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A fractional Hardy-Sobolev inequality with a magnetic field is studied in the present paper. Under appropriate conditions, the
achievement of the best constant of the fractional magnetic Hardy-Sobolev inequality is established.

1. Introduction

During the last decades, researchers paid more and more
attention to the study of Sobolev inequalities and Hardy-
Sobolev inequalities, including the fractional case and mag-
netic case, see e.g. [1-9].

It is well known that the sharp constant of the embedding
D"(RY) — L* (RV) is attained (see [10]), where2* := 2N/(N - 2)

is the Sobolev critical exponent and DI’Z(IRN) =
{uel” (RY):|Vul € *(RY)}. That s,
2
v d
Y= inf LR'V—MIJ;Z
ueDl’z(lRN) (LRN|M|2 dx) (1)
u+0

is achieved by the so-called Aubin-Talenti instanton (cf. [11, 12])
Uy, € Dl’z(]RN) defined by
(N-2)/2
€
RPN

£,X,
&+ |x - xolz

Ue,xo (x) = (N(N - 2))(N2)/4<

where € > 0,x, € R™. Moreover, U, , is a positive solution of
=2 . N o
—Au = |u|” “uinR",

J vu,, [[dx = J
IRN 0 ]RN

and {U,, :€>0,x, € R} contains all positive solutions of
—Au = |ul* *uinR".
For the best constant of the Hardy-Sobolev inequality

U,

£,

dx =™, (3)

. IRN|Vu|2dx
e = llgf N 20 g\ 2O (4)
ue D (RY) ([ ol /1xl)dx)
u#0

where 0 < t < 2and 2" (¢) := 2(N - t)/(N - 2) is the Hardy-
Sobolev critical exponent, it follows from [13] that g, is
achieved by functions of the form

_ - _ - _\~(N-2)/(2-t)
U,(x) = (N = )(N - 2))(1\1 2)/22-0) (N 2)/2(82 t, |x|2 t) i

(5)

where £ > 0. The function U, is a positive solution of
2" (t)-2 t. N
—Au = |u| u/|x|"in R", and moreover,

2x%(t)

J |VU£|2dx:J —|U5t
RY rRY x|

For the fractional Sobolev inequality, consider the Hilbert
space Ds(]RN ) defined as Gagliardo seminorm

d.x — (‘ut)(N*t)/(Z*t) . (6)

s(mNY . 2' (N . Iu(x)—u(y)l 2( 2N
D(IR ).=<IMEL (IR )WEL(R ) > (7)
where 0 < s < 1,27 := 2N/(N - 2s) is the fractional Sobolev
critical exponent and the norm

2
lleell s =

2
s J |u(x) — u(y)]
—_— ——"—dxd
2 Jrw |x_y|N+25 xdy (8)
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is induced by the scalar product

On,s J (u(x) — u(y))(v(x) - v(y))

(U, V) 1= 2 |N+25

dxdy. (9)

|x -y

Here ¢ is a dimensional constant precisely given by

B 1-cos(,
CN»S“(J-IRN |(|N+25 d() (10)

Define the best constant for the fractional Sobolev inequality
as

o lual3
poi= o inf
ueD*(RY) ([ owlufdx)"™ (11)
u#0

From [14-16], e see that p, is achieved by #i(x) =
K(82 + |x - xol) , that is, p, = ||, /|u|25. Normalizing
i by |7l 2> We get thatu = 7/ Iulzs fulfills

uo=inf ol =l
ueD (IR ) (12)

(u)zj =1

andu u is a positive ground state solution of (—A)*u = MS|M|
in RY (see Lemma 2.12 in [17]). Denote

U, (x) = s‘<N‘ZS)/2a<l—C>, (13)

where i = 1 @ z)u is a positive ground state solution of
(-A)’u = |u|2 “2uinRY and

il = jmlﬂlzf dx = ()", (14)

Then, Lemma 2.12 in [17] yields that U, solves (-A)'u = |ul* u
in RY. The fractional Hardy-Sobolev inequality

o Jull
Hop = mr o O it 2/2° (1)’
ue D (RY) (f (/1)) 0 (19)
u+0

was considered in [18, 19], where 2] (¢) := 2(N - £)/(N = 2s)
is the fractional Hardy-Sobolev critical exponent. Marano and
Mosconi [18] proved that u , is achieved by a optimizer
UeD (]R ), whose asymptotic behavior is

Ux) = [x*™N as |x| - +co. (16)

For the magnetic Hardy-Sobolev inequality, we regard the
range of function as C, that is, u:R" — C,N >3,

A=(A,,...,Ay): RY — R" is a magnetic vector potential.
Setting —A , = (=iV + A)*,V, := V +iA, and
DY (RY,C) = {u e L* (RY,C) : [V,u| e *(RY)},  (17)

then —A ,u = ~Au - iudivA —iA - Vu + |Al'u and D(R", C) is
the Hilbert space obtained as the closures of CSO(IRN, (C) with
respect to scaler product
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Re(J Vu- de>, (18)
]RN

where the bar denotes complex conjugation. Define

) IRN|VAu|2dx
Hra = 111%f N 2°(t) 1y it 22° 07 (19)
ue D (RY) ([ (Il “/1xI")dx)
u#0

where2”(¢) := 2(N - t)/(N — 2)is the Hardy-Sobolev critical
exponent. Then, by Theorem 1.1 in [20], we see that if
Ac LIOC(IRN,IRN), then y, , is attained by some u € D’

(]R , (C)\{O} ifand only if curl A = 0, where curl A is the usual
curl operator for N = 3and the N x N skew-symmetric matrix
with entriesa; = 0,A; — 0, A ;for N > 4.

In our paper, we consider a fractional Hardy-Sobolev ine-
quality with a magnetic field. To show our question, we first intro-
duce the fractional magnetic Sobolev space pj,(RY, C), which is
the completion of COO(IR (C) with respect to the so-called frac-
tional magnetic Gagliardo seminorm [-],: given by

C
[u]zs = N,SJ
Dy 2 R™
(20)

where ¢y 1sg1venby(10)u RY - C,0<s<1,N >3,and
A=(A,...,Ay): RY — R is a magnetic vector potential.
The scalar product in D) (IR (C) is

’e—i(x*y)'J;A((I’G)xwy)dgu(x) - u()/)’z

dxdy,

|x _ le+25

(e—i(x—y)-I;A((l—@)erBy)dGu(x) _

()

C
iy =R
R

N+2s

|x - y|
. (e*f(HHQA(“*m"*“’y)dev(x) = v(y))dxdy. (21)

Although [-] : is a seminorm, by fractional magnetic Sobolev
embeddings (see Lemma 3.5 in [21]), we can view [-] pasa
norm || - || D = [] p:in the space D', (]R (C) Asin Proposmons
2.1and 2.2'in [21], we can verify that D} (]R (C) is a Hilbert
space. L? (]R ,dx/|x| ) denotes the space of L’-integrable
functions with respect to the measure dx/|x|’, endowed with

norm
/p
ul” . '

lul,, = (J —dx | . 22

pt RY |x|t (22)

The aim of the present paper is to investigate the following
fractional magnetic Hardy-Sobolev inequality

o el
Hopa = in —
ue D;(]RN) lual2: . (23)
u#0

where 0 < s < 1,0 <t < 2sand 2] (t) := 2(N — t)/(N - 2s) is
the fractional Hardy-Sobolev critical exponent. Problem (23)
relates to the fractional magnetic Laplacian defined by

(-A)ju(x) dy, xe RY,

(24)

= ¢y, lim

7 e—0"

J— u(x) ei(x—y).[;A((1—6)x+6y)deu(y)
B(x)

N+2s
[x =yl
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For N = 3and with mid-point prescription, the fractional mag-
netic Laplacian was studied in [21]. In particular, dAvenia and
Squassina [21] considered the operator

1(x y)A x+y)/2
u(y) dy, xeR’

(=AY, u(x) = ¢y, lim LC( )”(x)

S ot |N+23

lx -y

(25)
Obviously, (24) can be regarded as an extension of the
above-mentioned operator involving mid-point prescription.

The fractional magnetic Laplacian (-A)} : D] (IR (C) -
_S(IR (C) can also be defined by duality as

(e-i(x-y)-f oA(1-0)x+6y)d0,, oy u(y))

(A, u,v) = 1\215 eJ N+2s
R Ix _ y|
) (e—i(x—y)- Jia(0-0xi63)d0 ) V(J’))d’“‘y
. (u(x) _ ei(x—y)»_[OA((l—G)x+6y)d9u(y))
= 5 eJRZN IX _ y|N+Zs
. (v(x) _ ei(x—y).J';A((l—ﬂ)x+9y)d9v(y))dxdy.
(26)
Denote
J={u € Dy(RY,C) : luly. ), = 1}. (27)
Then (23) can be characterized as:
Hspa = Inf IIuIID (28)

Our main result is:

Theorem 1. If A : RY — RY is a continuous function with

locally bounded gradient, then y_, , is achieved by a nonzero
elementU,, , € D, (IR (C)

2. Proof of the Main Result

To prove Theorem 1, we need the following Lemma, which is
obtained in [22].

Lemma 1 (Diamagnetic inequality). For any u € D}\(R",C),
we have

[fu(o0)] = ()l
eix) [0~ 9)x+0y)d9 u(y)| for ae. x,y € RY
(29)
and
Mulllp <

which means |u| € DS(IRN,IR).

lleall s, » (30)
By the fractional Hardy-Sobolev inequality (15) and
Lemma 1, we have the following lemma.

Lemma 2 (Fractional magnetic Sobolev embeddings). The
embedding

D;(RY,C) — L*?(RY,C) (31)
is continuous.

Proof of Theorem 1. Since the best constant y, of fractional
Hardy-Sobolev inequality (15) is achievable, we only need
to show that

[’ls,t,A = Aus,t' (32)
In fact, for any € > 0, there exists u € CZX’(]RN, IR) such that

2
lullys < g +& and uly: (), = 1. (33)

Similarly to Lemma 4.6 in [21], for any € > 0, consider the
scaling

u(x) = e(ZS_N)/2u<E>, x e RY. (34)
€

Substituting x = eX and y = €Y, we derive that

2 N,
= 2]

2

|e-i(x-y).J;A((l-e)xwy)deue(x) ~u(y)

dxdy

N+2s

|x -y
&N e—ie(X—Y)-J;A[e((1—9)X+6Y)]d9u(X) —u(Y) 2
= CN’SJ eNdxdy
2 Jr™ 6N+25|X _ Y|N+Zs
. 1 2
CNYSJ’ |e—ze(x7y)»_[nA[e((l—G)erﬂy)]deu(x) _ M(y)' i
= x
2 RN Ix _ y|N+2s Yy
(35)
and the following invariance of scaling:
2 CN,s Iue(x) _ue(y)|2d d
lucll = =7 | L =~ —dxdy
2 Jmrfx -yl
25-N 2
_ N € |“e(X) - ”e(Y)| 2N )
=—= > o€ dXdY = ullp,
2 B €N+ S|X—Y| +2s
(36)
25-N)/2)-2(N-t)/(N-2 20 (¢
| 20 e(( s—N)/2)-2(N-t)/( S))lu(x/e)l s()dx
el2;(t)t — N let
t-N 25(t)
e u(X)* N 2:(8)
= J- #6 dx = Iulzi(t)t. (37)
RY € |x| s

Noticing that [u — v|* = [u]* + |v[*

have

— 2Re(uv) for u,v € C, we

e e = el

o 'e—ie(x—y).j;A[e((l—G)x+9y)]d9u(x) _ u(y)r N
- 2 IRZA' |x |N+25 xdy
2 J]RZ\ |X _ y|N+25 d dy
Re((1 - e—ie(xfy)-j;A[E((l—@)x+9y)]d9 u(x)u
s 2l )
2 S P
1—cos (e(x—y)- IIA[E((I -0)x +0y)]do
= | el L ))u<x>u(y>dxdy
e -]

= CN’SJ]RZNYG(x’ y)dxdy = CN‘SJKxKYS(x’ y)dxdy, (38)



where K is compact support of u. Obviously, Y, (x, y) — 0Oa.e.
in R* as e — 0. Since A is locally bounded, for x, y € K, we
have

1 - cos (e(x -y)- J-;A[e((l -0)x + 9y)]d9> < Clx -y’

(39)
Then, there exists C > 0 such that for x, y € K,
— N> 1f|x—y| <1,
x|
[Yelx 7)< —, if|x—y[> L (40)
||
Define
- if [x—y| <1,
m(x,y) := = (41)
%, if |x-y| > 1.

|-y

Then, [Y.(x, y)| < m(x, y) for x, y € K. Since

m(x, y)dxdy

&xK)n{|x-y|<1}

J m(x, y)dxdy = I
KxK
m(x, y)dxdy

g
&xKn{|x-y|21}
< CJ ! d +CJ ! d
< ———dz ——-dz
(lzl<1} |Z|N—2+25 {Iz\21}|Z|N+25
+00

1
1 N 1 na
= CJ = dr+C sl dr
or 17
< +00,

(42)

where C may be different from line to line, we get that
m € L'(K xK). By Lebesgues Dominated Convergence
Theorem, we see that lim__||u, |12); =|u If)é. Then, it follows
from (33) that

A"ls,t,A S hm "ue”ZDjA = "M f)s S nus,t + & (43)

e—0

which means that p, , < y,,. The opposite inequality holds
also because of Lemma 1. Thus, (32) holds, which completes
the proof of Theorem 1. O
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