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By taking values in a commutative subalgebra gl(n, C), we construct a new generalized Z -Heisenberg ferromagnet model in
(1+1)-dimensions. The corresponding geometrical equivalence between the generalized Z, -Heisenberg ferromagnet model and
Z,-mixed derivative nonlinear Schrodinger equation has been investigated. The Lax pairs associated with the generalized systems
have been derived. In addition, we construct the generalized Z, -inhomogeneous Heisenberg ferromagnet model and Z,-Ishimori
equation in (2+1)-dimensions. We also discuss the integrable properties of the multi-component systems. Meanwhile, the generalized
Z,-nonlinear Schrodinger equation, Z,-Davey-Stewartson equation and their Lax representation have been well studied.

1. Introduction

The Heisenberg ferromagnet (HF) model is one of the most
investigated integrable systems which plays an important role
in the two-dimensional (2D) gravity theory [1] and anti-de
Sitter/conformal field theories [2, 3]. It is proved that the HF
model is gauge and geometric equivalent to the nonlinear
Schrodinger (NLS) equation [4, 5]. (1+1)-dimensional gener-
alized HF models involving inhomogeneous and higher order
deformed HF models have been analyzed [6, 7]. The deformed
HF models in (2+1)-dimensions also have been investigated,
such as the higher order HF models [8, 9], the HF models with
self-consistent potentials [10], the Ishimori equation [11], and
inhomogeneous HF models [12, 13].

Multi-component version of the integrable systems has
deserved much attention due to its wide application in multi-
ple orthogonal polynomials, representation theory, random
matrix model, the related Riemann-Hilbert problems, and
Brownian motions [14-18]. Many important integrable sys-
tems have been extended to their multi-component counter-
parts, such as multi-component KP [19, 20], multi-component
Toda systems [14], and multi-component BKP [21]. After
considering commutative subalgebra of diagonal matrices,
Bogdanov et al. [22] constructed the generalized multicom-
ponent KP hierarchy which involves N independent general-
ized scalar KP hierarchies. Starting from the maximal
commutative subalgebra of gl(m, C), one [23, 24] constructed
a new Z -Kadomtsev-Petviashvili (KP) hierarchy and

investigated the existence of 7-functions. Meanwhile, the rela-
tion between dispersionless reduced Z, -KP hierarchy and
Frobenius manifold has been discussed. Recently, Li et al. [25]
constructed the extended multi-component Toda hierarchy
and extended multi-component bigraded Toda hierarchy. By
virtue of taking values in a matrix-valued differential algebra
set, they also establish a class of Hirota quadratic equation,
which may be useful in Gromov-Witten theory and noncom-
mutative symplectic geometry. In [25], one has defined the
new multi-component sinh-Gordon systems by considering
commutative subalgebra of gl(n,C) and established their
Backlund transformations. A natural problem then arises as
to how to construct the corresponding extended HF models.
With this motivation, this paper will be devoted to construct-
ing three types commutative multi-component generalized
HF models by taking values in commutative subalgebra.
Furthermore their corresponding geometrical and gauge
equivalent counterparts shall be discussed.

This paper is organized as follows. In Section 2, we present
a brief review of some elementary facts about the Z -HF model
and Z,-NLS equation. Section 3 is devoted to constructing the
generalized Z -HF models and establishing the geometrical
equivalence with the Z -mixed derivative NLSE. In Section 4,
we investigate the generalized Z -inhomogeneous HF models
and their structure and integrability. In addition, we deduce
the multi-component Ishimori equation and discuss its cor-
responding gauge equivalent counterpart. The last section will
be devoted to a summary and discussion.
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2.7 -Heisenberg Ferromagnet Model

The Heisenberg ferromagnet (HF) model in (1+1)-dimensions
[4] is an important integrable equation which reads as
S,=Sx8S, ., (1)

where S denotes the spin vector, S=(S,, S,, ;) and satisfies the
constraint §* = 1.
The matrix form of the HF model can be expressed as

. 1
lSt = E[S’ Sxx]’ (2)

WhereS = ¥> S.0,8* = I,trS = Oand 0,(i = 1,2, 3) are Pauli
matrices.

Let S take values in a commutative subalgebra
Z, = CI[/(I")and T = (8 )ij € gl(n, C). From the equa-

ij,j+1
tion (2), we obtain

5, = 5[5.5..), ®

Where §* = I, I is an identity matrix. Suppose S can be
expressed as

S =SoE+ST+S,I" + ...+, , " (4)

Then S(x, t) can be divided into 7 parts
§=8,+S,+S,+...+S,,, (5)
where

S =8 X S = (Skl’SkZ’Sk3)’ X, = (kasz)Xm)’

0o Tr* 0 ir* ™ o
X’d:(r" 0 ) sz:(—ir" 0 ) Xk3:< 0 —r")
(6)

and whenk=0,T°=E, Eisa identity matrix. Then we may
derive the following theorems.

Theorem 1. The following equation holds

. 1
lskf:izk[sf’sf“’ 0<k<n-1 )
i+j=
Proof. By choosing the coefficient of I' for two sides of the
identity (3), (3) leads to (7), which will be referred to as the
Z,-HF model.

The integrability condition of (7) is as the following linear
systems

@x(x, t, /lj) = U(x, t, /\j)CD(x, t, /lj),

(Dt(x, t, /\j) = V(x, t, )Lj)(D(x, t, Aj), (®)
where
n—1
U=i) Y A8.-X,
1=0 j+k=I
n—1 1 n-1 (9)
V=2) Y AAS X+ EZ > AS; S X,
1=0 t+j+k=I 1=0 t+j+k=I
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Substituting (5) and (6) into (3), we obtain the following
corollary:

Corollary 2. The vector form of the Z -HF model:
Su= Y $xS,, 0<k<n-1,

i+j=k (10)
here we use the property
[Si X8, - X;| =28, xS, -X,,,, i+j<n-1,
wheni +j<n-1X,,;=0. (11)

This proves that the Z -HF is geometrical equivalent to
the following Z -NLSE.

Theorem 3. The following identity holds
it P +2 Y PO =0, 0k<n—1

i+j+l=k

Proof. From NLS equation, we obtain

iq)t + ¢xx + 2|¢|2¢ = 0’ (13)

where
=9 E+oT+o,* +...+¢ " (14)
By choosing the coefficients of I * for the identity (13), (13)
leads to the Z,-NLS equation (12). O

The Lax pair of (12) can be represented as
@;(x, t, )tj) = U'(x, t, )tj)CD'(x, t, /\j),
ol(661) = V(e )0 (xed),

where
1

U = z (—iA ; Z +M,(x, t))rf,

j=0
n-1 ; . (16)
V' = Z(—Zi DAY T2 ) A Mg(x,t)- T
j=0 j+k=1 j+k=l1
—iM, (1) T' =i ) M (x, t)M,(x,1) - r’) Y,
k+t=I
and

. 0 .
Y =diaglE,~E}, M(x,t) = <—¢- 14 ) (17)
j
where E is a identity matrix.

3. Generalized Z -Heisenberg Ferromagnet
Model in (1+1)-Dimensions

Let us consider the integrable deformed HF model [28]
S, =SxS, + g(sx 'S)S., (18)

where € is a deformation parameter.
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By expanding S = S,E+ S, +...+S, ,I""', we obtain
the generalized Z -Heisenberg ferromagnet model in
(1+1)-dimensions

S, = % l(scr X Sp.)
a+f=j

6 .
LY Z [(Sax'sbx).scx]’ OS]SH—I, (19)

atb+c=j

where € is a deformation parameter. When € = 0, Eq. (19)
reduces to the Z -HF model (10). The Lax representation of
the generalized Z -HF equation (19) is given by

U:Ji D /\mAnSp-Xq+en§ > A8, X

k=0 m+n+p+q=k k=0 m+n+p=k

n-1
Ty
k=0 m+n+p+q+l=k
n-1
—€ z
k=0 m+n+p+q+l+w=k

tey Y Au(8.xSu) X, (20)

k=0 m+n+p+q=k

A, S, X8, - X

Ah A A 8 X

+262n§ Y A8, 8,.)8 0 X,

k=0 m+n+p+q+l+w=k

n-1
+ 26 Z Z

k=0 m+n+p+q+l=k

ey 3

k=0 m+n+p+q+i=k

D I ENCRTR B

k=0 m+n+p+q+l=k

/\m(snx ' pr)sqx ' Xl

A AALS

mnpqx'

where 1,(0 < j < n— 1) are spectral parameters.

In order to derive the geometrical equivalent counterpart
of (19), we introduce the multi-component Serret-Frenet
equation

t,= > km, b,=-Y 1.0, n .= (1,b-k,t).

m+l=j m+l=j m+l=j

21)

By introducing the multi-component Hasimoto function

9= 2 kubp+i Y (kb)) Osjsn-1 o
a+f=j ptqtr=j
where )
b, = AT AT ...Amj’l‘
F my-14m,2+..+m,_-(n-1)=f ml!m2! T mn—l! ' "
x 23
.exp(ij Todx'), 2
here
X
A, = exp(iJ T, dx').
i, o i, (24)

Identifying §,(0 < j < n—1) in (19) with the tangent vector
ofacurvet » we obtain

3
tlf Z (ta X tﬁxx) g z [(tax ' tbx) ' tcx]’
a+f=j a+h+c—j
=Y (mm,+b)+s Y kkkm, 0<j<n-l
ptq=j m+n+p+q=j
(25)

Then we have

yo== Y P+ =g, -= Y 909 (26)
pra=j a+b+c=j
By the equation
i a—
ij = E %(y (Pl; ) ( ; <Pa(Pb> > (27)
a+p=j atb=j

one finds that the time evolution equation satisfies the
following equation

i ;Raq)ﬁ = 0. (28)
a+p=j

Substituting (26) and (27) into (28) and taking ®; — 2, we
derive the Z -mixed derivative NLSE equation

D %%%)x 09)

a+fry=j

gojt + ij -

I(P]t + q)jxx +2 Z ¢a¢ﬁq)y - 21€<

a+fry=j
=0, 0<j<n-1.

Taking € = 0, the Z -mixed derivative NLSE equation (29)
degenerates into Z -NLSE equation (12). Then we obtain the
Lax representation of the Z -mixed derivative NLSE
equation

Uzini D <2e D Am/\n+2/\u>0§’

k=0 a+b=k m+tn=a

—ni > (2eA,, +1)A

k=0 m+n=k

V= Zl D [—81’62

k=0 f+g=k

> AL,
m+n+p+q=f

-16ie Y A\ A,

m+n+p=f

+ Y (-8i+4ic%p,9,)A A,

m+n+p+q=f
thie Y Ap@,+i ). %@]0‘5
m+n+p=f min=f
n-1
+y Y (862 > A +12e ) AaAb+4Am>A
k=0 m+n=k a+b+c=m a+b=m
n-1
- Y (2, +1)B, (30)
k=0 m+n=k
where
% §) #=(1 )
= J = .
4 (—@ o) %= \o -r') (31)

and



0 i(ij +2€ Z ¢a<Pb(Pc

B. = a+b+c=j

! iq)jx -2 Z ¢a¢b¢c 0
a+b+c=j

(32)

4. Generalized Z -Heisenberg Ferromagnet
Model in (2+1)-Dimensions

Many (2+1)-dimensional integrable inhomogeneous
Heisenberg ferromagnet equations have been of interest, for
instance, Inhomogeneous M-I equation [13] and the Ishimori
equation [11]. The Ishimori equation [11] is a well-known
(2+1)-dimensional integrable extension of the HF model,
which involves an infinite dimensional symmetry algebra with
aloop algebra structure and is solved by the inverse scattering
transform approach. There is geometrical and gauge equiva-
lence between the Ishimori equation and Davey-Stewartson
equation [29, 30]. In this section, we shall derive the mul-
ti-component counterparts of two types deformed HF models
in (2+1)-dimensions.

4.1. Z, -Inhomogeneous M-I Equation. Let S take values in a
commutative algebra, we haveS = SgE + S, +...+S, """
By means of multi-component generalization, we obtain the
generalized Z -inhomogeneous Heisenberg ferromagnet
model in (2+1)-dimensions

Si= Y (SyxXS, +8, XS, +1,S, +1,S,. +p,S,)

Jjt
m+n=j

0<j<n-1, (33)
where
. _bZJ S (S xS, (34)
and the parameters p,, satisfy
Z H3aXp + Vi (35)
atb=m

When j = 0, Eq. (33) reduced to the integrable inhomogene-
ous Myrzakulov-I equation [13].

The linear problem of the multi-component HF models
(33) in (2+1)-dimensions can be expressed as

g - ;z > 1S

1=0 a+p+y=Il
(36)
S IPYRE I RN RHY:
f+g=n l 0 La+pB+p+g=l
Z l/\m(S,ijy)fy]al,
m+i+j+y=

where

S5 = (Si1pp S Syp)s Xy =0' = (01,05, 0%).  (37)

and
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0,_(0 Fl> ol—<0 iF’) Gl_(rl 0)
2\t o) 27\t o) T \o o)

(38)
Then the Lax representation of Eq. (33) is given by
F= —iz Z AoSg0,
2 120 apu
G=—lz[ A(p, +u)s, + Y Am(sixsjy)]al
2 1=0 L p+g+r=l i+j+m=l
(39)

Now one considers the the geometrical equivalent counterpart
of the multi-component Eq. (33). Let us introduce the
multi-component Serret-Frenet equation

Uu,x T, U
__ P -1 Z o1 Z Pax
ty=- 2 J-b+d Y kyn -9 o,
pra+l=j 4 pra=j prarlem=j 1
_ —1
b;, = z,(”pﬂ'ax Ty my + Z
p+q=j prq+l=j q
T, U
_ P7ax
ny, = ) (b, +0. 7, b -0kt + Y PR
pta=j pratlim=j 1

(40)

Then we derive the multi-component Hasimoto function

iy = Z Koybg + i Z (a kaqybf)

a+p=j prqtr=j

0<j<n-1L

(41)

In order to derive the geometrical equivalent counterpart of
(33), we identify S;(0 < j < n— 1) in the vector form of the Z,,
-generalized inhomogeneous HF model in (2+1)-dimensions
(33) with the tangent vector of a curve t i Then we have

ty= ) t, Xty + Y Xt + Y u,t

m+l=j m+l=j m+l=j
+ u,S, + PrnSies
m;=j : m+zl=j l (42)
= Z.kpybq”L Y (k0 Ty, + pk,m,,),
p+a=j pra+m=j
0<j<n-1.
Thus we obtain
=T Z (" + i), = ~ig;, = Z Pa®Py: (43)
pra=j avb=j
By the equation
i o— —a
Ri=5 2 (Ve -7 )=—-B<Z%‘Pb) (44)
a+f=j a+b=j

Substituting (43) and (44) into (28) and taking R, > -R;,
we derive the Z -NLS equation

i(pjt_(ijy_i< Z poc(Pﬁ> - Z Ra¢b:O, OSjSI”l—l,

a+p=j a+b=j
(45)



Advances in Mathematical Physics

where

1
R;. = 5 y< Z %‘Pb)) O0<j<n-L (46)

a+b=j
When j =0, the Z -NLS equation (45) degrades into the
(2+1)-dimensional focusing nonlinear Schrodinger equation

equation [13]. The Lax representation of the Z -HLS equation
can be expressed as

U= 2(1—% —(f/\)’ V:<;§ f?x)’ “7)

where

~ 1 n—1 j ot
Ao Rt 5 2 X b

1 k:01m+n:k (48)
_ 1= i
B= _EZ(Pky-'— EZ Z PinPu>
k=0 k=0 m+n=k

where 1,(0 < j < n— 1) are spectral parameters.
4.2. Z,-Ishimori Equation. Based on the multi-component

generalization, we construct the multi-component Ishimori
equation in (2+1)-dimensions

2 —
zS + z il S, +iu,.S wt 3 [S (4 e T & Snyy)] =0,

mn=j
“zujyy - iujxx = +Z—' ( [Sny’ >) 0<j<n-1
o (49)
The Lax representation of (49) is given by
b=Ub, ¢ =W +V8,, (50)
where
U;=-aS;
Vi=—iS, +uy, + m;-,» (-ias, 8, - «’u,,S,), 51)
W. =-2i§

In terms of gauge transformation

Vi =99 (52)

The functions g;and S, can be written as

gj=<f1j+ z SimSam Z JimSu> Z FomSn>

m+n=j m+n=j m+n=j (53)
fz; - Z meS3n> ) (“’1]‘7“)2]‘7“)3]‘7“’4]‘)’
m+n=j
_ -1
S] - Z Ya O3pYc>
at+btc=j

where f,, w

+ . . . .
> w;j» S; satisfy the following equations:

+

J 2]’

<1+s [atinfi,, - 50nf,),]) 69

( 3jx + Z S3ms3nx + Smxsn>

\h

m+n=j
.
oc(SS bt D Sy + smysn)
m+n=j
and
1
Z 2<1 +S3m[ lann) E(lann)x:I)
m+n=j
1 -
_E<S3jx + z S3mS3nx + S:nxsn) (55)
m+n=j
oc(S3 > Sy + smysn>
m+n=j
here

I’ o o I’ 0 0
wi=(g o)e=(g o bes=(p o) 60

(0 0
(,L)4j— 0 1_,]' .

Then it follows that
(xgjy_ ZlBlmgnxz ZlBOmgn’ (57)
m+n=j m+n=j
where
1 .
~I’ 0
0 g;
B,=| 2 , B<=( f). (58)
T\o ) e 0

Thus we obtain the gauge equivalent counterpart of Eq. (49)
which can be considered as the Z, -Davey-Stewartson
equation

lq]t + q]xx + (X q]yy + Z 0’
2 . m+n= 2] 1 (59)
@ ijy - Zvjxx = +Z A_Z(X (qun)yy Z(pmqn)xx
m+n=j
Its Lax reprensentation is given by
oy, = B, + By,
S A (60)
Vjt = ICOI//xx + ClWx + COV/
with
By =By + By + By, +...+ By, .
B, =B+ B, + B, +...+ By
where



6
By; =By;-a; By; (qj’pj) a; = (all a2;)
(0 r (0 0
“=\o o) %7\ o)
1. (62)
EF] 0
B, = )
" \o  -ip
2
Similarly,
Cy=Cyy+Coyy +Cpy + ...+ Cypprys
C,=C,+C,+Cp,+...+ CI(H), (63)
C,=Cyy+Cy +Cp + ... + Cz(n_l),
where
C C (CHJ’CIZJ’CZIJ’CZZJ) b (le’bZJ’b3J’b )
0 I’ 0 0 0 0
:< ) ( )’b3f2<rf 0)’b4f:<0 rj)’
(64)
with
i . i
Coj = S5 10y Gy = 5P MOy (65)

Here ¢,;; and c,, ; are the solution of the following equations

Z (Pw@)s + & Y. (Puds) )

1
Eclljx TGy, =

m+n =j m+n=j
1
_ECZij_(XCZij < Z (pmqn - Z pmqn >
m+n=j m+n=j
(66)
C,;and C,; are given by
Ciy=Cy-cp Cy=(appy) ¢ = (apey)
c _(o irf> . _(ol 0)
v=\o o) @ \ir’ o/ (67)
1.
EFJ 0
Gy = |
S
2

5. Summary and Discussion

Considering the commutative subalgebra gl(n, C), we have
constructed three types generalized Z -HF models in (1+1)
and (2+1)-dimensions. From the geometrical and gauge equiv-
alence point of view, we also establish the corresponding
equivalent counterparts of three types generalized Z,
-Heisenberg ferromagnet models. The introduction of new
degrees of freedom may emerge from multiscale procedures
or regularizations of gradient catastrophes. Their physical
meaning and application should be of interest. The methods
in the paper may clearly be applied to the other generalized
Heisenberg supermagnetic models. Therefore, other types of
generalized Z,-HF models still deserve further study.
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