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The stochastic strongly dissipative Zakharov equations with white noise are studied. On the basis of the time uniform a priori
estimates, we prove the existence and uniqueness of solutions in energy spaces E1 and E2, by using the standard Galerkin
approximation method of stochastic partial differential equations.

1. Introduction

The Zakharov system, derived by Zakharov in 1972 [1],
describes the interaction between Langmuir (dispersive)
and ion acoustic (approximately nondispersive) waves in an
unmagnetized plasma. The usual Zakharov system defined
in the space ℝd+1 is given by

iEt + ΔE = nE,
ntt − Δn = Δ Ej j2,

ð1Þ

where the wave fields Eðx, tÞ and nðx, tÞ are complex and real,
respectively. It has become commonly accepted that the
Zakharov system is a general model to govern interaction
of dispersive nondispersive waves.

In the past decades, the Zakharov system has been stud-
ied by many authors [2–10]. In [4], the authors established
globally in time existence and uniqueness of smooth solution
for a generalized Zakharov equation in a two-dimensional
case for small initial date and proved global existence of
smooth solution in one spatial dimension without any small
assumption for initial data. In [7, 8], the uniqueness and
existence of the global classical solution of the periodic initial
value problem for the system of Zakharov equations and the
system of generalized Zakharov equations have been proved.

In order to better qualitative agreement, it is necessary to
include damping effects or effects of the loss of energy. In a
realistic physical system, dissipation must be included into
each equation. In [11], the author studied the following dissi-
pative Zakharov equations:

1
λ2

ntt − nxx − Ej j2xx − αnt = f , ð2Þ

iEt + Exx − nE + iγE = g, ð3Þ
where positive constants α and γ are damping coefficients
and f and g are external forces. The author obtained the long
time behavior of (2) and (3) on a bounded interval with ini-
tial conditions and homogeneous Dirichlet boundary condi-
tions. The asymptotic behaviors of the solution for (2) and
(3) in 1D-2D have been investigated (see [11–13]).

In [14], the authors considered the following strongly dis-
sipative Zakharov equations:

1
λ2

ntt − nxx − Ej j2xx − αntxx = f , ð4Þ

iEt + Exx − nE + iγE = g: ð5Þ
They studied the Cauchy problem of (4) and (5) and

proved the existence of the maximal attractor.
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In recent years, the importance of taking random effects
into account in modeling, analyzing, simulating, and predict-
ing complex phenomena has been widely recognized in geo-
physical and climate dynamics, materials science, chemistry,
biology, and other areas [15–18]. Stochastic partial differen-
tial equations are appropriate mathematical models for com-
plex systems under random influences or noise. Usually, the
noise can be regarded as a simple approximation of turbu-
lence in fluids.

In [19], stochastic dissipative Zakharov equations have
been studied on a regular domain D in the Itô sense. The
authors proved the existence and uniqueness of solutions.
Then, a global random attractor was constructed. Further,
the existence of a stationary measure was proved. In [20],
the existence and uniqueness of solutions are obtained.
Moreover, the asymptotic behaviors of the solutions for the
stochastic dissipative quantum Zakharov equations with
white noise were also investigated.

In the present paper, we consider the following random
forced strongly dissipative Zakharov equations on a regular
domain D in the Itô sense:

1
λ2

ntt − nxx − Ej j2xx − αntxx = f + _W1,

iEt + Exx − nE + iγE = g + _W2,
ð6Þ

where the parameters γ > 0 and α > 0, and W1 and W2 are
independent L2ðDÞ-valued Wiener processes, which will be
detailed in the next section. Here, _W denotes the general
derivative of the Wiener processes W with respect to time.

The rest of this paper is organized as follows. In Section 2,
some functional setting and some conditions are given. In
Section 3, a series of time uniform a priori estimates are given
in different energy spaces. Some of the technique of estimates
and Itô’s formula are used frequently. In Section 4, we obtain
the existence and uniqueness of solutions for the stochastic
strongly dissipative Zakharov equations by using the stan-
dard Galerkin approximation method in different investi-
gated spaces. Various positive constants are denoted by C
throughout this paper. Now, we state the main results of
the paper.

2. Preliminary

In this section, we give a detailed description of the stochastic
strongly dissipative Zakharov equations. Let D = ½0, l� with
0 < l <∞. Consider the following strongly dissipative sto-
chastic Zakharov equations on a regular domain D:

1
λ2

ntt − nxx − Ej j2xx − αntxx = f + _W1, ð7Þ

iEt + Exx − nE + iγE = g + _W2, t ∈ R+, x ∈D, ð8Þ

with initial conditions

E∣t=0 = E0 xð Þ, n∣t=0 = n0 xð Þ, nt∣t=0 = n1 xð Þ, x ∈D, ð9Þ

and Dirichlet boundary conditions

E = 0, n = 0, t ∈ R+, x ∈ ∂D ; ð10Þ

here, f , g, α, γ, and λ are given, with α > 0 and γ > 0.
As in [14], to study the solution of strongly dissipative

stochastic Zakharov equations, we set m = nt + εn, where
ε > 0 is small enough and will be chosen later. So we have
the following equations:

m = nt + εn, ð11Þ

1
λ2

mt −
ε

λ2
m − αmxx +

ε2

λ2
n − 1 − εαð Þnxx

− Ej j2xx = f + _W1,
ð12Þ

iEt + Exx − nE + iγE

= g + _W2, t ∈ R+, x ∈D,
ð13Þ

E∣t=0 = E0 xð Þ, n∣t=0 = n0 xð Þ,m∣t=0
= n1 xð Þ + εn0 xð Þ =m0 xð Þ, x ∈D,

ð14Þ

E = 0, n = 0,m = 0, t ∈ R+, x ∈ ∂D: ð15Þ
Here, we give a complete probability space ðΩ,F ,

fF tgt≥0,ℙÞ: The expectation operator with respect to ℙ
is denoted by E: The stochastic terms W1ðtÞ and W2ðtÞ
on ðΩ,F , fF tgt≥0,ℙÞ are defined by

W1 tð Þ = q1 xð Þω1 tð Þ,W2 tð Þ = q2 xð Þω2 tð Þ, ð16Þ

where ω1ðtÞ is a standard real-valued Wiener process and
ω2ðtÞ is a standard complex-valued Wiener process inde-
pendent of ω1ðtÞ: In addition, q1ðxÞ and q2ðxÞ are suffi-
ciently smooth functions.

We will work on the usual functional spaces L2ðDÞ, Hm

ðDÞ, andH1
0ðDÞ: The inner product on L2ðDÞ will be denoted

by ðu, vÞ = Re
Ð
DuðxÞ�vðxÞdx, u, v ∈ L2ðDÞ and the norm by

kuk0 = kukL2 = ðÐDjuj2dxÞ1/2. The general p-norm of LpðDÞ
ðp ≥ 1Þ is denoted by kukLp = ðÐDjujpdxÞ1/p: And the norm

on HmðDÞ is denoted by kukm = ð∑0≤jαj≤mkDαuk2L2ðDÞÞ
1/2
.

The real and imaginary parts of a complex number A are
denoted, respectively, by Re A and Im A.

Now, we define spaces Ei, i = 0, 1, 2, as E0 =H−1ðDÞ × L2

ðDÞ ×H1
0ðDÞ, E1 = L2ðDÞ ×H1

0ðDÞ × ðH2ðDÞ ∩H1
0ðDÞÞ, and

E2 =H1
0ðDÞ × ðH2ðDÞ ∩H1

0ðDÞÞ × fu ∈H3ðDÞ ∩H1
0ðDÞ,△u

∈H1
0ðDÞg. Endow Ei with the usual product norm k·kEi

.
Then, E2 ⊂E1 ⊂E0 with compact embeddings.

In our approach, we need the following lemmas. Let ðX ,
k·kXÞ ⊂ ðY , k·kYÞ ⊂ ðZ , k·kZÞ be three reflective Banach
spaces and X ⊂Y with compact and dense embedding.
Define the Banach space

G = v : v ∈ L2 0, T ;Xð Þ, dv
dt

∈ L2 0, T ;Zð Þ
� �

, ð17Þ

2 Advances in Mathematical Physics



with

vk k2G =
ðT
0

v sð Þk k2Xds +
ðT
0

dv
dt

sð Þ
����

����
2

Z

ds, v ∈ G : ð18Þ

Then, we have the following lemma about compactness
result (see [21]).

Lemma 1. If K is bounded in G , then K is precompact in L2

ð0, T ;YÞ.
Another lemma is needed for some maximal estimates on

the stochastic integral. Assume U and H are separable Hilbert
spaces,W is a Q-Wiener process on U0 with U0 =Q1/2U : And
let L02 = L02ðU0,HÞ be the space of Hilbert-Schmidt operators
from U0 to H: We have the following results (see [22]).

Lemma 2. For any r ≥ 1 and any L02-valued predictable process
ΦðtÞ, t ∈ ½0, T�, we have

E

ðt
0
Φ sð ÞdW sð Þ = 0,

E sup
s∈ 0,t½ �

ðs
0
Φ σð ÞdW σð Þ

����
����
2r

 !

≤ cr sup
s∈ 0,t½ �

E

ðs
0
Φ σð ÞdW σð Þ

����
����
2r

 !

≤ CrE

ðt
0
Φ sð Þk k2L02ds

����
� �r

,

ð19Þ

where cr and Cr are some positive constants dependent on r.

3. Time Uniform A Priori Estimates

In this section, in the sense of expectation, we give a priori
estimates for ðnt , n, EÞ in different spaces E0, E1, and E2.

Lemma 3. Assume g, E0, q2 ∈ L2ðDÞ: Then, for any T > 0
and p ≥ 1, E ∈ L2pðΩ ; L∞ð0, T ; L2ðDÞÞÞ ∩ L∞ð0,∞;L2pðΩ,
L2ðDÞÞÞ:

Proof. Applying Itô’s formula to kEk20, by (13), we have

d
dt

Ek k20 = 2 Re
ð
D
Et
�Edx + q2k k20

= −2γ Ek k20 + 2 Im
ð
D
g�Edx

+ 2 Im
ð
D

_W2�Edx + q2k k20:

ð20Þ

Integrating (20) from 0 to t, by Young inequality, we
obtain

Ek k20 = E0k k20 − 2γ
ðt
0
E sð Þk k20ds + 2

ðt
0
Im
ð
D
g�Edxds

+ 2
ðt
0
Im
ð
D

_W2�Edxds + q2k k20t

≤ E0k k20 − 2γ
ðt
0
E sð Þk k20ds + 2

ðt
0
gk k0 Ek k0ds

+ 2
ðt
0
Im
ð
D

_W2�Edxds + q2k k20t

≤ E0k k20 − γ
ðt
0
E sð Þk k20ds +

1
γ

gk k20 + q2k k20
� �

t

+ 2
ðt
0
Im
ð
D

_W2�Edxds:

ð21Þ

Taking expectation on both sides of (21), by Lemma 2,
we get

E Ek k20 ≤ E E0k k20 − γE
ðt
0
E sð Þk k20ds +

1
γ

gk k20 + q2k k20
� �

t:

ð22Þ

Then, by Gronwall inequality, we get

E Ek k20 ≤ e−γtE E0k k20 +
1
γ2

gk k20 +
1
γ

q2k k20 ≤ C, ð23Þ

where C is independent of T .
By (23), we obtain E ∈ L∞ð0,∞ ; L2ðΩ, L2ðDÞÞÞ.
Taking the supremum and expectation on both sides of

(21), by Lemma 2 and (23), for any T > 0, there exists a pos-
itive constant CT ; we have

E sup
0≤t≤T

Ek k20 ≤ E E0k k20 + E sup
0≤t≤T

ðt
0
Im
ð
D

_W2�Edxds
����

����
2

+ 1
γ

gk k20 + q2k k20
� �

T + 1

≤ E E0k k20 + C q2k k20E
ðT
0

Ek k20ds

+ 1
γ

gk k20 + q2k k20
� �

T + 1

≤ CT E E0k k40 + gk k40 + q2k k40 + 1
� 	

≤ CT E0, g, q2ð Þ,

ð24Þ

where CTðE0, g, q2Þ is a constant depending on kE0k0, kgk0,
kq2k0 and T.

By (24), we obtain E ∈ L2ðΩ ; L∞ð0, T ; L2ðDÞÞÞ:
By the above estimates, we can further give an estimate of

kEk2p0 for any p ≥ 1. Now applying Itô’s formula, Young
inequality, and Hölder inequality, we have
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d
dt

Ek k2p0 = p Ek k2 p−1ð Þ
0

d
dt

Ek k20 + 2p p − 1ð Þ Ek k2 p−1ð Þ
0 q2k k20

= p Ek k2 p−1ð Þ
0 2 Re

ð
D
Et
�Edx + q2k k20

� �

+ 2p p − 1ð Þ Ek k2 p−1ð Þ
0 q2k k20

= p Ek k2 p−1ð Þ
0 −2γ E tð Þk k20

� 	
+ 2p Ek k2 p−1ð Þ

0 Im
ð
D
g�Edx

+ 2p Ek k2 p−1ð Þ
0 Im

ð
D

_W2�Edx

+ p 2p − 1ð Þ Ek k2 p−1ð Þ
0 q2k k20

≤ −2γp Ek k2p0 + 2p Ek k2 p−1ð Þ
0 gk k0 Ek k0

+ 2p Ek k2 p−1ð Þ
0 Im

ð
D

_W2�Edx

+ p 2p − 1ð Þ Ek k2 p−1ð Þ
0 q2k k20

≤ −γp Ek k2p0 + p
γ

Ek k2 p−1ð Þ
0 gk k20

+ 2p Ek k2 p−1ð Þ
0 Im

ð
D

_W2�Edx

+ p 2p − 1ð Þ Ek k2 p−1ð Þ
0 q2k k20

≤ −γp Ek k2p0 + γp
2 Ek k2p0 + 2p Ek k2 p−1ð Þ

0 Im
ð
D

_W2�Edx

+ C gk k0, q2k k0
� 	

= −
γp
2 Ek k2p0

+ 2p Ek k2 p−1ð Þ
0 Im

ð
D

_W2�Edx + C gk k0, q2k k0
� 	

:

ð25Þ

Integrating (25) from 0 to t, we obtain

Ek k2p0 ≤ E0k k2p0 −
γp
2

ðt
0
Ek k2p0 ds + C gk k0, q2k k0

� 	
t

+ 2p
ðt
0
Ek k2 p−1ð Þ

0 Im
ð
D

_W2�Edxds:

ð26Þ

Taking expectation on both sides of (26), we get

E Ek k2p0 ≤ E E0k k2p0 −
γp
2 E

ðt
0
Ek k2p0 ds

+ C gk k0, q2k k0
� 	

t:

ð27Þ

Then, by Gronwall inequality, we get

E Ek k2p0 ≤ e−γpt/2E E0k k2p0 + C gk k0, q2k k0
� 	

≤ C g, q2ð Þ, ð28Þ

where Cðg, q2Þ is independent of T .
By (28), we obtain E ∈ L∞ð0,∞;L2pðΩ, L2ðDÞÞÞ.
Taking the supremum and expectation on both sides of

(26), by Lemma 2 and (28), for any T > 0, there exists a pos-
itive constant CT ; we have

E sup
0≤t≤T

Ek k2p0 ≤ E E0k k2p0 + C gk k0, q2k k0
� 	

T + 1

+ p2E sup
0≤t≤T

ðt
0
Ek k2 p−1ð Þ

0 Im
ð
D

_W2�Edxds
����

����
2

≤ E E0k k2p0 + C gk k0, q2k k0
� 	

T + 1

+ Cp2 q2k k20E
ðT
0

Ek k4p−20 ds

≤ CT E0k k0, gk k0, q2k k0
� 	

≤ CT E0, g, q2ð Þ,
ð29Þ

where CTðE0, g, q2Þ is a constant depending on kE0k0, kgk0,
kq2k0 and T.

By (29), we obtain E ∈ L2pðΩ ; L∞ð0, T ; L2ðDÞÞÞ.
Lemma 3 is proved completely.

Lemma 4. Assume ðn1, n0, E0Þ ∈E0, f , q1 ∈H−1ðDÞ and g,
q2 ∈H

1
0ðDÞ. Then, for any T > 0 and p ≥ 1, ðnt , n, EÞ ∈ L2p

ðΩ;L∞ð0, T ;E0ÞÞ ∩ L∞ð0,∞ ; L2pðΩ,E0ÞÞ.

Proof. Applying Itô’s formula to kmk2−1, by (12), we have

1
2λ2

d
dt

mk k2−1 =
ð
D

1
λ2

mt −Δð Þ−1mdx + λ2

2 q1k k2−1 =
ε

λ2
mk k2−1

− α mk k20 −
ε2

λ2

ð
D
−Δð Þ−1/2n −Δð Þ−1/2mdx

− 1 − εαð Þ
ð
D
nmdx −

ð
D
Ej j2mdx

+
ð
D
f −Δð Þ−1mdx +

ð
D

_W1 −Δð Þ−1mdx

+ λ2

2 q1k k2−1:
ð30Þ

Since m = nt + εn, from (30), we obtain

d
dt

1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20 +

ε2

2λ2
nk k2−1


 �

= ε

λ2
mk k2−1 − α mk k20 −

ε3

λ2
nk k2−1 − ε 1 − εαð Þ nk k20

−
ð
D
Ej j2mdx +

ð
D
f −Δð Þ−1mdx

+
ð
D

_W1 −Δð Þ−1mdx + λ2

2 q1k k2−1

≤
ε

λ2
− αλ1

� �
mk k2−1 −

ε3

λ2
nk k2−1 − ε 1 − εαð Þ nk k20

−
ð
D
Ej j2mdx +

ð
D
f −Δð Þ−1mdx

+
ð
D

_W1 −Δð Þ−1mdx + λ2

2 q1k k2−1:

ð31Þ

where λ1 is the first eigenvalue of −Δ.
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By (31), we get

d
dt

1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20 +

ε2

2λ2
nk k2−1


 �

+ αλ1 −
ε

λ2

� �
mk k2−1 + ε 1 − εαð Þ nk k20 +

ε3

λ2
nk k2−1

≤ −
ð
D
Ej j2mdx +

ð
D
f −Δð Þ−1mdx + λ2

2 q1k k2−1

+
ð
D

_W1 −Δð Þ−1mdx:

ð32Þ

Applying Itô’s formula to kExk20, by (13), we have

d
dt

Exk k20 = 2 Re
ð
D
Ex
�Etxdx + q2k k21: ð33Þ

Substituting Exx = −iEt + nE − iγE + g + _W2 into (33), we
have

d
dt

Exk k20 = −2 Re
ð
D
Exx

�Etdx + q2k k21

= −2 Re
ð
D
nE − iγE + g + _W2
� 	

�Etdx + q2k k21

= −2 Re
ð
D
nE�Etdx + 2 Re

ð
D
γ�E −iEtð Þdx

− 2 Re
ð
D
g�Etdx − 2 Re

ð
D

_W2�Etdx + q2k k21

= −2 Re
ð
D
nE�Etdx − 2γ Exk k20 − 2γ

ð
D
n Ej j2dx

− 2 Re
ð
D
γ�Egdx − 2 Re

ð
D
γ�E _W2dx

− 2 Re
ð
D
g�Etdx − 2 Re

ð
D

_W2�Etdx + q2k k21

= −2 Re
ð
D
nE�Etdx − 2γ Exk k20 − 2γ

ð
D
n Ej j2dx

+ q2k k21 − 2 Re
ð
D
γ�E + �Et

� 	
gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx:

ð34Þ

In addition, applying Itô’s formula to
Ð
DnjEj

2dx, we have

d
dt

ð
D
n Ej j2dx =

ð
D
nt Ej j2dx + 2 Re

ð
D
nE�Etdx +

ð
D
n q2j j2dx:

ð35Þ

Substituting (35) into (34), we obtain

d
dt

Exk k20 +
ð
D
n Ej j2dx

� �

= −2γ Exk k20 − 2γ
ð
D
n Ej j2dx + q2k k21

− 2 Re
ð
D
γ�E + �Et

� 	
gdx − 2 Re

ð
D
γ�E + �Et

� 	
_W2dx

+
ð
D
nt Ej j2dx +

ð
D
n q2j j2dx

= −2γ Exk k20 − 2γ + εð Þ
ð
D
n Ej j2dx + q2k k21

+
ð
D
n q2j j2dx − 2 Re

ð
D
γ�E + �Et

� 	
gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx +

ð
D
m Ej j2dx:

ð36Þ

Taking 0 < ε ≤min f1/α, αλ1λ2/2g, and by (32) and (36),
we have

d
dt

1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20 +

ε2

2λ2
nk k2−1


 �

+ d
dt

Exk k20 +
ð
D
n Ej j2dx

� �
+ ε

λ2
mk k2−1

+ ε 1 − εαð Þ nk k20 +
ε3

λ2
nk k2−1 + 2γ Exk k20

+ 2γ + εð Þ
ð
D
n Ej j2dx

≤
1
2
d
dt

1
λ2

mk k2−1 + 1 − εαð Þ nk k20 +
ε2

λ2
nk k2−1


 �

+ d
dt

Exk k20 +
ð
D
n Ej j2dx

� �
+ αλ1 −

ε

λ2

� �
mk k2−1

+ ε 1 − εαð Þ nk k20 +
ε3

λ2
nk k2−1 + 2γ Exk k20

+ 2γ + εð Þ
ð
D
n Ej j2dx ≤

ð
D
f −Δð Þ−1mdx

+
ð
D

_W1 −Δð Þ−1mdx + λ2

2 q1k k2−1 + q2k k21

− 2 Re
ð
D
γ�E + �Et

� 	
gdx − 2 Re

ð
D
γ�E + �Et

� 	
_W2dx

+
ð
D
n q2j j2dx:

ð37Þ

By Hölder inequality and Young inequality, we have the
following estimates:
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−2 Re
ð
D
γ�E + �Et

� 	
gdx ≤ 2 Exk k0 gxk k0 + 2 gk kL∞ nk k0 Ek k0

− 2 Re
ð
D
i _W2�gdx ≤

γ

2 Exk k20

+ 2
γ

gxk k20 + C1 gxk k40

+ ε 1 − εαð Þ
6 nk k20 + C2 Ek k40

+ 2 Im
ð
D

_W2�gdx,

γ + εð Þ
ð
D
n Ej j2dx

����
���� ≤ C nk k0 Ek k2L4 ≤ C nk k0 Ek k3/20 Exk k1/20

� 	
≤
ε 1 − εαð Þ

6 nk k20 +
γ

2 Exk k20 + C3 Ek k60,ð
D
f −Δð Þ−1mdx ≤ fk k−1 mk k−1

≤
ε

2λ2
mk k2−1 +

λ2

2ε fk k2−1,ð
D
n q2j j2dx ≤ nk k0 q2k k2L4 ≤ nk k0 C q2k k3/20 q2xk k1/20

� 	
≤
ε 1 − εαð Þ

6 nk k20 + C q2xk k20 + q2k k60
� 	

:

ð38Þ

By (38), we obtain

d
dt

1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20 +

ε2

2λ2
nk k2−1


 �

+ d
dt

Exk k20 +
ð
D
n Ej j2dx

� �
+ ε

λ2
mk k2−1

+ ε 1 − εαð Þ nk k20 +
ε3

λ2
nk k2−1 + 2γ Exk k20

+ 2γ + εð Þ
ð
D
n Ej j2dx

≤
ð
D
f −Δð Þ−1mdx +

ð
D

_W1 −Δð Þ−1mdx

+ λ2

2 q1k k2−1 + q2k k21 − 2 Re
ð
D
γ�E + �Et

� 	
gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx +

ð
D
n q2j j2dx

≤
ε

2λ2
mk k2−1 +

λ2

2ε fk k2−1 +
ð
D

_W1 −Δð Þ−1mdx

+ λ2

2 q1k k2−1 + q2k k21 +
γ

2 Exk k20 +
2
γ

gxk k20

+ C1 gxk k40 +
ε 1 − εαð Þ

6 nk k20 + C2 Ek k40
+ 2 Im

ð
D

_W2�gdx − 2 Re
ð
D
γ�E + �Et

� 	
_W2dx

+ ε 1 − εαð Þ
6 nk k20 + C q2k k21 + q2k k60

� 	
:

ð39Þ

By (39), we get

d
dt

1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20 +

ε2

2λ2
nk k2−1


 �

+ d
dt

Exk k20 +
ð
D
n Ej j2dx

� �
+ ε

λ2
mk k2−1

+ ε 1 − εαð Þ nk k20 +
ε3

λ2
nk k2−1 + 2γ Exk k20 + γ

ð
D
n Ej j2dx

≤
ε

2λ2
mk k2−1 +

λ2

2ε fk k2−1 +
ð
D

_W1 −Δð Þ−1mdx

+ λ2

2 q1k k2−1 + q2k k21 +
γ

2 Exk k20 +
2
γ

gxk k20

+ ε 1 − εαð Þ
6 nk k20 + C2 Ek k40 + C1 gxk k40

+ 2 Im
ð
D

_W2�gdx − 2 Re
ð
D
γ�E + �Et

� 	
_W2dx

+ ε 1 − εαð Þ
6 nk k20 + C q2k k21 + q2k k60

� 	
+ ε 1 − εαð Þ

6 nk k20 +
γ

2 Exk k20 + C3 Ek k60:
ð40Þ

Now, taking β =min fε, γg and letting H0ðtÞ = ð1/2λ2Þ
kmk2−1 + ðð1 − εαÞ/2Þknk20 + ðε2/2λ2Þknk2−1 + kExk20 +

Ð
Dn

jEj2dx, the above inequality is changed into

d
dt

H0 tð Þ + βH0 tð Þ ≤ d
dt


 1
2λ2

mk k2−1 +
1
2 1 − εαð Þ nk k20

+ ε2

2λ2
nk k2−1

�
+ d
dt

�
Exk k20

+
ð
D
n Ej j2dx

�
+ ε

2λ2
mk k2−1

+ ε 1 − εαð Þ
2 nk k20 +

ε3

λ2
nk k2−1

+ γ Exk k20 + γ
ð
D
n Ej j2dx

≤ C fk k−1, gk k1, q1k k−1, q2k k1ð Þ
+
ð
D

_W1 −Δð Þ−1mdx + C Ek k60

+ 2 Im
ð
D

_W2�gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx

≤ C f , g, q1, q2ð Þ +
ð
D

_W1 −Δð Þ−1mdx

+ C Ek k60 + 2 Im
ð
D

_W2�gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx:

ð41Þ
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Integrating (41) from 0 to t, we obtain

H0 tð Þ −H0 0ð Þ + β
ðt
0
H0 sð Þds

≤ C
ðt
0
E sð Þk k60ds + C f , g, q1, q2ð Þt

+
ðt
0

ð
D

_W1 −Δð Þ−1mdxds + 2
ðt
0
Im
ð
D

_W2�gdxds

− 2
ðt
0
Re
ð
D
γ�E + �Et

� 	
_W2dxds:

ð42Þ

Taking expectation on both sides of the above inequality,
by (28), we get

EH0 tð Þ − EH0 0ð Þ + βE
ðt
0
H0 sð Þds

≤ CE
ðt
0
E sð Þk k60ds + C f , g, q1, q2ð Þt

≤ C E0, f , g, q1, q2ð Þt:

ð43Þ

By (23) and Gronwall inequality, we have

EH0 tð Þ ≤ e−βtEH0 0ð Þ + C E0, f , g, q1, q2ð Þ
≤ C E0, f , g, q1, q2ð Þ,

ð44Þ

where CðE0, f , g, q1, q2Þ is independent of T .
Since

ð
D
n Ej j2dx

����
���� ≤ C nk k0 Ek k2L4 ≤ C nk k0 Ek k3/20 Exk k1/20

� 	
≤
1 − εα

4 nk k20 +
1
2 Exk k20 + C Ek k60,

ð45Þ

we have

C mk k2−1 + nk k20 + nk k2−1 + Exk k20
� 	

− C Ek k60
≤H0 tð Þ ≤ C mk k2−1 + nk k20 + nk k2−1 + Exk k20

� 	
+ C Ek k60:

ð46Þ

By (41) and (46), we have

d
dt

H0 tð Þ ≤ C f , g, q1, q2ð Þ +
ð
D

_W1 −Δð Þ−1mdx

+ C Ek k60 + 2 Im
ð
D

_W2�gdx

− 2 Re
ð
D
γ�E + �Et

� 	
_W2dx:

ð47Þ

Therefore, by (28) and (44), we have

E mk k2−1 + nk k20 + nk k2−1 + Exk k20
� 	
≤ C EH0 tð Þ + CE Ek k60
� 	

≤ C e−βtEH0 0ð Þ + C E0, f , g, q1, q2ð Þ
h i
+ C e−3γt/2E E0k k60 + C gk k0, q2k k0

� 	� 
≤ C E0, f , g, q1, q2ð Þ,

ð48Þ

where CðE0, f , g, q1, q2Þ is independent of T .
By (48), we obtain ðnt , n, EÞ ∈ L∞ð0,∞ ; L2ðΩ,E0ÞÞ.
Further, we give an estimate of Hp

0ðtÞ for any p ≥ 1.
First as

nEk k2−1 =
ð
D
−Δð Þ−1 nEð Þn�Edx ≤ −Δð Þ−1nE�� ��

L∞
nk k0 Ek k0

≤ C −Δð Þ−1nE�� ��
1 nk k0 Ek k0 ≤ C nEk k−1 nk k0 Ek k0,

ð49Þ

by (47), we have

nEk k2−1 ≤ C nk k20 Ek k20 ≤ C H0 tð Þ + Ek k60
� 	

Ek k20,
ð50Þ

mk k2−1 + nk k20 + nk k2−1 + Exk k20 ≤ C H0 tð Þ + Ek k60
� 	

: ð51Þ

Applying Itô’s formula to Hp
0ðtÞ, by (41), (50), (51),

and Young inequality, we obtain

d
dt

Hp
0 tð Þ = pHp−1

0 tð Þ d
dt

H0 tð Þ + 1
2 p p − 1ð ÞCHp−2

0 tð Þ

� Ek k21 q2k k21 + gk k20 q2k k20
� 	

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ
� nEk k2−1 q2k k21 + mk k2−1 q2k k2−1
� 	

≤ pHp−1
0 tð Þ −βH0 tð Þ + C f , g, q1, q2ð Þ + C Ek k60

� 
+ pHp−1

0 tð Þ
ð
D

_W1 −Δð Þ−1mdx + 2 Im
ð
D

_W2�gdx

 �

+ pHp−1
0 tð Þ −2 Re

ð
D
γ�E + �Et

� 	
_W2dx


 �

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ Ek k21 q2k k21 + gk k20 q2k k20
� 	

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ nEk k2−1 q2k k21
� 	

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ mk k2−1 q2k k2−1
� 	
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≤ −βpHp
0 tð Þ + pHp−1

0 tð Þ C f , g, q1, q2ð Þ + C Ek k60
� 

+ pHp−1
0 tð Þ

ð
D

_W1 −Δð Þ−1mdx + 2 Im
ð
D

_W2�gdx

 �

+ pHp−1
0 tð Þ −2 Re

ð
D
γ�E + �Et

� 	
_W2dx


 �

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ 2 H0 tð Þ + C Ek k60
� 	� 

q2k k21
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ gk k20 q2k k20
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ H0 tð Þ + Ek k60
� 	

C Ek k20
� 

q2k k21
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ 2λ2 H0 tð Þ + C Ek k60
� 	� 

q2k k2−1
≤ −

βp
2 Hp

0 tð Þ + C E0, f , g, q1, q2ð Þ + C Ek k6p0 + Ek k3p0
� �

+ pHp−1
0 tð Þ

ð
D

_W1 −Δð Þ−1mdx + 2 Im
ð
D

_W2�gdx

 �

+ pHp−1
0 tð Þ −2 Re

ð
D
γ�E + �Et

� 	
_W2dx


 �
:

ð52Þ

Integrating from 0 to t and taking expectation on both
sides of the above inequality, by Hölder inequality and (28),
we derive

EHp
0 tð Þ ≤ EHp

0 0ð Þ − βp
2 E

ðt
0
Hp

0 sð Þds

+ C E0, f , g, q1, q2ð Þt:
ð53Þ

By Gronwall inequality, we have

EHp
0 tð Þ ≤ e−βpt/2EHp

0 0ð Þ + C E0, f , g, q1, q2ð Þ
≤ C E0, f , g, q1, q2, n0, n1ð Þ,

ð54Þ

where CðE0, f , g, q1, q2, n0, n1Þ is independent of T.
By (28), (51), and (54), we obtain ðnt , n, EÞ ∈ L∞ð0,∞;

L2pðΩ,E0ÞÞ.
On the other hand, integrating from 0 to t on both sides

of (47), deduce

H0 tð Þ ≤H0 0ð Þ + C f , g, q1, q2ð Þt

+
ðt
0

ð
D

_W1 −Δð Þ−1mdxds
����

����
2

+ C
ðt
0
Ek k60ds +

ðt
0
Im
ð
D

_W2gdxds
����

����
2

+
ðt
0
Re
ð
D
γ�E + �Et

� 	
_W2dxds

����
����
2
+ C:

ð55Þ

Now, taking the supremum and expectation on both
sides of the above inequality, we have

E sup
0≤t≤T

H0 tð Þ ≤ EH0 0ð Þ + C f , g, q1, q2ð ÞT + C

+ E sup
0≤t≤T

ðt
0

ð
D

_W1 −Δð Þ−1mdxds
����

����
2

+ CE sup
0≤t≤T

ðt
0
Ek k60ds

+ E sup
0≤t≤T

ðt
0
Im
ð
D

_W2gdxds
����

����
2

+ E sup
0≤t≤T

ðt
0
Re
ð
D
γ�E + �Et

� 	
_W2dxds

����
����
2

≤ EH0 0ð Þ + C f , g, q1, q2ð ÞT

+ C q1k k2−1E
ðT
0

mk k2−1dt + CE
ðT
0

Ek k60ds

+ C q2k k20E
ðT
0

gk k20dt + C

+ E sup
0≤t≤T j

ðt
0
Re
ð
D

�
−i�Exx + in�E

+ i�g + i �_W2
�
_W2dxdsj2

≤ EH0 0ð Þ + C f , g, q1, q2ð ÞT

+ C q1k k2−1E
ðT
0

mk k2−1dt + CE
ðT
0

Ek k60ds

+ C q2k k20E
ðT
0

gk k20dt + C

+ C q2k k21E
ðT
0

Exk k20dt + C q2k k21E
ðT
0

nEk k2−1dt

≤ EH0 0ð Þ + C f , g, q1, q2ð ÞT + C

+ CE
ðT
0

Ek k60ds + C q2k k20E
ðT
0

gk k20dt

+ C q1k k2−1E
ðT
0
2λ2 H0 tð Þ + C Ek k60
� 

dt

+ C q2k k21E
ðT
0
2 H0 tð Þ + C Ek k60
� 

dt

+ C q2k k21E
ðT
0
C H0 tð Þ + Ek k60
� 

Ek k20dt:

ð56Þ

Then, by (28), (54), and (56), we obtain

E sup
0≤t≤T

H0 tð Þ ≤ CT E0, f , g, q1, q2, n1, n0ð Þ, ð57Þ

where CT depends on the initial data.
Therefore, by (48), we have

E sup
0≤t≤T

nt , n, Eð Þk k2E0
≤ CT E0, f , g, q1, q2, n1, n0ð Þ: ð58Þ

By (58), we obtain E ∈ L2ðΩ ; L∞ð0, T ;E0ÞÞ.
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In addition, from (52), we have

d
dt

Hp
0 tð Þ ≤ C E0, f , g, q1, q2ð Þ + C Ek k6p0 + Ek k3p0

� �
+ pHp−1

0 tð Þ

ð

D

_W1 −Δð Þ−1mdx

+ 2 Im
ð
D

_W2�gdx
�
+ pHp−1

0 tð Þ

� −2 Re
ð
D
γ�E + �Et

� 	
_W2dx


 �
:

ð59Þ

Integrating from 0 to t and taking the supremum and the
expectation on both sides of (59), we have

E sup
0≤t≤T

Hp
0 tð Þ ≤ C E0, f , g, q1, q2ð ÞT

+ CE sup
0≤t≤T

ðt
0

Ek k6p0 + Ek k3p0
� �

ds

+ pHp−1
0 tð Þ

ð
D

_W1 −Δð Þ−1mdx

+ 2pHp−1
0 tð Þ Im

ð
D

_W2�gdx

+ pHp−1
0 tð Þ



−2 Re

ð
D

�
−i�Exx

+ in�E + i�g + i _W2
�
_W2dx

�
≤ C E0, f , g, q1, q2ð ÞT

+ E sup
0≤t≤T

ðt
0

Ek k6p0 + Ek k3p0
� �

ds

+ E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ
ð
D

_W1 −Δð Þ−1mdxds
����

����
2

+ E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D

_W2�gdxds
����

����
2

+ C + E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D

�Exx
_W2dxds

����
����
2

+ E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D
n�E _W2dxds

����
����
2
:

ð60Þ

By (50), (51), Hölder inequality, and Young inequality,
we have the following estimates:

CE sup
0≤t≤T

ðt
0

Ek k6p0 + Ek k3p0
� �

ds ≤ CE
ðT
0

Ek k6p0 + Ek k3p0
� �

ds,

E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ
ð
D

_W1 −Δð Þ−1mdxds
����

����
2

≤ C q1k k2−1E
ðT
0
H2p−2

0 tð Þ mk k2−1ds

≤ C q1k k2−1E
ðT
0
H2p−2

0 tð Þ C H0 tð Þ + Ek k60
� 	� 

ds

≤ C q1k k2−1E
ðT
0
H2p

0 tð Þ + Ek k6p0 + 1
h i

ds,

E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D

_W2�gdxds
����

����
2

≤ C q2k k20E
ðT
0
H2p−2

0 tð Þ gk k20ds

≤ C q2k k20E
ðT
0
H2p

0 tð Þ + gk k2p0
h i

ds

≤ C q2k k20E
ðT
0
H2p

0 tð Þ + 1
h i

ds,

E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D

�Exx
_W2dxds

����
����
2

≤ C q2xk k20E
ðT
0
H2p−2

0 tð Þ Exk k20ds

≤ C q2xk k20E
ðT
0
H2p−2

0 tð Þ C H0 tð Þ + Ek k60
� 	� 

ds

≤ C q2xk k20E
ðT
0
H2p

0 tð Þ + Ek k6p0 + 1
h i

ds,

E sup
0≤t≤T

ðt
0
Hp−1

0 tð Þ Im
ð
D
n�E _W2dxds

����
����
2

≤ C q2k k21E
ðT
0
H2p−2

0 tð Þ nEk k2−1ds

≤ C q2k k21E
ðT
0
H2p−2

0 tð Þ C H0 tð Þ + Ek k60
� 	

Ek k20
� 

ds

≤ C q2k k21E
ðT
0
H2p

0 tð Þ + Ek k4p0 + Ek k8p0
h i

ds:

ð61Þ

By (28), (54), (60), and (61), we have

E sup
0≤t≤T

Hp
0 tð Þ ≤ CEHp

0 0ð Þ + CT E0, f , g, q1, q2, n1, n0ð Þ

≤ CT E0, f , g, q1, q2, n1, n0ð Þ:
ð62Þ

Moreover, by (29), (51), and (62), we have

CE sup
0≤t≤T

mk k2p−1 + nk k2p0 + nk k2p−1 + Exk k2p0
� �

≤ CE sup
0≤t≤T

C H0 tð Þ + Ek k60
� 	� 2p

≤ CE sup
0≤t≤T

H2p
0 tð Þ + Ek k12p0

h i
≤ CT E0, f , g, q1, q2, n1, n0ð Þ,

ð63Þ

where CT depends on the initial data.
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Therefore, by (63), we have

E sup
0≤t≤T

nt, n, Eð Þk k2pE0
≤ CT E0, f , g, q1, q2, n1, n0ð Þ: ð64Þ

By (64), we obtain E ∈ L2pðΩ ; L∞ð0, T ;E0ÞÞ.
Lemma 4 is proved completely.

Lemma 5. Assume ðn1, n0, E0Þ ∈E1, f ∈ L2ðDÞ, q1 ∈H1
0ðDÞ,

and g, q2 ∈H2ðDÞ ∩H1
0ðDÞ. Then, for any T > 0 and p ≥ 1,

ðnt , n, EÞ ∈ L2pðΩ ; L∞ð0, T ;E1ÞÞ ∩ L∞ð0,∞ ; L2pðΩ,E1ÞÞ.

Proof. Applying Itô’s formula to kmk20, by (12), we have

1
2λ2

d
dt

mk k20 =
ð
D

1
λ2

mtmdx + λ2

2 q1k k20

= ε

λ2
mk k20 − α mk k21 −

ε2

λ2

ð
D
nmdx

+ 1 − εαð Þ
ð
D
nxxmdx +

ð
D
Ej j2xxmdx

+
ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20:

ð65Þ

Since m = nt + εn, from (65), we obtain

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20
� �

= ε

λ2
mk k20 − α mk k21 −

ε3

λ2
nk k20 − ε 1 − εαð Þ nxk k20

+
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20

≤
ε

λ2
− αλ1

� �
mk k20 −

ε3

λ2
nk k20 − ε 1 − εαð Þ nxk k20

+
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20,

ð66Þ

where λ1 is the first eigenvalue of −Δ. By (66), we obtain

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20
� �

−
ε

λ2
− αλ1

� �
mk k20 +

ε3

λ2
nk k20 + ε 1 − εαð Þ nxk k20

≤
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20:

ð67Þ

Applying Itô’s formula to kExxk20, by (13), we have

d
dt

Exxk k20 = 2 Re
ð
D
Exx

�Etxxdx + q2k k22: ð68Þ

Substituting Exx = −iEt + nE − iγE + g + _W2 into (68),
we have

d
dt

Exxk k20 = 2 Re
ð
D
−iEt + nE − iγE + g + _W2
� 	

�Etxxdx

+ q2k k22 = 2 Re
ð
D
nE�Etxxdx

+ 2 Re
ð
D
g�Etxxdx + 2 Re

ð
D

_W2�Etxxdx

+ q2k k22 + 2 Re
ð
D
γ�Exx

� 	
� −Exx + nE − iγE + g + _W2
� 	

dx

= 2 Re
ð
D
nE �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx

− 2γ Exxk k20 + q2k k22:
ð69Þ

From (66) and (69), we obtain

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20 + Exxk k20
� �

−
ε

λ2
− αλ1

� �
mk k20 +

ε3

λ2
nk k20 + ε 1 − εαð Þ nxk k20

≤
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20

+ 2 Re
ð
D
nE �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx − 2γ Exxk k20 + q2k k22,

ð70Þ

since

d
dt

−2 Re
ð
D
nE�Exxdx

� �

= − Re
ð
D
nt Ej j2xxdx + 2 Re

ð
D
nt Exj j2dx

− 2 Re
ð
D
nE�Etxxdx − 2 Re

ð
D
nEt

�Exxdx

− 2 Re
ð
D
nq2�q2xxdx:

ð71Þ
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Substituting (71) into (70), we have

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20 + Exxk k20
� �

−
ε

λ2
− αλ1

� �
mk k20 +

ε3

λ2
nk k20 + ε 1 − εαð Þ nxk k20

≤
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx

+ λ2

2 q1k k20 + 2 Re
ð
D
nE�Etxxdx

+ 2γ Re
ð
D
nE�Exxdx + 2 Re

ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx − 2γ Exxk k20 + q2k k22

≤
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx

+ λ2

2 q1k k20 − Re
ð
D
nt Ej j2xxdx + 2 Re

ð
D
nt Exj j2dx

+ d
dt

2 Re
ð
D
nE�Exxdx

� �
− 2 Re

ð
D
nEt

�Exxdx

− 2 Re
ð
D
nq2�q2xxdx + 2γ Re

ð
D
nE�Exxdx

+ 2 Re
ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx − 2γ Exxk k20 + q2k k22:

ð72Þ

Taking 0 < ε ≤min f1/α, αλ1λ2/2g, and by (72), we
have

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20
� �

+ d
dt

Exxk k20 − 2 Re
ð
D
nE�Exxdx

� �

+ ε

λ2
mk k20 +

ε3

λ2
nk k20 + ε 1 − εαð Þ nxk k20

+ 2γ Exxk k20 − 2γ Re
ð
D
nE�Exxdx

≤
ð
D
Ej j2xxmdx +

ð
D
fmdx +

ð
D

_W1mdx

+ λ2

2 q1k k20 − Re
ð
D
nt Ej j2xxdx

+ 2 Re
ð
D
nt Exj j2dx + q2k k22 − 2 Re

ð
D
nEt

�Exxdx

− 2 Re
ð
D
nq2�q2xxdx + 2 Re

ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx

≤
ð
D
fmdx +

ð
D

_W1mdx + λ2

2 q1k k20

− ε Re
ð
D
nx Ej j2xdx + 2 Re

ð
D
m Exj j2dx

− 2ε Re
ð
D
n Exj j2dx + q2k k22

− 2 Re
ð
D
nEt

�Exxdx − 2 Re
ð
D
nq2�q2xxdx

+ 2 Re
ð
D
g �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx:

ð73Þ

By Hölder inequality and Young inequality, we have
the following estimates:

ð
D
fmdx ≤ fk k0 mk k0 ≤ C fk k20 +

ε

4λ2
mk k20,

−ε Re
ð
D
nx Ej j2xdx + 2 Re

ð
D
m Exj j2dx − 2ε Re

ð
D
n Exj j2dx

≤ ε nxk k0 Exk k2L4 + 2 mk k0 Exk k2L4 + 2ε nk k0 Exk k2L4
≤ ε nxk k0 + 2 mk k0 + 2ε nk k0
� 	

Exk k3/20 Exxk k1/20

≤
ε 1 − εαð Þ

6 nxk k20 +
ε

4λ2
mk k20 +

ε3

3λ2
nk k20

+ γ

5 Exxk k20 + C Exk k60,

−2 Re
ð
D
nEt

�Exxdx = 2 Re
ð
D
in�Exx

� 	
iEtð Þdx

= 2 Re
ð
D
in2�ExxEdx + 2γ Re

ð
D
n�ExxEdx

+ 2 Re
ð
D
in�Exxgdx + 2 Re

ð
D
in�Exx

_W2dx

≤ nk k2L4 Exxk k0 Ek kL∞ + nk k0 Exxk k0 Ek kL∞
+ nk k0 Exxk k0 gk kL∞ − 2 Im

ð
D
n�Exx

_W2dx

≤ nk k3/20 nxk k1/20 Exxk k0 Exk k0 + nk k0 Exxk k0 Exk k0
+ nk k0 Exxk k0 gxk k0 − 2 Im

ð
D
n�Exx

_W2dx

≤ C nk k120 + ε 1 − εαð Þ
6 nxk k20 +

γ

5 Exxk k20
+ C Exk k80 + C nk k40 +

2γ
5 Exxk k20 + C Exk k40

+ C gxk k40 − 2 Im
ð
D
n�Exx

_W2dx

≤
ε 1 − εαð Þ

6 nxk k20 +
3γ
5 Exxk k20 + C nk k120 + Exk k80

� 	
+ C nk k40 + Exk k40 + gxk k40
� 	

− 2 Im
ð
D
n�Exx

_W2dx,
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−2 Re
ð
D
nq2�q2xxdx ≤

ε3

3λ2
nk k20 + C q2xxk k40,

2 Re
ð
D
γ�Exx + �Etxx
� 	

gdx

= 2 Re
ð
D

−i�Exx + in�E + i�g + i �_W2
� �

xx
gdx

≤ 2 Exxk k0 gxxk k0 + 2 gxk kL∞ nxk k0 Ek k0 + nk k0 Exk k0
� 	

− 2 Re
ð
D
i _W2�gxxdx ≤

γ

5 Exxk k20 + C gxxk k20 + C gxxk k40

+ ε 1 − εαð Þ
6 nxk k20 + C Ek k40 + C gxxk k40

+ ε3

4λ2
nk k20 + C Exk k40 + 2 Im

ð
D

_W2�gxxdx

≤
γ

5 Exxk k20 +
ε 1 − εαð Þ

6 nxk k20 +
ε3

3λ2
nk k20

+ 2 Im
ð
D

_W2�gxxdx

+ C gxxk k20 + gxxk k40 + Ek k40 + Exk k40
� 	

:

ð74Þ

By (73), we have

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20
� �

+ d
dt

Exxk k20 − 2 Re
ð
D
nE�Exxdx

� �

+ ε

λ2
mk k20 +

ε3

λ2
nk k20 + ε 1 − εαð Þ nxk k20

+ 2γ Exxk k20 − 2γ Re
ð
D
nE�Exxdx

≤ C fk k20 +
ε

4λ2
mk k20 +

ð
D

_W1mdx + λ2

2 q1k k20

+ ε 1 − εαð Þ
6 nxk k20 +

ε

4λ2
mk k20 +

ε3

6λ2
nk k20

+ γ

5 Exxk k20 + C Exk k60 + q2k k22 +
ε 1 − εαð Þ

6 nxk k20
+ 3γ

5 Exxk k20 + C nk k120 + Exk k80
� 	

+ C nk k40 + Exk k40 + gxk k40
� 	

− 2 Im
ð
D
n�Exx

_W2dx

+ ε3

6λ2
nk k20 + C q2xxk k40 +

γ

5 Exxk k20

+ ε 1 − εαð Þ
6 nxk k20 +

ε3

6λ2
nk k20 + 2 Im

ð
D

_W2�gxxdx

+ C gxxk k20 + gxxk k40 + Ek k40 + Exk k40
� 	

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx:

ð75Þ

By (75), we get

d
dt

1
2λ2

mk k20 +
ε2

2λ2
nk k20 +

1 − εα

2 nxk k20
� �

+ d
dt

Exxk k20 − 2 Re
ð
D
nE�Exxdx

� �

+ ε

2λ2
mk k20 +

ε3

2λ2
nk k20 +

ε 1 − εαð Þ
2 nxk k20

+ γ Exxk k20 − 2γ Re
ð
D
nE�Exxdx

≤ C fk k20 +
ð
D

_W1mdx + λ2

2 q1k k20 + C Exk k60
+ q2k k22 + C nk k120 + Exk k80

� 	
+ C nk k40 + Exk k40 + gxk k40
� 	

− 2 Im
ð
D
n�Exx

_W2dx + C q2xxk k40 + 2 Im
ð
D

_W2�gxxdx

+ C gxxk k20 + gxxk k40 + Ek k40 + Exk k40
� 	

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx

≤ C fk k0, q1k k0, q2k k2, gxk k0, gxxk k0,
� 	
+ C Exk k0, nk k0, Ek k0
� 	

+
ð
D

_W1mdx

− 2 Im
ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx:

ð76Þ

Now, taking β =min fε, γg and letting H1ðtÞ = ð1/2λ2Þ
kmk20 + ðε2/2λ2Þknk20 + ðð1 − εαÞ/2Þknxk20 + kExxk20 − 2 ReÐ
DnE

�Exxdx, by (76), the above inequality is changed into

d
dt

H1 tð Þ + βH1 tð Þ
≤ C fk k0, q1k k0, q2k k2, gxk k0, gxxk k0
� 	
+ C Exk k0, nk k0, Ek k0
� 	

+
ð
D

_W1mdx

− 2 Im
ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx

≤ C f , g, q1, q2, E0, n0, n1ð Þ +
ð
D

_W1mdx

− 2 Im
ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx:

ð77Þ

Integrating (77) from 0 to t and taking expectation on both
sides of the above inequality, we get

EH1 tð Þ − EH1 0ð Þ + βE
ðt
0
H1 sð Þds

≤ C f , g, q1, q2, E0, n0, n1ð Þt:
ð78Þ
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By Gronwall inequality, we have

EH1 tð Þ ≤ e−βtEH1 0ð Þ + C f , g, q1, q2, E0, n0, n1ð Þ
≤ C f , g, q1, q2, E0, n0, n1ð Þ,

ð79Þ

where Cð f , g, q1, q2, E0, n0, n1Þ is independent of T.
Since

2 Re
ð
D
nE�Exxdx

����
���� ≤ 2 Ek kL∞ nk k0 Exxk k0
≤ C Exk k0 nk k0 Exxk k0
≤
1
2 Exxk k20 + C Exk k40 + nk k40

� 	
,

ð80Þ

we have

C mk k20 + nk k20 + nxk k20 + Exxk k20
� 	

− C Exk k40 + nk k40
� 	

≤H1 tð Þ ≤ C mk k20 + nk k20 + nxk k20 + Exxk k20
� 	

+ C Exk k40 + nk k40
� 	

:

ð81Þ

By (77) and (81), we get

d
dt

H1 tð Þ ≤ C f , g, q1, q2, E0, n0, n1ð Þ

+
ð
D

_W1mdx − 2 Im
ð
D
n�Exx

_W2dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx:

ð82Þ

By (28), (54), (79), and (81), we get

E mk k20 + nk k20 + nxk k20 + Exxk k20
� 	
≤ EH1 tð Þ + CE Exk k40 + nk k40

� 	
≤ C f , g, q1, q2, E0, n0, n1ð Þ,

ð83Þ

where Cð f , g, q1, q2, E0, n0, n1Þ is independent of T .
By (83), we obtain ðnt , n, EÞ ∈ L∞ð0,∞ ; L2ðΩ,E1ÞÞ.
Further, we give an estimate of Hp

1ðtÞ for any p ≥ 1.
First as

nEk k20 =
ð
D
nEn�Edx ≤ nEk k0 nk k0 Ek kL∞

≤ C nEk k0 nk k0 Exk k0,

nExxk k2−1 =
ð
D
−Δð Þ−1 nExxð Þ n�Exx

� 	
dx

≤ −Δð Þ−1nE�� ��
L∞

nk k0 Exxk k0
≤ C −Δð Þ−1nExx

�� ��
1 nk k0 Exxk k0

≤ C nExxk k−1 nk k0 Exxk k0:

ð84Þ

By (81) and (84), we have

nEk k20 ≤ C nk k20 Exk k20
≤ C H1 tð Þ + Exk k40 + nk k40
� 	

Exk k20,
ð85Þ

nExxk k2−1 ≤ C nk k20 Exxk k20
≤ C H1 tð Þ + Exk k40 + nk k40
� 	

Exxk k20,
ð86Þ

mk k20 + nk k20 + nxk k20 + Exxk k20
≤ C H1 tð Þ + Exk k40 + nk k40
� 	

:
ð87Þ

Applying Itô’s formula to Hp
1ðtÞ, by (77), (85), (86),

(87), and Young inequality, we obtain

d
dt

Hp
1 tð Þ = pHp−1

0 tð Þ d
dt

H1 tð Þ + 1
2 p p − 1ð ÞCHp−2

0 tð Þ
� Ek k22 q2k k22 + gk k21 q2k k21 + nEk k20 q2k k22
� 	
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ
� nExxk k2−1 q2k k21 + mk k20 q1k k20
� 	

= pHp−1
0 tð Þ



−βH1 tð Þ + C f , g, q1, q2, E0, n0, n1ð Þ

+
ð
D

_W1mdx
�
+ pHp−1

0 tð Þ


−2 Im

ð
D
n�Exx

_W2dx

+ 2 Re
ð
D

_W2 �Etxx + γ�Exx

� 	
dx
�
+ 1
2 p p − 1ð ÞCHp−2

0

� tð Þ Ek k22 q2k k22 + gk k21 q2k k21 + nEk k20 q2k k22
� 	

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ
� nExxk k2−1 q2k k21 + mk k20 q1k k20
� 	

≤ −βpHp
0 tð Þ + C f , g, q1, q2, E0, n0, n1ð Þ

+ pHp−1
0 tð Þ

ð
D

_W1mdx + pHp−1
0 tð Þ

�


−2 Im

ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2
�
�Etxx

+ γ�Exx

	
dx
�
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ

� Ek k22 q2k k22 + gk k21 q2k k21 + nEk k20 q2k k22
� 	
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ
� nExxk k2−1 q2k k21 + mk k20 q1k k20
� 	

≤ −βpHp
0 tð Þ + C f , g, q1, q2, E0, n0, n1ð Þ

+ pHp−1
0 tð Þ

ð
D

_W1mdx + pHp−1
0 tð Þ
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�


−2 Im

ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2
�
�Etxx

+ γ�Exx

	
dx
�
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ Ek k22 q2k k22

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ gk k21 q2k k21
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ nEk k20 q2k k22
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ nExxk k2−1 q2k k21
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ mk k20 q1k k20
≤ −βpHp

0 tð Þ + C f , g, q1, q2, E0, n0, n1ð Þ
+ pHp−1

0 tð Þ
ð
D

_W1mdx + pHp−1
0 tð Þ

�


−2 Im

ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2
�
�Etxx

+ γ�Exx

	
dx
�
+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ�H1 tð Þ

+ Exk k40 + nk k40
	
q2k k22 +

1
2 p p − 1ð ÞCHp−2

0

� tð Þ gk k21 q2k k21 +
1
2 p p − 1ð ÞCHp−2

0 tð Þ�H1 tð Þ

+ Exk k40 + nk k40
	
Exk k20 q2k k22 +

1
2 p p − 1ð Þ

� CHp−2
0 tð Þ H1 tð Þ + Exk k40 + nk k40

� 	
H1 tð Þ q2k k21

+ 1
2 p p − 1ð ÞCHp−2

0 tð Þ�H1 tð Þ + Exk k40
+ nk k40

	
Exk k40 q2k k21 +

1
2 p p − 1ð ÞCHp−2

0 tð Þ

� H1 tð Þ + Exk k40 + nk k40
� 	

nk k40 q2k k21 +
1
2 p

� p − 1ð ÞCHp−2
0 tð Þ H1 tð Þ + Exk k40 + nk k40

� 	
q1k k20

≤ −
βp
2 Hp

0 tð Þ + C f , g, q1, q2, E0, n0, n1ð Þ

+ pHp−1
0 tð Þ

ð
D

_W1mdx + pHp−1
0 tð Þ

�


−2 Im

ð
D
n�Exx

_W2dx + 2 Re
ð
D

_W2
�
�Etxx

+ γ�Exx

	
dx
�
+ C Exk k4p0 + Exk k6p0 + nk k4p0
� �

:

ð88Þ

Taking expectation on both sides of the above inequal-
ity, by Hölder inequality and (88), we derive

EHp
1 tð Þ ≤ EHp

1 0ð Þ − βp
2 E

ðt
0
Hp

1 sð Þds

+ C E0, f , g, q1, q2, n0, n1ð Þt:
ð89Þ

By Gronwall inequality, we have

EHp
1 tð Þ ≤ e−βpt/2EHp

1 0ð Þ + C E0, f , g, q1, q2, n0, n1ð Þ
≤ C E0, f , g, q1, q2, n0, n1ð Þ,

ð90Þ

where CðE0, f , g, q1, q2, n0, n1Þ is independent of T .
By (87) and (90), we obtain ðnt , n, EÞ ∈ L∞ð0,∞ ; L2p

ðΩ,E1ÞÞ.
By the same approach of Lemma 4, we obtain

E sup
0≤t≤T

H1 tð Þ ≤ CT E0, f , g, q1, q2, n1, n0ð Þ, ð91Þ

where CT depends on the initial data. Therefore, by (47),
we have

E sup
0≤t≤T

nt , n, Eð Þk k2E1
≤ CT E0, f , g, q1, q2, n1, n0ð Þ: ð92Þ

By (92), we obtain E ∈ L2ðΩ ; L∞ð0, T ;E1ÞÞ.
Moreover, we get

E sup
0≤t≤T

Hp
1 tð Þ ≤ CEHp

1 0ð Þ + CT E0, f , g, q1, q2, n1, n0ð Þ

≤ CT E0, f , g, q1, q2, n1, n0ð Þ:
ð93Þ

By (87), we have

CE sup
0≤t≤T

mk k2p0 + nk k2p0 + nxk k2p−1 + Exxk k2p0
� �

≤ CE sup
0≤t≤T

C H1 tð Þ + Exk k40 + nk k40
� 	� 2p

≤ CE sup
0≤t≤T

H2p
1 tð Þ + Exk k8p0 + nk k8p0

� �
≤ CT E0, f , g, q1, q2, n1, n0ð Þ,

ð94Þ

where CT depends on the initial data. Therefore, by (94), we
have

E sup
0≤t≤T

nt , n, Eð Þk k2pE1
≤ CT E0, f , g, q1, q2, n1, n0ð Þ: ð95Þ

By (95), we obtain E ∈ L2pðΩ ; L∞ð0, T ;E1ÞÞ.
Lemma 5 is proved completely.

Lemma 6. Assume ðn1, n0, E0Þ ∈E2, f ∈H1
0ðDÞ, g, q1 ∈H2

ðDÞ ∩H1
0ðDÞ, and q2 ∈H

3ðDÞ ∩H1
0ðDÞ. Then, for any T > 0

and p ≥ 1, ðnt , n, EÞ ∈ L2pðΩ ; L∞ð0, T ;E2ÞÞ ∩ L∞ð0,∞ ;
L2pðΩ,E2ÞÞ.
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Proof. Applying Itô’s formula to kmxk20, by (12), we have

1
2λ2

d
dt

mxk k20 = −
ð
D

1
λ2

mtmxxdx +
λ2

2 q1k k21

=
ð
D

ε

λ2
m + αmxx −

ε2

λ2
n


 �
−mxxð Þdx

+
ð
D

1 − εαð Þnxx + Ej j2xx + f + _W1
� 

� −mxxð Þdx + λ2

2 q1k k21

= ε

λ2
mxk k20 − α mk k22 −

ε2

λ2

ð
D
nxmxdx

− 1 − εαð Þ
ð
D
nxxmxxdx

−
ð
D
Ej j2xxmxxdx −

ð
D
fmxxdx

−
ð
D

_W1mxxdx +
λ2

2 q1k k21:

ð96Þ

Since m = nt + εn, from (96), we obtain

d
dt

1
2λ2

mxk k20 +
ε2

2λ2
nxk k20 +

1 − εα

2 nxxk k20

 �

= ε

λ2
mxk k20 − α mk k22 −

ε3

λ2
nxk k20

− ε 1 − εαð Þ nxxk k20 −
ð
D
Ej j2xxmxxdx

+
ð
D
f xmxdx −

ð
D

_W1mxxdx +
λ2

2 q1k k21,

ð97Þ

where λ1 is the first eigenvalue of −Δ.
By (97), we obtain

d
dt

1
2λ2

mxk k20 +
ε2

2λ2
nxk k20 +

1 − εα

2 nxxk k20

 �

−
ε

λ2
− αλ1

� �
mxk k20 +

ε3

λ2
nxk k20 + ε 1 − εαð Þ nxxk k20

≤ −
ð
D
Ej j2xxmxxdx +

ð
D
f xmxdx −

ð
D

_W1mxxdx

+ λ2

2 q1k k21:
ð98Þ

Applying Itô’s formula to kExxxk20, by (13), we have

d
dt

Exxxk k20 = 2 Re
ð
D
Exxx

�Etxxxdx + q2k k23

= −2 Re
ð
D
Exx

�Etxxxxdx + q2k k23:
ð99Þ

Substituting Exx = −iEt + nE − iγE + g + _W2 into (99),
we have

d
dt

Exxxk k20 = −2 Re
ð
D
−iEt + nE − iγE + g + _W2
� 	

�Etxxxxdx

+ q2k k23 = −2 Re
ð
D
nE�Etxxxxdx

− 2 Re
ð
D
γ�Exxxx

� 	
Exx + nE − iγE + g + _W2
� 	

dx

− 2 Re
ð
D
g�Etxxxxdx − 2 Re

ð
D

_W2�Etxxxxdx + q2k k23

= −2γ Exxxk k20 − 2 Re
ð
D
nE �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D

_W2 �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D
g �Etxxxx + γ�Exxxx

� 	
dx + q2k k23:

ð100Þ

From (98) and (100), we obtain

d
dt

1
2λ2

mxk k20 +
ε2

2λ2
nxk k20 +

1 − εα

2 nxxk k20 + Exxxk k20
� �

−
ε

λ2
− αλ1

� �
mxk k20 +

ε3

λ2
nxk k20 + ε 1 − εαð Þ nxxk k20

≤ −
ð
D
Ej j2xxmxxdx +

ð
D
f xmxdx −

ð
D

_W1mxxdx

+ λ2

2 q1k k21 − 2γ Exxxk k20 − 2 Re
ð
D
nE �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D

_W2 �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D
g �Etxxxx + γ�Exxxx

� 	
dx + q2k k23:

ð101Þ

Taking 0 < ε ≤min f1/α, αλ1λ2/2g, and by (101), we
have

d
dt

1
2λ2

mxk k20 +
ε2

2λ2
nxk k20 +

1 − εα

2 nxxk k20 + Exxxk k20
� �

+ ε

λ2
mxk k20 +

ε3

λ2
nxk k20 + ε 1 − εαð Þ nxxk k20 + 2γ Exxxk k20

≤ −
ð
D
Ej j2xxmxxdx +

ð
D
f xmxdx −

ð
D

_W1mxxdx

+ λ2

2 q1k k21 − 2 Re
ð
D
nE �Etxxxx + γ�Exxxx
� 	

dx

− 2 Re
ð
D

_W2 �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D
g �Etxxxx + γ�Exxxx

� 	
dx + q2k k23:

ð102Þ
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Since

2 Re
ð
D
nE �Etxxxx + γ�Exxxx

� 	
dx

= 2 Re
ð
D
nxxE �Etxx + γ�Exx

� 	
dx

+ 2 Re
ð
D
nExx

�Etxx + γ�Exx

� 	
dx

+ 4 Re
ð
D
nxEx

�Etxx + γ�Exx

� 	
dx,

d
dt

ð
D
nxx Ej j2xxdx

=
ð
D
ntxx Ej j2xxdx + 2 Re

ð
D
nxx�EtExxdx

+ 2 Re
ð
D
nxx�EEtxxdx − 4 d

dt
Re
ð
D
nxEx

�Exxdx

+ 4 Re
ð
D
ntxEx

�Exxdx + 4 Re
ð
D
nxq2x�q2xxdx

+ 2 Re
ð
D
nxx�q2q2xxdx + 2 Re

ð
D
nxx�q2xq2xdx,

d
dt

ð
D
n Exxj j2dx =

ð
D
nt Exxj j2dx + 2 Re

ð
D
nExx

�Etxxdx

+
ð
D
n q2xxj j2dx,

d
dt

2 Re
ð
D
nxEx

�Exxdx
� �

ð103Þ

then we deduce

2 Re
ð
D
nE �Etxxxx + γ�Exxxx

� 	
dx

= d
dt

ð
D
nxx Ej j2xxdx +

d
dt

ð
D
n Exxj j2dx

+ d
dt

8 Re
ð
D
nxEx

�Exxdx
� �

−
ð
D
ntxx Ej j2xxdx

− 2 Re
ð
D
nxx�EtExxdx − 4 Re

ð
D
ntxEx

�Exxdx

−
ð
D
nt Exxj j2dx + 2γ Re

ð
D
nxxE�Exxdx

− 4 Re
ð
D
ntxEx

�Exxdx − 4 Re
ð
D
nxEtx

�Exxdx

+ 2γ Re
ð
D
nExx

�Exxdx + 4γ Re
ð
D
nxEx

�Exxdx

− 4 Re
ð
D
nxq2x�q2xxdx −

ð
D
n q2xxj j2dx

− 4 Re
ð
D
nxq2x�q2xxdx − 2 Re

ð
D
nxx�q2q2xxdx

− 2 Re
ð
D
nxx�q2xq2xdx:

ð104Þ

Substituting (104) into (102), we have

d
dt

1
2λ2

mxk k20 +
ε2

2λ2
nxk k20 +

1 − εα

2 nxxk k20 + Exxxk k20
� �

� d
dt

ð
D
nxx Ej j2xxdx +

ð
D
n Exxj j2dx + 8 Re

ð
D
nxEx

�Exxdx
� �

+ ε

λ2
mxk k20 +

ε3

λ2
nxk k20 + ε 1 − εαð Þ nxxk k20 + 2γ Exxxk k20

≤ −
ð
D
Ej j2xxmxxdx +

ð
D
f xmxdx −

ð
D

_W1mxxdx

+ λ2

2 q1k k21 +
ð
D
ntxx Ej j2xxdx + 2 Re

ð
D
nxx�EtExxdx

+ 4 Re
ð
D
ntxEx

�Exxdx +
ð
D
nt Exxj j2dx

− 2γ Re
ð
D
nxxE�Exxdx + 4 Re

ð
D
ntxEx

�Exxdx

+ 4 Re
ð
D
nxEtx

�Exxdx − 2γ Re
ð
D
nExx

�Exxdx

− 4γ Re
ð
D
nxEx

�Exxdx + 4 Re
ð
D
nxq2x�q2xxdx

+
ð
D
n q2xxj j2dx + 4 Re

ð
D
nxq2x�q2xxdx

+ 2 Re
ð
D
nxx�q2q2xxdx + 2 Re

ð
D
nxx�q2xq2xdx

− 2 Re
ð
D

_W2 �Etxxxx + γ�Exxxx

� 	
dx

− 2 Re
ð
D
g �Etxxxx + γ�Exxxx

� 	
dx + q2k k23:

ð105Þ

4. Existence and Uniqueness of Solutions

By the above a priori estimates, we prove the existence and
uniqueness of solutions for stochastic Equations (7) and (8)
with initial boundary conditions (9) and (10) in spaces E1.

Theorem 7. Assume ðn1, n0, E0Þ ∈E1, f ∈ L2ðDÞ, q1 ∈H1
0ðDÞ,

and g, q2 ∈H2ðDÞ ∩H1
0ðDÞ: Then, there is a unique solution

ðnt , n, EÞ ∈ L∞ðℝ+,E1Þ almost surely for Equations (7) and
(8). And ðnt , n, EÞ is continuous from ℝ+ to E1.

Proof. First, we assume ðn1, n0, E0Þ ∈E1. Let feig∞i=1 be the
eigenvectors of Laplace operator −Δ on D with Dirichlet
boundary condition, which is also an orthonormal basis of
L2ðDÞ: Let Pk be the projection from L2ðDÞ onto the space
spanned by fei : i = 1, 2,⋯, kg: We define ðnkt , nk, EkÞ as the
Galerkin approximate solution of the following equations:

1
λ2

nktt − nkxx − Pk Ek
��� ���2

xx
− αnktxx = f k + _W

k
1, ð106Þ
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iEk
t + Ek

xx − Pk nkEk
� �

+ iγEk

= gk + _W
k
2, t ∈ R+, x ∈D,

ð107Þ

nk 0ð Þ = Pkn0, nkt 0ð Þ = Pkn1, Ek 0ð Þ = PkE0: ð108Þ

Here, f k = Pkf , gk = Pkg, _W
k
1 = Pk _W1, and _W

k
2 = Pk _W2,

and Pk commutes with the operator Δ. Now, we will treat
the above equations pathwise by introducing the random
processes solving

1
λ2

ηtt − ηxx − αηtxx = _W1,

iξt + ξxx + iγξ = _W2,
ð109Þ

with Dirichlet boundary conditions

η ∂D = 0, ξj j∂D = 0, ð110Þ

and initial conditions

η x, 0ð Þ = 0, ηt x, 0ð Þ = 0, ξ x, 0ð Þ = 0, x ∈D: ð111Þ

Following the same method as in Section 3, for any T > 0
and almost all sample point ω ∈Ω, we have

ηt ∈ C 0, T ;H1 Dð Þ� 	
, η ∈ C 0, T ;H1 Dð Þ ∩H1

0 Dð Þ� 	
, ð112Þ

ξ ∈ C 0, T ;H3 Dð Þ ∩H1
0 Dð Þ� 	

, ð113Þ
and satisfy the following estimates:

E ηt tð Þk k21 + η tð Þk k22 + ξ tð Þk k23
� �

≤ C, ð114Þ

for some positive constant C independent of T . And for any
T > 0,

E sup
0≤t≤T

ηt tð Þk k21 + η tð Þk k22 + ξ tð Þk k23
� �

≤ CT , ð115Þ

for some positive constant CT . Now, let R
k,M = ðNk,M

t ,Nk,M ,
Fk,MÞ be the solution of the following equations:

1
λ2

Nk,M
tt −Nk,M

xx − χM Rk,M
��� ���

E1

� �
Pk Ek
��� ���2

xx
− αNk,M

txx = f k,

ð116Þ

iFk,M
t + Fk,M

xx − χM Rk,M
��� ���

E1

� �
Pk nk,MEk,M
� �

+ iγFk,M = gk,

ð117Þ
with initial conditions

Nk,M
t x, 0ð Þ = Pkn1,Nk,M x, 0ð Þ = Pkn0, Fk,M x, 0ð Þ = PkE0:

ð118Þ

Here, nk,M =Nk,M + Pkη and Ek,M = Fk,M + Pkξ. And
χM ∈ C∞

0 ðℝÞ such that χM = 1 for jrj ≤M and χM = 0 for
jrj ≥M. Note that (116) and (117) are random differential
equations with Lipschitz nonlinearity in finite dimension.
Then, for almost all sample point ω ∈Ω, we have a unique
solution ðNk,M

t ,Nk,M , Fk,MÞ for (116) and (117). Define

the stopping time by τM = inf ft > 0 : jRjk,ME1
≥Mg, if the set

fjRjk,ME1
≥Mg is nonempty; otherwise, τM =∞.

Since τM is increasing in M, let τ∞ = limM→∞τM almost
surely. And for t < τM , we have

Nk,M
t ,Nk,M , Fk,M

� �
+ Pkηt , Pkη, Pkξ
� �

, ð119Þ

satisfying (106) and (107). By the estimates given in Section 3
and (114) and (115), for any t ≥ 0, we have

E Nk,M
t ,Nk,M , Fk,M

� ���� ���2
E1

≤ C n0, n1, E0, f , g, q1, q2ð Þ, ð120Þ

with Cðn0, n1, E0, f , g, q1, q2Þ independent of T and M, and
for any T > 0,

E sup
0≤t≤T∧τM

Nk,M
t ,Nk,M , Fk,M

� ���� ���2
E1

≤ CT n0, n1, E0, f , g, q1, q2ð Þ,

ð121Þ

with Cðn0, n1, E0, f , g, q1, q2Þ independent of M; here, T ∧
τM =min fT , τMg. On the other hand, we have

E Nk,M
t T ∧ τMð Þ,Nk,M T ∧ τMð Þ, Fk,M T ∧ τMð Þ

� ���� ���2
E1

≥ E



I τM ≤ Tð Þj�Nk,M

t T ∧ τMð Þ,Nk,M T ∧ τMð Þ,

Fk,M T ∧ τMð Þ
�j2

E1

�
≥M2ℙ τM ≤ Tð Þ,

ð122Þ

where IðτM ≤ TÞ = 1 for τM ≤ T and IðτM ≤ TÞ = 0 for τM >
T . Then, according to (120), we have

ℙ τM ≤ Tð Þ ≤ 1
M2 C n0, n1, E0, f , g, q1, q2ð Þ: ð123Þ

According to the above estimate and Borel-Cantelli
lemma, for any T > 0, we have ℙðτM > TÞ = 1. So we know

Nk
t ,Nk, Fk

� �
= lim

M→∞
Nk,M

t ,Nk,M , Fk,M
� �

, ð124Þ

satisfying the following random differential equations:

1
λ2

Nk
tt −Nk

xx − Pk Ek
��� ���2

xx
− αNk

txx = f k, ð125Þ

iFk
t + Fk

xx − Pk nkEk
� �

+ iγFk = gk, ð126Þ
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with initial conditions

Nk 0ð Þ = Pkn0,Nk
t 0ð Þ = Pkn1, Fk 0ð Þ = PkE0: ð127Þ

Then, ðNk
t ,Nk, FkÞ satisfies the estimates (120) and

(121), and for any t ≥ 0,

nkt tð Þ, nk tð Þ, Ek tð Þ
� �

= Nk
t tð Þ,Nk tð Þ, Fk tð Þ

� �
+ Pkηt tð Þ, Pkη tð Þ, Pkξk tð Þ
� �

,

ð128Þ

is the unique global solution of (106), (107), and (108). Now,
we will consider (125) and (126) for fixed ω. First, by (121),
for any T > 0,

ℙ
\∞
L=1

[∞
l=1

\∞
k=l

sup
0≤t≤T

Nk
t tð Þ,Nk tð Þ, Fk tð Þ

� ���� ���2
E1

≥ L
� � !

= 0:

ð129Þ

Let

~Ω =
\∞
L=1

[∞
l=1

\∞
k=l

sup
0≤t≤T

Nk
t tð Þ,Nk tð Þ, Fk tð Þ

� ���� ���2
E1

≤ L
� �

:

ð130Þ

Then, ℙðΩ~ΩÞ = 0. Now, for any fixed ω ∈ ~Ω, there is an
rðωÞ with 0 < rðωÞ<∞ such that

sup
0≤t≤T

Nk
t tð Þ,Nk tð Þ, Fk tð Þ

� ���� ���2
E1

≤ r ωð Þ: ð131Þ

Then, we can extract a subsequence still denoted by
ðNk

t ,Nk, FkÞ such that for any T > 0, Nk
t converges to Nt

weakly star in L∞ð0, T ; L2ðDÞÞ, Nk converges to N weakly
star in L∞ð0, T ;H1

0ðDÞÞ, and Fk converges to F weakly star
in L∞ð0, T ;H2 ∩H1

0ðDÞÞ.
These convergences are sufficient to pass the limit k→

∞ in linear terms, but we need a strong convergence of Fk

for nonlinear terms. In fact from (126) and estimate (131),
we know Fk is bounded in L∞ð0, T ; L2ðDÞÞ: Then, by
Lemma 1, we can further extract a subsequence still denoted
by Fk such that Fk converges to F strongly in L2ð0, T ;H1

0
ðDÞÞ. Then, by a standard procedure, we can pass the limit
k→∞ to show that ðNt ,N , FÞ ∈ L∞ð0, T ;E1Þ is a weak
solution of

1
λ2

Ntt −Nxx − Ej j2xx − αNtxx = f ,

iFt + Fxx − nE + iγF = g,
ð132Þ

with initial conditions

Nt x, 0ð Þ = n1 xð Þ,N x, 0ð Þ = n0 xð Þ, F x, 0ð Þ = E0 xð Þ, x ∈D:
ð133Þ

Then, ðnt , n, FÞ = ðNt ,N , FÞ + ðηt , η, ξÞ is a solution of
(7) and (8) and satisfies the estimates in Section 3.

Now, we prove the continuity of the solution. In fact, for
ω ∈ ~Ω, f ∈ L2ðDÞ, and jEj2xx ∈ L∞ð0, T ; L20ðDÞÞ, we have

1
λ2

Ntt −Nxx ∈ L
∞ 0, T ; L20 Dð Þ� 	

: ð134Þ

Then, by Lemma 4.1 and Chapter II of [23], we have for
almost all ω ∈Ω

N ∈ C 0, T ;H1
0 Dð Þ� 	

,Nt ∈ C 0, T ; L2 Dð Þ� 	
: ð135Þ

By a similar method, noticing g ∈H1
0ðDÞ and Ft ∈ L∞

ð0, T ; L20ðDÞÞ almost surely, by [21], we have

F ∈ C 0, T ;H2
0 Dð Þ

\
H1

0 Dð Þ
� �

: ð136Þ

Then, by (113) and the definition of N and F,

nt , n, Fð Þ ∈ C 0, T ;E1ð Þ, ð137Þ

almost surely. Now, as the noise is additive, we can follow
the same approach as in [11]. The solution ðnt , n, EÞ is
unique in L∞ð0, T ;E1Þ almost surely and is continuous
from ½0, T� to E1 almost surely. Then, for T is arbitrary,
by the estimates in Section 3, we derive Theorem 7.

Using the same method as above, we obtain the following
results.

Theorem 8. Assume ðn1, n0, E0Þ ∈E2, f ∈H1
0ðDÞ, g, q1 ∈H2

ðDÞ ∩H1
0ðDÞ, and q2 ∈H

3ðDÞ ∩H1
0ðDÞ. Then, there is a

unique solution ðnt , n, EÞ ∈ L∞ðℝ+,E1Þ almost surely for
Equations (7) and (8). And ðnt , n, EÞ is continuous from ℝ+

to E1.

5. Conclusion

In [10], the authors studied the initial boundary value prob-
lem for a generalized Zakharov system. The authors proved
the global existence and uniqueness of the generalized solu-
tion to the problem by a priori estimates and Galerkin
method. In this paper, we discuss the random forced strongly
dissipative Zakharov equations, which are the generalized
Zakharov system under random influences in [10]. We
proved the existence and uniqueness of solutions in energy
spacesE1 andE2. The results of this paper are a good supple-
ment to the results in [10].
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