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In this paper, we study the following Schrodinger-Poisson equations {

“Au+u+pu=1u’ + da(x)|ufu, xeR}

-Ap=1u?,

3’ where the
xe€R’,

parameter A >0 and p € (0, 1). When the parameter A is small and the weight function a(x) fulfills some appropriate conditions,
we admit the Schrédinger-Poisson equations possess infinitely many negative energy solutions by using a truncation technology
and applying the usual Krasnoselskii genus theory. In addition, a byproduct is that the set of solutions is compact.

1. Introduction and Main Results

In the present paper, we are interested in the existence of
infinitely many negative energy solutions of the following
Schrodinger-Poisson equations:

(1)

{ ~Au+u+u=u’+ )\a(x)|u|p_1u, xeR?,

—Ap =1/, x€R?,
where the parameter A >0, p € (0,1), and a(x) is a positive
continuous weight function satisfying a € L(!"?)(R?).

In recent decades, the Schrédinger-Poisson system has
been studied widely by many authors, because it has strong
physical background and interesting meaning. It arises in
nonlinear quantum mechanics models and semiconductor
theory. From a physical viewpoint, the system describes the
interaction between identical charged particles, when the
magnetic effects could be ignored in the interaction with each
other and its solution is a standing wave for such a stationary
system. The nonlinearity models the mutual interaction

between many charged particles. The system consists of a
Schrodinger equation coupled with a Poisson equation,
which implies that the potential is determined by the charge
of the wave function. The nonlocal term ¢u means that the
particles interact with its own electric field. For more infor-
mation about the mathematical and physical background of
the system, we refer the readers to see papers [1-4] and the
references therein.

The studies of the Schrodinger-Poisson system have been
focused on the existence of positive solutions, ground state
solutions, multiplicity of solutions, radial solutions and the
semiclassical limit solutions, concentration behavior of solu-
tions, and sign-changing solutions. See references [5-17] and
the references therein.

When the nonlinear term is presented as a subcritical
growth, there are many results in the literature. Ruiz [18]
studied the following system:

“Au+u+Apu=uf, xeR,
(2)

—A¢=u2, x€1R3,
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where the parameter A >0 and p € (1,5). When A is small,
the author showed that there exists at least one positive radial
solutions for p € [2,5), and at least two positive radial solu-
tions for p € (1, 2). In particular, if A > 1/4, the author proved
that p = 2 is a threshold of existence and nonexistence of pos-
itive radial solutions. When A = 1 in system (2), Azzollini and
Pomponio [19] established the existence of ground state
solution for p € (2,5). For related system and more results,
please refer readers to see [20-28].

In the paper, we are concerned with a critical growth of
nonlinearity term and perturbation of low order terms. In
this case, there are some results in the references. As regards
the following relevant system,

3)

—Au+V(x)u+Mpu=1 +pf, xeR’,
x€R?,

-Ap =12,

where the parameter A, y > 0 and p € (1, 5), under some suit-
able conditions, existence of a nontrivial solution was proved
in [19] for 3 < p <5 and in [29] for 1 < p < 5. Here, we would
like to mention some other papers [30-34] for related results.
We note that the existence of solutions is very seriously
depending on the range of the p. As far as we know, there
is no result of Schrodinger-Poisson system involving the
combination with a critical nonlinearity and sublinear terms.

The compactness of the imbedding H' (R?) into L*(R?)
(2<p<6) does not hold, and the nonlocal term ¢,u and
the critical nonlinear term u> appear in the system, which
cause many difficulties for us using the variational methods
in a standard way to solve the Schrédinger-Poisson system.

Motivated by works mentioned above, particularly, by
the results in [16, 24, 29, 35], we overcome these difficulties
mentioned above and obtain the existence of infinitely many
negative energy solutions to system (1) for p€ (0,1) and
small A > 0.

We denote by S the best constant for the Sobolev space
2" (R?) imbedding into the Lebesgue space L°(R?), namely,
@1,2(]}{3) [N LG (IR3),

) L VulPdx
S = ] Zlnf3 % 3 (4)
ue2? (R0} ([ s |u| dx)

Now, we give our main result as follows.

Theorem 1. Assume p € (0, 1). Then, there exists a positive
constant A such that system (1) possesses infinitely many neg-
ative energy solutions for any A € (0, A). Moreover, the set of
solutions obtained above is compact.

Remark 2. When A <0, the system (1) has no solution, which
follows from Pohozaev’s identity (see [36]). To some extent,
we extend the results in [16, 24, 29, 35].

Remark 3. The key ingredient in the proof of Theorem 1 is
the genus theory, which plays an important role in obtaining
infinitely many solutions of Schrodinger-Poisson equations
(1). We followed the methods of Yao and Mu in [37], where
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the authors studied nonlocal problem of Kirchhoff-type in

high dimension (N >4).

The remainder of this paper is organized as follows. In
Section 2, we present the abstract framework of the problem
as well as some preliminary results. Theorem 1 shall be
proved in Section 3.

2. Preliminaries and Functional Setting

In this section, we will define some notations and establish
the variational setting for Schrédinger-Poisson equations

(1) and list some fundamental results.
(i) Let H'(R*) be the usual Sobolev space endowed
with the standard inner product and induced norm

(u,v) = J Vu - Vv + uvdx,
]R3

12
l|u|| = (J |Vu|2 + uzdx>
]R3

(i) IP(R?) is the usual Lebesgue space equipped with
the norm

1p
|ul, = (J 3|u|"’clx> ,for1 <p<oo,
R

|u|., =ess sup |u(x)|
xeR3

(6)

(iii) @"*(R?) is the completion of C3°(IR?) with respect
to the norm

sy = (| vea) T

(iv) The letters C and C,(i=1,2,---) denote various pos-
itive constants which may vary from line to line and
whose exact values are irrelevant

(v) The notations — and — mean strong convergence
and weak convergence in corresponding to func-
tional setting, respectively

(vi) We use o(1) to denote any infinitely small quantity
that tends to zero as n — 0o

For any u € H'(R?), the Lax-Milgram theorem implies
that there exists a unique ¢, € 2"*(R?) such that, for any
ve PR3,

J V¢M-Vvdx=J wvdx, (8)
IR3 ]R3
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that is, ¢, is the weak solution of —A¢ = u?. Furthermore,

0= 4| = D) 4y ©)

") Y

We then can rewrite Schrodinger-Poisson equations
(1) as the following:

—Au+u+du=u +Aa(x)uf, xeRR’, (10)

and energy functional associated with equation (10) is

1 1
I(u) = 5L{3|Vu|2 +uldx + ZJ]R3</>uu2dx
’ (11)

1 A
- —J ubdx — —J a(x)|uffdx.
6 R3 p+1 R3

It is readily seen that the energy functional I belongs
to €' (H'(R?),R) and that

<I'(u),v>:J 3Vu‘Vv+uvdx+‘[ 3gbuuvdx

R R (12)

- J |u)*uvdx - AJ a(x)|ulf uvdx,
]R3 ]R3

for any v € H'(IR?). Hence, if u € H'(R?) is a critical point
of functional I, then u is a solution of equation (10) and
(u,¢,) € H'(R*) x 2"*(R?) is a solution of system (1).
We denote ®@(u) :=¢, for simple expressions.

In what follows, we start to state our preliminary results.

Lemma 4. @ satisfies the following results:
(1) @ is continuous in H(R*) and @ > 0
2) Ifu, — uin H(R?), then ®(u,) — ®(u) in 2% (R3)
(3) ©(tu) = *®(u) for any t € R

@) $ullgrzgs) < Cllull’. Furthermore, Jpo¢ wdx < C

4
[[ul

The proof is omitted here and refers to [18, 29].

Lemma 5. Assume {u,,} is a (PS), for functional I in H'(R?).
Then, {u,} is bounded in H'(R?).

Proof. Arguing by contradiction, assume ||u,|| — co as n —
00. According to the Sobolev and Hélder inequality and
p€(0,1), we find that

3
¢+ 0(1) =1(u,) = 5 (T'(1,) um)
= 1 2 _ 1 _ 1 p+1
= gl A (5 - ) el ias
1 6 1 2
+ EJ u,dx > ZH”n” (13)

1 1
p+1
- A(P? - Z) |a|2/(1—p)|”n|2

1 n—-00
2 4 ll* = AC | === 0.

This is a contradiction, and {u,} is bounded in H!
(R?).

Lemma 6. Suppose {u, } is a (PS)_ for functional I in H' (R?).
Then, {u,,} has a convergent subsequence in H'(R?) provided
that c < (1/3)S°7.

Proof. By Lemma 5, we know that {u,,} is bounded in H' (R?),
and up to a subsequence, there exists a u € H' (R?) such that

u,—u inH' (]R3),
u, —u inL (R*)forpe(1,6), (14)

u, —u aeinR’.

In light of Lions’ second concentration compactness
lemma [38], there exist an at most countable index set J,
a sequence of points {x;} E]C]R3, and values {u;}

j jer
N
{vj}je] C R* such that

Vi [P = dp = |Vu* + 3 8.
jeJ
us —dv=ut +Zvj6xj, (15)
jel

1/3
Svit<u;

in the measure sense, where 6, is the Dirac mass at x;.
J

We next shall prove that the index set J is empty. By
the reduction to absurdity, let us suppose that there exists
a j, such that v; #0. Consider that some cut-off function

¢ € C°(R?): R* — [0, 1] such that
¢ElonB(xjo,s),
¢=OonB(xj0,2£)c, (16)
Vgl < 2
gl= .

Obviously, the sequence {¢u,} is bounded in H'(RR?),
and because {u,} is a (PS), sequence of functional I, then

lim, . (I'(u,), ¢u,) =0, ie., for large n, there is
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For simplicity of computation, denote
J]R} u, Vu,Védx + J}Rz \Vu,|*¢dx + JIR3¢unVufl¢dx plicty P

(17)

1 1 1
=/\J a(x)|un|P+1¢>dx+J uSdx + o(1). o= —J wdx - A — - = J a(x)|uff'dx.  (24)
R? R3? 4 R3 +1 4 R3
Let us start to estimate each terms in the equation
above. Using the Holder inequality and (15), we compute By Holder’s inequality, we easily know that
simply
1, 11 "
> |ufp - A — - [ 25
OSJ |u, Vi, V|dx “ 4|M|2 <p+1 4)|a|2/(1_P)|u| (25)
]R3
12 12
2 2142
< (L ( )|”n| dx) (JB |t |" VY| dx) since a(x) € LY0P)(R?) and pe(0,1), there exists some
2: (%o 22 (%o

positive constant A such that «>0 for A€ (0,A). Using
(15), (21), and (22), we obtain

12
< C1< |un|2V</>|2dx>
- BZE(XJ'O)

1/6 13 c=lim I(u,) - %<I'(un), u,,>
<c, ( |un|6dx> (j |v¢|3dx> o
B (%) B ()

1 1
= lim —J |V, |*dx + —J wldx
4 4 )

n—o00

1/6
6 e 11 1
= CZ( [t4a] dx) 0, A — == a(x)|u, [P ldx+ — | ubdx
BZe(ij) +1 4 R3 12 R3

. . 2 . . 1 2 1 2
LY >t i ([ P [ i
A3 - 1
(18) _M P)J a(x)|u, [P ydx + _J ugwdx>
4(P+ 1) R? 12 R?
T . 1 1 1 1
l{%r}ggoj 3u2¢dx=£1£13J ”6¢dx+"j0 = Vi (19) > lim (= | |Vulydx+ -y, + — | ulydx+ =i
R R’ R—oco\ 4 | s 47 12 Jps 12
" 1 1 1 S 1
£§3}LI&AJR3‘1(X)‘””‘P pdx ta> ol 5V 1%t
lan, Yan, tan
= lim lim /\J a(x)|u, | pdx (20) g ZS " ES g §S '
B () (26)
:Alilglj a(x)|ulP*' ¢dx = 0.
Fod
Brc(y) This is a contradiction with the hypothesis, so the
index set J is empty.
Together with formulas above, we note Take T > 0 and define
V. >2U. . 21
i = o @ Uoo = lim lim sup |Vu,[*dx,
® T—oo n—oo J|x>T "
By combining this inequality with the third formula in (27)
(15), we show that Voo i= lim lim supJ ubdx.
7 nooo JixpT
v, >8§7, (22)

he In line with lemma 1.40 in [39], u_, and v, fulfill the

Take a cut-off function y € C°(R*): R’ — [0, 1] such following formulas

that
lim supJ \Vu,|*dx = J du+p,,
y=1onB(0,R), n—oo JR? R?
y=0o0nB(0,2R)", (23) lim supJ ubdx = J av+v,, (28)
n—00 IRS ]R3

3
|VW| < E Svéf < n"loo
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Take a cut-off function ¢, € C3°(R*): R?
that

—[0,1] such

¢@r =00nB(0, R),
P = 1on B(O, ZR)C, (29)

3
Vo,|< =.
Vgl R

As above, the sequence {ggu,} is bounded in H'(R?)

and lim,,_ . (I' (u,), p,) = 0, namely,

J u,Vu,Vopdx +J |Vun|290Rdx +J ¢, uflq)Rdx
R? R? R? n

(30)
=AJ a(x)|un|p“(dex+J uSgpdx +o(1).
R R’

We need again to estimate every terms in the equation
above. By the Holder inequality and the definition of ¢, it
follows that

0 < lim lim supJ |u,Vu,Vop|dx
IR3

R—00 00

12
< lim lim sup J |Vu, |[dx
R=00 nsco \ JB02R)B(OR)
12
] s
B(02R)/B(0.R)
12
<Clim J Vop| u*dx
R""O( B(0>2R)/B(O,R)| W (31)

13
<Clim J |V | dx
R=00 \ J B(0,2R)/B(0.R)

1/6
. J uldx
B(0,2R)/B(O,R)

1/6
<(C, lim J ubdx =0,
'R—00 B(0,2R)/B(0.R)

R—00 4,00 n—00

hm lim supJ |V, |? (dex> hm lim supJ |Vu,|*dx
R? |x[>R

= Uo
(32)

lim lim supj U™
]R3

R—oo ;1,00

= hm lim supj U™
|x[>R

R—o0 n—00

—00 n—00

< lim lim supj udx=v,,.
|x[>R

(33)

According to the estimates above, we easily show that
Uoo < Voo Combination with (28), we know that v, =0
or vy, =8 If v, > 5** holds, then we have

- tim (100) = (1), ,))

1 1
> lim —J |Vun|2dx+—J |u,|*dx
1) 1)

n—o00

1
—&J a(x)|un|P+1dx+—J usdx
4 12 ) o

1 1 1 1

> | |Vul’dx+ +— | wldx+ —v +
4J]R3‘ uffdx+ o 12J B PR R
1 1 1 1 1

> —y> SV1/3 o - S3/2 S3/2 - 53/2.
gHeo g Voo 7 3%V 3 Voo 12

(34)

This is a contradiction with the assumption, thus v
=0 holds. Together (15) and (28) with the empty index
set J, we obtain that

lim supJ ubdx = J ubdx. (35)
R? R?

n—o00

By Fatou’s lemma, we prove that

J ubdx < lim ian uSdx < lim supJ uSdx = J ubdx.
]R3 ]R3 ]R3 ]R3

n—00 n—00

(36)

Therefore, u, — u in L°(R?). Set w, =u, —u, and w,
—0 in H'(R%). Suppose lim,  ||w,| =w. Since I' is
sequentially weakly continuous in H'(R’), we have that
lim,  I'(w,) — 0 and

n—o0

0= lim <I/(wn), wn>

n—00

= lim <
n—00 R

—AJ a(x)|wn|P+1dx—J wﬁdx) (37)
]R3 ]R3

> lim
n—00 R3

> Tim (||w, |* = CAJw, ") = w? — CAw?*!.

i |Vw, |* + wdx + J 3(pwﬂwfldx
R

|Vw,|* + widx - AJ a(x)|w, |P+1dx>
]R3

Thus for small A >0, this formula forces w=0 and
|lw,|| =0 as n— oo, and u, —u in H'(R*). The proof
is finished.

3. The Proof of Theorem 1

In this section, we shall utilize the Krasnoselskii genus theory
to establish a minimax class of critical points for proving that
Schrodinger-Poisson equations (1) possess infinitely many



negative energy solutions. And we next need to introduce the
classical concept and some properties of the genus.

Let E be a real Banach space and I" denote the family of
sets A C E'\ {0} such that A is closed in E and symmetric with
respect to 0, namely, x € A implies —x € A. For any A € I, we
define the genus of A as follows:

p(A) == min {k eN: 3 58)
e C(A, Rk \ {0}) such that g(x) is odd}.

If there is no finite k, then define y(A) = co, and y(&) =0
by definition of the genus. For A € I" and § > 0, we denote by
Nj;(A) a uniform §-neighborhood of A, that is,

Ng(A) ={x €E : dist(x, A) < &}. (39)

In what follows, we shall list some properties of the genus
that prepare for showing our results. More detail content
about the genus may be seen in the references ([40], Proposi-
tions 7.5-7.8).

Proposition 7. Assume A,BeI. Then, following several
results hold.
(1) Normalization: if x # 0, then y({x} U {-x}) =1

(2) Mapping property: if there is an odd map f € C(A, B),
then y(A) <y(B)

(3) Monotonicity property: if A C B, then y(A) <y(B)
(4) Subadditivity: y(AUB) <y(A) + y(B)

(5) Continuity property: if A is compact, then y(A) < oo
and there exists a 8§ >0 such that Ng(A) eI' and
y(N5(4)) = y(4)

(6) If there is an odd homeomorphism between A and B,
then y(A) = y(B)

(7) If SN~1 is the sphere in RN, then y(SN‘I) =N

(8) If y(B) < co, then y(A — B) > y(A) - y(B)

(9) If Y is a subspace of X with codimension k and y(A)
>k then ANY + O.

Proposition 8. Assume A € I'. If y(A) > 2, then set A includes
infinitely many points.

We define presently an auxiliary function, which essen-
tially follows the idea and method in [41]. Denote

1
= AP — O, (40)

f(t)= 653

N —
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where f3 is a positive constant and determined below. By the
Holder and Sobolev inequality, it follows that

1 1
I(w)==| |Vu* +dldx+~| ¢ u’dx
2 ) 4 )t

A 1
—J a(x)\u|1’+1dx— —J ubdx
]R3 6 IR3

1 o A 1 ()
2 p+1 6
= §||“|| - m|a|2/<1fp)|”|z TS [l
1 2 1 1 6
> 3l = Mgl = s i = £ ().

For p € (0,1), we observe that f gets its positive unique
maximum (see Figure 1).

To find the critical points of the energy functional I, we
truncate the functional I as the following:

~ 1 1
I(u) = —J V.| + uPdx + —J ¢, utdx
2 ) 4 )
A
- —J a(x)|uffdx - MJ ubdx,
p+1)gs 6 R3

where w(u) = 7(||lull) and 7 € C* : R* — [0, 1] is a decreasing
function and satisfies

t<t,,
(43)
t>T,

where t, and T are two roots of the function f (see Figure 1)
and t, < T. As above, we have that I(u) > f(||u||) with

2 — At — T6(—St3)t6, (44)

F)=

N =

and see Figure 2. Obviously, I € C! and if I(«) <0, then we
observe that ||ul|<t, and I(u) = I(u).

Therefore, we only need to find some negative critical
values for the truncating functional I. To do it, we next shall
give some lemmas for constructing the minimax sequence of
negative critical values of the truncating functional I.
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FIGURE 2

Before to state the following results, we give some defini-
tions. Denote

I={Ael:y(A)=k},

K, = {ueHl(lR3); T(u)=c,1’(u)=0}, (45)
= {ue H'(R*): () <d}, (46)

and define
¢ = inf supI(u). (47)

Aely yep

Lemma 9. For any positive integer n € N, there is a €=
. . 7€
e(n) >0 satisfying y(I ) =2 n.

Proof. To show this lemma, we adopt to the argument
used in [41], which handles with the local problem. Fix any
n and suppose E, is an n-dimensional subspace of H'(RR?).
Taking v € E,, with ||v|| =1 and ¢ € (0, t,), by Figures 1 and
2, we observe

I(tv) =I(tv) <0, (48)
then, we can choose & > 0 and ¢ < t,, such that I(tu) < —¢ for
u€E, and ||u|| = 1. Denote

S={uck, : u] =1}, (49)

for t < t,, it is easy to know y(S) = n and note

Sc{ueH" (R*): I(u) < —¢}. (50)

Because E, and R" are isomorphic and S and $"! are
homeomorphic, it follows from Proposition 7 that
y(ue H' (R?): I(u)<—¢}) 2 y(S) = n. (51)

Lemma 10. Assume A€ (0, A). If c=c,=¢p; =+
some integer r € N, then p(K,) >r+ 1.

= Cher fOT

Proof. We first claim that each ¢ is negative. Indeed, by
Lemma 4, for every integer k € N, there exists & > 0 such that

y(I"%) = k. Because functional I is continuous in H'(R?) and

even * € TI'. In virtue of the definition of ¢, and low bound-
edness of I, we know

~00 < ¢, = inf supl(u) < supl(u)<-e<0. (52)
A€l yea uel

Then, we easily show that K is compact by Lemma 6. In
the following argument, we will prove the expected result by
contradiction. Assume y(K,) <r, according to the fifth in
Proposition 7, then there exists a closed and symmetric set
U with K, c U such that p(U) =y(K,) <r. Due to ¢< 0, we

can choose U such that Uc 1. Owing to the deformation
lemma [42], there is an odd homeomorphism

n:H' (R’) - H'(RY), (53)

such that 11(jc+(S -U)clI  for some & with 0<& < —c. So

~c+8

1° ¢ 1’ and then by the definition of ¢ = ¢, = ¢, there exists

ct+k>

A €Ty, such that sup, ] < ¢+ 8, that is, A 1" and

n(A-U)c ;1(1”5 - U) I (54)

It means
I(n(A-U))<c-38. (55)
On the other hand, because of y(AU) > y(4) - y(U) >k
and y(7(AU)) > y(AU) > k, then (AU) € I';, which implies
sup I(u)=¢,=c. (56)

uen(AD)

This is a contradiction with (54). Therefore, the proof is
finished.

Proof of Theorem 1. By the analysis above, if ¢; <0, then we
know that I(u) = I(u). Thus, it is sufficient to show that the
truncating functional I possesses infinitely many negative
critical values. Noting that ¢, is nondecreasing with respect
to k, there are only the following two cases:

Case I. There are 1 <k;<---<k;<--- satisfying —co<¢ <¢ <
+++<¢y <-++<0.In this case, obviously, the functional I has infi-
nitely many negative critical values {c, }. It is done.

Case II. There is a positive [ such that c=¢; <0 for all k> 1.
In the case, by Lemma 10, we know y(K,) =00, which
implies that the set K. has infinitely many points, which
means that the functional I possesses infinitely many neg-
ative critical values. Finally, we shall see that the set of
solutions is compact.

Let {u,} be a sequence of solutions to the equations (1).
In Case I, we know that 0> ¢, =1(u,) and I' (1) =0; by
Lemma 5, we then easily get that there is a u € H' (R?) satis-
tying u, — u as k — co. Then, it follows conclusion. In Case



I1, it is trivial to see that the set K is compact. Thereupon, the
proof is completed.
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