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Periodic solutions of the Coulomb equation motion for three equal negative point charges in the field of six equal positive point
charges fixed in vertices of a convex octagon are found. The system possesses an equilibrium configuration. The Lyapunov
center theorem is applied.

1. Introduction

In this paper, we find an equilibrium in the Coulomb system
of three equal negative point charges in the field of six equal
positive point charges fixed in vertices of a convex symmetric
octagon. This gives us a possibility to find periodic solutions for
one-dimensional (line), two-dimensional (planar), and three-
dimensional (spacial) systems. Earlier, we found periodic and
quasiperiodic solutions for the system of two and three negative
charges in the field of two equal positive charges [1–4].

To obtain these results, we found explicit expressions
for eigenvalues of the matrix U0 of second partial deriva-
tives of the potential energy at the equilibrium of the sys-
tems. The existence of the periodic solutions followed
from the Lyapunov center theorem [5–9] whenever there
is no zero eigenvalue among the eigenvalues. The existence
of the quasiperiodic solutions was proved with the help of
the procedure of elimination of a node [8] and an applica-
tion of the Lyapunov center theorem taking into account
that zero eigenvalue of U0 results from a rotation invariance
of the potential energy. U0 turns out to be the direct sum of
two and three three-dimensional matrices for the consid-
ered here plane and spacial systems, respectively. Their sim-
ple structure permits to find their eigenvalues. U0 of the
considered here space system does not possess zero eigen-
value, and the system potential energy does not have a rota-
tion invariance.

To find periodic solutions in Coulomb systems, it is not
necessary to exploit the existence of their equilibria. In [10],
we found the solutions for the system of n equal negative
charges in the field of n equal positive charges fixed on a
line (a coordinate axis). Our technique was inspired by
the Siegel advanced majorant technique [11] which permits
finding solutions of the Newton equation for three gravitat-
ing bodies.

The Lyapunov center theorem concerns periodic solu-
tions of the Hamiltonian systems with an equilibrium in
the origin, which belong to its neighborhood, and is formu-
lated precisely as follows.

Theorem 1. Let an n-dimensional Hamiltonian system have
real analytic Hamiltonian whose Taylor power expansion
converges absolutely and uniformly at a neighborhood of the
origin and begins from quadratic terms. Let also λ1,⋯, λ2n
be nonzero eigenvalues of the matrix determining the linear
term of the Hamiltonian vector field such that the following
nonresonance relation hold for purely imaginary λs, s = 1,⋯,
k: λj ≠ n′λs, s ≠ j = 1,⋯, 2n for an arbitrary integer n′. Then,
the Hamiltonian equation possesses k periodic solutions in a
neighborhood of the origin such that each of them depends
on a different real-valued parameter cj for some j = 1,⋯, k.
These solutions and their periods τ1ðc1Þ,⋯, τkðckÞ are real
analytic functions in the parameters in a neighborhood of
the origin and τjð0Þ = 2π/∣λj∣.
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The periodic solutions from this theorem take values
in a neighborhood of the origin due to the fact that their
expansion in the parameters cj does not contain a con-
stant term.

The equation of motion of mechanical systems of N d
-dimensional particles (bodies, charges) with masses mj and
the potential energy U looks like

mj

d2xj
dt2

= −
∂U x Nð Þ
� �
∂xj

, j = 1,⋯,N , x Nð Þ

= x1,⋯, xNð Þ ∈RdN , xj = x1j ,⋯, xdj
� �

:

ð1Þ

If a potential energy possess an equilibrium x0j , j = 1,⋯,
N , then the potential energy with the new variables xj − x0j ,
j = 1,⋯,N will have the equilibrium at the origin, and it is
possible to apply the Lyapunov center theorem to (1).

The Coulomb potential energy U is expressed through
the pair Coulomb potential. It is well known [12] that for
(1) with mj =m, the eigenvalues from Theorem 1 coincide

with λj = ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−m−1σj

q
, where σj, j = 1,⋯,Nd are eigenvalues

of U0.
We believe that the obtained results may be useful

for the semiclassical and Born-Oppenheimer approxima-
tions for quantum models of ionized molecules. The
fixed positive charges and the equal positive and equal
negative charges are associated with heavy nuclei and light
electrons, respectively.

Our paper is organized as follows. In Sections 2, 3, and 4,
we formulate our results concerning periodic solutions of the
considered Coulomb equations of motion for the line, planar,
and spacial systems, respectively. They are formulated in the
theorems in the end of the sections.

2. Line Coulomb Dynamics

We consider the line dynamics of three point equal negative
charges −e0 in the field of six equal positive point charges
with the same value e′ > 0 fixed in octagon vertices with the

first coordinates −a, 0, a and second coordinates ±b,±ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p
,±b, respectively (see the next section). The three

negative point charges move along the first axis which is an
invariant manifold of the planar and spacial dynamics.

The potential energy for the system is given by

U x 3ð Þ
� �

= 1
2 〠

3

j≠k=1

ejek
xj − xk
�� �� − 2e0e′〠

3

j=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj − a
� �2 + b2

q� 	−1
"

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj + a
� �2 + b2

q� 	−1

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2j + 3a2 + b2

q� 	−1
#
, xj ∈R, a, b > 0:

ð2Þ

The equilibrium equations are given by ð∂/∂xjÞUðxð3ÞÞ =
0, j = 1, 2, 3:. Let us insert the equalities into it for k = 1:

∂
∂x1

x1 − x2j j−k = −k
x1 − x2

x1 − x2j jk+2
,

∂
∂x1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 − að Þ2 + b2

q� 	−k

= −k
x1 − affiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 + b2

p� �k+2 :
ð3Þ

That is,

∂
∂xj

U x 3ð Þ
� �

= −e20 〠
3

j=k, k=1

xj − xk

xj − xk
�� ��3 + 2e0e′

xj − affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj − a
� �2 + b2

q� 	3

2
6664

+
xj + affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xj + a
� �2 + b2

q� 	3 +
xjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2j + 3a2 + b2
q� �3

3
7775:

ð4Þ

As a result, we obtain the equilibrium relation for j = 1, 3
putting x1 = x01 = −a, x2 = x02 = 0, x3 = x03 = a:

e20
2að Þ2 + e20

a2
= 3e′ 2að Þe0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2að Þ2 + b2
q� 	3 ,

5e0
2að Þ3 = 3e′ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2að Þ2 + b2
q� 	3 :

ð5Þ

Equality ð∂/∂x2ÞUðxð3ÞÞ = 0 is true since jx02 − x01j =
jx03 − x02j.

The most important information is a spectrum of the
matrix of second derivatives of U . Its nondiagonal elements
are easily calculated as

∂U x 3ð Þ
� �

∂xl∂xj
=
∂U x 3ð Þ
� �

∂xj∂xl
= −2e20 xj − xl

�� ��−3: ð6Þ

Let U0
j,l be this function at the equilibrium. Then,

U0
1,3 =U0

3,1 = −
e20
4a3 = −u′,

U0
1,2 =U0

2,1 =U0
2,3 =U0

3,2 = −8u′:
ð7Þ
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Further,

∂2

∂x2j
U x 2ð Þ
� �

= 〠
3

j=k,k=1

2e20
xj − xk
�� ��3 + 2e0e′

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj − a
� �2 + b2

q� 	3

2
6664

−
3 xj − a
� �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj − a
� �2 + b2

q� 	5 + 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj + a
� �2 + b2

q� 	3

−
3 xj + a
� �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xj + a
� �2 + b2

q� 	5 + 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2j + 3a2 + b2

q� �3

−
3x2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2j + 3a2 + b2
q� �5

3
7775:

ð8Þ

Let U0
j,j be this function at the equilibrium. Then,

U0
1,1 =U0

3,3 =
9e20
4a3

+ 2e0e′ b−3 + 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	3 −
15a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	5

2
6664

3
7775,

U0
2,2 =

16e20
4a3

+ 2e0e′
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 + b2
p� �3 −

6a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 + b2

p� �5 + 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p� �3
2
64

3
75:
ð9Þ

From the equilibrium relation, it follows that

5e0
3e′

� 	1/3 1
2a = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2að Þ2 + b2
q , ð10Þ

As a result,

a2 + b2 = a2 4 η−1 − 1
� �

+ 1

 �

= a2η−1 4 − 3ηð Þ,
3a2 + b2 = a2 4 η−1 − 1

� �
+ 3


 �
= a2η−1 4 − ηð Þ,

2e0e′b−3 = 5 23 2að Þ−3e20 1 − ηð Þ−3/2 = 5u′
3 1 − ηð Þ−3/2,

4e0e′ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	3 = 4e0e′
5e0
3e′

1
2a

� 	3
= 10u′

3 ,

30e0e′a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	5 = 4−130e0e′
5e0
3e′

� 	5/3
2að Þ−3 = 25u′

4 η,

4e0e′ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 + b2

p� �3 = 4e0e′a−3η3/2 4 − 3ηð Þ−3/2 = 80
3 u′ 4 − 3ηð Þ−3/2,

12e0e′a
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 + b2

p� �5 = 12e0e′a
−3η5/2 4−3ηð Þ−5/2 = 80u′η 4 − 3ηð Þ−5/2,

2e0e′ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p� �3 = 2e0e′a−3η3/2 4 − ηð Þ−3/2 = 40
3 u′ 4 − ηð Þ−3/2:

ð11Þ

These equalities allow to represent u′−1U0
j,k as simple

functions of η.

U0
1,1 =U0

3,3 = u′v, v = 37
3 + 5

3 1 − ηð Þ−3/2 − 25
4 η,

U2,2 = u′g = u′ 16 + 80
3

� 

4 − 3ηð Þ−3/2 − 80η 4 − 3ηð Þ−5/2

+ 40
3 η 4 − ηð Þ−3/2 = u′ 16 + 80

3 4 − 3ηð Þ−5/2 4 − 3ηð
�

− 3ηÞ + 40
3 η 4 − ηð Þ−3/2



, g = 3−18 6 + 20 2ð

�

− 3ηÞ 4 − 3ηð Þ−5/2 + 5η 4 − ηð Þ−3/2


:

ð12Þ

Let U0 be the matrix with the elements U0
j,l, j, l = 1, 2, 3.

U0 = u′U ′1, U1′ =
v −8 −1
−8 g −8
−1 −8 v

0
BB@

1
CCA = −2U∗1 + v + 1ð ÞI,

U∗ g1ð Þ =U∗1 = 2−1
1 8 1
8 2g1 8
1 8 1

0
BB@

1
CCA, 2g1 = −g + v + 1,

ð13Þ

where I is unity matrix. U∗1 has identical first and third rows
and this means that DetU∗1 = 0. This allows one to find roots
of the characteristic polynomials p∗1 of U∗1 and p1′ of U1′:

p∗ λ, qð Þ =Det λI −U∗ qð Þð Þ = λ2 − q + 1ð Þλ + q − 32

 �

λ

ð14Þ

Here, we subtracted the third row of −U∗ðqÞ + λI
from the first row. The determinant does not change after
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the subtraction.

λ − 2−1 −4 2−1

−4 λ − q −4
−2−1 −4 λ − 2−1

0
BB@

1
CCA⟶

λ 0 −λ

−4 λ − q −4
−2−1 −4 λ − 2−1

0
BB@

1
CCA:

ð15Þ

After that, we decomposed the determinant in the ele-
ments of the first row:

p∗ λ, qð Þ = λ λ − qð Þ λ − 2−1
� �

− 16 − 16 − 2−1 λ − qð Þ
 �
= λ λ − qð Þ λ − 1ð Þ − 32½ �:

ð16Þ

The roots of p∗ðqÞ are given by

2λ = q + 1 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q − 1ð Þ2 + 128,

q
λ = 0: ð17Þ

The roots p1′ of U1′ are given by

p1′ λð Þ = −23p∗ −
λ

2 + v + 1
2 , g1

� 	
,

λ = v − g1 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g1 − 1ð Þ2 + 128

q
, λ = v + 1 = ζ1′:

ð18Þ

Let ζ2 ′, ζ3′ be the roots corresponding to the plus and
minus before the sign of the square root, respectively:

ζ2 ′ =
g + v − 1

2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	2
+ 128,

s

ζ3′ =
g + v − 1

2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	2
+ 128:

s ð19Þ

We shall always use η < 1. Let 0 < η ≤ 3−1, then

g ≥ 3−18 6 + 20
32

� 	
= 16 + 3−15 = 17 23 ,

v < 37
3 + 5

3
27
8

� 	1/2
< 12 13 + 3−110 27

32

� 	1/2
< 15 23 :

ð20Þ

Here, we applied 5/3 <
ffiffiffi
3

p
< 7/4. This leads to ζ2 ′ >

g > v + 2 > ζ1 ′ + 1 and there is no resonance in ζ2. Here, we
used also

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	s 2

+ 128 ≥ g − v + 1
2 : ð21Þ

If η ≥ 3−12, then

v + 5 > g, ð22Þ

since

v > 37
3 + 5

3 3
ffiffiffi
3

p
−
25
4 > 37

3 + 25
3 −

25
4 > 37

3 + 25
12 > 14,

g < 3−18 6 + 3−3/25

 �

= 16 + 8
3 < 19:

ð23Þ

Here, we applied 5/3 <
ffiffiffi
3

p
< 7/4. From

v > g⟶
g − v + 1

2

� 	2
= 4−1 v − g + 5ð Þ2 − 6 v − g + 5ð Þ

+ 4−162 < 4−1 v − g + 5ð Þ2

+ 9⟶
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	s 2

+ 128 < 2−1 v − g + 5ð Þ
+ 12⟶ ζ2 ′ < ζ1 ′ + 13,

ð24Þ

it follows

v > 10
3 ⟶ ζ1 ′ >

13
3 ⟶

ζ2 ′
ζ1 ′

< 1 + 13
ζ1 ′

< 4: ð25Þ

We have to exclude the equality ζ2 ′ = ζ1 ′ with the help of

ζ2 ′ − ζ1 ′ =
g − v − 3

2 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	s 2

+ 128: ð26Þ

Equality ζ2 ′ − ζ1 ′ = 0 leads to

g − v − 3
2

� 	2
= g − v + 1

2

� 	2
+ 128⟶ v − g = 63: ð27Þ

We proved the following proposition.

Proposition 2. There is no resonance in ζ2 ′ > 0 if 0 < η ≤ 1/3.
Moreover if v − g ≠ 63 and η ≥ 3−12, then there is no quadratic

resonance in ζ1 ′, i.e., ζs ′ζ1 ′
−1 ≠ k2, s = 2, 3, where k is an

integer.
Let’s prove the next proposition.

Proposition 3. ζ2 ′ > 0 and there is no quadratic resonance in
ζ1 if 0 < η ≤ 2/3.

Proof. We shall prove ζ2 ′ζ1 ′
−1 < 4, ζ1 ′ ≠ ζ2 ′ and take into

account ζ3 ′ < ζ2 ′. Let 0 < η ≤ 1/3.
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Then,

v > 37
3 + 5

3 −
25
12 = 37

3 −
5
12 > 11,

g < 3−18 6 + 3−5/240 + 3−5/25

 �

= 16 + 3−7/2320 + 3−7/240

= 16 + 320
45 + 8

9
= 16 + 64

9 + 8
9 = 24:

ð28Þ

Here, we used 5/3 <
ffiffiffi
3

p
. From v − g + 13 > 0 and

g − v + 1
2

� 	2
= 4−1 v − g + 13ð Þ2 − 7 v − g + 13ð Þ + 49

< 4−1 v − g + 13ð Þ2 + 49

⟶

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g − v + 1

2

� 	2
+ 128

s
< 2−1 v − g + 13ð Þ

+ 14→ ζ2 ′ < ζ1 ′ + 19,
ð29Þ

it follows

v > 16
3 → ζ1 ′ >

19
3 → ζ2 ′

ζ1 ′
< 1 + 19

ζ1 ′
< 4: ð30Þ

Let 1/3 ≤ η ≤ 2/3. Then,

v > 37
3 + 5

3
3
2

� 	3/2
−
25
6 = 49

6 + 5
3

ffiffiffiffiffi
27

p
ffiffiffi
8

p
 !

> 49
6 + 5

3
ffiffiffi
3

p

> 49
6 + 25

9 > 49
6 + 8

3 = 10 56 ,

g < 3−18 6 + 20
4
ffiffiffi
2

p + 10
3

3
10

� 	3/2
" #

= 3−18 6 + 5ffiffiffi
2

p +
ffiffiffi
3

p
ffiffiffiffiffi
10

p
" #

< 8
3 6 + 5ffiffiffi

2
p + 1ffiffiffi

3
p

� 


< 3−18 6 + 5ffiffiffi
2

p + 3
5

� 

< 16 + 20

3
ffiffiffi
2

p
+ 8
5 = 27 + 3

5 , v

< 37
3 + 5

3 3
3/2 −

25
12 < 37

3 + 5
ffiffiffi
3

p
− 2

= 12 13 + 15ffiffiffi
3

p < 15 + 9 + 24,

ð31Þ

g > 3−18 6 + 5
3 4 − 3−1
� �−3/2� 


= 16 + 5
9 > 16: ð32Þ

Here, we used 5/3 <
ffiffiffi
3

p
,
ffiffiffi
2

p
< 3/2. That is, ζ2 ′ > 0.

From v − g + 17 > 0 and ðg − v + 1/2Þ2 = 4−1ðv − g + 17Þ2 −
18/2ðv − g + 17Þ + ð18Þ2/4 < 4−1ðv − g + 17Þ2 + 81 ⟶

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg − v + 1/2Þ2 + 128 < 2−1ðv −

q
g + 17Þ + 15⟶ ζ2 ′ < ζ1 ′

+ 22,it follows

v > 19
3 ⟶ ζ1 ′ >

22
3 ⟶

ζ2 ′
ζ1 ′

< 1 + 22
ζ1 ′

< 4: ð33Þ

We have also ζ1 ≠ ζ2 since v − g < 8 for 1/3 ≤ η ≤ 2/3
and ζ2 > ζ1 , if 0 < η ≤ 1/3.

Now, we have to estimate ζ2 ′ on the interval 2/3 ≤ η′ < 1.
Obviously g > 16 if η = 2/3. Let η = 6−15, then

g = 3−18 6 + 20 4 − 5
2

� 	−5/2
2 − 5

2

� 	
+ 25

6 4 − 6−15
� �−3/2" #

> 3−18 6 − 10 4
ffiffiffi
2

p

9
ffiffiffi
3

p + 25
6

6
ffiffiffi
6

p

20
ffiffiffiffiffi
20

p
 !

> 3−18 6 − 5
ffiffiffi
2

p
ffiffiffi
3

p + 5
ffiffiffi
6

p

4
ffiffiffiffiffi
20

p
 !

> 3−18 6 − 3
ffiffiffi
2

p
+ 5
8

� 	

> 3−18 6 − 9
2 + 5

8

� 	
> 16 − 12 + 1

= 5, v = 37
3 + 5

3 6
ffiffiffi
6

p
−
125
24 > 37

3 + 200
9 −

125
24

> 37
3 + 22 − 5 1 + 1

24

� 	
> 29:

ð34Þ

Let η = 9−18, then

g = 3−18 6 + 20 4 − 8
3

� 	−5/2
4 − 8

3

� 	−5/2
2 − 8

3

� 	
2 − 8

3

� 	 

+ 40
9

9
ffiffiffi
9

p

28
ffiffiffiffiffi
28

p
!
< 3−18 6 − 40

3
9
ffiffiffi
3

p

32 + 40
9

1
3
ffiffiffi
3

p
 !

< 3−18 6 − 5 3
ffiffiffi
3

p

4 + 8
9

 !
< 3−18 6 − 25

4 + 8
9

� 	

= −
2
3 + 3−18 89 < 2, g > 3−18 6 − 5 3

ffiffiffi
3

p

4 + 40
9

1
4
ffiffiffi
4

p
 !

> 3−18 6 − 5 2116 + 5
9

� 	
> 3−18 6 − 7 + 5

9

� 	

= −
32
27 > −2, v = 37

3 + 5
3 9

ffiffiffi
9

p
−
50
9 > 37

3 + 45 − 54
9 > 51:

ð35Þ

Here, we used 4/3 <
ffiffiffi
2

p
< 3/2, 7/4 >

ffiffiffi
3

p
> 5/3. From

v > 8,

g > 3−18 6 − 20ð Þ > 3−18 −15ð Þ > −40: ð36Þ

and these inequalities follows that v + g − 1 > 0 and ζ′2 > 0
since v and g are monotonically increasing and decreasing
functions, respectively, on the interval 2/3 ≤ η < 1. Let us
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prove this, i.e., that the derivatives ∂v,−∂g are positive on
the interval.

∂v = 5
2 1 − ηð Þ−5/2 − 25

4 > 5
2 9

ffiffiffi
3

p
−
25
4 > 3 252 −

25
4 > 0, ∂g

= 3−18 150 2 − 3ηð Þ 4 − 3ηð Þ−7/2 + 15
2 η 4 − ηð Þ−5/2

�

− 60 4 − 3ηð Þ−5/2


< 3−18 15

2 9
ffiffiffi
3

p� �−1
−

60ffiffiffiffiffi
32

p
� 


< 3−18 1
2 −

60ffiffiffiffiffi
32

p
� 


< 0:

ð37Þ

Taking into account Proposition 2, we see that ζ′2 > 0.
Thus, we proved the proposition.

To apply the Lyapunov center theorem, we have to guar-
antee that ζ′3 ≠ 0. Taking to the second power both terms in
the expression for ζ′3, we see that this condition is satisfied
if gðv − 1Þ ≠ 128. This condition is true if 0 < η ≤ 3−12 since
v > 9 and g > 16.

The order of charges is preserved due to the infinite
repulsion and we can substitute the holomorphic functions
ðxj − xkÞ−1 instead of jxj − xkj−1 in the expression for their
potential energies.

Since the eigenvalues of U0 coincide with ζj = u′ζ′j, the
following theorem follows from the Lyapunov center theo-
rem [5–7].

Theorem 4. If 0 < η ≤ 1/3, then the line Coulomb equation of
motion (1) with mj =m, d = 1, and N = 3 and the potential
energy (2) possesses the equilibrium x01 = −a, x02 = 0, x03 = a,
j = 1, 2, 3, and two periodic solutions in its neighborhood
such that each of them depends on its own real parameter
cj for j = 1, 2. These solutions and their periods τjðcÞ, j = 1, 2
are real analytic functions in a neighborhood of the origin in

these parameters and τjð0Þ = 2π
ffiffiffiffiffiffiffiffiffi
m/ζj

q
. If 3−1 < η ≤ 3−12 or

3−12 < η < 1 and gðv − 1Þ ≠ 128, v − g ≠ 63; then, the equation
possesses this equilibrium and a periodic solution in its neigh-
borhood that depends on a real parameter c. This solution and
its period τðcÞ are real analytic functions in a neighborhood of
the origin in this parameter and τð0Þ = 2π

ffiffiffiffiffiffiffiffiffiffi
m/ζ1

p
.

3. Planar Coulomb Dynamics

In this section, we consider the planar system of three equal
charges: −e0 in the field of six equal positive charges e′ fixed
at the octagon vertices with the coordinates bj, 1 ≤ j ≤ 6,
bj = ðb1j , b2j Þ ∈R2.

b1 = a, bð Þ, b2 = a,−bð Þ, b3 = −a, bð Þ, b4 = −a,−bð Þ, b5
= 0,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p� �
, b6 = 0,−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p� �
, a, b > 0,

ð38Þ

with the potential energy

U x 3ð Þ
� �

= 1
2 〠

3

j≠k=1

ejek
∣xj − xk ∣

− e0e′〠
3

j=1
〠
6

k=1
xj − bk
�� ��−1, ð39Þ

where

xj = x1j , x2j
� �

∈R2, xj
�� ��2 = x1j

� �2
+ x2j
� �2

, ej = −e0 < 0:

ð40Þ

The equilibrium is given by x11 = x011 = −a, x12 = x012 = 0,
x13 = x013 = a, xαj = x0αj = 0, α = 2. The first partial derivatives
of U look like

∂
∂xαj

U x 3ð Þ
� �

= −e20 〠
3

k=1,k≠j

xαj − xαk
xj − xk
�� ��3 + e0e′ 〠

6

k=1

xα1 − bαk
xj − bk
�� ��3 :

ð41Þ

This gives the equilibrium relation between e0, e′, a,
and b the same as in the previous section equating to zero
the right-hand sides of these equalities for j = 1, 3 (the
result is the same), taking into account x011 − x013 = −2a,

x03 − b1
�� ��2 = x03 − b2

�� ��2 = b2, x03 − b3
�� ��2 = x03 − b4

�� ��2
= x03 − b5
�� ��2 = x03 − b6

�� ��2 = 2að Þ2 + b2, x01 − b1
�� ��2

= x01 − b2
�� ��2 = x01 − b5

�� ��2 = x01 − b6
�� ��2

= 2að Þ2 + b2, x01 − b3
�� ��2 = x01 − b4

�� ��2 = b2, x02 − bj
�� ��2

= a2 + b2, j = 1, 2, 3, 4 ; x02 − bk
�� ��2 = 3a2 + b2, k = 5, 6

〠
6

k=1

x011 − b1k
x01 − bk
�� ��3 = −

6affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	3 ,

〠
6

k=1

x021 − b2k
x01 − bk
�� ��3 = −〠

6

k=1

b2k
x01 − bk
�� ��3 = 0: ð42Þ

The right-hand of (41) is zero for α = 2 and for j = 2
since ∣x02 − x01∣ = ∣x03 − x02∣, x

01
1 = −x013 , x02 = 0.

The equilibrium relation is given by

e20
2að Þ2 + e20

a2
= 3e′ 2að Þe0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2að Þ2 + b2
q� 	3 ,

5e0
2að Þ3 = 3e′ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2að Þ2 + b2
q� 	3 :

ð43Þ

The second derivatives of the potential energy (39) are
given by
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∂U x 3ð Þ
� �

∂xαj ∂x
β
k

=
∂U x 3ð Þ
� �

∂xβk∂x
α
j

= e20
δα,β

xj − xk
�� ��3 − 3

xαj − xαk
� �

xβj − xβk
� �

xj − xk
�� ��5

2
4

3
5,

α, β = 1, 2,

ð44Þ

∂2U x 3ð Þ
� �

∂xβj ∂xαj
= e20 〠

3

k=1,k≠j
−

δα,β

xj − xk
�� ��3 + 3

xαj − xαk
� �

xβj − xβk
� �

xj − xk
�� ��5

2
4

3
5

+ e0e′ 〠
6

k=1

δα,β

xj − bk
�� ��3 − 3

xαj − bαk
� �

xβj − bβk
� �

xj − bk
�� ��5

2
4

3
5:

ð45Þ
Now, we shall find the equilibrium value for all the terms

in these equalities. Let η, u′ be as in the previous section.
Then, we derive the following equalities:

e20 〠
3

k=1,k≠j

1
x0j − x0k
�� ��3 = e20 2að Þ−3 + a−3

� �
1 − δj,2
� �

+ 2a−3δj,2

= 9u′
2 1 − δj,2
� �

+ 8u′δj,2, j = 1, 2, 3,

ð46Þ

e0e′ 〠
6

k=1

δα,β

x0j − bk
�� ��3 = δα,β2e0e′ b−3 + 2 2að Þ2 + b2

� �−3/2� �

= 5
3 δα,βu

′ 1 − ηð Þ−3/2 + 2

 �

, j = 1, 3,

ð47Þ

e0e′ 〠
6

k=1

δα,β

x02 − bk
�� ��3 = δα,βe0e′ 4 a2 + b2

� �−3/2 + 2 3a2 + b2
� �−3/2h i

= δα,β
40
3 u′ 2 4 − 3ηð Þ−3/2 + 4 − ηð Þ−3/2
 �

ð48Þ
relying on equalities below (10) from the previous section.
Let

T j α, βð Þ = 〠
6

k=1

xαj − bαk
� �

xβj − bβk
� �

xj − bk
�� ��5 : ð49Þ

Let also T0
j ðα, βÞ be the equilibrium value of T jðα, βÞ.

Now, we will prove the equalities

T0
j α, βð Þ = δα,β 10a2 2að Þ2 + b2


 �−5/2
δα,1

+ 2 b−3 + 3a2 + 2b2
� �

2að Þ2 + b2
� �−5/2� �

δα,2�, j = 1, 3,

ð50Þ

T0
2 α, βð Þ = δα,β 4a2 a2 + b2

� �−5/2
δα,1 + 2 2b2 a2 + b2

� �−5/2hn
+ 3a2 + b2
� �−3/2i

δα,2
o
:

ð51Þ
with the help of the following equalities:

T0
3 1, 2ð Þ = − b−5 a − b11

� �
b21 + a − b12

� �
b22

� �h
+ 2að Þ2 + b2
� �−5/2

a − b13
� �

b23 + a − b14
� �

b24
�

+ a − b15
� �

b25 + a − b16
� �

b26Þ
i
= 0,

T0
1 1, 2ð Þ = − 2að Þ2 + b2

�−5/2 −a − b11
� �

b21 + −a − b12
� �

b22
h
+ −a − b15
� �

b25 + −a − b16
� �

b26
�
+b−5 −a − b13

� �
b23

�
+ −a − b14
� �

b24Þ
i
= 0,

T0
3 1, 1ð Þ = b−5 a − b11

� �2 + a − b12
� �2h i

+ 2að Þ2 + b2
� �−5/2

að
h

− b13Þ
2 + a − b14
� �2 + a − b15

� �2 + a − b16
� �2i

= 10a2 2að Þ2 + b2
� �−5/2,

T0
1 1, 1ð Þ = 2að Þ2 + b2

� �−5/2 −a − b11
� �2 + −a − b12

� �2h
+ −a − b15
� �2 + −a − b16

� �2� + b−5 −a − b13
� �2h

+ −a − b14
� �2i = 10a2 2að Þ2 + b2

� �−5/2,
T0

j 2, 2ð Þ = 〠
6

k=1

b2k
� �2
x0j − bk
�� ��5 , j = 1, 3,

T0
1 2, 2ð Þ = T0

3 2, 2ð Þ = 2b2 b−5 + 2að Þ2 + b2
� �−5/2h i

+ 2 3a2 + b2
� �

2að Þ2 + b2
� �−5/2

= 2 b−3 +



3a2 + 2b2
� �

2að Þ2 + b2
� �−5/2,

T0
2 α, βð Þ = 〠

6

k=1

bαkb
β
k

x02 − bk
�� ��5 = a2 + b2

� �−5/2 〠4
k=1

bαkb
β
k

+ 3a2 + b2
� �−5/2 〠6

k=5
bαkb

β
k = δα,β 4a2 a2 + b2

� �−5/2
δα,1

n

+ 4b2 a2 + b2
� �−5/2 + 2 3a2 + b2

� �−3/2h i
δα,2
o
:

ð52Þ

Here, we took into account

〠
2

k=1
b1kb

2
k = 0,

〠
4

k=3
b1kb

2
k = 0:

ð53Þ
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(50) and (51) are proved. Taking into account

e20 〠
3

k=1,k≠j

x0αj − x0αk
� �

x0βj − x0βk
� �

x0j − x0k
�� ��5 = e20 a−3 + 2að Þ−3� �

δα,βδα,1

= 9u′
2 δα,βδα,1, j = 1, 3

ð54Þ

we derive from (47), (46), and (50)

U0
1,α;1,β =U0

3,α;3,β = u′δα,β v′ − δα,1u′∗ − δα,2u′′∗
� �

, ð55Þ

where

v′ = 1
3 5 1 − ηð Þ−3/2 − 7

2

� 

, u′u′∗ +

27u′
2

= 6e0e′5a2 2að Þ2 + b2
� �−5/2, u′u′′∗

= 6e0e′ b−3 + 3a2 + b2
� �

2að Þ2 + b2
� �−5/2� �

, u′∗

= −
27
2 + 25

4 η, u′′∗ =
5u′
4 4 − η + 4 1 − ηð Þ−3/2
 �

:

ð56Þ

Here, we took into account

6e0e5a2 2að Þ2 + b2
� �−5/2 = 6e0e′5a2

5e0
3e′

� 	5/3 1
2a

� 	5

= 25u′
4 η, 6e0e′b−3

= 5u′ 1 − ηð Þ−3/2, 6e0e′b2 2að Þ2 + b2
� �−5/2

= 6e0e′ 2að Þ2 1 − ηð Þη−1 5e0
3e′

� 	5/3 1
2a

� 	5

= 5u′ 1 − ηð Þ, 18e0e′a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2að Þ2 + b2

q� 	5

= 2−19e0e′
5e0
3e′

� 	5/3
2að Þ−3 = 15

4 u′η:

ð57Þ

From the equality

e20 〠
3

k=1,k≠2

x0α2 − x0αk
� �

x0β2 − x0βk
� �

x02 − x0k
�� ��5 = e202a−3δα,βδα,1 = 8u′δα,βδα,1,

ð58Þ

(48), (51), and (46), it follows

U0
2,α;2,β = u′δα,β v1 − u1δα,1 − δα,2u1′

� �
, ð59Þ

where

v1 = −8u′ + 40
3 u′ 2 4 − 3ηð Þ−3/2 + 4 − ηð Þ−3/2
 �

, u1

= 3e0e′4a2 a2 + b2
� �−5/2 − 24u′ = 80u′η 4 − 3ηð Þ−5/2

− 24u′, u1′ = 3e0e′ 4b2 a2 + b2
� �−5/2 + 2 3a2 + b2

� �−3/2h i
= 40u′ 8 1 − ηð Þ 4 − 3ηð Þ−5/2 + 4 − ηð Þ−3/2
 �

:

ð60Þ

Here, we used

2a = 1 − ηð Þ−1/2 ffiffiffi
η

p
b, a2 + b2

= a2η−1 4 − 3ηð Þ, e0e′ a2 + b2
� �−5/2

a2

= e0e′a−3η5/2 4 − 3ηð Þ−5/2

= 20
3 u′η 4 − 3ηð Þ−5/2, e0e′ a2 + b2

� �−5/2
b2

= e0e′a−5η3/2 1 − ηð Þ 4 − 3ηð Þ−5/2 2að Þ2

= 80
3 u′ 1 − ηð Þ 4 − 3ηð Þ−5/2, e0e′ 3a2 + b2

� �−3/2
= e0e′a−3η3/2 4 − ηð Þ−3/2 = 20

3 u′ 4 − ηð Þ−3/2:

ð61Þ

We have also

e20
x0α2 − x0αk
� �

x0β2 − x0βk
� �

x02 − x0k
�� ��5 = e20

x0αk x0βk
a5

= e20a
−3δα,βδα,1

= 4u′δα,βδα,1, k

= 1, 3, e20
x0α1 − x0α3
� �

x0β1 − x0β3
� �

x01 − x03
�� ��5

= e20 2að Þ−3δα,βδα,1 =
u′
2 δα,βδα,1:

ð62Þ

From these two equalities, one derives

U0
1,α;3,β =U0

3,α;1,β =
u′
2 δα,β 1 − 3δα,1ð Þ,U0

2,α;3,β =U0
3,α;2,β

=U0
2,α;1,β =U0

1,α;2,β = 4u′δα,β 1 − 3δα,1ð Þ:
ð63Þ

Now, we determine two matrices U0
α, α = 1, 2 by the rule

U0
j,α;k,β = δα,βU

0
α;j,k ð64Þ

and renumerate indexes of coordinates in the following way:

1, 1ð Þ = 1 ; 2, 1ð Þ = 2 ; 3, 1ð Þ = 3 ; 1, 2ð Þ
= 4 ; 2, 2ð Þ = 5 ; 3:2ð Þ = 6:

ð65Þ
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where the first and second indexes under the round brackets
corresponds to the lower and upper indexes of coordinates.
This gives

U0 =U0
1 ⊕U0

2: ð66Þ

The elements of the symmetric matrices U0
j are defined

as follows:

U0
1;1,1 =U0

1,1;1,1 =U0
1;3,3 =U0

3,1;3,1 = u′ v′ − u∗′
� �

,U0
1;2,2

=U0
2,1;2,1 = u′ v1 − u1ð Þ,U0

1;2,1 =U0
1;1,2 =U0

1,1;2,1

= −8u′,U0
1;3,1 =U0

1;1,3 =U0
1,1;3,1 = −u′,U0

1;3,2 =U0
1;2,3

=U0
1,1;3,1 = −8u′,U0

2;1,1 =U0
1,2;1,2 =U0

2;3,3 =U0
3,2;3,2

= u′ v′ − u′′∗
� �

= −u′u′′ + u′
2 ,U0

2;2,2 =U0
2,2;2,2

= u′ v1 − u′1
� �

= u′g′,U0
2;2,1 =U0

2;1,2 =U0
1,2;2,2

= 4u′,U0
2;3,1 =U0

2;1,3 =U0
1,2;3,2 =

u′
2 ,U0

2;3,2 =U0
2;2,3

=U0
2,2;3,2 = 4u′:

ð67Þ

The parameters of the matrix elements are defined as
follows:

u′ v′ − u′∗
� �

= 5u′
3 1 − ηð Þ−3/2 − 7u′

6 −
25u′
4 η + 27u′

2 = u′v,

u′ v1 − u1ð Þ = −8u′ + 24u′ + 40
3 u′ 2 4 − 3ηð Þ−3/2 + 4 − ηð Þ−3/2
 �

− 80u′η 4 − 3ηð Þ−5/2 = u′g,

−u′′u′ = v′u′ − u′′∗ −
u′
2 = u′ 1

3 5 1 − ηð Þ−3/2 − 7
2

� 


−
5u′
4 4 − η + 4 1 − ηð Þ−3/2
 �

−
u′
2 ,

u′′ = 9 − 5η
4 + 10

3 1 − ηð Þ−3/2, u′′ > 11,

u′g′ = u′ v1 − u′1
� �

,

g′ = −8 + 40
3 2 4 − 3ηð Þ−3/2 + 4 − ηð Þ−3/2
 �

− 40 8 1 − ηð Þ 4 − 3ηð Þ−5/2 + 4 − ηð Þ−3/2
 �
= −8 − 80

3 4 − ηð Þ−3/2 + 80
3 4 − 3ηð Þ−5/2 4 − 3η½

− 12 1 − ηð Þ�,

g′ = −8 − 80
3 4 − ηð Þ−3/2 + 4 − 3ηð Þ−5/2 8 − 9ηð Þ
 �

, ð68Þ

where v, g are the same as in the previous section. As
a result,

U0
1 = u′

v −8 −1

−8 g −8

−1 −8 v

0
BBB@

1
CCCA = u′U′1,U1′

= −2U∗ g1ð Þ + v + 1ð ÞI, 2g1 = −g + v + 1,

U0
2 = u′2−1

−2u′′ + 1 8 1

8 2g′ 8

1 8 −2u′′ + 1

0
BBB@

1
CCCA = u′U′2,U′2

=U∗ g2ð Þ − u′′I, g2 = g′ + u′′,
ð69Þ

where matrix U∗ is defined in the previous section where we
found its eigenvalues as the roots of p∗ðqÞ. Now, it is not
difficult to find eigenvalues of U′2 as roots of polynomial
p′2. They are given by

p′2 λð Þ = p∗ λ + u′′, g2

� �
:2λ = g2 − 2u′′

+ 1 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 − 1ð Þ2 + 128

q
, λ = −u′′ = ζ′4 < 0:

ð70Þ

Let ζ′5, ζ′6 be the roots corresponding to the plus and
minus before the sign of the square root, respectively.
Then,

2ζ′5 = g′ − u′′ + 1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g′ + u′′ − 1
� �2

+ 128
r

,

2ζ′6 = g′ − u′′ + 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g′ + u′′ − 1
� �2

+ 128
r

:

ð71Þ

If 0 < η ≤ 1/3, then

−g′ > 8 + 80
24 + 5 8096 > 8 + 10

3 + 4 > 15, ∣g′∣ > 15: ð72Þ

ζ′5 < 0 if g′ < 0 and

∣g′∣−u′′ + 1
� �2

+ 128 < ∣g′∣+u′′ − 1
� �2

, u′′ − 1
� �

∣g′∣ > 32:

ð73Þ

This is true if 0 < η ≤ 1/3. In this case, ζ′6 < ζ′5 < 0.
This means that there is no resonance in ζ2 and quadratic
resonance in ζ′1 for the eigenvalues ζj, 1 ≤ j ≤ 6 of U0.
This and the Lyapunov center theorem imply the follow-
ing theorem.

Theorem 5. If 0 < η ≤ 1/3, then the planar Coulomb equation
of motion (1) with mj =m, d = 2, and N = 3 and the potential
energy (39) possesses the equilibrium x011 = −a, x012 = 0, x013 = a,
x02j = 0, j = 1, 2, 3, and two periodic solutions in its neighbor-
hood such that each of them depends on its own real
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parameter cj for j = 1, 2. These solutions and their periods τj
ðcÞ, j = 1, 2 are real analytic functions in a neighborhood of

the origin in these parameters and τjð0Þ = 2π
ffiffiffiffiffiffiffiffiffi
m/ζj

q
.

4. Spacial Coulomb Dynamics

In this section, we consider the spacial Coulomb dynamics of
three equal negative charges −e0 in the field of six equal pos-
itive charges e′ fixed at vertices of the octagon with vertices
bj, 1 ≤ j ≤ 6, bj = ðb1j , b2j , b3j = 0Þ ∈R3.

b1 = a, b, 0ð Þ, b2 = a,−b, 0ð Þ, b3 = −a, b, 0ð Þ, b4 = −a,−b, 0ð Þ, b5
= 0,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p
, 0

� �
, b6 = 0,−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 + b2

p
, 0

� �
, a, b > 0,

ð74Þ

with the potential energy

U x 3ð Þ
� �

= 1
2 〠

3

j≠k=1

ejek
xj − xk
�� �� − e0e′〠

3

j=1
〠
6

k=1
xj − bk
�� ��−1, ð75Þ

where

xj
�� ��2 = x1j

� �2
+ x2j
� �2

+ x3j
� �2

: ð76Þ

It is not difficult to repeat calculations of the previous
section to see that the elements of the matrix of second
partial derivatives at the equilibrium x11 = x011 = −a, x12 =
x012 = 0, x13 = x013 = a, xαj = x0αj = 0, α = 2, 3 look like for α, β =
1, 2, 3 as follows:

U0
1,α;3,β =U0

3,α;1,β =
u′
2 δα,β 1 − 3δα,1ð Þ,

U0
2,α;3,β =U0

3,α;2,β =U0
2,α;1,β =U0

1,α;2,β = 4u′δα,β 1 − 3δα,1ð Þ,

U0
1,α;1,β =U0

3,α;3,β = δα,β u′v′ − δα,1u∗′ − δα,2u′′∗
� �

,

U0
2,α;2,β = u′δα,β v1 − u1δα,1 − δα,2u′1

� �
:

ð77Þ

Now, we determine three matrices U0
α, α = 1, 2, 3 by

the rule

U0
j,α;k,β = δα,βU

0
α;j,k ð78Þ

and renumerate indexes of coordinates in the following
way:

1, 1ð Þ = 1 ; 2, 1ð Þ = 2 ; 3, 1ð Þ = 3 ; 1, 2ð Þ = 4 ; 2, 2ð Þ = 5 ; 3:2ð Þ
= 6 ; 1, 3ð Þ = 7 ; 2, 3ð Þ = 8 ; 3:3ð Þ = 9:

ð79Þ

where the first and second indexes under the round
brackets correspond to the lower and upper indexes of
coordinates. This gives

U0 =U0
1 ⊕U0

2 ⊕U0
3: ð80Þ

The elements of the symmetric matrices U0
1,U0

2 are
defined in the previous section and

U0
3;1,3 =U0

3;3,1 =U0
1,α;3,β =U0

3,α;1,β =
u′
2 δα,β,

U0
3;1,2 =U0

3;2,1 =U0
3;2,3 =U0

3;3,2 =U0
2,3;3,3

=U0
3,3;2,3 =U0

2,3;1,3 =U0
1,3;2,3 = 4u′,

U0
3;1,1 =U0

1,3;1,3 =U0
3;3,3 =U0

3,3;3,3 = u′v′,

U0
3;2,2 =U0

2,3;2,3 = u′v1,U0
3 = u′2−1

2v′ 8 1

8 2v1 8

1 8 2v′

0
BBB@

1
CCCA

= u′U′3,U′3 =U∗ g3ð Þ + v′ − 1
� �

I, g3 = v1 − v′ + 1:

ð81Þ

The roots p′3 of U′3 are given by

p′3 λð Þ = p∗ λ + 1 − v′, g3

� �
,

2λ = g3 − 2 1 − v′
� �

+ 1 ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g3 − 1ð Þ2 + 128

q
, λ

= v′ − 1 = ζ′7:

ð82Þ

Let ζ′8, ζ′9 be the roots corresponding to the plus and
minus before the sign of the square root, respectively.
Then,

2ζ′8 = v1 + v′ − 1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v1 − v′
� �2

+ 128
r

,

2ζ′9 = v1 + v′ − 1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v1 − v′
� �2

+ 128
r

:

ð83Þ

We remind that

v1 = −8 + 40
3 2 4 − 3ηð Þ−3/2 + 4 − ηð Þ−3/2
 �

,

v′ = 1
3 5 1 − ηð Þ−3/2 − 7

2

� 

:

ð84Þ
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Let us assume 0 < η ≤ 1/3. Then,

1
2 < v′ ≤ 1

3
5
ffiffiffiffiffi
27

p
ffiffiffi
8

p −
7
2

 !
< 1
3 10 − 7

2

� 	
= 2 16 ,

−3 = −8 + 40
8 < v1 < −8 + 40ffiffiffiffiffi

27
p < 0,

−5 16 < v1 − v′ < −
1
2 ,

−2 12 < v1 + v′ < 2 16 ,

∣v1 + v′ − 1∣ < 3 12 ,

v1 − v′
� �2

+ 128 > 11ð Þ2:
ð85Þ

As a result,

2ζ′8 ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v1 − v′
� �2

+ 128
r

− ∣v1 + v′ − 1∣ > 11 − 3 12 = 7 12 ,

2ζ′8 = v1 + v′ − 1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v1 − v′
� �2

+ 128
r

< 1 16 + 13 = 14 16 ,

2ζ′9 < −11 + 1
6 < −10:

ð86Þ

The inequality for v′ and last three inequalities imply

−
1
2 < ζ′7 < 1 16 , 3

3
4 < ζ′8 < 7 1

12 , ζ
′9 < −5: ð87Þ

From ζ′1 < ζ′2, ζ′1 > 12, it follows

ζ′7 < ζ′1 < ζ′2, 0 < ζ′8 < ζ′1 < ζ′2: ð88Þ

This means that there is no resonance in ζ2 = u′ζ′2 and
quadratic resonance in ζ1 = u′ζ1 for eigenvalues of U0 in
the spacial Coulomb system if 0 < η ≤ 1/3 and ζ′7 ≠ 0, i.e.,
η ≠ 1 − ð10/13Þ2/3 < 1/3.

The last inequality follows from

2
3

� 	3/2
= 2

ffiffiffi
2

p

3
ffiffiffi
3

p < 3
5 < 10

13 ,
5
3 <

ffiffiffi
3

p
, 32 >

ffiffiffi
2

p
: ð89Þ

We proved the following theorem with the help of the
Lyapunov center theorem.

Theorem 6. If 0 < η ≤ 1/3 and η ≠ 1 − ð10/13Þ2/3, then the spa-
cial Coulomb equation of motion (1) with mj =m, d = 3, and
N = 3 and the potential energy (75) possesses the equilibrium
x011 = −a, x012 = 0, x013 = a, x0αj = 0, j = 1, 2, 3, α = 2, 3, and two
periodic solutions in its neighborhood such that each of them
depends on its own real parameter cj for j = 1, 2. These solu-

tions and their periods τjðcjÞ, j = 1, 2 are real analytic func-
tions in a neighborhood of the origin in these parameters

and τjð0Þ = 2π
ffiffiffiffiffiffiffiffiffi
m/ζj

q
.

5. Conclusion

We have shown that the matrix U0 of second partial deriva-
tives of the potential energy of our spacial system at the equi-
librium is the direct sum of the three dimensional matrices
U0

j , j = 1, 2, 3 such that U0
1 and the direct sum of U0

1 with

U0
2 coincide with matrices of the second partial derivatives

of the potential energy at the equilibrium of one-
dimensional and planar systems, respectively. We have
shown also that U0

1 possesses two positive eigenvalues ζ1, ζ2
and that

ffiffiffiffi
ζj

q
is not in resonance with square roots of other

eigenvalues for j = 1, 2 if 0 < η ≤ 1/3, η = ð5e0/3e′Þ
2/3
. The

Lyapunov center theorem implies that these eigenvalues gen-
erate periodic solutions mentioned in Theorem 6 if 0 < η ≤
1/3 and η ≠ 1 − ð10/13Þ2/3. The last condition guarantees that
neither of the eigenvalues are zero.
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