertex labels are

ST (vi) = [f (vovi) + f (viu;)] mod (3n.6)
=[6(n+3i-1)]mod (3n6), i=1,2,-n,
[ () = [f (vouy) + f (viw;)] mod (3n )
=[0(n+3i)) mod (3n8), i=1,2,-n.
(39)
Hence, the labels of the vertices v, v,, v3, --+, v,_;, v,, are

(n+2)8, (n+5)5, (n+8)3,---,(n—4)5, (n—1)3, respec-
tively, and the labels of the vertices u;, u,, us, -+, u,,_y, u,, will
be (n+3)3, (n+6)3, (n+9)5, -+, (n—3)5, nd, respectively,
which are all distinct numbers. Also,

Vo) = Z,f("o"i) + Z;f("o”i) mod (3n6)
=[8(n+1)+8(n+2)+8(n+3) (40)
+---+8(n + 2n)] mod (3n9)

= [8(4n® + n)] mod (3n6).
(i) fn=1(mod3)=>n=3r+1=9g8=3n8=9r8 + 30,
then

f*(vo) = [36r°6 +27r8 + 58] mod (978 + 30)
= (678 + 20) mod (9r6 + 38) =2né
(41)

(ii) If n=2(mod 3), then f*(v,) =0

Case 2. n=0(mod 3). We define the labeling function f as
follows:

fori=1,2, - -Lf(vu)=802n+i+1),f(vu,) =9,
fori=1,2,-~',H>f(VoVi):6(2i)’
fori=1,2,--,n, f(vou;) =8(2i+1).

15

FiGure 17: The friendship graph Fr, with ordinary labeling.

In view of the above labeling pattern, then the induced
vertex labels are

frvy) =[f(vov;) + f(v;u;)] mod (3n8)
=62n+3i+1] mod (3n6), i=1,2,-,n,
I () = [f (vouy) + f (vi;)] mod (3n )
=68[2n+3i+2]mod (3n6), i=1,2,-n.
(43)
Hence, the labels of the vertices v, v,, V5, =+ V1>V,

are (2n+4)5, (2n+7)98, (2n+10)3, -+, (n-2)8, (2n+1)4,
respectively, and the labels of the vertices u,, u,, us, -+, u,_;,
u, are (2n+5)08, (2n+8)8, 2n+11)4, -, (2n-1)48, (2n +
2)9, respectively, which are all distinct numbers.

Vo) = Zf(VOVi) +

=[20 + 38 +46+---+0(1 + 2n)] mod (3n6)
= [8(2n* + 3n)] mod (3n6).

Zf("o”;‘) mod (3n6)
o (44)

(i) f n=0(mod 3) =>n=3r=qd=3n8=9r0, then [~
(vy) = [187r%8 + 978] mod (9r8) =

Overall, all the labels of the vertices v; and u; are all
distinct, multiple of 8, and different from f~(v,) which com-
pletes the proof.

Hllustration 9. In Figure 18, we present the friendship graphs
Fry with edge 5- graceful labeling and Fr,, with edge 6—
graceful labeling.
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FIGURE 19: The butterfly graph B, with ordinary labeling.

10. Edge 6— Graceful Labeling of the Butterfly
Graph B,

Theorem 13. For any positive integer S, the butterfly graph B,
is an edge 6— graceful graph.

Proof. The butterfly graph B, is a planer graph constructed
by joining 2n copies of cycle graph C; with a common
edge, a butterfly graph B, has p=2n+2 vertices and g =
4n+1 edges, let the common edge in all cycles be (v,u,)
and the vertices of one copy be v;,v,, -+, v, and the verti-
ces of the other copy be u,u,, -, u,; the edges will be

{vovi> UgV)» U, Vo, Votly, i=1,2,-++,n}, see Figure 19.
There are two cases:

Case 1. When n is even. Define the labeling function f :
E(B,) —{6,28,38,---,(4n+1)6} as follows:

fugv))=8i, fori=1,2,--,n,
f(vgv;)) =6(2n+1i), fori=1,2,---,n,

flugu;) =8(3n+1i), fori=1,2,---,n, (45)
fpue) =28, f(vou) = (4n+ 1)3, f(vouy)

=8(n+i-1),ifi=2,3,--,n.
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In view of the above labeling pattern, then the induced
vertex labels are

T (vi) = [f(vovi) + f (uyv;)] mod [(4n + 1)9]

=28(n+i), i=12,-n,
: (46)
fr(u)=8@n+1), [ (u)
=20(i-1),i=2,3,--n,
In this labeling, we can check that
[f(vovi) +f (Votnsa-1)] mod [(4n +1)0]
=0mod [(4n+1)8], i=2,3,--,n,
(47)
[f (uous) + f (ut441;)] mod [(4n +1)0]
=0mod [(4n+1)0], i=1,2,---,n.
Then
f(v)= lzlfw» + 2 from)
+f(v0uo)] mod [(4n +1)0) =0,
(48)

n

£ (o) = [Zf(uov» + D flug)

i=1

+f(v0uo)] mod [(4n +1)8) =2n4.

Case 2. When n is odd. By using the same labeling as in
the first case, in this case, we have f™(u,) will equal to
f*(V(us1)2)> so we change the labeling of two edges (v, u,)
and (vyu,) as follows: f(vyuy)=8(n+1) and f(vyu,)=9
(4n+1), then f*(u;) =46, and f*(u,) = (3n+2)d.

We can see that the labels of the vertices v;, and u;, i=1,
2,---,n are all a multiple of § and distinct numbers and dif-
ferent from the labels of the vertices v, and u,. Hence, the
butterfly graph B,, is an edge §— graceful graph, for any pos-
itive integer J.

Illustration 10. In Figure 20, we present B, with edge 5-
graceful labeling and B, with edge 4— graceful labeling.

11. Conclusion

In the past few years, edge graceful labeling of graphs has
been studied heavily and these topics continue to be attrac-
tive in the field of graph theory and discrete mathematics.
A great number of published papers and results exist. So
far, many graphs are unknown if it is edge graceful or not.
In this work, a new type of labeling called edge §— grace-
ful labeling is defined; the graph which satisfies the edge §—
graceful labeling is called an edge 6— graceful graph. Edge
0— graceful labeling of some special classes of graphs like
wheel graph, double wheel, prism graph, gear graph, closed

Advances in Mathematical Physics

helm, friendship graph, and butterfly graph is investigated.
In future work, we will study the necessary and sufficient
conditions for some path-related graph to be an edge 6-
graceful graph.
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