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The stochastic strongly dissipative Zakharov equations with white noise are studied. On the basis of the time uniform a priori
estimates, we prove the existence and uniqueness of solutions in energy spaces &, and &,, by using the standard Galerkin
approximation method of stochastic partial differential equations.

1. Introduction

The Zakharov system, derived by Zakharov in 1972 [1],
describes the interaction between Langmuir (dispersive)
and ion acoustic (approximately nondispersive) waves in an
unmagnetized plasma. The usual Zakharov system defined
in the space R%*! is given by

iE, + AE = nF,
(1)

n, — An=A|E[?,

where the wave fields E(x, t) and n(x, t) are complex and real,
respectively. It has become commonly accepted that the
Zakharov system is a general model to govern interaction
of dispersive nondispersive waves.

In the past decades, the Zakharov system has been stud-
ied by many authors [2-10]. In [4], the authors established
globally in time existence and uniqueness of smooth solution
for a generalized Zakharov equation in a two-dimensional
case for small initial date and proved global existence of
smooth solution in one spatial dimension without any small
assumption for initial data. In [7, 8], the uniqueness and
existence of the global classical solution of the periodic initial
value problem for the system of Zakharov equations and the
system of generalized Zakharov equations have been proved.

In order to better qualitative agreement, it is necessary to
include damping effects or effects of the loss of energy. In a
realistic physical system, dissipation must be included into
each equation. In [11], the author studied the following dissi-
pative Zakharov equations:

1
?ntt_nxx_ |E|>25x_0mt:f’ (2)

iE,+E, . -nE+iyE=g, (3)

where positive constants o and y are damping coefficients
and f and g are external forces. The author obtained the long
time behavior of (2) and (3) on a bounded interval with ini-
tial conditions and homogeneous Dirichlet boundary condi-
tions. The asymptotic behaviors of the solution for (2) and
(3) in 1D-2D have been investigated (see [11-13]).

In [14], the authors considered the following strongly dis-
sipative Zakharov equations:

1
? My = My = |E|;2cx e :f’ (4)
iE, +E, —nE+iyE=g. (5)

They studied the Cauchy problem of (4) and (5) and
proved the existence of the maximal attractor.
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In recent years, the importance of taking random effects
into account in modeling, analyzing, simulating, and predict-
ing complex phenomena has been widely recognized in geo-
physical and climate dynamics, materials science, chemistry,
biology, and other areas [15-18]. Stochastic partial differen-
tial equations are appropriate mathematical models for com-
plex systems under random influences or noise. Usually, the
noise can be regarded as a simple approximation of turbu-
lence in fluids.

In [19], stochastic dissipative Zakharov equations have
been studied on a regular domain D in the Itd sense. The
authors proved the existence and uniqueness of solutions.
Then, a global random attractor was constructed. Further,
the existence of a stationary measure was proved. In [20],
the existence and uniqueness of solutions are obtained.
Moreover, the asymptotic behaviors of the solutions for the
stochastic dissipative quantum Zakharov equations with
white noise were also investigated.

In the present paper, we consider the following random
forced strongly dissipative Zakharov equations on a regular
domain D in the It sense:

o — E|? —omxx:f+W,
| ‘xx 3 1 (6)

iE,+E, —nE+iyE=g+ W,,

where the parameters y >0 and a >0, and W, and W, are
independent L?(D)-valued Wiener processes, which will be
detailed in the next section. Here, W denotes the general
derivative of the Wiener processes W with respect to time.

The rest of this paper is organized as follows. In Section 2,
some functional setting and some conditions are given. In
Section 3, a series of time uniform a priori estimates are given
in different energy spaces. Some of the technique of estimates
and Itd’s formula are used frequently. In Section 4, we obtain
the existence and uniqueness of solutions for the stochastic
strongly dissipative Zakharov equations by using the stan-
dard Galerkin approximation method in different investi-
gated spaces. Various positive constants are denoted by C
throughout this paper. Now, we state the main results of
the paper.

2. Preliminary

In this section, we give a detailed description of the stochastic
strongly dissipative Zakharov equations. Let D = [0, I] with
0 <I<o00. Consider the following strongly dissipative sto-
chastic Zakharov equations on a regular domain D:

?ntt e |E‘325x = Oy :f + Wl’ (7)

iE,+E_ -nE+iyE=g+W,, teR,xeD, (8)

with initial conditions

Eli_g = Eo(x), licg = 19 (%)s 1yl 1o =1y (x),  x€D,  (9)
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and Dirichlet boundary conditions
E=0,n=0,teR",x€0D; (10)

here, f, g, «, y, and A are given, with « >0 and y > 0.

As in [14], to study the solution of strongly dissipative
stochastic Zakharov equations, we set m =n, + en, where
€> 0 is small enough and will be chosen later. So we have
the following equations:

m=n, +éen, (11)
1 € &
?mt—?m—amm+?n—(l—m)nm (12)

- |E|;2cx :f+ Wl’

iE, + E,, — nE + iyE

(13)

=g+W,, teR,xeD,
Elieg = Eo (%), nli=g = 19 (%), ml g (14)
=n,(x) +eny(x) =my(x), x€D,
E=0,n=0,m=0,t€R",x€dD. (15)

Here, we give a complete probability space (Q,F,
{#F,} 0o P). The expectation operator with respect to PP
is denoted by E. The stochastic terms W, (¢t) and W,(¢)
on (Q, F {F,}., P) are defined by

Wi(t) = g ()@ (1), Wa(t) = g (x)wy (1), (16)

where w,(t) is a standard real-valued Wiener process and
w,(t) is a standard complex-valued Wiener process inde-
pendent of w,(¢). In addition, g,(x) and g,(x) are suffi-
ciently smooth functions.

We will work on the usual functional spaces L?(D), H™
(D), and Hy(D). The inner product on L*(D) will be denoted
by (u,v) =Re [ u(x)v(x)dx,u,v e L*(D) and the norm by
lullo = llull2 = (ID\u|2dx)1/2. The general p-norm of L?(D)
(p>1) is denoted by ||u||,, = (jD|u\de)1/P. And the norm
on H"(D) is denoted by [lul, = (Socien 10"l p) "
The real and imaginary parts of a complex number A are
denoted, respectively, by Re A and Im A.

Now, we define spaces &,,i=0,1,2,as & =H (D) x L?
(D) x Hy(D), &, =L*(D) x Hy(D) x (H*(D) N Hy(D)), and
&, =H}(D) x (H*(D)nH}(D)) x {u € H*(D) N H}(D), Au
€ Hy(D)}. Endow &; with the usual product norm |[|-|| .
Then, &, ¢ &, ¢ &, with compact embeddings.

In our approach, we need the following lemmas. Let (2,
[l2) < (Z.1I-ll) < (Z, ]|l z) be three reflective Banach

spaces and &' ¢ % with compact and dense embedding.
Define the Banach space

dv

?:{V:VELZ(O,T;SX), 7

eLZ(O,T;SZ‘)}, (17)
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2
ds, ve®. (18)
z

T T dv
Iv1E = | Iviods+ | ng
0 0

Then, we have the following lemma about compactness
result (see [21]).

Lemma 1. If K is bounded in &, then K is precompact in L?
(0. T5%).

Another lemma is needed for some maximal estimates on
the stochastic integral. Assume U and H are separable Hilbert
spaces, W is a Q-Wiener process on U, with U, = Q'?U. And
let LS =L%(U,, H) be the space of Hilbert-Schmidt operators
from U, to H. We have the following results (see [22]).

Lemma 2. For any r > 1 and any L%-valued predictable process
D(t),t €0, T), we have

t
[EJ D(s)dW(s) =0,
0
E[ sup
S€[0,t]
<c¢, supk
s€0,t] 0

t r
<c(|] 106de)
0 2

where ¢, and C, are some positive constants dependent on r.

JS(D(o)dW(o)

0

) ) (19)

JS(D(O')dW(O')

3. Time Uniform A Priori Estimates

In this section, in the sense of expectation, we give a priori
estimates for (n,, n, E) in different spaces &, &, and &,.

Lemma 3. Assume g,E,,q,€L?(D). Then, for any T >0
and p>1, EeL?(Q;L®(0, T;L*(D)))NL>®(0,00;L% (€,
L*(D))).
Proof. Applying 1t&’s formula to || E||;, by (13), we have

d o 7 2

it [|E[[o =2 Re DEzde + |4l

=—2y||E||§+2ImJ gEdx (20)
D

+2 Imj W,Edx +[|g, 3.
D

Integrating (20) from 0 to f, by Young inequality, we
obtain

t t
1ENG = 1Eollg = 2v OIIE(S)HﬁdSJr2 Im JDgdedS

0

t
+2J ImJ W,Edxds + ||q,|5t
0 D

t t
< 1ol - 2y OIIE(S)Iléds+2 O”QHOHE“odS

, | (21)
+2J Im J W, Edxds + ||, 2t
0 D

‘ 1
<1Ellg —VLIIE(S)Iléds+ (;Ilglﬁ + ||qz||§)f

t
+2J ImJ W, Edxds.
D

0

Taking expectation on both sides of (21), by Lemma 2,
we get

t 1
B} < ENE - vE | 156 3ds+ (ol + a1 ).

(22)

Then, by Gronwall inequality, we get
1 1
2_ - 2 2 2
E[|E|l; < e E| 1ol + 2 lgllot Sldalo =6 (23)

where C is independent of T.

By (23), we obtain E € L*(0, co; L*(Q, L*(D))).

Taking the supremum and expectation on both sides of
(21), by Lemma 2 and (23), for any T > 0, there exists a pos-
itive constant C; we have

t 2
E sup ||E||5 < E||E|[; + E sup J Imj W,Edxds
0<t<T 0<t<T D

0

1
+ (y Il + ||q2||3) T4l
2 2 T 2
<E||B, |2 +C||q2||ofEJ0 |E|2ds (24)

1
. (; gl + ||q2||§)T+ I

< Cr(E||Eollg +11gllo + 1allo +1)
<Cr(Ep 9> 92)s

where C(E, g, q,) is a constant depending on ||Ey||,, [|g]]o»
142l and T

By (24), we obtain E € L*(Q; L®(0, T ; L*(D))).

By the above estimates, we can further give an estimate of
||E||7 for any p>1. Now applying It&’s formula, Young
inequality, and Holder inequality, we have



2(p-1)
||E||§+2P( = DIIE" " llg2

d 2(p-1)
—||E E
BN =plEN; b

2 1 =
= p|E|2” >(z Re [ £ ||q2||3)

2 1
+2p(p = Do |l, 13
2 1
=p||E[lo "™ (~2y||E(t)|I2)
mJ gEdx
D

+2p||E|l?™ Im J W, Edx
D

2(p-1
+2p| E[lp Y

2 1
+p2p - D" I, 13
2(p-1
< ~29pElIR? + 2] 15" | g1l IEl,

+2p[|Ee? Y Tm J W, Edx
+p(2p = DE" |, II3
<yl B[S + ;IIEIIO("’”HgHé
+2p|[E[)SP Y ImJ W, Edx
+p(2p = DE" |13

2, 2(p-1 T
< -yplE3 + YL B + 20 S 1m | s
D

2T
C(llglly» Iqullo) =—7||E||op

#2p B3 1m | W,Ede gl )

(25)
Integrating (25) from 0 to ¢, we obtain
2p /.
I1Ello” < [|Eollo” = 7J0”EH° ds+C(|lgllp llazllo)t
[ | (26)
+ ZpJ IE[a¢") ImJ W, Edxds.
0 D
Taking expectation on both sides of (26), we get
E||E||ef <E|E E||ds
IEIY < ElEal - 2L i )

+ C(HgHo’ ||‘Iz||o) :

Then, by Gronwall inequality, we get

»_ - 2
E[|E[)y < e ™2E|Ey[l" + C(llgll 192]lp) < C(g>g2)>  (28)

where C(g, q,) is independent of T.
By (28), we obtain E € L*(0,00;L*?(Q, L*(D))).
Taking the supremum and expectation on both sides of

(26), by Lemma 2 and (28), for any T > 0, there exists a pos-
itive constant C; we have
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2, 2
E sup [E[” < E[[Eo[ + C(lglly 1) T+ 1

2
+ p’E sup

0<t<T

2
SEJE[I" + C(l19llo> l121l0) T +1

t 2(p-1 P
J||E||O(‘D )ImJ W, Edxds
0 D

T
4p-2
+CP2||‘12||(2)[EJ 1E[le""ds
0

< CT(HEOHO’ l9llo> ||‘h||o) <Cr(Ep 9> 92)s

(29)

where C;(E,, g, q,) is a constant depending on ||Ey||,, [|g]]o»
142l and T
By (29), we obtain E € L*(Q;L®(0, T ; L*(D))).
Lemma 3 is proved completely.

Lemma 4. Assume (n;,n,E,)) €&,,f,q, € H'(D) and g,
q, € H)(D). Then, for any T>0 and p>1, (n,n,E)€L?
(L0, T;8,)) NL®(0,00; L% (Q, &))).

Proof. Applying It&’s formula to [|m||, by (12), we have

1 d ) 1 . 22 , € )
el = | Ay tmds s P, = i,
2

- 55 | (- n(-2) " mas

—J |E|2mdx
D

+J f(—A)’lmdx+J W, (-A) "' mdx

D D
b )
+ Sl
(30)
Since m = n, + en, from (30), we obtain
df1 , 1 , &
& I+ 50 =l s Sl
€ 2 2 ’ 2 2
= ?Ilmll_l —am| - Fllnll_l — (1 -ea)n|
-J |E|2mdx+J F(=2) " mdx
D D
AZ
A -1 2
+JDW1(_A) mdx+7|\q1||_1 (31)

IN

83
(2 =t ) P, = S5, =01 )
—J |E|2mdx+J f(=4) " 'mdx
D D
NPT
o] i)t P
D

where A, is the first eigenvalue of —A.
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By (31), we get

1 2 1 1 2 & 2
— |—||m + = —&x)||n||, + —= ||n
dt 2A2 || H—l 2( )H ||0 ZAZ || ||—1

3
€ 2 2, ¢ 2
o G [ R e e
2

< pemas | ooy tmas s X ja,
D D 2

+ J W, (=A) ' mdkx.
D

Applying 1to’s formula to ||E,||Z, by (13), we have
d -
GIER=2Re | EBudes ol (9
D

Substituting E, . = —iE, + nE — iyE + g + W, into (33), we
have

d _
aHExH(Z):_Z Re ExxEtdx+ ||q2||f
D

(nE— iyE+ g+ Wz)Etdx+ Hq2||f

=-2 Re
JD

=-2Re

nEE,dx + 2 Re J yE(—iE,)dx

D D

—zReJ gEtdx—ZReJ W,E,dx + ||q,|}
D D
=-2 ReJ nEEtdx—2yHEx||3—2yJ n|E|*dx
D D
—2Rej yEgdx—ZReJ YEW,dx
D D
—2ReJ gEtdx—ZReJ W,E,dx +||q,||}
D D
=-2 ReJ nEEtdx—ZyHExH(Z)—ZyJ n|E[dx
D D
) o
gl -2 Re | (vE+E)gds
D
—2ReJ (YE + E,) W, dx.
D

(34)

In addition, applying It&’s formula to fDn|E|2dx, we have

dJ n|E|2dx:J nt|E|2dx+2ReJ nEEtdx+J n|q,[*dx.
dt D D D D

(35)

Substituting (35) into (34), we obtain

d 2 2
g (JEatg+ | mieiax)
=2y} -2y nlEPdx+ g,
—2ReJ (yE+Et)gdx—2ReJ (YE + E,) W, dx
D D
+J nt|E|2dx+J n|q,|*dx
D D
=-2y||E,||; - (2 E)d 2
PIE:llo = (2 +¢) D”\ |"dx + || g, 17
+J n|q2\2dx—2ReJ (VE + E,) gdx
D D
—ZReJ (yE+I_5t)W2dx+J m|E|*dx.
D D

(36)

Taking 0 < & < min {1/a, aA;A*/2}, and by (32) and (36),
we have

df1 1 ¢’
& [P+ 5=l e S,
d &
o (1B | miepas) o o,
, € 2 2
+e(1—ea)||n|; + ?”””_1 + 2| E[
+(2y+e)J n|E|2dx
D
1d 1 ¢’
< s [+ (=l Sl

d £
e g (VB | e + (2, ),

3
2, € 2 2
+e(1 —ea)||n||2 + ?||n||,1 +2y[|Ex |l

+(2y+ s)JDn|E|2dx < JDf(—A)’lmdx

. _ A
+ DW1(—A) tmdx + 7||‘11H31+qu||f

—2ReJ (yE+Et)gdx—2ReJ (yE+ E,) W,dx
D D

+| nlg,*dx.
D

(37)

By Holder inequality and Young inequality, we have the
following estimates:



—2Re JD(YE+Ez)ngS2||ExHo||gx||o+2||g||Lm||”||o||EHo
~2Re J iW,gdx < V||E, |12
5 2
2 2 C 4
+ =[1g.llo + Cillgxllo
y
g(1

- &) 2 4
+ = lInllo + G2 Ellg

W,gdx,

+21mJ
D

< Cllnllo|IEIIZs < Clinllo (1EN" 1 Exllg”)

< g(1 - ea)
6

(y+e)

J n|E\2dx
D

2, Y 2 6
[Inllo + 5 |Exllo + C5[|Ello:

JDf(-A)_lmdx < [l ]l

2
€ 2 A 2
e [ e T

J g, dx < ||nllgl|4a 17+ < 1l (Cllga o™ 1 92xll0™)

e(1 —ea)
< Tllﬂ\lﬁ + C(llaxllo + 12110)-

(38)

By (38), we obtain

d 2 1 ), & 2
- Z(1-
& I+ 5=l

+ 4 (||Ex||§ +J n|E|2dx) +—
ar ,

3

2 2 2
+e(l=ea)|nllg + 55 lInllZ, + 2y |1 E.llg

+(2y+ e)J n|E|*dx
D

< JDf(-A)-lmdx + JDW‘ (~A) " mdx

—2Re

A2 _
+ 5 HQI”EI + ||‘b||f D(yE+Et)gdx

J (39)
—2ReJ (yE+Et)W2dx+J n|q,|*dx
D D

£ 2 A2 2 J -1
< —|\m|5, + =|IfII5, + | Wi (-4) mdx
Py SR+ | W)

% 2 2, Y 2, 2 2
+ 7”‘11”—1 + g7 + EHEx“o * ;nguo

e(l —ea
+ Gyl + 05

4
llo + CollEll

Il +
+21Im J W,gdx — 2 Re J (YE +E,) W,dx
D )

e(1 - ea)
t— Inlls + C(llg 17+ la.115)-
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By (39), we get

dr1 ., ., 1 ,
& I+ 50 =l

d
+— (|Ex||§ +J nE|2dx> +—
a 5

83
et = el + Sl 2pE G 4o | e
<y e o [ W) md
2A2 -1 28 -1 b 1

22 2 2, Y 2, 2 2
+ 7”‘11”4 +lqll7 + EHEXHO + ;nguo

g(1 - ea) 2 4 4
+ = Inllo + Gl|Elg + Cillgxllo

+2Im J W,gdx — 2 Re J (YE + E,) W,dx
D

D
g(1 - ea)
+ 2 i+ Ca + )
e(1 —ea) y
+ g Yy 2+ g,
(40)
Now, taking 8 =min {e, p} and letting H,(t) = (1/2A%)

|2, + (1~ ea)i2) [ mllg + (2/22%)[[m]|2, + [[E,[IG + [ pn
|E|*dx, the above inequality is changed into

d dl 1 1
e+ BEL (0% G |+ (1=

& d
ettt ]+ 5 (e
+J n|E|2dx> v 5

L el -ea)

Il + 2||n||:
+y||Ex||§+yj n|E[2dx
D

<CIfN - gl gl 192111)
+J W, (-4)'mdx + C||E||§
D

+21mJ W,gdx
D
—2ReJ (YE + E,)W,dx
C(f. 94 1) J —A) mdx

D
+C||E\|0+21mj W,gdx
—2ReJ (YE + E,) W,dx.

(41)
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Integrating (41) from 0 to ¢, we obtain

Hy(t) ~ Ho(0) + ﬁJ;Ho (5)ds

t
scj |B)|Sds + C(f, 9 41 )t
0 (42)
Im J W, gdxds
D

t

+ Jt JDWI (=A) 'mdxds + ZJ

0 0

t
- ZJ Re J (YE + E,) W dxds.
o Jp

Taking expectation on both sides of the above inequality,
by (28), we get

EH,(t) - EHy(0) + [3[EJ[HO (s)ds

t 43
< C[ELHE(s)HSds +C(f, 991 a,)t )

< C(Ep. f> 9> 91> 41
By (23) and Gronwall inequality, we have

EH,(t) < e P'EHy(0) + C(Ep, f, 9,4, 4,)

(44)
<C(Ep. f> 9,915 %)

where C(Ey, f, g, ;> q,) is independent of T.
Since

< Cllnllo|Ellz+ < Clillo (I1EII5 1Edllo”)

U n|E|2dx
D

| . (45)
- 2 2 6
< =S+ S BN+ ClEG

we have

2 2 2 2 6
ClImIIZ, + [Inllo + lIml1Z, + 1E4ll5) = ClIEllg
2 2 2 2 6
< Ho(£) < C([ImllZ, + lInllg + [ImllZ; + [[ELll5) + ClIEllo-

(46)
By (41) and (46), we have
d , o
GHO =0 9.0,0,)+ | W,(-) m
+C|IE||S+2Im | W,gdx (47)
D

Therefore, by (28) and (44), we have

E(|lm|2, + [[n)lg + 7012, + | E<ll5)
< C(EH,(t) + CE||E||5)
< C[e‘ﬁ‘[EHO(O) + C(Ey, f> g,ql,qz)} (48)

+ CLe PR Eoll§+ C(I gl I:110)]
<C(Ey f. 91> 9)>

where C(E,, f, g q,, q,) is independent of T.
By (48), we obtain (n,,n, E) € L°(0, 005 L*(Q, &,)).
Further, we give an estimate of Hb(t) for any p>1.
First as

InEIR, = | ()" (nEpnEde s |- nE] o 1,
< Cll(-ay |, o El < ClnE £l
()

by (47), we have

InE|I%, < CllnlgIIEls < C(Ho(t) + EN) | Ellgs
(50)

(12, + lmllg + 17112, + 1ELIG < C(Ho(5) + [[EIl5)-— (51)

Applying 1t6’s formula to Hb(t), by (41), (50), (51),
and Young inequality, we obtain

d o, d 1 _
T HO(6)=pH ™ (8) 7 Ho(t) + = p(p = 1)CH; (1)

1 -2
(IENTN4117 + lglgaalg) + EP(P— 1)CHY ™ (t)
(IREI2 1 4allf + Iml l19201%)
< pHY ' () [-BH, () + C(f, 9,4, 9,) + C||E|[§]

+pH€71(t) U W, (=4) " 'mdx + 2 Im J Wzgdx]
D D

+pHE (1) [—2 Re J (VE+E,) Wzdx}

D
1 2

+§P(P—1)CH€ O EI 07 + 19115 1142115)
1 _

+5p(p - DCHY (1) (InE|1% ll4.1})

1 -
+ 520 = DCHG (1) (Im]1%, 19,11,



< -BpH}(t) + pHy (1) [C(f. 9. 91> 4) + C| Ellg]
+pHY (1) “ W,(=A) " mdx +2 Im J Wzgdx}

D

+pHY (1) {—2 Re J (YE+E,) Wzdx}

+ 5p(p— VCH (0) [2(Ho() + CIIE])] 111
+5p(p = DCHE (1)llgll5l14213
+ 3P~ 1)CHE () [(H(6) + | EI)CIEIR) s
+ (= TYCHS(0)[22° (H(0) + CIEIS)] s
<~ P21 (1) Oy £ 0.100) + 1B + 121
ot o) |

+pHE () {—2 Re JD (VE+E,) Wzdx} .

—_ N =

W, (=4) " 'mdx + 2 Im J Wzgdx}
D D

(52)

Integrating from 0 to t and taking expectation on both
sides of the above inequality, by Holder inequality and (28),
we derive

B
EH(t) < EHp(0) - o [EJOHg(s)ds (53)

+ C(Eo. /> 941> D)1
By Gronwall inequality, we have

EHA(t) < e #PPEHE(0) + C(Ey, f, g» 1 4,)

(54)
< C(Eos f> 9> 41> 42> o> M)
where C(E, f, g, q;> 4, 1> ;) is independent of T.
By (28), (51), and (54), we obtain (n,, n, E) € L°(0, 0o;
12(0,8,)).
On the other hand, integrating from 0 to t on both sides
of (47), deduce

Hy(t) <Hy(0) + C(f> 9,91, 9,)¢

JtJ W, (=A) " mdxds

0

2
+

t 2 (55)
+ CJ |E||Sds +

0

t
J ImJ W, gdxds
0 D

2

+ +C.

t
J Rej (E + E,) W,dxds
D

0

Now, taking the supremum and expectation on both
sides of the above inequality, we have
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E sup Hy(t) <EH,(0) + C(f, 9. 41> 9,) T+ C
0<t<T
t . 2
+E sup J J W, (=A) ' mdxds
D

0<t<T|Jo

t
+ CE supJ ||E\|gds
0<t<TJo
t . 2
+E sup J ImJ W,gdxds
D

0<t<T[Jo

2

t
+E sup J Re J (YE + E,) W,dxds
D

0<t<T|Jo

<EH,(0) +C(f,9,9,,9,)T

T T
+cuql|\i[EL Hmnildtw[EjO |E|5ds

T
+C\|q2|\é[EL lgl3dt+C

t
J ReJ (—iExx+inE
o Jp

2

+ E sup
0<t<T

+ig + iV\_lz) W,dxds

<EH,(0) +C(f. 9,9,9,)T
T T
+cuq1|\%1[EL Hmnildtw[EjO |E|Sds
2 r 2
+cuq2|\0[EL lgl2dt +C
2 g 2 2 T 2
+cuq2|\1[EL \|Exu0dt+6||q2||1[Ejo B2, dt
<EHy(0) +C(f. 9,9,-9,) T+ C
T T
+ CE| |B5ds + Cla,IGE f1g13de
0 0
2 T 2 6
+cuq1|\_1[Ej 202 [Hy () + C| E|[S]de
0

T
+cuqz|\%[ELZ[Ho<t> +Cl|E|S)dt
2 T 6 2
+ cuqzuﬁEL ClHo(t) + [EI[S]|E|2dt.
(56)

Then, by (28), (54), and (56), we obtain

[EOS?PTHO(t) < Cr(Eps f> 9> 41> 45> 15 o) (57)

where C depends on the initial data.
Therefore, by (48), we have

E sup||(n, m E)||z, < Cr(Ep.f, 9. 90 @11 1). (58)
0<t<T

By (58), we obtain E € L*(Q; L®(0, T; &,)).
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In addition, from (52), we have

d
L HA(t) < C(Ey £.9.9,42) + C(IEIT + 1B

+pHE (1) U W, (~A) " mdx

D

+21Im J Wzgdx} +pH€71(t)
D
- [—2 Re J (vE +E,)W2dx] .
D

Integrating from 0 to ¢ and taking the supremum and the
expectation on both sides of (59), we have

E sup Hg(t) < C(Eo,f; 9,9 qZ)T

0<t<T
t
6, 3
+ CE sup | (B[ + B[
0<t<TJo
" pHg“(t)J W, (~4) " mdx
D

+2pHE™ (1) Im J W, gdx
D

+pHE (1) [-z Re J (—iExx

D
+inE +ig + sz) Wzdx]
<C(Ep: f> 9,9, 9,)T

t
6 3
+E sup | (JE[ + |[E])ds
0<t<TJo
t . 2
+E sup J Hgil(t)J W, (=A) " mdxds
D

0<t<T|Jo

2

t
+E sup J Hf;_l(t) ImJ W, gdxds
D

0<t<T|Jo

2
+ C+E sup

0<t<T

t
J H (1) ImJ E, W,dxds
0 D

t 2
J HY(1) ImJ nEW,dxds| .
0 D

+E sup

0<t<T

(60)

By (50), (51), Holder inequality, and Young inequality,
we have the following estimates:

t T

6 3 6 3

CE sup | (IEIY + |EI?)ds< CE[ (IEI + IEI?) s
0<t<TJo 0

2

E sup
0<t<T

J;H{;“ (t)JDW1 (=)' mdxds

T
2p-2
< Clai P E| 1 0)m? ds

T
<Clay P €| HY (0[C(Hal0) + [E[)) ds
2 T 2 6
< Cllqlll_l[EJ [Ho”(t) +|E||of + 1]ds,
0

2

E sup
0<t<T

t
J Hgfl(t) ImJ W, gdxds
0 D

T
2p-2
< Cllg,|I5E OHoP ()lgllods

T
2, 2,
[H (1) + g1 ] ds
0
5 T
< ClaaliE|

< Cllg,oE

[Hép(t) + 1} ds,

2

E sup
0<t<T

t
J HY (1) Im J E_W,dxds
0 D

T
2p-2
< Cllaul2E| B (1) E.|ds
0

T
< C||qIRE 0H§‘”<r> [C(Hy(t) + ||E||5)] ds

< C”qu“é[E

T
[H () + [N + 1] ds,
0

2

E sup

t
J HY(1) Imj nEW,dxds
0<t<T D

0

T
2p-2
< Cllg,[ITE| H"™(t)||nE|12,ds
0

T
2p-2
< Cllg,IE OHo” (£ [C(Ho(t) + |Ellg) | Ellg) ds

T
2 2p 4p 8p
<CIaIE| [HE )+ IEI + B s

(61)
By (28), (54), (60), and (61), we have
E sup Hj(t) < CEHS(0) + Cy(Eps f> 9 41> 9> 111> o)
0<t<T (62)
< Cr(Ep 1> 9 91> 42 11> 1)
Moreover, by (29), (51), and (62), we have
2 2 2 2
CE sup ([lm|% + ] + 1% + £
2
< CE sup [C(Hy(t) + [E[[§)]
0<t<T
< CE sup [Hy' (1) + |E]s” |
0<t<T
<Cr(Ep f> 9 91> 4o 115 1)

where C depends on the initial data.
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Therefore, by (63), we have
2
[EOS?I;H(% mE)|g < Cr(Epfr 9 41 4o 11 mg)- (64)

By (64), we obtain E € L*(Q;L®(0, T; &,)).
Lemma 4 is proved completely.

Lemma 5. Assume (n;,ny, Ey) € &,, f € L?(D), q, € H)(D),
and g,q, € H*(D) N H)(D). Then, for any T >0 and p> 1,
(n,n,E) € L#(Q;L°(0,T;&,)) NL®(0,00; L?(Q, &,)).

Proof. Applying It&’s formula to ||m||Z, by (12), we have

1 d ) 1 2 2
ﬁ% ||m”0 = J\D?mtmd'x-'— 7 ”quO

82
= Sl -l - 55 |
D

+(1- eoc)J

D

2
+J fmdx+J Wlmdx+ A—Hq1||g
D D 2

(65)
n,mdx + J |E|? mdx
D

Since m = n, + en, from (65), we obtain

d (1 , &, l-ea
— = +— +—
dt (2/\2Hm”0 2)L2HnHO 2 ||”x||0>

€ 2 2 & 2
=z [[m[g — a||ml]7 = 2 [nllo — e(1 - ea)[|n

. 22
+J |E|ixmdx+J fmdx+J W, mdx + —Hq1||§
D D D 2

2
xHO

3
€ 2_ ¢ 2 2
< (2 - ol ) Il - S5 -0 - e
2 : A2 5
+ | |E[,mdx+ | fmdx+ | Wymdx+ —|q]
D D D 2
(66)
where A, is the first eigenvalue of —A. By (66), we obtain
d /1 2 & 2, loew o
— | —5||m — ||n —||n
G (il + sl + =S5
€ T 2
~ {5z oM ) Imllo + 5 limlg + (1 = ea)lim g

. 22
SJ |E|fcxmdx+J fmdx+J Wimdx + —||q,Iz.
D D D 2
(67)

Applying 1to’s formula to ||E, |2, by (13), we have

d _
GiIEali=2Re | EBder gl (69
D
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Substituting E,, = —iE, + nE—iyE+g+ W, into (68),

we have

txx

d .
Bl =2 Re JD(—iEt + nE—iyE + g+ W,) Eypydx
19,3 =2Re | nEE s
D
+2Re J gE,,.dx +2 Re J W,E, dx
D D

tllslf+2Re [ (4E,)
- (~Ey +nE—iyE+ g+ W,)dx

=2Re J nE(E,, +VE,,)dx
D
+2Re J g(Em + yExx)dx
D

2 ReJ W, (B + yEs)
D

2 2
= 2¥[|Eaxllo + 122 12-

From (66) and (69), we obtain

d (1 & 1-ea
& (e Sl 2522 I+ 1
€ 2, & 2
~ oz oM ) Imlo + 5 liml + €1 = ea)im o
2 . 22 )
<| |E[mdx+ | fmdx+ | Wymdx+ —|q||;
D D D 2
+2Re | nE(E,, +yE,,)dx
D

+2Re g(Em +yE,, )dx
D

+2Re WZ(Etxx+yExx)dx_2yHExx”(2)+ ||q2||§’
D

(70)

since

d ( -
— [ —2Re J nEE, dx
dt D

=-Re J n,|E|? dx +2 Re J n,|E,[*dx
D D (71)
—2Re J nEE, .dx —2 Re J nE,E, dx
D D

-2Re J 1G5 G5 AX.
D
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Substituting (71) into (70), we have

d /1 5 &2 , l-eax 5 2
T (W”m“ oo+ ——limdlo+ ||Exx||0>

&
- (o - )l

SJ |E|)2€xmdx+J fmdx+J W, mdx
D D D

& 2 2
—lInllg + (1 —ea)||n, |5

A 2
> ll9:]l; +2 Re nEE dx

txx

+2y ReJ nEExxdx+2ReJ 9(E e + VE, ) dx

D D

+2Re jw (B + VB, ) dx = 2y [ B2+ (1)
SJ |E|ixmdx+J fmdx+J W, mdx
D D D

2
+ 5 il - Re

d - -
+ —|2Re J nEE, dx | —2Re J nE,E, . dx
dt D D

-2Re J nq,q,,.dx + 2y Re J nEE, dx
D D

J n,|E|’ dx +2 Re J n,|E,[*dx
D D

+2Re J 9(Epx + VE,, ) dx
D
+2Rej W (Bper + VEg)dx — 2B 2 + |4 12
D
(72)

Taking 0<e<min {1/a, ad;A*/2}, and by (72), we
have

d (/1 , & 5 l-ea
— (= +— +—
dt (2)&2 [l 2 (Edlrs 5 (71l

4 <||Exx|§ -2 ReJ nEExxdx>
dt b

3

€ 2
B Inls +&(1 —ea

&
+ FIIMH@+ imella

+2y||E

wlle =2y Re J nEE, dx
D

SJ |E|ixmdx+J fmdx+J W, mdx
D D D

Rej n,|E|} dx
D

B, 2 + [ gy 2 - 2 Rej nE,E, dx
D D

A2 5
+ 7”‘11“0_
+2 Re

—2Re nq2q2xxdx+2ReJ 9(Epzx + VE, ) dx
D D

+yE,, )dx

txx

+2ReJ W(
D

11

. A
< J fmdax + j W mdx + = g, 3
D D 2

—¢&Re nx|E|idx+2ReJ m|E,[*dx
D D

~2eRe | nlEfdr+ g
D

—2Re f’lEtExxdx —2Re J nqzéZxxdx
D

D

+2Re g(Em + yExx)dx
D

+2Re | W,(E
D

+yE,,)dx.

txx

(73)

By Hoélder inequality and Young inequality, we have
the following estimates:

J fmdx <||fllollmly < ClIfllg +

= lmi,

—&Re J n,|E|>dx +2 Re J m|E, |*dx — 2¢ Re J n|E,|*dx
D D

D
2 2 2
< &f|mellol|Exllzs + 21[mllo||Exllzs + 2| mllo | Exl| 1o

< (ellnally + 2llmllg +2¢l|ml, ) [[Ex ||3/2||E .

XX”
£(1 - ea) : :
< B [mllo + RHMHO + ﬁ”””o

Y 2 6
+ LB+ B,

xx||0

-2 Re J nE,E, . dx=2Re J (inE,,) (iE,)dx
D D

=2Re J in’E, Edx + 2y Re J nE, Edx
D D

+2Re J inE, gdx +2 Re J inE_ W,dx

D D
2
<l gl ExxlloEll oo + 172l o 1 Esello 1Bl oo

1o Enello 191l 2 Tm anExxwzdx

< [lllg 1mello 1 Eello N Eello + I llg 1 Eello 1 Exllo

+ 0l Exello 19l - 2 Imj nE, W,dx
D

2 &(1-ea) 2,7
<Clinlly* + =———=lImllg + = | Exello
6 5
2y
8 4 2 4
* CllE[lo + Clinll + =~ [1Exelg + ClIExlo

+ C||gx||g -2Im JDnExXWde

e(1 - ea) 3y
< ———lnllo+ 5 IExlio + C(lInllo® + 1Exllo)

Cllnll4 + ]I+ 1,]12) -2 Imj nE, W,dx,
D
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83

-2 Re J 19385, dx < — ||1]|5 + C|| 2[5

2 Re J (VEx + Epxy) gdx
D
=2Re J (—iExx +inE +ig + iV\_fz) gdx
D XX
<2[|E,llol|Gello + 211 Gcll o (nalloEllo + 17211611 Exlo)
R Y
~2Re | Wy, x5 LIE[ + Clgli + Clal
D
e(1 - ex)

6
3

€ Y-
# sl CIE [+ 21m | g
4A D

2 4 4
+ 11l + ClIEo + Cllgaello

83

32

&)

14 2 &(l- 2 2
S gllBello + = lInello + 35 Il

6
+21Im J W,g, dx
D

+ C(Gello * 1gcllo + 1Ellg + 1Ecllo) -
(74)

By (73), we have

2)

4 <||Exx||§ -2 ReJ nEExxdx>
dt b

3

d /1 , & 5 l-ea
& (el + Szl + S5

&

+ s llmllg+ [l + (1 = @) g

€

i

+2y||E||s - 2y Re J nEE, .dx
D

2

£ ) . A )

lml e [ Veimaes 5o
1-

. g(1 - ea)

6

2
<C|fllg+
3
2 € 2, € 2
lImllo + Y [[m|[g + o1’ Inly

Y 2 6 2 2
* 2 |Exello + ClIExllo + ll4allz + 71l

6

12 8
+C(llnlly” + [1Exlo)

3y
+ ?”Exx”g

4 4 4 5 h
F (A4 + B3+ [1g,]18) -2 Tm JDnExxwzdx

* 8—32 112 + Clldaeclls + 2 1Bl
61 5

N g(1 - ea)
6

2 4 4 4
+ Cl1gaells * lgcllo + I + 11Exlo)

2 ReJ W, (B + E, ) d.
D

e .
I3+ S+ 21m | Vg,
D

e(1 - ea) (75)
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By (75), we get

d (1 , & 5 l-ea
a5 (sl + sl + 2522 ol

v 2 <|Exx||§ -2 Re J nEExxdx)
dt b

(1-ea)

3
€ 2, € 2, € 2
el Sl + S

+ YHExx”g - 2)/ Re JDnEExxdx

. 2?2
<Clsli+ | Wimds 5+ OIS
D
2 12 8 4 4 4
gl + COIIER + IEIS) + COlall + IEDE + 19.018)
—2ImJ nExxWde+C||q2xx||3+21mJ W,g,, dx
D D
# ClIgul+ 19l + B+ 1E]S)
+2Re J W, (B + yEw ) dx
D
< C(Illy Il 1 1 1)
# C(IE o Il VEL) + | e

2 1Im J nE_W,dx +2 Re J W, (Epe + VE, ) dx.
D D

(76)

Now, taking $=min {e,y} and letting H,(t) = (1/2A%)
lm[lg + (£2722%) [ nllg + ((1 = ea)/2) | [lg + | Exellg - 2 Re
| pnEE,,dx, by (76), the above inequality is changed into

d
aHl(t) + BH, (1)
< C(Ifllo 14110 1 s 19 os 19clo)
+ C(IE s 1l IE]l0) + ijlmdx

—21Im J nE, W,dx +2 Re J W, (Epy + VE,, ) dx
D D

< C(f, g; ql’ qzr E()) n()’ nl) + J Wl mdx
D
—21Im J nE,_ W,dx +2 Re J W, (Ep + VE, ) dx.
D D
(77)

Integrating (77) from 0 to ¢ and taking expectation on both
sides of the above inequality, we get

EH,(t) - EH,(0) + ﬂEJ;Hl(s)ds (78)

<C(f, 91> 92> Eo» 19> 1)1
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By Gronwall inequality, we have

EH, (t) < ei'&[EHl(O) +C(f> 9> a1> 4> Eo» 19 1)

(79)
<C(f> 991> 92> Eo» 19> 1)
where C(f, g, q;, 4, Ey> 1> 1) is independent of T.
Since
e | nEE ] <211, Eul,
< ClIE,lolInllo||Exsl (80)

1
< SUEl + CAENE+1nl3).

2
xxHO

we have

C(llmllg + l1nlg + Incllg + 1 Ecella) = C(IElla + lInl5)
2 2 2 2
<Hy(6) <C(|Imllg + [Inlg + Incllg + 1 Exxll5)

+ C(IEly + lI7llg) -

(81)
By (77) and (81), we get
d
EHl(t) <C(f> 991> 92> Eg» 19> 1)
+ J W, mdx -2 Im J nE, W,dx (82)
D D
2 ReJ W, (B + yEoy)d.
D
By (28), (54), (79), and (81), we get
E([lmllg+ 121l + [17ello + || Exello)
<EH, (t) + CE(||E,|[y + [|n]l5) (83)

<C(f, 991> 92> Eo» 19> 1),

where C(f, g, 4;» 45> Eg» 11y> 1) is independent of T.
By (83), we obtain (n,,n, E) € L°(0,00; L*(Q, &,)).
Further, we give an estimate of HY(t) for any p>1.
First as

e[} = | nEnEde < ], 2],

< Cl[mE[ ol ol Exllo-

InE, 1, :jD<—A>“<nExx>(nEm)dx
< ([ (=2 R 2l sl
<C[(=a) " nE | 1] ||E

S ClmE ||y lI7lloExello-

xxHO

13
By (81) and (84), we have
2 2 2
B} < Il E; )
4 4 2
< C(H, (1) + || Exllo + Inllo) I1E< oo
2 2 2
InEl, < CllmR B : .
< C(Hy (1) + |[E.llg + [Imllo) | Exxll5
2 2 2 2
[[mllo + lInllo + Imello + [ Exllo (87)

< C(Hy () + [|Ello + lImlo)-

Applying 1t&’s formula to H%(t), by (77), (85), (86),

(87), and Young inequality, we obtain

dt

©HI(0) = pHY (1) H, (1) + 2p(p~ 1)CHE (1

(IEI4a113 + 1g13llas 1T + 12l a2 12)
1 _

+5p(p—1)CHE (1)

(IPE I, 12213 + Nl 3l 115)

= pHE ()| B0+ U 6,1, o )
+ J W, mdx} +pHY (1) [—2 Im J nE, W,dx
D D

+2Re JDWZ (Byee + yExx)dx] + 2p(p-1)CH]?
(O (IE3 11115 + 111117 + [InEllgll4.115)
+ 2 p(p=)CHE (1)
(1B, 1 all3 + Imllolla l13)
= _ﬁPHg(t) +C(f> 991> 45> Eg> 19> 1)
+pH! (t)J W mdx + pHE ™ (1)
D

WZ (E txx
D

: {—2 ImJ nE, W,dx +2 ReJ
D
_ 1 -
+yExx)dx} +5p(p—1)CHy (1)
~(IEl19215 + 19l 14:117 + InElgl14215)
1 -
+5p(p—1)CHE (1)
(ImEal Pl 13 + [Imlglay o)
<~BpHy(t) + C(f> 9 41> 450 Eo» 1o 1)

+pH! (t)J W, mdx + pHE ™ (t)
D
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txx

: {—2 Im J nE_W,dx +2 Re J W, (E
D D

FyE)ds| + 30~ 1)CHE (O 1E s
+ 200~ VCHE (1) gl

+ 2p(p = 1)CHE () [nE |14

+ 220~ )CHE (0 nE P, g,

+ (= DCHE (1) 34y

< —ﬁpHﬁ(t) +C(f, 9-9> 95> Eg> g 1y)
+pHY! (t)J W mdx + pHE ™ (t)
D

: {—2 Im J nE, W,dx +2 Re J W, (Epe
D D

yE)ds| + 3ol 1)CHE (01,

S+ ) s+ 320~ 1)CHE™

- O)ll91R g+ 520~ 1)CHE (1) (1)

F B+ ) B Nas  + 56~ 1)

+CHY (1) (L (6) + 1Bl + 17ll6) Ha (1)l |1

+ 3p(p = 1)CHE(6)(H 1) +

)B4l + 520 - 1)CHE (1)

() + B+ ) Dl sl + 5

(P = )CHE () (Hy (1) + B, + 3 a3
<~ 150) + CUf, g 410 B o)

+pH™! (t)J W, mdx + pHb ' (t)
D

txx

: {—2 Im J nE_W,dx +2 Re J W, (E
D D

T 4 6 4
yE)de] + C(IENE +IENT + )

(88)

Taking expectation on both sides of the above inequal-
ity, by Holder inequality and (88), we derive

Bo |
EHY(t) < EHY(0) - =3 [EJOHf;(s)ds (89)

+C(Eo> f> 9 91> Gy 1g> 11 )1

By Gronwall inequality, we have
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EHY (t) < e PPPEHL(0) + C(Eg, £ 9> 15 Gy 119 1)

(90)
< C(Eps f> 9> 4y> Gy 19> 1)

where C(E,, f, g,4,> 4, Ng» 1) is independent of T.
By (87) and (90), we obtain (n,,n, E) € L*®(0,c0; L%
(2, 8)).

By the same approach of Lemma 4, we obtain

[EosupTHl(t) <Cr(Ep. f> 9 a1 0o momg)> (91)
<t<

where C; depends on the initial data. Therefore, by (47),
we have

E sup||(n, m E)||, < Cr(Epof 9. 90 @11 1). (92)

0<t<T

By (92), we obtain E € L*(Q;L®(0,T; &))).
Moreover, we get

E sup HY(t) < CEH}(0) + Cy(Eq, f 9> 41> 45 1115 M)
0<t<T (93)

< Cr(Eps f> 91> G2 11> 1)

By (87), we have

2, 2, 2, 2,
CE sup ([lml[§" + 1l + |l mel ™ + 1 Eceli)
0<t<T

< CE sup [C(H, (1) + ||E.||* + ||n||* »
sup [C(H (1) + B+ 113)] »

2 8 8
<CE sup (Hlp(t) + ||Ex||0p + ||n||0p)
0<t<T

<Cr(Eo. f> 9> 91> 92> 11> Mp)»

where C depends on the initial data. Therefore, by (94), we
have

2
E sup ||(n, n, E)”%pl <Cr(Eo. f> 991> 90> 1> 1) (95)

0<t<T

By (95), we obtain E € L*(Q;L®°(0, T; &,)).
Lemma 5 is proved completely.

Lemma 6. Assume (n;,ny,Ey) €&, feHL\D), g,q,€H?’
(D)NH)(D), and q, € H*(D) N HL(D). Then, for any T >0
and p>1, (n,nE)el?(Q;L®(0,T;&,))NL®(0,00;
L?(0, &)).
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Proof. Applying 1t6’s formula to ||m,||;, by (12), we have

1 d

1 A2
sralml==] Smmades S la;

€ &
= JD [Fm +am,, — B n} (—=myy)dx
+J [(1-ea)n,, + |E2, +f+ Wl]
D
AZ
: (_mxx)dx + ? quHT

(96)

= 3 llm |} ~ ] -

-(1- eoc)J Ny M, dx

D

- J |E|;zcxmxxdx - J fmxxdx
D D

. A2 5
- | Wimydx+ 7”‘11”1'
D
Since m = n, + en, from (96), we obtain

dJ1 , & , l-ea 5
% gl + Sl + <5 ]

3

2 2
= al|mf; -

€
= lIm.ly

A

-g(1- 2_ | 1E? d

(1 —ea)||nyllg = [ [Efmdx
D

2
=l
A (97)

2

. A
+J fxmxdx_J Wlmxxdx+ _qu”?’
D D 2

where A, is the first eigenvalue of —A.
By (97), we obtain

1 , & , l-ea 5
& gl + Sl + Il

3
€ 2, € 2 2
= ()l e S5l + 00— )l
—J |E|§xmxxdx+J fxmxdx—J W, m, dx
D D D

AZ
+ 7”‘11“%
(98)

Applying It&’s formula to ||E, |2, by (13), we have

xxxHO’

dx + g,

d 2
aHExxx”() =2Re Exxx txxx ”3
D

(99)
~ JRe J Frveeedx + |0, 2
D

d ) ) ) -
a||Emc||0=—2 Re | (=iE, +nE—iyE+ g+ W,)E
D
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Substituting E, iyE+g+ W, into (99),

we have

= —iE, + nE —

dx

txxxx

+ ||q2||§ =-2Re JDnEEtxxxxdx

—2Re J (VEyuxx) (Exx + nE— iyE+ g + W, ) dx
D

—2Re J 9E,cdx — 2 Re J 2B X + ||, 13
D

=-2y||E 2—2ReJ nE(E

xxx”o txxxx + yExxxx> d

- 2 Re J W2 (Etxxxx + YEXXXX )dx
D

—2Re J g(Etxxxx + yExxxx)dX+ quni
D

(100)

From (98) and (100), we obtain

d /1 , & 1-ea , 5
& (i Szl e 25 el +

3
€ 2 € 2 2
(- o) Imli o S5l o0 el

J |E|xxmxxdx + J fomdx— J Wlmxxdx
D

2

A _
+ 7 ||q1H§ - ZYHExxx”O —-2Re J nE(Etxxxx + yExxxx)d
D
—2Re J W2 (Etxxxx + yExxxx>dx
D
—2Re J g<Etxxxx + yExxxx>dx + ||q2H§
D
(101)

Taking 0 <& <min {1/a, aA;A*/2}, and by (101), we
have

d /1 , & , l-ea 5 5
5 (gl s S+ =5 Il 1l

3

S+ 2y||E

2+8(]‘_8“)||nxx”0 xxx”(%

€ 2
S X RS N
—J |E|§xmxxdx + J fomdx — J Wlmxxdx

D D D

2o ) )
+ 7 ”ql Hl —2Re nE(Etxxxx + yExxxx) dx

D
—2Re J WZ (Etxxxx + yExxxx)d
D

T2k JDg( txxxx + yExxxX)dx + ||QZ||§

(102)
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Since

txxxx + yExxxx) dx

2Re J nE(E
D
=2 Re J B (B + VE,, ) dx
D

+2Re J nE,, (Etxx + yExx)dx
D

+4Re J nE, (Ep + VE, ) dx,
D

d 2
aJDnm|E|de
= J My |E|2 dx +2 Re J nEE, dx
D D

_ d _
+2Re | n EE, dx—4— Re | nkEE, dx
D dt

xHxHxx
D

+4Re | n,EE, dx+4Re J NGy, 0o dX
D D

+2Re nxxé2q2xxdx +2Re J nxxélquxdx’
D D

d _
—J n|Exx|2dx=J nt|Exx|2dx+2ReJ nE, E,. .dx
dtJp D D

+J 1o P,
D

d ( -
— ([ 2Re J n.EE, . dx
dt D

then we deduce

2 Re J NE(Eppx + VEonx ) A%
D
d d
= —J . |E dx + —J n|E, | dx
at)p o dt )
d . :
t 8 Re JanExExxdx - JDntxx|E|xxdx

-2Re | n,EE, dx—4Re | n, EZE, dx
D D

XXX

- J n,|E,.|*dx + 2y Re J n, EE, dx
D D

-4Re | n,EE, dx—4Re | nE,E, dx
Jp Jp

XXX

+2y Re J nE,E,  dx+4y Re J nE.E, dx
D D
-4 Re nquxQZxxdx - J n|Q2xx ‘de
D D

—4Re nxq2x‘_bxxdx —2Re J nxx‘_bquxdx
D D

—2Re nxxéquZde'
JD

(103)
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Substituting (104) into (102), we have

—&x

d (1 & 1
wgﬁww@dMWM+zl%%ﬂ%m@

d -
> (JDnmEﬁxdx + JDn|Exx\2dx +8Re JanExExxdx)

3
€ 2, € 2 2 2
T [[m[lp + 2 [mello + (1 = ea) || [[g + 2| Eveell

< —J |E|2 m,dx + J fom.dx - J W,m, dx
D D D

A _
+ 7 ”ql ||% + J ntxx|E‘92cxdx +2Re J nxxEtExxdx
D D

XXX

+4Re | n,EE dx+J 1| E | *dx
D D

-2yRe | n, EE . dx+4Re | n, EE, dx

xxx
JD

+4Re | nE E dx—ZyReJ nE, E,.dx

txxx
D

xHxxx
D

—4yRe | nE.E dx+4Re | n.q,.q,,dx
D

+ J n|q2xx|2dx +4 Re J nqux‘?Zxxdx
D D

+2Re nxxéZquxdx +2Re J nxxéquZxdx

D

dx

D

~2Re | W, (Epppyy +VE
D

—2Re g(Etxxxx + yExxxx)dx + ||q2||§
JD

txxxx xxxx)

(105)

4. Existence and Uniqueness of Solutions

By the above a priori estimates, we prove the existence and
uniqueness of solutions for stochastic Equations (7) and (8)
with initial boundary conditions (9) and (10) in spaces &;.

Theorem 7. Assume (n;, ny, E,) € &, f € L*(D), q, € H)(D),
and g,q, € H*(D) N H)(D). Then, there is a unique solution
(n,,n, E) € L°(R*, &,) almost surely for Equations (7) and
(8). And (n,, n, E) is continuous from R* to &,.

Proof. First, we assume (n,,n,, E,) € &,. Let {e;}:, be the
eigenvectors of Laplace operator —A on D with Dirichlet
boundary condition, which is also an orthonormal basis of
L*(D). Let P* be the projection from L?(D) onto the space
spanned by {e; : i=1,2,---,k}. We define (n¥, n, E¥) as the
Galerkin approximate solution of the following equations:

1
k- - Pk’Ek

R T (106)
Az X. e txx 1’
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o (nkEk> + iyEF
t XX L (107)
=g+ W,, teR',xeD,

n*(0) = Png, nf(0) = P*n,, E*(0) = PXE,,. (108)

Here, f* = P*f, gk = P*g, Wll( =P*W,, and W}; =P'wW,,
and P¥ commutes with the operator A. Now, we will treat
the above equations pathwise by introducing the random
processes solving

1 .
?’/Itt e ~ My = W, (109)
i +E +ipE=W,,
with Dirichlet boundary conditions

77|BD:O’€|BD:O’ (110)

and initial conditions

7(x,0)=0,7,(x,0)=0,&(x,0)=0, xeD. (111)

Following the same method as in Section 3, for any T'> 0
and almost all sample point w € O, we have

n, € C(0, T;H'(D)),neC(0, T; H'(D)n Hy(D)), (112)

§eC(0,T;H(D)n Hy(D)), (113)
and satisfy the following estimates:
E(In@ +In@E + [E0E) <c (14)

for some positive constant C independent of T. And for any
T>0,

E sup (|l7,(1)[} + 13 +IEOIF) <Cr  (115)
0<t<T

for some positive constant C;. Now, let R¢M = (NFM, N*kM|
F&M) be the solution of the following equations:

p* ‘Ek
gl

1 oM kM kM 2 KM _ ok
?Ntt _Nxx ~Xum ‘R xx_aNtxx :f’

(116)

(PR FRM (‘R’“M . )Pk (nk’MEk’M) +ipFRM = gk,
1

(117)

with initial conditions

N&M(x,0) = Pny, NFM(x, 0) = PEng, FM (x, 0) = P¥E,,.
(118)
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Here, n*M=N*M 4 pfy and ERM = FM 4 PE. And
X € Co°(R) such that x, =1 for |[r|<M and x,,=0 for
|r| > M. Note that (116) and (117) are random differential
equations with Lipschitz nonlinearity in finite dimension.
Then, for almost all sample point w € (2, we have a unique
solution (Nf’M, NEMEEMY for (116) and (117). Define
the stopping time by 7, =inf {f>0: |R|§fl\4 > M}, if the set
{|R|kgjlw > M} is nonempty; otherwise, 7, = co.

Since 7, is increasing in M, let 7., =lim,, ,  7,; almost
surely. And for t < 7,;, we have

(N’:’M, NKM Fk’M) + (qut, Pky, PkE), (119)

satistying (106) and (107). By the estimates given in Section 3
and (114) and (115), for any ¢ > 0, we have

2
« < C(ng,ny, Eg, f, 9,915 9,)> (120)

1

IE‘ <Nk,M NEM Fk,M)
t b 3

with C(ngy, ny, Ey, f> g q;>4,) independent of T and M, and
for any T >0,

(Nk,M NEM Fk,M) 2
t bl b g

E sup

0<t<TATy

< Cr(ng ny, Egs f> 95 9> 92)>
(121)

with C(ny, 1, Ey, f> 9> ;> q,) independent of M; here, T A
7y, =min {T, 1,,}. On the other hand, we have

2
[E‘ (N’;M(T/\ 73 N (T Ay), FOM(T A TM)) ‘g
> [I(TM < T)‘ (N’;M(T ATy ), N*M(T A Ty),

2
Fk’M(T/\TM))

&

] > M*P (1), < T),
(122)

where I(7,,<T)=1for 7)< T and I(7); < T) =0 for 7, >
T. Then, according to (120), we have

1
P(ty<T) < WC(”W”DEO)JC’ 99> 9)- (123)

According to the above estimate and Borel-Cantelli
lemma, for any T > 0, we have P(t,, > T) = 1. So we know

(N’;,Nk, Fk) = lim (N’;’M,Nk’M,Fk’M),

M—co

(124)

satistying the following random differential equations:
1 Kk
B —aNk_=f*,

txx

k k k| pk
Nt —NE —p ‘E (125)

2
xx

iFk + Fk__ pk (nkEk) +ipFF=g5  (126)
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with initial conditions
N¥(0) = P*ny, N¥(0) = P*ny, F¥(0) = P*E,,. (127)

Then, (N*, N¥, F¥) satisfies the estimates (120) and
(121), and for any t >0,

(b0, (1), E5(1)) = (NE(). NA (1), A (1))

+ (Pon(8), Pn(e), PE(H) )
(128)

is the unique global solution of (106), (107), and (108). Now,
we will consider (125) and (126) for fixed w. First, by (121),

for any T'> 0,
2
)
&

(129)

(A0

L=1 [=1 k=l \0<t<T

[CAORRORAO)

Let

[CHOSWONZON]

~ 00 00 0
Q:
AU

2
<L;.
&

(130)

Then, P(QQ) = 0. Now, for any fixed w € (, there is an
r(w) with 0 < r(w)<co such that

’ <r(w).

. (131)

sup
0<t<T

[CHORRORAO)

Then, we can extract a subsequence still denoted by
(N, N*, FF) such that for any T >0, N¥ converges to N,
weakly star in L®(0, T ; L*(D)), N* converges to N weakly
star in L°(0, T'; H}(D)), and F* converges to F weakly star
in L*(0, T; H* n H}(D)).

These convergences are sufficient to pass the limit k —
o in linear terms, but we need a strong convergence of F*
for nonlinear terms. In fact from (126) and estimate (131),
we know FF is bounded in L®(0,T;L?(D)). Then, by
Lemma 1, we can further extract a subsequence still denoted
by F* such that F¥ converges to F strongly in L*(0, T'; H}
(D)). Then, by a standard procedure, we can pass the limit
k— oo to show that (N,,N,F)€L®(0,T;&,) is a weak
solution of

Nmf N,

/\ | |xx (XNtXX =f’

iF,+F,,

(132)
-nE+iyF=g,
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with initial conditions

x€D.
(133)

N, (x,0) = m(x), N(x, 0) = o (x), F(x, 0) = Ey (%),

Then, (n,,n, F)=(N,,N, F)+(y,,n,&) is a solution of
(7) and (8) and satisfies the estimates in Section 3.

Now, we prove the continuity of the solution. In fact, for
weQ, f el*(D),and |[E[%, € L®(0, T; L(D)), we have

1
— N, =N, €L®(0, T;L(D)).

) (134)

Then, by Lemma 4.1 and Chapter II of [23], we have for
almost all w € O

NeC(0,T;Hy(D)),N, € C(0, T; L*(D)). (135)

By a similar method, noticing g € Hy(D) and F, € L®
(0, T; L(D)) almost surely, by [21], we have

Fe c(o, T; H(D) ﬂH(l)(D)). (136)
Then, by (113) and the definition of N and F,
(n,n,F)eC(0,T; &), (137)

almost surely. Now, as the noise is additive, we can follow
the same approach as in [11]. The solution (n,,n,E) is
unique in L*(0,T; &,) almost surely and is continuous
from [0, T] to &, almost surely. Then, for T is arbitrary,
by the estimates in Section 3, we derive Theorem 7.

Using the same method as above, we obtain the following
results.

Theorem 8. Assume (n;,ny, Ey) € &,, f € H)(D), g,q, € H
(D)NHLY(D), and q,€ H*(D)NH}(D). Then, there is a
unique solution (n,,n,E) € L°(R*,&,) almost surely for
Equations (7) and (8). And (n,, n, E) is continuous from R*
to &,.

5. Conclusion

In [10], the authors studied the initial boundary value prob-
lem for a generalized Zakharov system. The authors proved
the global existence and uniqueness of the generalized solu-
tion to the problem by a priori estimates and Galerkin
method. In this paper, we discuss the random forced strongly
dissipative Zakharov equations, which are the generalized
Zakharov system under random influences in [10]. We
proved the existence and uniqueness of solutions in energy
spaces &, and &,. The results of this paper are a good supple-
ment to the results in [10].
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