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Representation of approximation for manifolds of the stochastic Swift-Hohenberg equation with multiplicative noise has been
investigated via non-Markovian reduced system. The approximate parameterizations of the small scales for the large scales are
given in the process of seeking for stochastic parameterizing manifolds, which are obtained as pullback limits of some
backward-forward systems depending on the time-history of the dynamics of the low modes in a mean square sense through the
nonlinear terms. When the corresponding pullback limits of some backward-forward systems are efficiently determined, the
corresponding non-Markovian reduced systems can be obtained for researching good modeling performances in practice.

1. Introduction

Recently, more and more authors have paid attention to con-
sidering the approximation problems of manifolds for the
stochastic partial differential equations (SPDEs). For decades,
various approximating methods have been given to solve
these problems, such as amplitude equations approach
[1-4] and the manifolds-based approaches [5-11].

In this paper, approximation of manifolds for the sto-
chastic Swift-Hohenberg equation with multiplicative noise
will be investigated in Stratonovich sense [12]. It is well
known that there have been some authors to consider
the approximation of manifolds in large probability sense
[1, 2, 13] and they have obtained some results until now.
In addition, approximation in parameterizing manifold for
a stochastic Swift-Hohenberg equation with additive noise
have been investigated by us in [14]. Furthermore, it is
needed to consider the problems in Stratonovich sense. Until
now, there have been few consideration from the point of
view of approximation in parameterizing manifold under
the pathwise sense for the stochastic Swift-Hohenberg equa-
tion with multiplicative noise. The ideas in [14] can be used
to consider the approximation of manifold for some stochas-

tic equations with multiplicative noise. Because the different
difficulties come from different noise terms, there are some
different methods and techniques in studying stochastic
equations with multiplicative noise. Here, we investigate the
corresponding problems for the stochastic Swift-Hohenberg
equation with multiplicative noise with pathwise and obtain
some new results for it. The results obtained in this paper
are different from those in [14], although there are some sim-
ilar sentences in some manuscripts. It is well known that var-
ious noises cause various stochastic processes for stochastic
equations with different noises. The main differences from
results in [14] are given by some formulas with various math-
ematics meanings, in which some different stochastic func-
tions are used. Because the different difficulties mainly
come from various noise terms, there are some new difficul-
ties coming from the multiplicative noise solved in our man-
uscript. So, some different techniques are used in studying
stochastic equations with multiplicative noise.

We will extend the strategy introduced in [5, 6] to the
stochastic Swift-Hohenberg equation [12] with multiplicative
noise and obtain the approximation of parameterizing
manifolds and corresponding non-Markovian reduced sys-
tem. The key idea is mainly based on the approximate
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parameterizations of the small scales for the large scales via
the stochastic parameterizing manifolds. Random manifolds
will improve the partial knowledge of the solutions of SPDEs
in mean square error, when it is compared with its projection
onto the resolved modes. Approximation of parameterizing
manifolds can be obtained by representing the modes with
high wave numbers as the pullback limit depend on the
time-history of the modes with low wave numbers for the
corresponding backward-forward systems. Some conditions
with nonresonance conditions below are given and weaker
than those in the classical stochastic invariant manifold the-
ory (see [7, 15, 16] and references therein). On the base of
these approximations of parameterizing manifolds, when
the corresponding pullback limits of some backward-
forward systems are efficiently determined, the correspond-
ing non-Markovian stochastic reduced systems are given to
reach good modeling performances in practice and take the
form of stochastic differential equations with random coeffi-
cients, which convey memory effects via the history of the
Wiener process and arise from the nonlinear interactions
between the low modes embedded in the noise bath. These
random coeflicients show an exponential decay of correla-
tions, whose rate depends explicitly on the gaps of the nonre-
sonance conditions. In fact, it is possible to achieve very good
parameterizing quality for the stochastic Swift-Hohenberg
equation with multiplicative noise from our results. And
the performances from the reduced system can be numeri-
cally assessed for a corresponding optimal or suboptimal
control problem.

The paper is organized as follows. In Section 2, we give
our functional framework, some definitions about parame-
terizing manifolds and some properties of some stochastic
processes being used. We have devoted Section 3 to studying
the representation of approximation of parameterizing man-
ifolds as pullback limits of the corresponding backward-
forward systems for a stochastic Swift-Hohenberg equation
with multiplicative noise. In Section 4, on the basis of the
approximation of parameterizing manifolds, the non-
Markovian stochastic reduced systems involving random
coefficients are obtained for the stochastic Swift-Hohenberg
with multiplicative noise.

2. Preliminaries

The functional framework spaces are a pair of Hilbert spaces
(H,, H) such that H, is compactly and densely embedded in
H.Let A : H, — H be a sectorial operator [16] such that —A
is stable in the sense that its spectrum satisfies Re (g(-A))
< 0. And we consider interpolated spaces H, between H,
and H with a€[0,1) along with the perturbations of the
linear operator —A given by a one parameter family B) of
bounded linear operators from H, to H, depending continu-
ously on A. Define Ly = —A + B,, which maps H, into H.

A local stochastic Swift-Hohenberg equation with multi-
plicative noise in Stratonovich sense [1] is written as follows:

du=(Au—(1+A4)u—u’)dt + ouodW,
= (Lyu+ F(u))dt + ouodW,,

(1)
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with Dirichlet boundary conditions u(0, ¢ ; w) = u(l, t ;w) =
0, >0 and initial condition u(x,0;w) =uy(x), x € (0,1),
where A is a parameterizing variable, o is positive, and u,, is
some appropriate initial datum with H =L?*(0,]) and H, =
H*(0,1)nHE(0,1); W(t) is a standard real valued one-
dimensional Brownian motion [17] with paths in Cy(R, R);
and Q being endowed with its corresponding Borel o-alge-
bra &, its filtration %, the Wiener measure IP.

Let F(u)=-u’, which is a continuous triple nonlinear
mapping from H® into H, where a > (1/3). Obviously, func-
tion F(u) is a mapping from H, into H. Assume L) = -A +
By, where B, = Aand A = (1 + A)* is closed self-adjoint linear
operator with dense domain D(A) in H = L?(D). The opera-
tor L, is self-adjoint with an orthonormal basis of eigenfunc-
tions {e, = v/2/Isin (knix/l)}, . in H with corresponding

eigenvalues {8, (1) =A— (1 - (kznz/lz))z}keN.
Then, problem (1) can be rewritten as

du= (Lyu+ F(u))dt + ou-dW,, (2)

with initial condition u(x,0;w)=1u,(x), x€(0,]) and
Dirichlet boundary conditions u(0,¢;w)=u(l,t;w)=0,
t>0. Now, we investigate the random dynamical systems
of system (2) in the sense of parameterizing manifolds in
[6, 17]. The stochastic parameterizing manifolds are mainly
considered for local stochastic Swift-Hohenberg equation
with multiplicative noise (2). Firstly, a stochastic parame-
terizing manifold M is seen as the graph of a random
function W™, which is a mapping from H® to H* and
provides approximation parameterizations of the high part
u,(t,w) = Pu(t, w) by using of the low part u.(t,w)=P.u
(t,w). The scalar Langevin equation,

dz + zdt = odW, (3)

is given. A unique stationary solution z(6,w) of this equa-
tion is called the stationary Ornstein-Uhlenbeck (OU)
process. By simply integrating on the both sides of (3),
the identity

r 2, (0,w)ds + z,(0,w) =z, (w) + oW (w), VteR, (4)

holds, which is important for representation of approximation.

3. Representation of Manifolds with
Multiplicative Noise

Making use of the method in [6], we investigate the local sto-
chastic Swift-Hohenberg (equation (2)) with multiplicative
noise in Stratonovich sense. One considers the following
backward-forward system associated with SPDE (2).

) ~Lads o) oW, sel-T0L (9

) (s, w)lg =& € H, (6)
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where L =P_.L, and L} =P.L,. From system (5), (6), (7),

and (8), we know that the initial value of ﬁgl) is represented

in fiber w and the initial value of #!) is prescribed in fiber
0_;w.

It is possible to obtain the solution of system (5) and (6)
by using a backward-forward integration procedure due to
the partial coupling between the equations constituting this

system, where %)) forces the evolution equation of #!) but

not reciprocally. In addition, since ugl) is emanated backward
from ¢ in H ¢ and forces the equation ruling the evolution of
) depends naturally on . One emphasizes this
dependence as #{V[£] in the whole paper.

The nonresonance conditions should be given in follow-
ing theorem, under which the pullback limit of 71 [£] exists.
Now, representation of an analytical description of such
parameterizing manifolds will be provided. In particularly,
it emphasizes the dependence on the part of the noise path
of the manifolds.

), thus @ u

Theorem 1. Consider the SPDE (2) in the functional setting
of Section 2, with F assumed to be a trilinear function. Let
g =A{1,---;m} with m=dim (H°).

Suppose also 3, (A) < 0 for all n > m. Furthermore, assume
that the following nonresonance conditions for all (i, i,,i3)
e L3 n>m,

if <F(e;,e; ¢ ),e,>#0,

)
then ﬁi, + ﬁiQ + /3;‘3 -B,>0

hold. Then, the pullback limit of the solution u)[E](T,
0_rw;0) of (7) and (8) exists and is given by

W) (& w) = lim a[E](T.6_r,;0)]

T—+00
.0 . .
- J e‘L3T+2"WT(‘”)PsF(eLATE) dr,VE € HS, we,
—00
(10)

where ﬁgl)(s,w;ﬁ) is the solution of (5) and (6)

(s, w; &) = ehasroWsl@ig, (11)

Moreover, Ey) has the following analytic expression:

:; gzgg”s M) (12)

where §,=<&,e>,i=1,---,m, and

M@ =[ (B0 B0 BM-AD)

+20W (),
Proof. Firstly, from (5), (6), (7), and (8), one introduces
two processes ugl) and u£1> for ﬁgl) and a§1> as follows:

u£1> (S, w; f) = e*ZU(esw)ag) (S, w; ezn(esw)f S
EeH,

s€[-T,0],

W VE](5.0-5030) = ¢ Cr9alD [+ (5,05 0),
s€ [0, T].
(14)
Here, via the above transformation processes, the
backward-forward system (5), (6), (7), and (8) is trans-

formed into the following system of random differential
equations:

dul)

Fr Liu) + 2z, (B,w)ulV), se[-T,0], (15)
ul (s, w)lg =& € HS, (16)
dul)_

ds = L/\ugl) + ZG(Os—Tw)ugl)

+ ezzv(esz@PsF(uEl) (s-T, w)) , s€0,T],
(17)
ulM(5,6_7w)| o =0. (18)

Using the variation of constants method, we can formally
obtain the solution of (15) and (16), which is followed by
making use of an integration by parts performed to the
resulting stochastic convolution terms

M( )(S,(O E — AS+J" der (19)

Similarly, the solution of (17) and (18) can be also
obtained at T, which is formed

0 -
ugl) [Ei (T, G_Tw : 0) — J e—‘rle+2zn(w)dr+20wr(w)PsF (eTLSE) dr

-T
(20)

where u" (,w &) is taken as a form of (19). When
T — +00, since condition (9), the limit of (20) exists,
which is formed

W& w)= lim uV[E|(T,6_rw;0)

T—+00
X (21)
= J e_TL;+ZZ”<w>dr+20WT(w)PSF(eTLRE) dT
—00



Secondly, one investigates the analysis presentation
of this limit. Propose that

WY (& w) = Z W& w)e,, (22)
where
h(l)’” , — N )¢ ’11213
V(G w) il’;:l §.8.6 M5 (w) 23)

<F(e,e e ) >

Here, i;=1,--,m and §; =<§,¢>,j=1,2,3, and
] )

n ) s+20W (w)
ds. (24)

According to the same assumptions and the inverse
transformation, (11) can be immediately obtained from

2B

0
ON| e<f 1
’ el

(19), and the analytic expression of E(Al) has the form

of (12).

Furthermore, the approximation EE\U can be provided by
the above theorem, which constitutes a parameterizing man-
ifold function of SPDE (2). Moreover, the random coeffi-
cients M, , have decaying property of correlations when it
is checked by similar calculations performing for the proof
of Lemma 5.1 in [6], which are solutions of auxiliary SDEs

= <1 - (Z ﬁij(A) -

Remark 2. Here, the random coefficients M’”z’*( ) satisfied
the stochastic equation (25) and are different from M, in
[14], since the stochastic processes’ transformations are var-
ious for stochastic equations with multiplicative noises. So,

/\)) M) dt—oModW,. (25)

Mﬁ”fs (w) in this paper and M; in [14] have different repre-
sentations by formulas. In this paper, the transformations
of stochastic processes are more difficult than those in [14].
So, the random coefficients M’”Zl3 (w) are much more com-

plex than those in [14]. Then, these differences hold in the
whole paper.

4. PM-Based Non-Markovian Reduced
System with Multiplicative Noise

In this section, the PM-based non-Markovian reduced
system of problem (2) is investigated in two cases that
are in two subspaces, H° =span{e,} or H° =span{e,,e,},
respectively.

When one projects (2) into the subspace H_, it yields that

du, = (Liu, + P.F(u. + uy))dt + ouo dW,, (26)
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where u.=P.u with P. being the canonical projector on
subspace H®. By replacing u(t,w) =Pu(t,w) with (12),
the pullback limit ES)(E, 0,w), one yields the following
reduced system

dE = ( Et PCF(E 1\ (g, Gtw)) ) dt +oEedW, (27)

which provides an approximation of the SPDE dynamics
projected onto the low modes.
From (12), the random coefficients of e;(x)(i=1,2,--)

contained in the expansion of E;l) exhibit the decaying
property of correlations. Therefore, extrinsic memory
effects in the Stratonovich sense are conveyed by the drift
part of (27), making such reduced systems be non-
Markovian (see [18, 19]).

The analytic form of EE\I) from (12) can be used. The non-
linear interactions F,;*" = <F(e, , ¢, ,¢; ), e,>, have the fol-
lowing form. When m =1,

Fy*" = —, n=3,
21 (28)
Fith =0, n=2 or n>4.
When m =2,
gy _ 1 hen i tidi o L
T when i +i,+iz=n or i —i,—i3=n,
FiliZiS—_l h .+._._ _.+._
TR when i, +i,—i3=n or i —i,+iz=n,
Fibh =0, n>7.

(29)

Firstly, we investigate the system in case m = 1. Since
approximation of parameterizing manifolds have been
obtained in Section 3, then one yields that

(1) 1
hy (G w) = z—lfiMé}f(w)ess (30)
where &, = <&, e;>, and
0
M (@) = J BBy (V)52 W, (@) g (31)

In this case, the approximation is simple. However, it is
not enough to present the performances of the corresponding
dynamics. Furthermore, parameterizing manifolds in two-
dimensional case for low mode are considered, which per-
form more dynamics than in the above case.

Secondly, when m =2, then one can obtain the more
complex results than in the case of m = 1.
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Here,
EU) ’ z Z EhE’zE’s]VIMZI3 ) ( i €iyp ei3)’ €n >
n=—m+11i,i,,iy=
= 2l (ElMélal - 3515§M;Z/\2) e+ Z*IE?EZM};X‘%
3 1
+ 2751551\4;2535 + Z53M2f66)
(32)
where &, = (&, ¢)), &, = (&, e,), and
Mlll( ) 6(3,81(A)—,B3(/\))S+ZUWS(w)d M122( )
J ;OO
— e(Bi(M)+2B,(1)=p5(X))s+20 W (w ds,
—00
MUZ( ) 6(2,81(/\)+ﬁ2(A)—ﬁ4(A))s+20W5(w)ds’

J —00

0
122

M;j (w) =

—-00

0
[ eBBa)s20W (@) g

2B BN 20W, () g5, M222(0)

(33)

However, it is complex to use directly the analytic for-
mula of Ef\l) to obtain the vector P_F(& + Ef\l) (&,0,0)) as & is
various in HC in spite of any case in fact. So, we can use !
[E(t, w)](t+ T,0;w;0) to take the place of E;l)(ﬁ, 0,w) on
the fly along a trajectory &(t, ) of interest, where #") is given
by integrating on both sides of the backward-forward system

(5), (6), (7), and (8), when T is chosen sufficiently large [6].
Then, it is natural to study the reduced system as follows:

dE, = (ngt + ch(gt + A [E(t w)](t+ T, Oy 0)))dt
+0&,0dW,, E(0,w)=¢, >0,

(34)

where ¢ is appropriately chosen according to the SPDE initial
datum and 7V [£(t, w)] is given from the following system:
di ( ) =

=LaVds + oul) o dW, a1l

(s @)l = §(1, @),
set-T,t,
dal) = (Ljﬁgl) + PSF(QEI) (s- T, w)) ) ds+ oV o dW .,
(5,0, =0, se[t,t+T].

(35)

Now, we give the corresponding non-Markovian systems
from the above system. Investigating them in two cases m =1
and m =2.

Firstly, when m =1, one denotes & (t,w)=
with & (f,w) =<é(t,w), e, >.
written as in coordinate form

& (twe,

Then, the system can be

= B8 = 5 (8- 80 &[] Jar o8y oaw,

t>0,
(36)

with &, (0, w) = (¢, e;), where &, = &, (t, w)e, andyj(-l),j =2,
are given from the following system:

1
i = B, (1) Vs + oyl o dw,
dyy) = B,(N)ys ds + oyt 0 dW .

ay) = (/33 A

€[t-T,t,
et t+T],

1 3
+ 5 - Tw)] )ds+ ot o dW o,

€ft,t+T),
dy =g (AVds+ oyl edW, g, seftt+T), j=4,-,
(37)

with 31 (5 @)l = & (6,@), 3 (5,001, =0, j=2---
& (twe +

Secondly, when m = 2, one denotes (¢, w) =
& (t,w)e,, with &,(t, w) =<&(t,w), e;>,i=1,2. Then, for
t>0, the corresponding system can be written as in coordi-
nate form

a6 =B s - 36 - Jaee J (-8

1 1 3¢
+28,8,98) + &) )) + =2t ()’3 yy

UNRE

i=3

1 12 ) 1) (1
- 7([% q 7+ 2550y )yé))

I my/ 1 1 (1
- g A ) b o e,

1) (1
+J’z(1 ))’é)

Zy, B% )

= {08 - 188 - 58+ 5 (84

+2§1€2(‘}’gl)+)’5 )*’Ez}’s )
38 [
<y3 ve Zy, 5% )— 7 [yi }

=3

3 1 1 1 1 o1 (1
- ({yg A 2y 05

2
+ [yil)} yél)> }dt +0&,0dW,,



with &,(0, ) = (¢, 1), &,(0, ) = (§, &), where &, =, (£, w)
e; +&,(t, w)e, and y](.l),j: 3,--, are given from following
system

dy) = B,y ds + oyl e dW,,  seft-T.1,
dys) = oWy ds +oys e dW,,  selt-T1)

= (Bt s 5 (P -]’

2
- 3}/51) (s—T,w) [ygl) (s—T, w)} ))ds
vy edW, ., seltt+T],

1 1 3 1 2
= (B + 3 110 e T s

+0yil) odW_p, se[tt+T],

3
= (B« Sl e= 1) A o= ]2

+oyl)edW ., seltt+T),

1 3
= (B + 3 [ -] )
+0y(61) odW,_p, se[tt+T),

dy;l) = ﬁ](A)y;l)dS + O'y;l) o dWs—T’ s€ [t) t+ T]) j= 7’ )
(39)

with 317 (s, @)l =&(b.0) 4 (5 0)l = 6(60), (s
0|, =0, j=3,-.

From the above equations, the representations of
approximation for manifold and the corresponding reduced
non-Markovian systems for stochastic Swift-Hohenberg
equation with multiplicative noise are obtained. And the
performances given by the above non-Markovian reduced
system should have approximate dynamics on the H* modes
in modeling of the pathwise SPDE (2). It is more important
that one should give partial dynamics in approximation
sense on the H° modes in modeling of the pathwise SPDEs
in practice. The performances from the reduced system
may be numerically assessed for a corresponding optimal
or suboptimal control problems in the deduced processes.
The numerical results will be further shown in the future.
The processes deduced in this manuscript offered an idea
in order to further investigate the approximation of stochas-
tic manifold for some quantum stochastic equations with
multiplicative noise.
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