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In this paper, a prey-predator model and weak Allee effect in prey growth and its dynamical behaviors are studied in detail. The
existence, boundedness, and stability of the equilibria of the model are qualitatively discussed. Bifurcation analysis is also taken
into account. After incorporating the searching delay and digestion delay, we establish a delayed predator-prey system with Allee
effect. The results show that there exist stability switches and Hopf bifurcation occurs while the delay crosses a set of critical values.
Finally, we present some numerical simulations to illustrate our theoretical analysis.

1. Introduction

Some researchers have conducted extensive research on the
dynamics of interacting prey-predator models to understand
the long-term behavior of species. A wide variety of nonlinear
coupled ordinary differential equation models are proposed
and analyzed for the interaction between prey and their
predators. The classic predator-prey model is the Lotka-
Volterra model, which was independently proposed by Lotka
in the United States in 1925 and Volterra in Italy in 1926 [1, 2].
The model was developed on the basis of a single-population
growth model and has wide applicability. The mathematical
form of the Lotka-Volterra model is

d_x =rx —axy

dt

p 1)
d_)t} =cxy —my

In population dynamics,when the population density is very
low, there is a positive correlation between the population
unit growth rate and the population density. This phe-
nomenon can be called the Allee effect [3-5], starting with
Allee’s research [6]. The Allee effect is classified according
to the density-dependent properties at low density. If the
population density is low, a strong Allee effect will appear. If

the proliferation rate is positive and increases, the Allee effect
will be weak. Demographic Allee effects can be either weak or
strong [7, 8]. When the density is below the critical threshold,
the population affected by the strong Allee effect will have a
negative average growth rate. Under deterministic dynamics,
we find that populations that do not exceed this threshold will
be extinct. Many jobs only consider the strong Allee effect, but
in the work of Allee it is clear that the Allee effect also has a
weak Allee effect [8-13].

Today, it is widely believed that the Allee effect greatly
increases the likelihood of local and global extinction and
can produce a rich variety of dynamic effects [14-16]. And
it is interesting and important to study the impact of Allee
effect on the predator-prey models [17-19]. In this paper, we
introduced a predator-prey model with weak Allee effect:

dx:rx<1—£> d

dt K)x+a ™

dy

I =c(ax)y —-my 2)
x(0)=0
y(0)=0
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Here, the weak Allee effect term is P(x) = x/(x + A), where
A > 01is described as a “weak Allee effect constant” ([12]).
x is the prey population and y is the predator population,
m is the intrinsic death rate of predators, c is the conversion
efficiency from prey to predator, K is the carrying capacity, r
is the intrinsic growth rate of prey, and a is the prey capture
rate by their predators. It is more realistic to introduce time
delay on the basis of traditional predator-prey model because
it exists almost everywhere in biological activities and is
considered as one of the reasons for the regular change of
population density [20-26]. Therefore, in order to make the
system established in this paper biologically closer to reality,
incorporating the searching delay and digestion delay in the
system (2) is interesting. Based on the above considerations,
We establish a predator-prey model with time delay and weak
Allee effect, as follows:

dx(t) _& x (t)

dt _rx(t)<l K)x+A
—ax(t-7)y(t-n)

d

PO cfaxt-n)ye-m)-my O

x(0)>0

y(0)=0

where the time delay 7; (i = 1,2) is the controlling or
perturbed parameters, 7, is the searching delay, and 7, is the
digestion delay.

The latter parts of the paper are described as follows.
In Section 2, we discuss the boundedness, the stability of
the equilibria, and bifurcation of the model (2) in detail. In
Section 3, we investigated local stability property of interior
equilibrium point of the model (3) with time delay; the
Hopf bifurcation around the positive equilibrium point is
also studied. In Section 4, we verify the previous theoretical
derivation by numerical simulation.

2. A Predator-Prey Model with
Weak Allee Effect

We easily see that model (2) exhibits three equilibrium points
E, = (0,0), E;, = (K,0), and E, = (x,,y,). Here x, =
m/ca, y, = (Krx, — rx,?)/aK(x, + A). And for the positive
equilibrium point(s), we have m/ca < K.

2.1. Boundedness

Theorem 1. For the solution (x(t), y(t)) of model,

K (m+71)?

4rm

. 1
lim sup (x (t) + oy (t)) < (4)

t—00

Proof. We define y = x(t) + (1/c) y(t). Then we can easily see
that along the solution of system (2),
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dy _dx  1dy

dt dr @ cdr

b X 1 1
= 1-— - - — 5
rx( K>x+A axy + Cc(ax)y Cmy (5)

X\ X m
=rx <1 - —) - —y.
K/x+A ¢
Thus, we see that for all large ¢ > 0

dy x x

m 1
A — 1- = _ _
dt+mX rx( K>x+A Cy+mx+mcy

X X
=rx(1——> + mx
K/ x+A

(6)
X r
er(l——>+mx=x<r+m——x>
K K
K 2
<= )
<4 (m+r)
Hence the standard comparison argument shows that
1 K ?
lim sup <x B +-y (t)) < ﬂ (7)
t—00 c 4rm
O

2.2. Stability Analysis

Theorem 2. (1) Trivial equilibrium point E is always a saddle-
node point.

(2) E, is stable for a < m/cK and is a saddle point
otherwise.

(3) Coexistence equilibrium E, is locally asymptotically
stable for A < x,2/(K - 2x,) and is unstable node otherwise.

Proof. Let

X X
f(x,y)zrx<l_E>x+A_axy (8)

g(x,y) =c(ax)y —my.

So, the Jacobian matrix for the model (2) is given by J =

of [ax af [y
(ag/ax 2910y ) where

of —2rKx® + rKx* — 3rAx* + 2rAKx B

ox K (x + A)? "
g—f = —ax,
4 ©)
)
ﬁ = cay,
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So we get

—2rx’ + rKx* — 3rAx? + 2rAKx (10)
_ > -ay —ax
= K(x+A) .
cay cax —m

First, it can be concluded by calculating the Jacobian matrix
of the model (2) at E given by

B 0 0 1
]o—(o _m). (1)

And hence E, is always a saddle-node point. Then, by
evaluating the Jacobian matrix of the model (2) at E,, we find

-rK
]1=<K+A —ak > (12)
0

caK —m

First eigenvalue —rK/(K + A) is negative; hence E, is stable
if caK — m < 0 implying a < m/cK, and E, is a saddle point
when a > m/cK. Finally, the Jacobian matrix for the model
(2) evaluated at E, is given by

]*
—er,f +7rKx,? - 31’Ax*2 + 2rAKx, m (13)
= K (x, + A) '
cay, 0

The characteristic polynomial is

HA)=A-TA+D (14)

where T = —rx, (x,>+2Ax,—AK)/K(x,+A)*and D = may, .
Thus, we have the following conclusions. (1) If T < 0 and
A < x,*/(K - 2x,), then the positive equilibrium is locally
asymptotically stable. (2) If T > 0 and A > x,2/(K - 2x,),
then the positive equilibrium is unstable. O

Theorem 3. E, = (K, 0) is globally stable when a < m/cK.

Proof. Consider the Lyapunov function:

Kdu + ly. (15)
c

V)= [ 2

The derivative of V along the solution of the model is

x—Kd_x+1dy
x dt cdt

x—-K X X
= [rx(l——) —axy]
X K/ x+A

+ % [c (ax) y — my]

V:

~a-B[r(1-%) 2| e -Kyray g6

-
c

~ (x-K) rKx — rx*

m
=T =~ _ -K -=
K(x+A) a(x )y +axy cy

—rx (x — K)? m m
=—— " +aKy—- —y<aKy- —y.
K(x+ A) Tary cy g cy

2.3. Bifurcation Analysis

2.3.1. Transcritical Bifurcation

Theorem 4. The model enters into transcritical bifurcation
around E, at a = ay, where a, = m/cK.

Proof. One of the eigenvalues of J; will be zero if J; = 0 which
gives a = a,. At this point, the other eigenvalue is —rK/(K +
A). ItV and W denote the eigenvectors corresponding to the
eigenvalue 0 of the matrices J, and J,”, respectively, then we
obtain V = (—a(K + A)/r,1)" and W = (0,1), where ]lT =
(TRIKN O,V = —a(K + A)[r, Vy = 1.

Lok
W' f, (%3a) =0,
W' [Df, (%7,a) V] = cK #0,
W' [D*f (%, 7,a0) (V)]
, ) .
o[
, ) .
an;z Vi g gz nvar an:Z E50)

—2a* (K + A)
=f¢0

Therefore, by the Sotomayor theorem, we can find that the

model experiences transcritical bifurcation at a = g, around
the axial equilibrium E;. O



2.3.2. Hopf Bifurcation. From Theorem 2, model (2) under-
goes bifurcation if A = x,2/(K - 2x,). The purpose of
this section is to show that model (2) undergoes a Hopf
bifurcation if A = x,%/(K — 2x,). We analyze the Hopf
bifurcation occurring at E, = (x,,y,) by choosing as the
bifurcation parameter. Denote

. (18)

When A = Ay, wehave T = —rx, (x,? + 2Ax, — AK)/K(x, +
A)? = 0. Thus, the Jacobian matrix J, has a pair of imaginary
eigenvalues A = +i/may,. Let A = a(A) £ B(A)i be the roots
of A> = TA + D = 0; then

o« - -alT+D=0

(19)
203 -TP =0
and
T
o= —
2
V4D - T?
p=—F— (20)
doa -rx,’

el T
dAlaza, 24K (x, + A)’

By the Poincare-Andronov-Hopf Bifurcation Theorem, we
know that model (2) undergoes a Hopf bifurcation at E, =
(x,,v,) when A = A,. However, the detailed nature of the
Hopf Bifurcation needs further analysis of the normal form
of the model. Set x = X + x, and y =Y + y,, to (x,, y,) as
origin of coordinates (X, Y). We have the following model:

dx

E = auX + ale + Fl (X, Y)

o (21)
i ay X +a,Y +F (X,Y)

where a;; = (-2rx,> + rKx,? = 3rAx,” + 2rAKx,)/K(x, +
A? —ay,,ay, = -m/c, ay = cay,,a,, =0,and
F (X.Y)
= A, X"+ A, XY + A,Y* + B X° + B,X’Y + B, XY”
+B,Y’ + P, (X,Y)
F (X,Y)
= C,X* + C, XY + C;Y? + D, X° + D,X°Y + D;XY?

+D,Y’ + P, (X,Y)
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A = —rx,> = 3rAx,? - 3rA%x, + rA’K
1= >
K(x, + A)3

rx+GrA-r) x>+ (3rA2 - 2rA) X, — (rA2 + rAzK)

2K (x, + A)’
B, =0,
By =0,
B,=0
C, =0,
CZ:%,
Cy;=0
D, =0,
D, =0,
D, =0,
D, =0

N

(22)

where P,(X,Y) and P,(X,Y) are smooth functions of X and
Y at least of order four. Now, using the transformationu = X,
v=—(1/B)(a;; X + a,,Y), we obtain

du

i -Bv+ G, (u,v)

J (23)
v

pn = Bu+G, (u,v)

where

G, (u,v)=F, (”a_ai (ayu+ :BV)>

12

G, (u,v) = —% <a11F1 <u’_a%2 (ayu+ B")> (24)

+ay,F, (u, _ai (ayu+ ﬁv)))

12
SO

1
G, (u,v) = A\’ + Ayu <—a— (ayu+ ﬁv)) + B’
12
1 2
G, (u,v) :_E ap | Au
(25)

+A,u <—i (ayu+ ﬁv)) + Blu3>]

1
+a;,uC, (—a— (ayu+ ,Bv))

12
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Set
s L 9°G, . °G, . 0°G, . G,
16| 0w oudv:  ouov o3
L 9’G, [ 9°G, . 9*G,
168 | ouov \ ou? ~ 0v?
(26)
_0°G, (9°G, ) G\ 9°G,2°G,
ouov \ ou?>  ov? ou? ou?
0’G, 0°G,
o ov?
where
oG,
o 6By,
’G _,
ouov:
oG, _ 0
outov
G,
= 0’
ov?
IG, _ AB
oudv  ay,
27
&G, _ Ay @)
oudv  a,
0°G, _
2
’G,
= 0’
ov?
2
76 _, <A1 ELECT ) + 6B, u,
ou? ap,
82G2 _ 2<Az‘1112 _Agay > _ 6B1auu
ou? Ba B B
So
A
o= E_FL —2ﬁ<2(A1—%>+6Blu)
8 163 \ ay, a,
_Agay 5 Aya’ _Aya, | 6By,
a Bay, B B !
12 (28)

A
- (2 <A1 - ﬂ) + 6Blu>
aip
. (Z(Azan2 _Aay ) _ 631"11”))
Bay, B B

If o < 0, the equilibrium E, is destabilized through a
Hopf bifurcation that is supercritical and Hopf bifurcation is
subcritical otherwise.

3. Delayed Model with Weak Allee Effect

Let X(t) = x(t) — x,, Y(t) = y(t) — y,; then the model
(3) can be expressed as in the following matrix form after
linearization:

i)
dt \Y (t)

X (1) X(t-1)
_AI(Y(t>)+A2<Y(t—n))

()

A 29)
—2rx,” +rKx,? - 3rAx,* + 2rAKx, 0
= K (x, + A)’ ,
0 -m
—ay, -ax,
0 0
0 0
Ay = .
cay, cax,
3.1. Stability Analysis. The characteristic polynomial is
HW\) =\ -TA+D (30)
where
T2 —2rx,” +rKx,* - 3rAx,* + 2rAKx,
K(x, +A)
—ay,e™ +cax,e M —m,
D= —er,f + er*z - ?ﬂ’Ax*2 + 2rAKx, (1)
K (x, + A)
—ay,e ) (cax,kef)”2 - m) +ca’x,y,e e,
Let
(—21’x*3 +rKx,” - 3rAx,* + 2rAKx*)
G= 5 (32)
K (x* + A)
So
HQM) =M\ - (G - ay,,‘efh1 +cax,e " - m) A
(33)

- mG +may,e " + cax,e "2G
Let A(7) = (1) + iw(1), #(7y) = 0, and w(7) = w,.

Theorem 5. Assume A < x,°/(K —2x,), when 7,>0,7,=0;
we have the following conclusions. (1) When 4FG —2Fm+G? +



F?>+m® - D* > 0 and -2FmG’* + F°G* + m’G* - E* > 0,
the positive equilibrium E, = (x,, y,) is locally asymptotically
stable. (2) Hopf bifurcation occurs when T, passes the critical
value

T, =—
Wo

2 2 2 2 (34)

EGm — EFG — wy"mD + wy,"FD + w,"GD + w,"E

+ arccos .

wy2D? + E?
Proof. The characteristic equation is
2 - (G —ay,e " + cax, - m) A -mG

(35)

+ may*e*’“1 +cax,G = 0.

Next we suppose that A(t;) = iw, is a solution of H(A) for
some 7 > 0; then we have

2 . —i
- w,” — iw, (G —ay,e " +cax, — m) -mG

| (36)
+may,e " + cax,G = 0.
Then
—w,” - iw, (G — De ™ 4 F - m) - mG + Ee™™"
(37)
+FG=0.

Where D = ay,, E = may,, F = cax, we know

e T = cos wyT — i sin w,T. (38)

So we get
- woz — 1wy G + iwyD coswyT; + wyD sin wy1, — iwyF
+iwgm —mG + E coswy1; — iE sinwyt; + FG  (39)
=0.
Separate real and imaginary parts
- woz + wyD sinwyt; —mG + E cosw,t; + FG =0

- wyG + wyD coswyt; — wyF + wym — E sinwyt;  (40)

=0
Then
wyD sinwyT; + E cosw,T; = w02 - FG +mG
wyD coswyt; — E sinw,7; = wyG + wyF — wym )
So
wy* + (4FG=2Fm + G’ + F* +m’ - D*) w,’ "
42

—2FmG* + F*G* +m*G* - E* =0
We assume that

W = w02
w2+ (4FG—2Fm+G2 +F+m? —DZ)W (43)

—2FmG* + PG> +m’G* - E* = 0.
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IfAFG-2Fm+G’ + F> +m’ = D* > 0and -2FmG’ + F°G" +
m*G* — E* > 0, then all roots of equation have negative real
parts for all 7, > 0,7, = 0; that is, the equilibrium E, =
(x,, ¥,) is locally asymptotically stable:

w
~M £ [M? - 4(-2FmG? + F°G* + m*G? - F?) (44)
- 2
where
M = 4FG - 2Fm +G* + F* + m’ - D. (45)

If-M > 0, M* = 42FmG*+F*G*+m*G*~E*) and —2FmG"+
F*G? + m*G* - E* > 0, there is a unique positive solution;
the equilibrium E, = (x,, y,) is unstable. Also if -M > 0,
M? > 4(-2FmG* + F*G* +m*G* - E?), and -2FmG* + F*G* +
m>G* — E* > 0, then there are two positive solutions. We have
—w,” + wyD sinwyt, —mG +E coswyt, + FG=0 (46)
So
w02 +mG — E cosw,1; — FG
wyD

sinw, T, = (47)

Then, we get
COS Wy T,

_ EGm - EFG — w)’mD + 0,"FD + 0,’GD + w,’E  (48)
- wy2D? + E? '

It shows that if ~M > 0 and —2FmG? + F*G* +m*G* —E* > 0,
p (G - ay*ef)”1 +cax, + m) A+ mG
(49)
—~may,e "™ +cax,G=0

has a pair of imaginary eigenvalues A = +iw, (7;) = 0

when ?Ui = (1/w,*) arccos((EGm — EFG — w,°mD +
w,’FD + w,’GD + w)*E)/(w,*D* + E?)) + 2mj/w,*, j =
0,1,2,---.

Next verify the cross-sectional conditions:

(dlzerf}t) >_1 £0 (50)

According to

p (G —ay,e ™ + cax, - m) A - mG + may, e "
(51)

+cax,G=0

At this time, 7, = T, where 7| is the value of 7, ; at j = 0. We
get

dr  dA Az
A8 22 (G-Dpe 4+ F-
dry drt, ( ¢ m)
+ ADe M <—T1 dar A) (52)
dr,

ar d
+ Ee Al(—TId—TI—A>=O
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Then
)
dr,
__h, D
A AE+AD)
[2A = (G + F —m)]
A[A2=A(G+F-m)-mG+FG]
< dRe (A) )1 (53)
dr,
DZ
- w,2D? + B2
~(G+F-m)’+2(-mG+FG-w,’)
+
(G + F = m)* w2 + (-mG + FG — w,?)*
#0.

O

Theorem 6. Assume A < x,2/(K —2x,), when 7, =0,7, > 0;
we have the following conclusions. (1) If —2EmG — F*G* +
m*G*+E* > 0, the positive equilibrium E, = (x,, y,) is locally
asymptotically stable. (2) When —2EmG - F>G* +m*G* + E* <
0, if T, < T,, the positive equilibrium E, = (x,, y,) is locally
asymptotically stable; if T, > T,, the positive equilibrium is
unstable. (3) Hopf bifurcation occurs when t, passes the critical
value

_ 1 >(-m - D)F + FG (E - mG
T, = — arccos W, (=m )2 > 2( m ). (54)
Wy ~wy"F* - E
Proof. The characteristic equation is
2 - (G —ay, +cax,e " + m) A +mG — may,
(55)

+cax,e "G =0

Next we suppose that A(ty) = iw, is a solution of H(A) for
some 7 > 0; then we have

2. i
—w,” —iwy (G - ay, +cax,e " - m) -mG

‘ (56)
+may, +cax,Ge ™ = 0.
Then
-, - iw, (G — D+ Fe ™™ — m) -mG+E
(57)
+ FGe ™™ = 0.
Where D = ay,, E = may,, F = cax, we know
e N7 = coswyT — i Sinw,T. (58)
So we get
- w02 —iwyG + iwyD — wyF sin w7, — iwyF cos w,T,
+iwym — mG + E — iFG sin w,T, (59)

+ FG cosw,T, = 0.

Separate real and imaginary parts
- wo2 —wyF sinwyt, — mG + E + FG coswyt, = 0

- wyG + wyD — wyF cos wy1, + wym — FG sinw,z, (60)

=0

Then

—wyF sin w7, + FG cos w,T, = w02 -E+mG

(61)

—wyF cos wyT, = FG sinw,7, = wyG — wyD — wym

So
4
)

+(-2E-2DG +2Dm+G" - F* +m’ + D*) w,” (62)
- 2EmG - F°G* +m’G* + E* = 0
We assume that
W= w02
W? +(-2E-2DG+2Dm+G* = F* +m’ + D)W (63)
- 2EmG - F°G* + m’G* + E* = 0
We can easily find
—2E-2DG+2Dm+G —~F +m’ +D* >0.  (64)
If -2EmG — F>*G* + m*G* + E* > 0, the positive equilibrium
E, = (x,, ,) islocally asymptotically stable,~2EmG—F*G* +

m*G* + E* < 0, and the positive equilibrium is unstable. We
have

~w,F sinw,, + FG cosw,t, = w,” — E + mG (65)
So
2
sin w7, = wy,” = E+mG - FG cosw,T, (66)
—w,F
Then, we get
2
wy” (-m — D) F — FG (-E + mG)
COS WyT, = . 67
0°2 —w02F2 _E2? (67)
. 2,2 22 | 2
It shows that if-2EmG — F°G" + m"G" + E~ < 0,
A - (G —ay, +cax,e " - m) A —mG + may,
(68)

-2
+cax,e ""G=0

has a pair of imaginary eigenvalues A = +iw,, #(7,) = 0
when ?zji = (1/w,*) arccos((w,*(~m — D)F + FG(E —
mG))/(~w,*F* — E*)) + 2mj/w,®, j=0,1,2,---.
Next verify the cross-sectional conditions:

-1
(dRe (A)) 40 (69)
dr,




According to

p (G —ay, +cax,e " - m) A —mG + may,
(70)
+cax,e "G =0

At this time,T, = T,, where 7, is the value of 7,; at j = 0. We
get

dr  dA ar
20— -2 (G-D+Fe™ -
dr,  dr, (G-D+Fe™™ —m)
— AFe ™™ (—Tzﬂ - A) (71)
dr,
ar di
+ FGe A2<_T2d_f2_/\> =0
Then
(4)
dr,
__n__F
A AG-N)
N 21— (G-D-m)
A[A2 = A (G- D -m) - mG + E]
(dRe (A) )1 (72)
dr,
_ F
w2 + G
2[(-mG+E) - w’] - (G- D -m)’
+
wy? (G = D = m)? + [(-mG + E) - w,?]’
# 0.

O

Theorem 7. Assume A < x,°/(K —2x,), when 7, #0,7, #0;
we have the following conclusions. (1) When and G* - F* +m* —
D?+2DF > 0 and —2EFG—F*G* +m>G*—E* > 0, the positive
equilibrium E, = (x,, y,) is locally asymptotically stable. (2)
Hopf bifurcation occurs when T, passes the critical value

_ 1
T=—
Wy
) (73)
(wo + mG) (wyD — wyF) — wy (G — m)
- arctan .
—(wy? + mG) (FG + E) + w, (G — m)
Proof. The characteristic equation is
p (G -ay, e M+ cax,e M - m) A -mG
(74)

- -\
+may,e " +cax,e "G =0.
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Next we suppose that A(7y) = iw, is a solution of H(A) for
some T > 0; then we have

-, —iw, (G — De ™" + Fe '™ + m) -mG

(75)
+ Be ™™ + FGe ™™ = 0
Where D = ay,, E = may,, F = cax, we know
e """ = cosw,T — i sinw,T. (76)
So we get
- w02 —iwyG + iwyD cos w7, + wyD sinw,T;
—wyF sinw,1, — iwyF cos w,yt, + iwym — mG
(77)
+ E cosw,1, — iE sinw,1; — iFG sin w,T,
+ FG coswy1, =0
Separate real and imaginary parts
2 . .
—wy” +wyD sinwyT; — wyF sinw,t, - mG
+ E coswyT; + FG cosw,7, =0
(78)
- wyG + wyD coswyT; — wyF cosw,T, + wym
- FG sinwyt, — E sinw,7; =0
Let 1, = 7, = 7 > 0. Then
wyD sinw,T — wyF sinwyT + E cosw,T
+ FG coswyT = cuo2 +mG
(79)
wyD coswyT — wyF coswyT — FG sinw,T
- E sinw,T = wyG — wym
So
w,* +(G* - F* +m’ - D* + 2DF) w,” - 2EFH
(80)

PG +m’G’ - E* =0
We assume that
W= w02
W?+(G* - F*+m®> - D’ +2DF)W - 2EFH  (81)
-FPG+m’G*-E* =0
IfG*~F*+m*~D*+2DF > 0and —2EFH-F’G*+m’G’~E” >
0, then all roots of equation have negative real parts for all

7, > 0,7, > 0; that is, the equilibrium E, = (x,, y,) is locally
asymptotically stable:

~N+\|N? - 4(-2EFH - FXG? + m’G? - E?) )
2

W:
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where

N=G*-F* +m?>-D*+2DF (83)

If-N > 0, N> = 4(-2EFH-F*G*+m’G*~E*),and ~2EFH -
F*G* + m*G* — E* > 0, there is a unique positive solution;
the equilibrium E, = (x,, y,) is unstable. Also if -N > 0,
N’ > 4(-2EFH - F*G* + m*G* - E?), and —2EFH - F’G” +
m*G* — E* > 0, then there are two positive solutions. We have

wyD sinwyT — wyF sinwyt + E cos w,T

+ FG cosw,T = w02 +mG

(84)
wyD coswyT — wyF coswyT — FG sinw,T
- E sinw,7 = w,G - wym
So
(woz + mG) (wyD — wyF) — wy (G — m)
sin wyT = 3 >
(wyD — wyF)" = (FG + E)
(85)
~ (wy> + mG) (FG + E) + wy (G — m)
COs Wy T = > B
(wyD — wyF)” = (FG + E)
Then, we get
(w02 + mG) (wyD — wyF) — wy (G — m)
tan w,T = > . (86)
—(wy? = mG) (FG + E) + wy (G — m)
It shows that if -2EFH - F’G* + m’G” - E <0,
- (G ay.e 1+caxe)‘2—m)/\ mG
(87)
+may,e "™ +cax,e "G =0

has a pair of i 1mag1nary eigenvalues A = +iw,, 11(?1) =
when‘r = (1/w," )arctan(((wo +mG)(w,"D - w,* F)
w, " (G - m))/( (wy> + mG)(FG + E) + w,"(G — m))) +
mjlwy™, j=0,1,2,---.
Next verify the cross-sectional conditions:

-1
(Fe2) +0 (88)
According to
2 —(G ay,e " + cax,e ' —m)/\—mG

(89)
+may,e "™ +cax,e "G =0

At this time,7 = 7, where T is the value of 7; at j = 0. We get

dA diA -AT —AT
2= - (G- D" + Fe " —m)

+ ADe™ < T——A)A

_)ﬂ(

+ FGe™ (

Then

(%) -5 s
dt/ A AAD-AF+E+FG)

20 — (G —m)
A[A%2 = A (G - m) - mG]

_ ~(F-Dy’ 1)
w,% (F - D)* + (FG + E)*

(dRe () )‘1
dr
2 (—mG - a)oz) —(G-m)?

+ . -
wy? (G-m)” + (-mG - w,?)

+ 0.

4. Numerical Simulations

In this section, we present some numerical simulations to
illustrate our theoretical analysis.

First, we theoretically analyze a predator-prey model with
Allee effect in the article and obtain the stability conditions
of E; = (K,0) and E, = (x,,y,). Secondly, we carry out
numerical simulation and select appropriate the parameters,
which draw the stable positions of the equilibrium points
E, = (K,0) and E, = (x,,,), shown in Figures 1 and 2. In
the analysis later in this chapter, we use A as the bifurcation
parameter to obtain the critical value of the Hopf bifurcation
generated by the model (2). By comparing Figures 3 and 4, we
find that as the parameter A changes the equilibrium point
changes from a steady state to a limit cycle. To further verify
our point of view, we have made a bifurcation diagram as
shown in Figure 5. We found that the bifurcation parameter
produced a bifurcation at about 100, which coincided with
our previous guess. By the same analysis method, we give a
set of timing diagrams for comparison as shown in Figures 6
and 7; we found that with the increase of the parameter A the
model (2) is shown in Figure 6 and the population gradually
becomes stable with the increase of time, while Figure 7 is a
periodic change.

Next, we performed a numerical simulation of the model
(3), mainly to study the effect of the time-delay parameter T
on the stability of the coexistence equilibrium point. Here,
we compare three sets of timing diagrams, which are the
effect of 7, on the stability of the coexistence equilibrium
point, the influence of 7, on the stability of the coexistence

equilibrium point, and the influence of 7, = 7, = 7 on
the stability of the coexistence equilibrium point. First, by
comparing Figures 8 and 9, we find that when 7, = 0.1,

the population gradually becomes stable with the increase
of time. When 7, = 0.25, the population gradually shows
periodicity with the increase of time. By comparing Figures
10 and 11, we find that when 7, = 0.1, the population gradually
becomes stable with the increase of time. When 7, = 1.5, the
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FIGURE 1: The phase portrait of model (2) with weak Allee effect.
The parameters are taken as A = 0.01, r = 2.65, K = 900, a = 0.002,
¢ =0.215,and m = 1.06; E; = (K, 0) is locally asymptotically stable.

160 F

; ORI NN
1o AN AN & )
120 b B N \&&\
= : N\ : : S
2 . < U NN
= 100F @\ NN
ES ) N A\ AN NN
o
g
—’: 60 | \ N. . \ BN
-
- . . 2 . 4 \ \ AN
0f - N
R ) . ) <
zobrd‘ T
0 . -
0 100 200 300 400 500 600 700 800 900
prey population

FIGURE 2: The phase portrait of model (2) with weak Allee effect.
The parameters are taken as A = 0.01, r = 2.65, K = 900, a = 0.02,

¢ = 0215, and m = 1.06; E, = (x,,,) is locally asymptotically
stable.

population gradually shows periodicity with the increase of
time; by comparing Figures 12 and 13, we found that when
T = 0.1, the population gradually becomes stable with the
increase of time. When 7 = 0.19, the population gradually
shows periodicity with the increase of time. At the same time,
we selected the appropriate parameters and gave three sets
of phase diagrams for comparison. By comparing Figures 14
and 15, we find that when 7, increases from 0.1 to 0.25, the
coexistence equilibrium point changes from a steady state to
a limit cycle; by comparing Figures 16 and 17, we find that
T, is increased from 0.1 to 1.5. At this time, the coexistence
equilibrium point changes from a steady state to a limit cycle;
by comparing Figures 18 and 19, we find that when 7 increases
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FIGURE 3: The phase portrait of model (2) with weak Allee effect. The
parameters are taken as x(0) = 260, y(0) = 70, A = 0.01, r = 2.65,
K =900, a = 0.02, ¢ = 0.215, and m = 1.06; E, = (x,, y,) is locally
asymptotically stable, with no limit cycle.
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F1GURE 4: The phase portrait of model (2) with weak Allee effect. The
parameters are taken as x(0) = 260, y(0) = 70, A = 150, r = 2.65,
K =900, a = 0.02,c = 0.215,and m = 1.06; E, = (x,, y,) becomes
unstable; a limit cycle is formed.

from 0.1 to 0.19, the coexistence equilibrium point changes
from a steady state to a limit cycle. From this, we can conclude
that the stability of the equilibrium point of the model (3)
changes with the increase of the time lag when the time-delay
parameter is introduced, and the generation of the limit cycle
(periodic solution) is accompanied by this change.

5. Conclusions

In this paper, we establish a predator-prey model with a weak
Allee effect and demonstrate and analyze the boundedness
and stability of the model. We also prove that the model
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FIGURE 5: Bifurcation diagram with respect to the parameter A;
other parameter values are r = 2.65, K = 900, a = 0.02, ¢ = 0.215,
and m = 1.06.
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FIGURE 6: A Time series diagram for prey and predator. The figure
depicts local stability of the interior equilibrium for the model (2),

where the parameter values are x(0) = 230, y(0) = 95, A = 0.01,
r =2.65, K =900, a = 0.02, ¢ = 0.215, and m = 1.06.

(2) experiences transcritical bifurcation around the axial
equilibrium and the model (2) undergoes a Hopf bifurcation
at E, = (x,,y,) when A = A,; we also analyzed the
direction and stability of Hopf bifurcation. Immediately after
we introduced the searching delay and digestion delay in the
model (2), a new model was obtained, and the model (3)
was analyzed for stability changes caused by time lag. It is
concluded that the stability of the coexistence equilibrium
point of the model (3) changes as the time lag increases.
Finally, we verify our theoretical derivation by numerical
simulation. First, we select the appropriate parameters to

1
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FIGURE 7: A Time series diagram for prey and predator. Existence of
periodic solution around the interior equilibrium E, = (x,, y,) for
the model (2), where the parameter values are x(0) = 230, y(0) = 95,
A =150,r = 2.65, K =900,a = 0.02, c = 0.215, and m = 1.06.

260

240 /V\/\A

220 +

200 +

180

160

population

140

120 +

100

80

time t

X

I
FIGURE 8: A Time series diagram for prey and predator. The figure
depicts local stability of the interior equilibrium for the delayed
model (3) with the time delays 7, = 0.1 and 7, = 0, where the other

parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900, a = 0.02,c = 0.215, and m = 1.06.

satisty the stable conditions that we deduced in the article
and obtain the stable phase diagrams of the equilibrium
points E; = (K,0) and E, = (x,,¥,). Second, we try
to change the value of parameter A, the timing diagram,
phase diagram, and bifurcation diagram corresponding to
each parameter drawn. Further verification of our conclusion
is as A increases, the model (2) will produce bifurcation. We
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FIGURE 9: A Time series diagram for prey and predator. Existence of
periodic solution around the interior equilibrium E, = (x,, y,) for
delayed model (3) with the time delays 7, = 0.25 and 7, = 0, where
the parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900, a = 0.02, c = 0.215, and m = 1.06.
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FIGURE 10: A Time series diagram for prey and predator. The figure
depicts local stability of the interior equilibrium for the delayed
model (3) with the time delays 7, = 0 and 7, = 0.1, where the other
parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900,a = 0.02,c = 0.215, and m = 1.06.

also carry out a numerical model of the model (3) and discuss
our numerical results in three groups: at the beginning, let 7,
change, T, = 0; we observe the timing diagram corresponding
to the model (3) as 7, increases. In the change of the phase
diagram, we find that with the increase of 7; the coexistence
equilibrium point of the model (3) begins to stabilize and
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FIGURE 11: A Time series diagram for prey and predator. Existence of
periodic solution around the interior equilibrium E, = (x,, y,) for
delayed model (3) with the time delays 7, = 0 and 7, = 1.5, where
the parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900, a = 0.02, ¢ = 0.215, and m = 1.06.
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FIGURE 12: A Time series diagram for prey and predator. The figure
depicts local stability of the interior equilibrium for the delayed
model (3) with the time delay 7, = 7, = 0.1, where the other
parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900, a =0.02, c = 0.215, and m = 1.06.

becomes unstable and is also accompanied by the generation
of the limit cycle (periodic solution); we also change the T,
T, = 0; we observe the increase of 7,, corresponding to
the change of the phase diagram of the time series of the
model (3); we find that with the increase of 7, the coexistence
equilibrium point of the model (3) begins to stabilize and
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FIGURE 13: A Time series diagram for prey and predator. Existence
of periodic solution around the interior equilibrium E, = (x,, y,)
for delayed model (3) with the time delay 7, = 7, = 0.19, where the
parameter values are x(0) = 230, y(0) = 95, A = 0.01, r = 2.65,
K =900, a = 0.02, c = 0.215, and m = 1.06.

99

predator population

92 : : : : : )
230 235 240 245 250 255 260
prey population

FIGURE 14: The phase portrait of delayed model (3) with the time
delays 7, = 0.1 and 7, = 0. The parameters are taken as x(0) = 230,
y(0) =95, A = 0.01,r = 2.65, K = 900, a = 0.02, ¢ = 0.215, and
m = 1.06; E, = (x,, y,) islocally asymptotically stable, with no limit
cycle.

becomes unstable. At the same time, it is accompanied by
the generation of the limit cycle (periodic solution); the
same we let 7;, = 7, = 7, so that 7 increases; we also
found similar changes. In this process, we also found an
interesting phenomenon. When 7, takes a small value, the
stability of the coexistence equilibrium point of the model
changes. However, 7, requires a larger value than 7;. When
T, = 7, = 7, T only needs to take a small value, and the
stability of the coexistence equilibrium point of the model
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FIGURE 15: The phase portrait of delayed model (3) with the time
delays 7, = 0.25 and 7, = 0. The parameters are taken as x(0) = 230,
y(0) = 95, A = 0.01, 7 = 2.65, K = 900, a = 0.02, ¢ = 0.215, and
m = 1.06; E, = (x,, y,) becomes unstable; a limit cycle is formed.
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FIGURE 16: The phase portrait of delayed model (3) with the time
delays 7, = 0 and 7, = 0.1. The parameters are taken as x(0) =
230,(0) = 95,A = 0.0l,r = 265K = 900,a = 0.02,c =
0.215,and m = 1.06; E, = (x,, y,) is locally asymptotically stable,
with no limit cycle.

changes. From a biological point of view, we find that the
introduction of weak Allee effect will change the stability of
the model; that is to say, the stable state between populations
will be broken. Similarly, delays can destroy the stability of
the original predator-prey model. Moreover, the introduction
of delay and weak Allee effect makes the model closer to
reality and makes us more accurately understand the dynamic
changes of interspecific relationships. Therefore, we can find
that Allee effect and delay play an important role in describing
population dynamics.
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FIGURE 17: The phase portrait of delayed model (3) with the time
delays 7, = 0 and 7, = 1.5. The parameters are taken as x(0) = 230,
y(0) = 95, A = 0.01, 7 = 2.65, K = 900, a = 0.02, ¢ = 0.215, and
m = 1.06; E, = (x,, y,) becomes unstable; a limit cycle is formed.
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FIGURE 18: The phase portrait of delayed model (3) with the time
delay 7; = 7, = 0.1. The parameters are taken as x(0) = 230, y(0) =
95, A =0.01,7 = 2.65, K = 900, a = 0.02, ¢ = 0.215, and m = 1.06;
E, = (x,,y,) is locally asymptotically stable, with no limit cycle.
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