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In this paper, with the help of symbolic computation, three types of rational solutions for the (2 + 1)-dimensional modified
KdV-Calogero-Bogoyavlenkskii-Schiff equation are derived. By means of the truncated Painlevé expansion, we show that the
(2 + 1)-dimensional modified KdV-Calogero-Bogoyavlenkskii-Schiff equation can be written as a trilinear-linear equation, from
which we get explicit representation for rational solutions of the (2 + 1)-dimensional modified KdV-Calogero-Bogoyavlenkskii-

Schiff equation.

1. Introduction

It is an important problem to seek exact solutions in the
study of the nonlinear evolution equations (NLEEs). With
regard to the methods for solving NLEEs, various techniques
and approaches have been proposed, for instance, the Dar-
boux transformation [1], the Lie group method [2-4], and
the Hirota bilinear method [5]. Recently, based on the Hirota
bilinear method, a method for constructing a lump solution
by taking the function f in its bilinear form as a positive qua-
dratic function, proposed by Ma [6], has been used to solve
many NLEEs. By using this method, the phenomenon of
the rogue wave was found in Refs. [7-9]. And then, more
and more integrable soliton equations are found to have
lump solutions and mixed kink-lump solutions [10-23].

In this paper, we focus on the following (2 + 1)-dimen-
sional modified KdV-Calogero-Bogoyavlenkskii-Schiff (KdV-
CBS) equation

Uy — 4u’u, - 2u,0 (uz)y +2u,, — 60U, +u,, =0, (1)

which can be derived from the (2 + 1)-dimensional KdV-CBS
equation [24, 25]

q, +49q, —29x0,' 4, + qy, ~ 64q, + 1 =0, (2)

by means of the Miura transformation g = u* — u, [26]. Here,
the subscripts x and y denote the partial derivatives with
respect to x and y, respectively. In order to treat the integral
appearing in equation (1), so that equation (1) can be better
analyzed and solved, let v, = 2uu,; equation (1) is transformed

into the following system:

2 2 -
Uy —4u U, = 20,V + Uy, — 6UTUX + Uy, =0,

(3)

2uu, = v,.

The soliton-cnoidal wave solutions of equation (3) were
obtained in Ref. [27]. Interesting studies on the family of
KdV-type equations have been carried out in the following
papers [28-31]. The aim of this paper is to construct the ratio-
nal solutions of system (3) by solving a trilinear-linear equa-
tion related to its truncated Painlevé expansion.

The outline of this paper is as follows. In Section 2, using
the truncated Painlevé expansion, we convert the original
modified KdV-CBS equation to a trilinear-linear equation.
In Section 3, the first class of rational solutions for the mod-
ified KdV-CBS equation is obtained by taking function f as a
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positive quadratic function. In Section 4, the second class of
rational solutions is obtained by taking function f as a posi-
tive quadratic and an exponential function. In Section 5,
the third class of rational solutions is obtained by taking
function f as a positive quadratic and two exponential func-
tions. The conclusion will be given in Section 6.

2. Trilinear-Linear Equation

Based on the Painlevé analysis proposed in Ref. [32], equa-
tion (3) possesses a truncated Painlevé expansion as follows:

U
U=uy+ —

7

v=v0+?+

(4)

V2
F >
with u,, u;, vy, 1, v,, and f being the function of x, y, and

t. We substitute (4) into (3); the results can be obtained
as follows:

1= _fxy’

vy=ff

o fa

©of)] (5)
U =fy

)

with f satisfying the following trilinear-linear equation:

3fxxfyxxfx _fyxxxf)zc _fxtszc _fxxxxfﬁzc +fxxftfx

6
Af oo 330

By solving the trilinear-linear equation (6), we can get

:—l'& + &) (7a)
2f,  f
_ lf[ lfx xy lfyxx lfxxx 3f32CJC f)z'x fx,fy
y=—-L + = + = A AP S b
2fe 2 2 2f. 2f. 4fi f F
(7b)
Based on the idea in Refs. [6, 7], we take f as
f=(ayx+ay+ast+a,)’ + (asx + agy + a,t + ag)’
+ag+aexp (kyx+ky+kyt +ky) (8)

+Bexp (—(kx+ky+ kst +ky)),

where a;, k, k]-, 1<i<9,and 1 <j <4 are real parameters to be
determined. Substituting (8) into trilinear-linear equation (6),
we get a set of solutions. In the following, we will give three
types of rational solutions of equation (3) via (8).
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3. Rational Solutions from the
Quadratic Function

Substitution equation (8) into trilinear-linear equation (6),
we will get the following set of constraining equations for
the parameters

a; =day,

2 2
_ ay +as +asdg
az__i)

a;
a; =as,
a, =day,,
as = ds,
ag = dg,
_ 9345

7 = —

“ (9)
ag = dg,
ag = dg,
a=0,
B=0,
k, =k,
ky =k,
ky = ks,
ky =k,

where

a0 (10)
ag >0,

to guarantee that the corresponding f is positive. By
substituting (9) into (8), the function f can be obtained
as follows:

2

a? +a? + asag

f=lax- ————"Zy+at+a,
a;

(11)

2
+ R L1 +
asx-+agy+ === +ag ) +a.
1

By means of equation (7a) and equation (7b), we get
the solutions of (3):

. 4(a g +ash)’ - (Zaf +2a§)f’ (12a)
(2ga, + 2has)f

LN

>

(a% + ag)z . Zf(af +a3)

4(“19+“5h)2 f2

_ as(a,g — ash) _
2a,(a,g + ash)

(12b)
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where a.a.t 2
f=(ay+a)+ <asx_“6)" 3ks +a8) (16)
_ 2.2 2
f=g +h +a, + B exp (kix+kyy + kst + ky) + aq.
a2 +at + asaq
g=ax - ——————y+asi+a, Using equation (7a) and equation (7b), the solutions for

% (13) (3) can be obtained:

a;a
h=asx+agy+ ——t+ay,

a L 2ash+kpexp &)’ - (2a2+K5)Bexp (§)f (172)
2, 2 2(k, B exp (&) + 2ha ’
N:—Zg(ia1 5 T 856 +2ha6) (a,g +ash). (o exp (5) )
a
: _ —(ks (kB exp (§) +2a5h)) iz + A(2ga, - A) + Bf
p 2 )
The solutions of u via (12a) are singular which can be ko (kop exp (§) + 4has) 44 f
seen in Figure 1(a); Figure 1(b) is the corresponding density (17b)
plot. The solutions of v via (12b) can be seen in Figure 1(c)
and Figure 1(d) is the corresponding density plot. where
_ 2.2
4. Rational Solutions Obtained by Adding an f=g +h+Bexp () +a,
Exponential Term to the Quadratic Function g=ay +ay
k
Two types of solutions are obtained in the following. h=asx—agy+ 2—“5t +ag, (1)
2
Case L. §=kyx —kyy — kst —ky
0 A=k,Bexp (§) + 2has,
a, =0,
' B=k;B exp (§) +2al.
a, = a,,
a; =0, Case IL.
a, =ay, 2, =0,
aS = as, 612 = (12,
a6 = _a5; a3 - O’
kyas 4y =0y
7= TZ > as = as,
- (14)
ag = dg, dg = —0s,
ag = ag, 4= % ’
a=0, 2
ag = ds,
B=B
ay = dg,
k, =—k,,
' : a=a, (19)
k, = ky, s
ky = ks, i
k, =k, b=k,
which should satisfy the constraint conditions ks = ks,
ky=ky,
k, £0, 4 =Ky
a,=az=0,
ay >0, (15)
as = —0ds»
>0,
g o= Fa%5
ky

to ensure that the corresponding f is positive and well
defined. By substituting (14) into (8), the function f reads B=0,
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FIGURE 1: Profiles of the solution u via (12a) and profiles of the solution v via (12b) with a, =1, a; =1.5, a, =0, as =2, ag =4, ag =0, and
ay = 1. (a) and (c) are the corresponding 3-dimensional plots; (b) and (d) are the corresponding density plots.

which should satisty the constraint conditions

k2 # 0)
ag >0, (20)

a>0,

to guarantee that the corresponding f is positive and well
defined. Substituting (19) into (8), we then have the func-
tion f:

t
f=(ay+ “4)2 + <a5x —agy — a3ka5
2

+) (21)

+aexp (kix+kyy+ kst + k) +aq.

The solutions of this case are similar to the solutions
of equation (17a) and equation (17b).

5. Rational Solutions Obtained by Adding Two
Exponential Terms to the Quadratic Function

In this section, in order to find interaction solutions of equa-
tion (3), we further add two exponential terms to the qua-
dratic function. Three sets of solutions are obtained as
follows.

Case I.
a, =a,
2, 2
_aj+a;z +asag
a,=- ,
a;
a; =as,
a, =ay,,
as = as,
ag = dg,
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FIGURE 2: Profiles of the solution u via (25a) witha, =1,4;=1.5,a,=0,a;=2,a,=4,ad3=0,a9=1,a=1, =1, k, =1, and k, =0. (a) 3-
dimensional plot; (b-d) the corresponding density plots with different times.

_ 9345
7= “—1’
ag = dg,
ay = ay,
a=aq,
B=B
k, =0,
k, =k,
ky =0,
ky =ky,

where

al # O)
ag >0,

(23)
a>0,

B>0,

to ensure that the corresponding f is positive and well
defined. By substituting (22) into (8), we can get

2. 2
ajy + a; + asag

2
f=(a1x— y+a3t+a4>

a;

asast 2
+ | asx+agy+ A ag | +ag,
1

(24)
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F1GURE 3: Profiles of the solution u via (30a) witha, =1,a,=0,a;=2,a,=4,a3=0,a9=1,a=1,=1,k; =1,k, =1.5,k; =2,and k, = 0. (a)
3-dimensional plot with the time ¢ = 0; (b—d) the corresponding density plots with different times.

where a;, kj, 1 <i<9,and 1 <j<4 are all real parameters to
be determined. Then, the solutions of (3) will be obtained:

~ 4(ayh +asg)’ - (af +a3)f

- ’ (25a)
2f(a,h +asg)
. ajash+asasg — (a,+ as)’ + =, (25b)
2a, (alh + asg) 8a, (alh + “59) fz
with
f=h+g*+ay +aexp (&) + Bexp (<E),
2, 2
by OB
a
1 (26)
asast
g=asx+agy+ + dg,

1

E=ky+ky,

D = 2a4g — 2h((a} +a?) + asagla;) +ky(aexp (§) -
exp (=€) +2(a,h+asg)) + (2f (a? + a%)).The solution for
(25a) can be seen in Figure 2(a); Figures 2(b)-2(d) are the
corresponding density plots with different times.

Case II.
a, =a,
2, .2
_aj+as +asag
ay=-—",
a
a,k;
3= 7>
ky
a, =ad,,
as = das,
ag = dg,
asks
a;=—"=,
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FIGURE 4: Profiles of the solution v via (30b) witha, =1,a,=0,a; =2,a5=4,a3=0,ay =1, a=1,B=1,k; =1,k, =1.5,k; =2,and k, = 0. (a)
3-dimensional plot with the time t = 0; (b—d) the corresponding density plots with different times.

ag = dg, to guarantee that the corresponding f is positive and well
defined. We substitute (27) into (8); hence, we can reinstall

ag = do, function f as the following formula:
=% 2, 2 k 2
t
5 f=<a1x—a1+az+a5a6}’+alks +a4>
' ) (29)
- askst 9
ky =k, tlasxragy+ ——+ag) +a,
1
ky, =k,
ky = ks, where a;, kj, 1<i<9,and 1 <j<4 are all real parameters to
be determined. Then, by substituting equation (27) into
ky =ky, (29), and with equation (3), we have
(27)
2
where u=- 2B -4 Af, (30a)
2Bf
a; #0,
k, #0, ko
ag >0, (28) 2k 4B
B(2ha6 - 2h((a% +ai+ a5a6)/a1) +ky(aexp (&) - Bexp (=€) —Af)
a>0, + Iz >

B>0, (30b)
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FIGURE 5: Profiles of the solution u via (35a) and profiles of the solution v via (35b) witha, =1,a, =0,44=2,a;, =1,a3=0,as=1,a=1,8=1,
k; =1, k;=2,and k, = 0. (a) and (c) are the 3-dimensional plots; (b) and (d) are the corresponding density plots.

and in Figures 4(b)-4(d) the corresponding density plots

where
with different times.

f=h2+g2+ocexp (&) + Bexp (-8) + ao,

heax- at +a? +a5a6y+ a kst va, Case III.
a, ky
askst z a,=a
g= <a5x+a6y+ 0 +a8> + dy, (31) b
1 B a*k; + agask ks + a2k
E=kx—ky+kit+k,, 27 a,k '
A=2(ath+aig) +k;(a exp (§) + B exp (=), ak,
a,= —=>,
B=2a,h+as +k (aexp (£) - fexp (~£)). Tk
a, = ay,
The solution for (30a) as a rational solution can be seen in ak
Figure 3(a) and in Figures 3(b)-3(d) the corresponding as = % )
density plots with different times. The solution for (30b) as a 3
ag = dg,

rational solution which is singular can be seen in Figure 4(a)
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FIGURE 6: Profiles of the solution  via (17a) with a, = 1,4, =0,a; = 1,a3 =0,a, = 1,beta=1,k, =2, k; = 1,and k, = 0. (a) 3-dimensional plot
with the time t = 0; (b-d) the corresponding density plots with different times.

a,=a,, with
e = a4a7k1 k3a1 :]5 0,
8 — >
ksa, ay >0, (33)
33
ay = ag, a>0,
B>0,
a=aq,
to guarantee that the corresponding f is positive and well
B=B defined. We substitute (32) into (8), then function f reads
k, =k, 2
. a3 + agak ks + a2kl ak,t
f={ax- 5 + a,
k, =—ky, a,k; ky
2
azk, asazk, (34)
+ | ——x+agy+at+
ks = ks, ( ks AT kya,
+ag+aexp (kyx—kyy+kst+ky)
k, =k,

(32) +Bexp (ki x+kiy— kst —k,),
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FIGURE 7: Profiles of the solution v via (17b) with a, =1,a,=0,a5 =1,a3 =0,a = 1,beta=1,k, =2, k; = 1,and k, = 0. (a) 3-dimensional plot
with the time t = 0; (b-d) the corresponding density plots with different times.

where a;, k;, 1<i<9, and 1<j<4 are all real parameters

to be determined. Then, the rational solution of system (3)
can be obtained again:

o Uf-20) (35)
2Df

((2aikhiky) +2a,9+N)  J*  D(Mh+2a,9 + N) +2a, (M = 2(ask,/ks)) + ki (o exp (§) + B exp (-8))

- 35b
) = “ . (33b)

2,12 272
aj + k3 +agask ks +azky  a kst

h=ax—- 3 It T
a1k3 1
where ak asak
g=—"Lx+agy+at+ —1,
ks kya,

f=0+g +aexp () +pexp (=) +a, E=kx—ky+ kst + kg,
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D=2a,h+ 2a]7€—1:1g+ ki (eexp (§) - Bexp (=§)),

ks
_2(alk; + agask ky + azky)
) “1k§
N=k;(aexp (&) — Bexp (-£)). (36)
The solution for (35a) is rational and can be seen in
Figure 5(a) and Figure 5(b) is the corresponding density plot;

the solution for (35b) is rational and can be seen in
Figure 5(c) and Figure 5(d) is the corresponding density plot.

J=2a>+ 2(“7—k‘>2 +kj(aexp (&) + Bexp (£)),

>

6. Conclusions

Construction of rational solutions for NLEEs is an important
part in nonlinear science. In this study, based on the trilinear-
linear equation (6), we obtain three classes of rational solu-
tions ((12a), (12b), (17a), (17b), (25a), (25b), (30a), (30b),
(35a), and (35b)) for the (2 + 1)-dimensional modified
KdV-CBS equation (3). Three-dimensional plots and the
corresponding density plots of the three classes of rational
solutions are given, respectively, in Figures 1-7 in this paper.
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