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Using a resonance nonlinear Schrodinger equation as a bridge, we explore a direct connection of cold plasma physics to two-
dimensional black holes. Namely, we compute and diagonalize a metric attached to the propagation of magnetoacoustic waves
in a cold plasma subject to a transverse magnetic field, and we construct an explicit change of variables by which this metric is
transformed exactly to a Jackiw-Teitelboim black hole metric.

1. Introduction

In the closing remarks in [1] we indicated briefly a con-
nection of black holes in the Jackiw-Teitelboim model of
two-dimensional dilaton gravity to the dynamics of two-
component cold collisionless plasma in the presence of
an external transverse magnetic field. The purpose of the
present paper is to greatly expand those brief remarks in
various directions. For example, we explore this connection
for plasma metrics derived more generally from Gurevich-
Krylov solutions of the associated magnetoacoustic system
(MAS) [2]
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for § > 1, which describes the uniaxial propagation of long
magnetoacoustic waves in a cold plasma of density p; (x,t) >
0 with velocity u, (x, t) across a magnetic field. Moreover, we
present a concrete description of this connection.

We start with a resonance nonlinear Schrédinger (RNLS)
equation [3-5]

u1t+u1u1x+p1x+(5—1)[%—
1

v
VY +y Y)Y = oy )
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Here |¥|,./|¥|is a de Broglie quantum potential, and y, §
are real numbers with & > 1. We will take this & to be the same
as that in system (1); 2 =-1.

Solutions of the form ¥ = ™ for real-valued functions
R(x,t),S(x,t) are considered. Since R, S are real, it follows
directly that (2) is equivalent to the system of equations (=
Madelung fluid equations)

R,-S.,.-2RS, =0
2 @2 2R (3)
S+ (1 -8R +(1-8)R,-S, +ye” =0.

In Section 2, we review (or slightly generalize, for the sake of
completeness) a result in [4, 5] that such solutions R, S (or
therefore V¥ in (2)) are in correspondence with solutions p; >
0, u, of system (1), in case y < 0. An approach to the latter
system by way of a shallow wave approximation also appears
in [4, 5]. In those references y = —1/2, and the parameter B
there corresponds to our V8 — 1. From (3) it follows that for
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the reaction diffusion system (RDS)
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is solved for the value B = —y/(8 — 1). r, s here correspond to
™), el respectively in the preceding references where again
y = —1/2 there. Also see [6]. For § > 1, the RNLS equation is
not reducible to a nonlinear Schrédinger equation but instead
to a RDS.

Now given the RDS in (5), the point for us is that one can
construct from its solutions r, s a pseudo-Riemannian metric

g:ds® = g,,dt* + 2g,dtdx + g,,dx’,

def
g = TS
def 1 ©)
9o = E(er TSx),
def
9o = 7S
of constant Ricci scalar curvature R(g) = 4B(= —4y/(6 -

1) in our case); see [3, 7, 8]. Constant curvature is a required
ingredient for the J-T (Jackiw-Teitelboim) theory of 2d gravity
[9-12]. Since r, s are defined in terms of the solutions R, S,
which are in correspondence with solutions p;,u; of (1) (as
we have noted) g also will correspond to solutions p,,u; of
the MAS (1). Thus we will also denote g by g,4gmq- Details
of solutions p;,u; (as traveling waves expressed in terms of
the Jacobi elliptic function dn(x, x)) and a computation of the
metric g = g,jaama i terms of them are provided in Section 2.

In general of course g is nondiagonal: g,,(= g,;) # 0 in (6).

In Section 3 we establish integrability conditions involving §
and parameters defined in the solutions p;, u; that suffice for
the existence of a change of variables by which g assumes a
simpler diagonal form.

The main results are presented in Section 4. There we
provide another explicit change of variables that transforms
9plasma Precisely into a (Lorentzian) J-T black hole metric
Gpn» Which therefore explicates the proposed cold plasma-
black hole connection. Using this same transformation, we
construct an explicit dilaton @, such that the pair
(Gpiasma> P plasma) solves the J-T gravitational field equa-
tions, equations that involve a cosmological constant A,
which is shown to have the value 2y/(§ — 1) for the y
and & in (2), this § being the same § in (I). Another
plasma-black hole connection revealed in Section 4 is the
observation that the Hawking black hole temperature and
entropy can be expressed in terms of parameters involved
in the description of solutions p;,u; of the plasma system

).

2. Formulas for the Cold Plasma Metric

As mentioned in Section 1, a correspondence between solu-
tions of system (1) and system (3) (or, equivalently, of the
RNLS equation (2)) will be reviewed in this section, under the
assumption thaty < 0. We also find an initial, general formula
for the plasma metric; see (12). A concrete formula then
follows as concrete solutions of system (1) are considered. The
end result is given in (23).
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For the correspondence, one direction is quite straight-
forward: Given solutions R, S of (3), define

2R
pp = —2ye" >0,

™)
u; = -2§

X

for y < 0. Then one can check that the equations in (1) follow.
Conversely, suppose p; > 0,u, are solutions of system (1).
One should clearly define

R=3lo g( ley) (8)

so that p, = —2ye®® > 0 as in (7). For the next step, first
choose any S, such that 2§, = u,. Then the first equation
in (1) leads to the first equat1on in (3) for the pair R, S, and
the second equation in (1) implies that the partial derivative
of

R

~Sp, +Sp, v + (8 -1) (R, +R}) 9)

with respect to x vanishes. Thus this quantity is a function
¢(t) of t only. Choose h(t) such that W(t) = ¢(t) and define

S(at) =S, (x,t) +h(t). (10)

Then the pair R, S in (8), (10) satisfies both equations in (3),
and the proposed correspondence (p; > 0,u;) «— (R,S) is
established for y < 0.

Given the definition of r, s in (4), and the prescription for
g in (6), we arrive at the following formulas, where we set

BY 1.

9 (x, f) _ _eZR(x,t/ﬁ)’
t
(x, t) — 2R(x,t/ﬁ)sx <x, _)
912 B a
t
gy (x, 1) = 2RHP) [R - ESX] < X, ﬁ)

_ 2R(&xt/P) [S_ A ZR] < i)
=e + R, + 2R + e X, .
B /32 B
The second expression for g,;(x,t) here follows from the
second equation in (3). By way of the correspondence (p; >
0,u;) «— (R, S) just established, we can also write (for y < 0,
which we now assume throughout)

N
gZZ (X,t) = %}//ﬁ)
_ P (x.t/B) uy (x.t/B)
9 (0= T )

(12)
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R is given uniquely in terms of p; by definition (8).
However, there could be many other choices for S in (10) for
which the pair (R, S) solves system (3) and for which u; =
-2S, (asin (7)). We assert that the metric g is not affected by
another such choice ', in place of S. Indeed,

28 =u; =-25, =8 =8, (13)
so the assertion follows by (11). Note also that

(§'-$). =0=8 () =Sxt+ct) (14

for some function of integration c(t). S',, = S,, (since
already S', = S,), and §', = S, + ¢'(t). But by the second
equation in (3) for (R, §"), and then also for (R, S)

2 2 2R
0=8+c (t)+(1-9) [Rxx+Rx] - S, +ye
=d@t) = (15)
c(t)=c¢,
for some constant “c”. Thus in fact we see also that §', = S,,
and§' =S +c.

The goal now is to express the plasma metric g more
concretely in terms of concrete solutions p; > 0,u; of the
MAS (1). From [2], traveling wave solutions are given by
choosing a3 > &, > «; > 0,1, > 0, and setting

pr (x,1)

def
= 0(1

We could also replace u, + C/p, here by u, — C/p,.
dn(x,x) denotes a standard Jacobi elliptic function with

de
elliptic modulus « [13], and S e +Vd -1 > 0 by (11). For
our purpose it is convenient to set

_ 1/2
def (o5 —0ty)

2B

ay >0,
(17)

def U,
v= 2250

B

and therefore write

Py (1) = ay + 4a; dn’ (ay (x - pvt) k). (18)

3
It is also important to note that we can write
1/2 1/2
C=al?[132f (1-1) + o | " [4@2 B + o] (19)
Namely,
d -« a -
12 ifl—(3 2):(2 1) (20)
(0 —ay) (o3 —e))
and (again)
d
4a§/32 < 043—0514613[32 (1—;<2)+oc1 =y, ()
21

22
day B + oy = ag

d
implies the right hand side in (19) is oci/ 2 (x;/ 2 (x;/ 24 C.

Some basic facts regarding the standard Jacobi elliptic
functions sn(x, k), cn(x, k), dn(x, k) (for any elliptic modulus
k) are summed up as follows [13]:

sn’ (x,%) + cn’ (x,x) =1,

dn® (x, ) + sn” (x, ) = 1,

isn (x,x) = cn(x,x)dn(x, k),

dx

icn (x,k) = —sn (x,x)dn (x, x), (22)
dx

idn (x,%) = —k2sn (x, k) cn (x, %) ,
dx

sn(x,1) = tanh (x),

cn(x,1) =dn(x,1) =sech (x).
Applying the formulas in (12) to u,, p; given in (16), (18) (g,
obviously being the main thing to compute) one arrives at the
following concrete formulas for the plasma metric:

[oc1 +4al Brdn’ (ay (x — vt), K)]

2y

9o (%, 1) =

—V 22,2 Vo C
1) = —a’fd —vt),K) - —L - —
912 (x,1) y @B dn” (ay (x — vt) ,x) 1 4B
2| @K
gu1 (x,1) = 4a, 3 v (sn cn ) (ag (x = vt),x)
5 (23)
+ ;—de2 (ag (x —vt), K)]

16a;x*ay f° (sn2 an) (ag (x —vt), k) + C*/B*
8y [, + 4a22dn? (ay (x — vt) ,x)]

Va,  C
+ —+—,
8y 4P



where we use (22) to get that plzx(x, t) =

64K4a3[34(5n cn dn)? (ag(x — Bvt), k), or

i <x, %) 64r*al B* (sn cn dn)* (ay (x —vt) k), (24)

d
and where v 2 uy/ (by (17)), and C is given by the formula
(19). From Section 1 we know that this metric has constant
Ricci scalar curvature

R(g) =

A i
RN

Our convention for scalar curvature is spelled out on
page 182 of [12], for example. For other authors, see [9];
for example, there is a sign difference: Our R(g) would
correspond to their —R(g).

For plasma physics a relevant choice for «;, «, is the value
1, so that the plasma density p; achieves the convenient value
las|x|] — oo : k¥ = 1 by (16) implies

(25)

p1 (x,1) = 1+ 4a Bsech’ (a, (x — pvt)) (26)

by (18), (22). Similarly, the elliptic functions sn,cn in the
formulas (23) simplify as hyperbolic functions for x = 1. For

a,=x=1C= (4a§ﬁ2 + 1)1/2, for example, by (19).

3. Diagonalization of the Plasma Metric

In this section we focus on the existence of a change of
variables that diagonalizes g = gyagme in (23). Such a
simplified version of g would be of quite an advantage as a
goal is to eventually map g to a black hole metric. It will be
shown that the two conditions spelled out in (52) below (that
simply requires v to be sufficiently large) suffice to insure
such a diagonalization. These conditions are prototypical in
the sense that similar ones will be set up in Section 4 to insure
that g indeed is mapped to a black hole metric.

Consider the initial change of variables (x,t) — (p,t)
for p ao(x — Vt).
x=£+vt=>dx=@+vdt,
d A
d
dx* = i + X dpdt +ar, 27)
a  a
dxdt = P ap.
dy
Then by (6),
g= (911 +2vgy, + Vzgzz) dr’
28)
2 922 4 2 (
+ % (912 +vg2) dpdt + a_gdP >
the point being that

gij (.X, t) gz] < /j) +vt, t> (29)
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here depends only on p (not on ) by the formulas in (23): We
can therefore write

g=A(p)dr* +C, (p)dpdt + C, (p) dp

def
A(p) = (g +2vg, +v2g2) (p),

def 2 (30)
Ci(p (912 +vgy) (p)
def g, (p)
CZ (P = 2;2 .
0

It follows by Section 2 of [1] (or by a direct, independent
argument) that if there exists a function ¢(p) such that

C (p)
2A(p)

¢' (p) =

(31)

(an integrability condition, as was referenced in the introduc-
tion), then the change of variables T = t + ¢(p) reduces g to
the diagonal form

Ci(p)
— 2 _ 1 2
=A(p)dr” + [Cz (p) 4(p) ] dp”. (32)
By (30),
CZ(P) A(p)C, (p) = (912 9;;922) (p)
0
(33)
_ —(detg) (p)
a
and since
¢ [Cl/a-AG) (34)
T A
(32) can be written as
d
= A(p)dr® - [ (detg) (p) /a ]dp2 (35)

A(p)

Now C,(p), A(p) in particular are continuous functions (they
are actually C* functions) so that if A(p) is nonvanishing the
integrability condition (p'(p) = C,(p)/2A(p) can be satisfied.
We have assumed that A(p) # 0 of course in deriving (35), an
assumption that we shall explore presently.

From (23), (2vg,, + v*g,,)(p) reduces to the single term
—2vC/4yp3. Therefore by (30) and (23) again

Alp)=01(p) - 55
= 40 ”;y" s’ (p,x) cn” (p,x)
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+ V—zdnz (p,x)
8y P

. 16, Brxctagsn® (p, k) cn® (p, k) + C*/ B Yoy
8y [on + a5 f2dn (p, )] 8y
e
4y

(36)

One could use (23) a third time, or more simply use (12)
to compute

2
- ¢
(9115722 - gfz) (p) = W (37)

and hence conclude by (24) that

~4r*alp?

(detg) (p) = 0 (snzcnzdnz) (px).  (38)

Equation (35) then assumes the concrete form

g=A(p)dr’
4ict o g (39)
- ﬁ K:Zoﬁ (snzcnzdnz) (o) | dp?

for A(p) given by (36). In the special case when «, is chosen
tobe 0, wegetC =0
(by definition (16)) so that A(p) simplifies greatly to

Alp)

2.2 2 (40)
~adifar (o) | (555 ) (o - 2 |

say for y = —1/2, again as in [4, 5]. Also by (39)

g=A(p)dr” - 4a. f*x* (snzcnz) (p, %)

2 4 snzcnz
: aOK an (p’ K)

21-1
- VZ] dp® = dag dn’ (p,x)

2.2 2 (41)
. |:<a§;<4 (%) (p,x) - %)drz

Snzcnz V2 !
.[ag,a*( i )(p,K)-Z] ap |,

which is exactly the diagonal metric that we focused on in
the paper [1]. See definition (6) there, where the notation a, b

corresponds to a,, 28 here, respectively, with v there the same
as v here, a soliton velocity parameter. We see, as indicated in
the introduction, that indeed the consideration of the plasma
metric here with «; in (16) allowed to be nonzero can lead to
a vast generalization of some of the work in [1].

We turn now to the lingering question of conditions that
will imply that A(p) # 0, and thus validate formula (39). In
the special case just considered, for A(p) in (41), the single
condition

2
14

— >1 42
4alk* (42)

suffices, as shown in [1], an argument there being based on
the inequality

sn? (x, k) cn® (x, %)

B (o) <1, (43)

which we shall use again here. For simplicity of notation we
shall write sn, cn, dn, suppressing the variables p, «.
By (36),

-2yA(p)
dn?

2 2 2
o 2m| 2 afsncn v Vi vC
= 4ap [“0" ( dn ) _Z]_wnz T 2pam (49

[16041K4a3ﬁ2 (sn cn/dn)® + Cz/ﬁzdnz]
4 (o) + 4a2 Bdn?]

Multiplication by 4alf* and division by D = 4oy +
4al*dn*] > 0 lead to 6 terms here. The first and fifth term
(in order) combined simplify to

22,2027 2
gsn°cen” dagBdn

4a’ B , (45)
WP K D
which means that we can write (44) as
~2yA (p) 252 4 snicn’ 4a§ﬁ2dn2
——— =4a,« .
dn? dn? D/4
(46)
_ azﬁzvz _ VZOCI n vC _ C2
0 4dn?  2Bdn?  DB2dn*’
In particular if A(p) = 0 for some p, then
v2<a2[32+ 1 )_ vC c?
0 4dn?)  2Bdn*  Dp*dn?
2 4alBrdn’
—4 4,2 4 SN cCN ) 0 47
wpx ( a2~ DJ4 47)

d 2
< (4a3[321<4) . (16113/32%) < 4a§[32K4



by (43) and the fact that & > 0 = D > 16a; f°dn’. That is,
(47) says that

2
via, vC\ 1
Valpt < - <—1 ) — + 4a fx*

4 2B ) an?
C2
- 48
Dp?dn? (48)
2
Voo vC 1 4,2 4
<-—2-=|-— +4
< 4 2/3) dn? whx
if A(p) vanishes at some point p. Now assume that
vVa,  vC
— - —= >0 (49)
4 28

Then v’a. B* < 4a; Bx* by (48): v* < 4ajx*. In other words,
if both conditions

2 2 4
V' > dagk,

2C (50)
oGV —

B

hold (the first one being the single condition prior to (43) for
the special case o = 0), then A(p) cannot vanish at any point
p. Of course if «; = 0 then (again) C = 0 by definition and
the second condition in (50) is the triviality 0 > 0. If &y > 0,
then since a3 > o, > o, C > 0 by (16) and

2C , _ 4c?
VS —=V 2> S > 0.
x; aif

(51)

That is, conditions for the nonvanishing of A(p) are (for «, #
0)

2 2 4
Ve >dayk,

, 4C? (52)
ViZ
o p

with the single condition v* > 4a’«* if a; = 0.

4. Mapping the Cold Plasma Metric to
a Black Hole Metric

We are in a position now to proceed towards a formulation
of the main results. A precise mapping (7, p) — (7, ) of the
plasma metric g4, in (39) with coordinates (7, p) to a J-T
black hole metric gy, given in (74) below, with coordinates
(t,7), is presented in (76). For a suitable dilaton field @, the
pair (gy,, ©) solves J-T field equations that involve a nega-
tive cosmological constant A that we express (interestingly
enough) in terms of y and & in the RNLS equation (2), §
there (as pointed out in the introduction) being the same
d in the cold plasma system (1). The Hawking black hole
temperature and entropy are also expressed in terms of y and
d, and in terms of the parameters «;, g, v, k that describe the
plasma density p,(x,t) in (18), and hence also the velocity
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u,(x,t) in (16). The mapping is used, moreover, to construct
an explicit dilaton field ®;,,,,, and we show that the pair
(Gpiasma> P plasma) 18 also a solution of the J-T field equations,
a solution in terms of Jacobi elliptic functions, which thus is
another extension of results in [1].

Two trivial corrections of errors in [1] are in order:

(1) On page 4 there, in the second equation for ds® in (28)
the dt* should read dr?.

(2) On page 10 the factor %P for s in (76) should read
-S/B
e P,

With (39) now established on solid ground, via the
assumptions (52), we first set up a critical change of variables
by which g,;5,,, assumes a considerably more manageable
form, a form which is a step away from a J-T black hole metric.
This key change of variables is given by

def ag B’
x = ——

s’ (p,x). (53)
From (22), (53)
22 B2
dx = WP« (sn cn dn) (p, k) dp,
4gd Bt
dx* = ao[i * (snzcnzdnz) (p,x) dp?,
Y
2 )
sn (p,K) = W’ (54)

2 i
K)=1—- —5——,
cn” (p, k) oy

dn® (p,x) =1- ol

ap
which by (39) gives for A(x) = A(p) with x, p related by (53)
2 dxz
= - . 55
9= AMdT - (55)

Plug the last three elliptic functions expressions in (54) into
(36). A modest amount of work renders the result

P 2 22,2 2
A(x) = Y’; - 2a§1<2+v— x+a0[3v +m
B 2 2y 8y
i (2
4B B

C2
+ 20K agx + —) (56)

8yp*

1
' (—4yx+ o + 4a2 B ) ’
which might be seen as limited progress, but the point is
the latter quotient term, which we denote by Q(x), very
fortunately by long division has a zero remainder. To see this,
note that

_ %
(—4yx + a3) <x+ 4)/>

2 x,x3
__4yx +(OC3—062)X+_,

4y
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where

o5 -, = k(a5 — &) (by equation (16))

= 4i? aO[S (by (17)) =

<2/32>( 4yx+a3)<x+2‘_;) (58)

-2«
_ % 2 2
= 2 + 200K agx + ——

/32’

which is precisely the numerator n(x)ofQ(x) since c? =

a, a0 by (16). However (again by (17)) a3 = a; + 4ag ° and
therefore we see also that

'“x)=(2ﬁ2)<

where d(x) is the denominator of Q(x)

)du) (59)

= Q) =

(a1/2/3’2)(x +ao,/4y) = 05136/2[32 + oclocz/Syﬁz, where
o0, = C—Z = c
T (0‘1 +4a3 3%) (60)

=aq [4{13[32 (1 - Kz) + (Xl]
(by (19)) leads to

X
Q=55 ﬁ
This expression substituted in (56) gives the useful result that
A(x) is simply a quadratic polynomial in x :

[4%[3 (1—K2)+(X1]. (61)

2yx° 22 %
A(): /32 —<2a01€ +?—2—ﬁ2
o 22 2 0BV
1
+ 4 1-x") 4oy | + (62)
(1 (1) e
via,  vC
+ =
8y 4P
with C given by (19), as usual.
Equations (55), (62) show that g4, has the form
g=- [Alx2 +Byx + C1] dr* + [Alx2 + Byx
+ C1]71 dx’
ef —2
for A, = ,BZY 0,
ef Vv (2%} (63)
Bl = 2a0 ? - 2_ﬁ2>
def — agﬁzvz va,

C = [ a B’ (1_K2)+‘x1]_

SVﬁ

# g (o [4aB (1) v o] (4" v ])™

2y 8y

Therefore since A, # 0, it follows directly that the change of
variables

d
rd s B, /2A, transforms g to the J-T Lorentzian form

> Bl ], .
Ion = — [AIT +C1 - E] dr
, (64)
+ dr .
Ar?+C, - B3/4A,
By (63), one can calculate that
B
C, -—Y
4A,
1/2
=1 /3 (oc1 [4%[3 (1 - Kz) +oc1] [4{13[32 +ocl])
(65)

~ aip*v* aoic ‘B2 aOK 22 B LY 432

2y 2y 4y 32)/

2 2 2,2 2
W 3 X aK”  ady

16y  32yp? " 4y 2y

Before we declare g;, to be an authentic J-T black hole metric,
we would first like to have that C; — B3/4A; < 0 since,
for example, we would look for an event horizon by setting

At +Cp - BY4A, = 0 : r = [-(C, - B}/4A,)[JA],
where already A, > 0 by definition (63), as y < 0. We saw
that A(p) was nonvanishing provided that v* was sufficiently
large; see the conditions in (52). Similarly we check that also
C, - Bf /4A, < 0 provided v* is sufficiently large; see the
conditions in (67), (73) below.

Note that k < 1 = 2«* + k* < 2+ 1 < 4, in particular.
That is

2(2-1") > k" = 8a; (2-#) > dapx’.  (66)

Thus if v* > 8a§(2 — %), then v* > 4a§1<4, which is the first
condition in (52). Suppose in fact that

A 8a§ (2 - KZ) + %. (67)
Then since y < 0,
22 222
(lﬂ)¢<<£é)@4@_ﬁ»
32y 32y
222
" (i) 6oy (68)

32y ) B
vial B vzagxzﬁ 3v%q
= + 5
2y 4y 16y



that is

Vigr valp? vzagxzﬁ 31/2041

32y 2y 4y 16y

<0. (69)

Therefore to insure that (C, —Bf) [4A, < 0in (65),itisenough
to require the condition

2

2 2.2
aktf 3ad wagk W

4yﬁ+ 2y 3y 4y 2y

on the remaining terms there, as one continues to keep (19)
in mind:

<0 (70)

a K 37 walk®  aal
s i W e T I Y
4ﬁ 2 R 4 2
happens in particular if
2 2
e 3a mg >0, 72)
4 322 2
which is automatic if ¢, = 0 :
30 2
V> [ Y: 2a0[3] , oq #0. (73)

With conditions (67), (73) in place to guarantee that C; —

B}/4A, < 0, we express g, in (64) as a J-T black hole metric
in the form

dr?

e (74)

Gon = — [m2r2 - M] dar’ +

form* = A, = 2y/B* > 0, M = —[C,
being a mass parameter given by (65).

We have noted that (67) implies, in particular, the first
condition v* > 4a§1€4 in (52).

The composite change of variables (7,p) — (1,x) —
(7, 7) therefore transforms the cold plasma metric g4, in
(39) to the black hole metric g, in (74). This composition is
immediately computed: (7, p) — (7, 7) where (by (53), (63),

- B}/4A,] > O, M

(22))
def B,
r=x+——
24,
def ap B’ 2 (px) + 2006 + V22 — oy 28 5)
y " —4y/p?
aZﬁZ aZﬁZKZ VZ 2 o
:0—[1_dn2(p’K)]_ 0 __ﬁ _1'
Y 2y 8y 8y
That is,
r=vy(p)
(76)

def aprdn’ (p, ) a0[3 [2 ] i3 —0‘1_
Y -8y
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Going back to (39) again, which we write as

B(p) , >
A"

def —4ag'xc?
) = e (

gplasma =A (P) dTZ +

(77)

B(p snzcnzdnz) (p,x),

we note that B(p) and y(p) in (76) are in fact related:

[V ()] =-B(p). 78)

a fact that will be useful later.
Gpn Solves the J-T field equations

R(g)+2A=0
(79)
V,V,® + Adg,; =0,

where A is a negative cosmological constant, ® is a dilaton
field, and the Hessian is given by

VA%

ivi= ax Ox; Z ’Ja (80)

for the (second) Christoftel symbols I‘f; of g. In the present
case (x,x,) = (7,r) and

2 dif 2y def 2y

A=-m E_((S—l)’

(81)
O (1,71) o mr

The equations of motion (79) are derived from the J-T action
integral

1

i (00) = 5 | dxifldetglo (R(9) +20) (52

for a two-dimensional spacetime M?* and a gravitational
coupling constant G.

For i = h/2m the normalized Planck constant, one has
the general formulas for the black hole Hawking temperature
T4 and Bekenstein-Hawking entropy Sg; [14]:

BZ
r hG Mzh_GJ (Cl__)
T T 4A

27T 27T B?
Sert = 76 VM = %J(CE)
1

(83)

In particular, Ty, and Sy are also expressed in terms of
solution data for the plasma system (1).

Given y, @ in (76), (81), define © by

plasma

(Dplasmu (T’ P) =0 (T’ 14 (P)) . (84)
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The Christoffel symbols for g, and gy, (in the form
expressed in (77) and (74)) can lge computed using Maple, for
example. The nonvanishing ones are given, respectively, by

L 147(0)

2 2A(>)]
2 _ LA A (p)
2 B(p)
2 _L[B) Alp)
2 2[B(p) Alp) ] (85)
1 —mzr
b= S
Flzl =- (—m2r2 + M) m’r,
2 mzr
b= S

By our notation/definition, A(p) = —m’y(p)’ + M =
A'(p) = —2m21//(p)1//'(p), which permits one to relate the
Christoffel symbols of g, and gy, in (85):

Iy (5.0) =Ty (1w (P) ¥ ()

17, (. v (p)) ¥/ (p)

2 _
1—‘11 (T’ P) - B (P) (86)

2 1B (p)
L, (7.p) = 2B(p)

the left hand side of these equations being the Christoffel
symbols of gpjaemq- Using the equations in (86), we can, in
the end, relate the Hessian acting on @ and @ in (84),
(81); see (80):

(Vlvlq)plasma) (T’ P) = (Vl VI(D) (T’ 4 (P))
(Vlvzq)plasmu) (T’ P) = (VIVZQ)) (r,r)=0
(VZVZq)plasmu) (T’ P)

=-B (P) (VZVZ(Dplasma) (T’ l// (p)) >

where for the last formula here we use (78) and its implication
2y (p)y" (p) = —B'(p).

Since the pair (g, ®) solves the J-T field equations
(79) (as we have noted, for the cosmological constant A =

—m? def 2y/B%), one concludes from (87) that the pair

(Gpiasma> P plasma) also solves the J-T field equations, where by
(76), (84) @ is given explicitly by
apdr (px) %f (2-)

Y 2y

+I, (my () ¥ (p),

plasma

(87)

plasma

(Dplasmu (T’ P) =m [

_8))

(88)

+

For convenience, we iterate that the plasma metric for the
dilaton field @ ;4 in (88) is given by (36), (39):

gplasma =A (P) de

[yl
for
A(p)
= 4al [—%4 (sn® cn?) (poxc) + g—;dnz (p, K)]
. 160, fxc*ag (sn* cn®) (p,x) + C*/° 00

8y [a) + 4agprdn’ (p.«)]

Va,  C

8y 4
C= oclm [4{13[32 (1 - Kz) +oc1]1/2 [4(13[32 +¢x1]1/2.

In the special, but important, case when the elliptic modulus
x is chosen to be 1, @ ;,,, in (88) reduces to the equation

q)plasma (T’ P)

282,12 2 2 PR -« 91)
=m[ao/3sec p ap (PP -a)
-y 2y -8y

and g,;45mqin (89) simplifies to
= A(p)d’®

(3t

g plasma
(92)

(tanhzsech4) (p)] dp’
for
Alp)
= 4a. 3 _a_g (tanhzsechz) (p) + v—zsechz (p)
0 2y P 8y P

16, Bag (tanhzsechz) (p)+C*/p? Va,
+ +— (93
8y [(Xl + 4al Bsech’ (p)] 8y )

4yp’
C=u (4a§ﬁ2 + 061)1/2,

by (22). Lastly as the only restriction on «; is &, > 0,

one can certainly specialize the choice «; = 0 in (91),
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in which case C = 0and A(p) in (92), (93) simplifies

to
Alp)
4 2 (94)
= 4a. —Z—(; (tanhzsechz) (p) + ;—Vsech2 (p) |-
Also for the choices @, = «; = 1 (relevant for the

plasma physics) we have noted in formula (26) the simpler
expression for the Gurevich-Krylov traveling wave solution
of the plasma density p, (x, t) (and hence of its velocity u, (x;, t)
by (16)) in terms of the hyperbolic secant.

5. Closing Remarks

The transformation formula (76) is the key connection
between the cold plasma metric g, in (39) attached to
the solutions (16), (18) of the magnetoacoustic system (1) and
the J-T black hole metric g, in (74), a connection nicely
facilitated by the general correspondence set up in Section 2
between solutions of (1) and of the resonance Schrédinger
equation (2). The dilaton field ® ., constructed in (88)
provides for a solution (g pjasma> P piasma) 0f the J-T field equa-
tions (79) (in terms of Jacobi elliptic functions), where the
cosmological constant A is negative and is expressed in (81) in
terms of the parameters y, § in the Schrédinger equation (2),
y being assumed negative (which was exploited in Section 2
in the aforementioned correspondence of solutions of (1) and
(2), and 6 > 1 being the same § in (1)).

The conditions established in (67), (73) insure positivity
of the black hole mass M in (74). In particular, the expressions
in (83) for Hawking temperature and entropy are meaningful.
However, one could relax these conditions and obtain, more
generally, by way of (76) a connection between cold plasma
and 2d black holes with a naked singularity (for M < 0)
and black hole vacua, with M = 0. It should be possible,
extending methods presented here, to construct additional
dilaton fields @ such that the pairs (gj55mq> P) also solve the
J-T field equations (79), this and other matters the author
could consider in future work.

The construction of the plasma metric (89), which even-
tually was transformed to the black hole metric (74), was
based on solutions of the RDS (5) generated by solutions
of the RNLS equation (2), or equivalently (as shown in
Section 2) by solutions of the MAS (1), given the general
prescription (6). Apart from the traveling wave, one-soliton
solutions of (2), or of (5), that arise here for x = 1, one could
consider multisoliton solutions as well. In Section 6 of [3],
Lee and Pashaev apply the Hirota bilinear representation to
construct, for example, an explicit two-dissipaton solution
of the RDS (5). This means that in principle one could
construct the corresponding constant scalar curvature metric
(again by way of (6)), attempt to diagonalize it, and map the
diagonalized form to a black hole metric. Obviously that task
would be more difficult than that which was dealt with here,
but it would be an extremely interesting, fascinating task to
pursue as it would likely provide insight, for example, on the
collision of black holes in the plasma, or possibly multi-black
hole solutions in J-T gravity.
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