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In the current work, a combination between a new integral transform and the homotopy perturbation method is presented. This
combination allows to obtain analytic and numerical solutions for linear and nonlinear systems of partial differential equations.

1. Introduction

We know that the HPM, proposed first by He [1], for solving
differential [2, 3] and integral equations [4], linear and non-
linear, has been the subject of extensive analytical and numer-
ical studies.

The HPM is applied to singular nonlinear differential
equations [5], nonlinear wave equations [6], nonlinear oscil-
lators [7], bifurcation of delay-differential equations [8],
boundary value problems [9], initial value problems [10], and
nonlinear coupled equations [5, 11]. Furthermore the HPM
yields every rapid convergence of the solution series in most
cases.

On the other hand, the integral transformations played an
essential role in many fields of science [12, 13], especially,
engineering mathematics [14], mathematical physics [15],
optics [16], image processing [17] and, few others because they
have been successfully used in solving many problems in those
fields. Many of these transforms have been used and applied
on theory and applications, such as Sumudu [18, 19], Laplace
[20, 21], Fourier [13], Elzaki et al. [22] and new integral trans-
form [23]. Among these the most widely used is Laplace trans-
form. Here, new integral transform is proposed to avoid the
complexity of previous transforms [13, 18, 19].

In general, the nonlinear partial differential equations
(NPDEs) have modeled nonlinear complex phenomena in
various scientific fields [24-35]. The investigation of analytical,

approximate, and exact solutions of NPDEs will help better
understand the complex phynomena.

Our method, which is a coupling of the new integral
transform and homotopy perturbation technniques, deforms
continuously to a simple problem which is easily solved. Also
this presentation has proposed a new method for solving
NPDEs.

This article is organized as follows: In Section 2, we intro-
duce some basic definitions and proberities for the new inte-
gral transform. In Section 3, we discuss the method used in
this work. Some applications are given in Section 4 to show
the accuracy and advantage of the proposed method. Finally,
numerical results are discussed in Section 5.

2. Basic Definition of the New Integral
Transform (NT)

In this section, we mention the following basic definitions
and theorems of the new transform used in the present

paper.

2.1. Definition of the New Transform. The transform of a
function f(¢) is defined by

F(s) = T{f(t)} = jfe"e"f(é)dt, seR (1)
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Theorem 1. (Sufficient condition). If a function h is
piecewise continuous on [0, co) and of exponential order so,
then the transform of h exists for s > s,

Theorem 2. (Linear combination). If transforms T'(u) and
T(v) of in Equation (1) the functions u, v are well defined and
> ¢, are constants, then

T{cu + v} = T{u} + ¢ T{v}. )

th

Theorem 3. (n" Derivatives). If the functions

Tu, Tu', ..., Tu"™ are well defined, n = 1,2,3,..., then
T{u"} = s"T{u} - Z s u®(0). 3)
k=0
3. Analysis of the Method

To illustrate the modification algorithm of the NTHPM, we
consider the following nonlinear partial differential equation
with time derivatives of any order

L(u(x, 1)) + N(u(x, 1), u (x,t),u, (x, 1) = g(x,t). (4)

where, L is linear differential operator (L = d"/dt"), N repre-
sents the general nonlinear differential operator and g(x, t) is
the source term, subject to the initial conditions

0"u(x,0)

5 =h,(x),m=0,1,2,...,n-1. (5)

In view of the homotopy technique, we can constract the fol-
lowing homotopy

H(u(x,t), p) = (1 = p)[L(u(x,1)) — L(u(x,0))]

(6)
+ p[L(u(x, 1)) + N(u(x, 1)) - g(x,1)] =0,

where p € [0, 1]. the homotopy parameter ¢ always changes
from zero to unity. The changing process of p is called defor-
mation. When p = 0, Equation (6) becomes

L(u(x, 1)) = L(u(x, 0)), (7)

and when p =1, Equation (6) turns out to the original
Equation (4). Since u(x, 0) is a function of x only, Equation
(6) can be rewritten to be in the following form

0"u(x,t
”(f ) .
ot
According to the homotopy technique, the basic assumption

is that the solution of Equation (8) can be written as a power
series in p as

PIN(u(x, 1) - g(x,1)] = 0. (8)

u(x, t) = Zpiui(x> t)’ (9)
i=0

where u,(x, t) are unknown functions to be determined. Now,
taking in mind the initial conditions (2), the NT for Equation
(8) gives

n-1

STl )} - ) 8" uf(x,0)+ pT[N - ¢g] =0, (10)

k=0
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again taking the inverse of the NT for Equation (10), we obtain

k=0 S

u(x, t) —TI{Z_: lkuk(x,O)} +T71{$lin{[N—g]}} =0. (11)

Substituting from Equation (9) into Equation (11), yields

i Pu(xt) - T {Z %(i P (x, m)}

k=0 i=0

L1 ® B
+T {s—in{N(;pui(x,t)>—g(x,t)H» =0
(12)

Equating the identical powers of p, therefore, after doing some
calculations for the NT and the inverse of NT we get the
unknown functions ug,u,,u,,... After substituting into
Equation (10) with p = 1, we get the solution of the problem
(1)-Q2).

4. Applications on NTHPM

Our method will be illustrated through examples in one-di-
mension for linear and nonlinear coupled systems of partial
differential equations.

Example 1. Consider the one-dimensional linear system

1 4
Uy =ty = U=V + 2 =0, (13)
1 4
Vtt_vxx_u_zv_'—g:()’ (14)

subjected to the initial conditions

X

u(x,0) = 1 +¢5,u,(x,0) = % (15)
X ex
v(x,0)=1-¢",v,(x,0) = 5 (16)

Assume that the solutions of Equations (13) and (14) can be
written as a power series as follows

u(xt) = Y pux,t), (17)

i=0

v(x,t) = ;pivi(x, t), (18)

substituting from Equation (17) into Equation (12) for
n=2 R=-u_—-(1/49)u—-v,N =0 and g(x,t) =5/4 and
using the initial conditions (11), yields

Y pluxt) - T’l{l +e + e_}
i=0 2

0 &)
Z -y v+
=0 i=0

5}} (19)
—tl—o
4

+
3
—
le’_'
r\]
¢_"——\
“Ma
»J>I>—'
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by a similar way, substituting Equation (18) into Equation (12),
forn=2, R=-v_ - (1/4)v —u, N = 0and g(x,t) = 5/4and
using the initial conditions (12), we obtain

Zpiv,.(x,t) —T_l{l -+ e_}
i=0 2

(20)
B 1 =) 1 & 00 5
o I{S_ZPT{_EOVMX_Zf:OVi_i=0Vi+Z}} -0

On putting the coefliecients to the power of p equal to zero in
Equations (19), (20), we can obtain a series of linear equations,
which are easy to solve by using Mathematica software to give

X xt
ug =T 1+e"+ St =148+ &0 (21)
0 2s 2
_ . € . €t
vo=T1{1—e—2—s}=1—e -5 (22)
(1 5
u =T 1{?T{—Z + — +vo+u0xx}}
1 X X
=T’1{—2T{%+%H (23)
S
x t)? t)3
=T—l{e (1+2$)}=€X(E) +ex(5)
8s’ 2! 3l

{
_ T‘l{%T{—%e"(Z + t)}} = TA{‘%} (24)
(

X2 x.3 (25)
i)
s 4\ 8 48

S +e ,
32s 4! 5!
1 1 ul Vl
v,=T {—2T{ +—+v1xx}}
s 4 4
X 2 x,3 (26)
_ 1 _1 et N et
B 2 4\ 8 = 48
X £\* £\°
=T71{ 6(1+25)} x(z) _ex E)
32s° 4! 51°
u—Tl{lT{u +v,+u H
3 2 4 2 2Xx (27)

s
1 t* t°
=T '{5T{e"| — +
s 384 3840

_rfeaaz) (O, 6
- 32 ) 4 517

-1 vy
v, =T { T{—u2 + n + VZxxH’
4 5
ol B B
384 3840

_ e (1+2s) __x@_ xﬁ
B £y I TR

1
u, =T 1{? {— +v3+u3xx]»}

1 et (29)
S FHE
46080 645120

x t)®
Tl € 1+25) =ex(i) +e ,
12s 8! 9!

5
1
v, = T3 —ZT{u3 + =+ v3xx}}

:T_1<—T _l e t° . e*t’ (30)
§* 46080 645120

(1 + 25)} _ _ex(%_)s ex(£>9

5125 N

(28)

MN| — "’N| —

>

=7 -

>

8! 9!
and so on. Proceeding as before the rest of components were

obtained, and then the two functions u(x, t) and v(x, t) in the
closed form are readily found to be

u(x,t) = 1+, (31)

v(x,t) = 1 - e, (32)

Example 2. We consider the homogenuous form of coupled
Burgers equations

U, —u,, —2uu, + W), =0, (33)

V=V —2vv, + (), =0,

(34)

with the initial conditions
u(x, 0) = cosx, (35)
v(x,0) = cosx. (36)

As illustrated in Example 1, substituting from Equations (17)
and (18) into Equation (12) but in this case forn = 1and using
the initial conditions (21) and (22) respectively, we get

I;p u;(x,t) =T {cosx} - T~ (37)

ol ofngo(En50) ) -

Z pivi(x, t) - T '{cosx} - T!

i=0

ol (5250 <



Putting the coeflicients of the power of p equal to zero in
Equations (37) and (38), we obtain

U, = T {cosx} = cosx, Vo = T '{cosx} = cosx, (39)

(1
u(x,t) =T 1{_T{2”o”0x — Volox — UpVox T qux}}
S (40)

_ 1
=T 1{——cosx} = —tcosx,
s

1
-1
Y1 (x,t) =T {;T{ZVOVOx — UgVox — Volbox T+ VOxx}} (41)

_ 1

=T 1{——cosx} = —tcosxx,

s
(1

u,(x, 1) = T { =T{2u,u,, — v uy, + 2uyu,, — Vol
s

(42)

UV, — UV T ”1xx}]'
2

(1 (1
=T 1{—T{tcosx}} =T 1<[—Zcosx}> = —Cosx,
s s 2!

—1{1
v(x,t) =T {;T{Zvlv()x — U Vg, + 2V, — UgV,

—Vylgy — Vol + Vit ,
—1{1 —-1{1
=T {—T{tcosx}} =T {—zcosx} = Lcosx,
s s 2!

(43)

1
-1
uy(x,1) =T ;T{Zuzu(,x — VU, + 2y — ViU,

+ 2UgUy, = Volly, — UpVo, — Uy Ve = UgVy, — u2xx}}

2 3 (44)
=T lT t_cosx = Tfl{lcosx} = t—cosx.
s 2 $ 3!

1
—1
vy(x,t) =T {;T{vzu()x + Vi Uy F Vol UV — 2V, Y

F UV = 2V Y F UV = 2VVy VZxx}} (45)
3

R (-1 —t
=TTy —cosx}tt =T 1{—3(:osx} = —CosX.
s 2 s 3!
L[
u,(x, ) = T =T{2uyuy, — sty + 2uyu,, — vy, + 22U, — VU,
s

+ 2UgUs, = Volly, = UsVy, = UpVy, = UV, — UgVay + ”3xx}}

4

3
= T’I{ET{%cosx}} = Tfl{%cosx} = %COS?@ (46)
s S ’

1
-1
v (x,t) =T {;T{2v3v0x — UyVp, + 2V, V), — Uy ¥y, + 2V Y, — UV,

+ 20V, — UgVs, = Valg, — Vylhy, = Vil — Volly, + V3xx}}

4

3
= T'l{lT{icost» = T'l{%cosx} = t—'cosx.
s 6 s 4! (47)
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again substituting the functions u,,v,,i =0,1,2,... into the
Equations (17) and (18), we obtain directly

t ¢ £
u(x,t):v(x,t):cosx(l—l—!+2—!—§+4—!>. (48)

Furthermore, in closed form Equation (48) takes the form

u(x,t) = v(x,t) = e ‘cosx. (49)
Example 3. Next, we consider the nonlinear Drinfeld
Sokolov system in the following form

u+(v') =1-2(t-x), (50)

V= Vi T V), =1 -2x, (51)
with the initial conditions

u(x,0) = x, v(x,0) = —x. (52)

By applying the same steps used in Examples (1) and (2), we
can easily get

Uy = T Hx} = x, vy = T H-x} = —x, (53)

1
u,(x,t) = T_l{;T{l -2t +2x - ZVOVOx}}

oo} [
v (x,t) = T ! {%T{l —2X = VoUy, — UV, T+ v()xxx}}
e

—

uy(x,t) = T’l{—T{—Zvlv()x - 2v0v1x}} = T’I{ET{%}}

ERL0 RS

- u()le + lexx}}
3

o i) ) - -

| — »n

1
uy(x, 1) = T_l{—T{ZVZVOx +2v, v+ ZVOVZX}}
s
[0 _T—l{i} _ ()
S 3 st 6

1
-1
v(x,t) =T {;T{vzqu VU Vol + UV,

T UV T UV — u2xxx}}

e 2 B o



Advances in Mathematical Physics

Error_u

Error_v

(b)
FIGURE 1: The figures explains the surface errors for Example (4.1).
(a) Error-u = |Ex -u—App- ul. (b) Error-v = |Ex -v—App- v|-

FI1GURE 2: The figure explain the surface errors u = v for Example
(4.2).

{2(5+ f—tz)}} (60)
s

1
—1
v () =T {;T{v3u0x VU VU F Vo,

Vo, UV, Uy Vs = Vs (61)

3 4
=-T1! lT t_.,_t_
s 3s  4s

4

(73 4l P
R ER) B
3s 4s 12 30

Error_u

Error_v

(b)

FIGURE 3: The figures explains the surface errors for Example (4.3).

(a) Error-u = |Ex ‘u—App- u|. (b) Error-v = |Ex -v—App- v|.

Substituting into Equation (17) and (18), we obtain
u(x,t) = x +t, (62)

v(x,t) = x—t. (63)

5. Numerical Results and Discussion

The numerical behavior of the error between the exact solu-
tion and the solution obtained by NTHPM is shown in
Figures 1-3. The numerical results are obtained by using
fourth order perturbation only from the series formulas (17),
(18) with p = 1. From these figures, we achieved a very good
approximation for the solution of our systems at the small
values of time ¢, but at the large values of the time, the error
can be reduced by adding new terms from the iteration
formulas.

6. Conclusion

In this work, we have proposed a modification to the homot-
opy perturbation technique by combining it with a new inte-
gral transform. The aim of this approach is to obtain exact
solutions of linear as well as nonlinear coupled systems. The
efficiency and accuracy of the present scheme are validated



through some examples. The results show that NITHPM is a
powerful and good technique for obtaining exact solutions of
many systems of linear as well as nonlinear differential equa-
tions. The computations associated in this work are performed
by using the Mathematica software.
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