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We study the existence of nontrivial solution of the following equation without compactness: (—A);u +|ulPu = flx,u), x € RY,
where N, p > 2, « € (0,1), (—A); is the fractional p-Laplacian, and the subcritical p-superlinear term f € C(RY x R) is 1-periodic
in x; fori = 1,2,..., N. Our main difficulty is that the weak limit of (PS) sequence is not always the weak solution of fractional
p-Laplacian type equation. To overcome this difficulty, by adding coercive potential term and using mountain pass theorem, we
get the weak solution u, of perturbation equations. And we prove that #; — uas A — 0. Finally, by using vanishing lemma and

periodic condition, we get that u is a nontrivial solution of fractional p-Laplacian equation.

1. Introduction

This article is concerned with the fractional p-Laplacian
equations

(A u+ " u=f(xu), xeRY, o)

where N,p > 2, ¢ € (0,1), and f satisfies the following
conditions.

(f) fe C(IRNX[R{),fisl-periodicinxi fori=1,2,...,N,

and
,t
lim f(x_l) =0,
|t| >0 |t|q
(2)
im fxnt = +00
lll—co |t|P

uniformly in x € R" for some g € (p, p’), where
Pa = Np/(N - ap);
(f,) f(x,t) = o([t|P2¢) as |t| — O uniformly for x € RY;

(f3) F(x,u) = (1/p)f(x,u)u — F(x,u) > 0ifu # 0, and
there exists ¢, > 0 and ¢ > max{N/ pa«, 1} such that

|f(x, u)|U <q [PV E (x,u), VxeRY, |ul > oo (3)

where F(x,t) = Iot f(x,s)ds.

The fractional p-Laplacian is defined on smooth functions by
(~A)% 1 (x)

Ju () = u ()] (u(x) - u(y))

|X _ y|N+ocp

= ZIimJ dy, (4
€=0 JRM\B, (x) » @

x e RY.

This definition is consistent, up to a normalization constant
depending on N and «, with the usual definition of the linear
fractional Laplacian operator (—A)* when p = 2. There is,
currently, a rapidly growing literature on problems involving
these nonlocal operators. This type of problem arises in
many different applications, such as continuum mechan-
ics, phase transition phenomena, population dynamics, and
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game theory, as they are the typical outcome of stochastically
stabilization of Lévy processes; see [1-9] and the references
therein. The literature on nonlocal operators and their
applications is very interesting and quite large; we refer the
interested reader to [4, 10-21] and the references therein. For
the basic properties of fractional Sobolev spaces, we refer
the interested reader to [22, 23].

The main purpose of this paper is to consider the
existence of nontrivial solutions for equation (1). Our main
difficulty is that the weak limit of (PS) sequence is not always
the weak solution of (1). To overcome this problem, we apply
the perturbation method [22, 24-26]. First, we consider the
perturbation equation by adding coercive potential term

(=AY u+ AV () [ulP 7w+ JulP P u = f (xu),

xeRN,

where A € (0,1] is a parameter and V(x) satisfies the fol-
lowing conditions:

(V) V € C(RY), infgnV(x) =V, > 0.

(V) meas{x € RY | V(x) < M} < +c0, VM > 0.

And we prove that the energy functional of (5) has the
geometry of the mountain pass theorem that it satisfies the
Cerami condition and finally that the obtained solutions {u; }
have the uniform bounds. Finally, we verify that u; — u as
A — 0 and u is the nontrivial solution of (1).

Now, we give the main result of this article.

Theorem 1. Suppose that (f,)-(f3) hold. Then (1) possesses at
least a nontrivial solution.

Remark 2. In order to get our result, there are mainly three
difficulties.

(i) The working space has not compactness.

(ii) The classical AR condition for the nonlinearity is not
satisfied.

(iii) If {u,} is a Palais Smale sequence of ® (see Section 2)
and u, converges weakly to 1, one can not obtain
that u, is a weak solution of the fractional p-Laplacian
type equation (1).

Notation 1. In this paper we make use of the following nota-
tion:

@G- ”P is the usual norm of the space LP(RN).

(ii) ¢, C and ¢, C; denote positive (possibly different)
constants.

(iii) We denote the weak convergence in X and its X* by

« »

—7” and the strong convergence by “—".

(iv) o(1) denote being infinitely small (possibly different)
when n — oo.
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2. Variational Framework

Before stating this section, we define the Gagliardo seminorm
by

([ B@-so) N

where u : RY — R is a measurable function. On one hand,
we define fractional Sobolev space by

Woc,p (RN)
7)
= {u eL? (RN) : u is measurable, [u], , < oo}
endowed with the norm
1/p
el = ([1, + Iull5) (8)
where
1/p
lull, = (J u ()| dx) , )
RN

Moreover, (1) is variational and its solutions are the critical
points of the functional defined in W*?(RY) by

) =~ [ull, + o Il - [ Fnwdx,
p R % RN (10)
Yu e W*P,

From (f,), it is easy to check that @ is well defined on
W*(R") and ® € C'(W*P(RY), R), and

<<D’ (u) ,v>

u(x)—u P2 u(x)—u vix)-v
_ LRN | W)l Tx ‘ y|N+agy)) ( 0 4y "

+ J |l uv dx - J f (e u)vdx.
RN RN

On the other hand, we consider the fractional Sobolev
space

X% = {u € WP . J V (x) |ul? dx < oo} (12)
RN
endowed with the norm

1/p
Il = e = (112, + [ VG ax) . 03)

We also need the following inner norm:

1/p
July = (112 +AJ V() lul? dx (14)
RN
and let X = (X%, - [l). Obviously, we have
Mull? < flullf < lull?; (15)

the two norms ||| and | - ||, are equivalent. Next, the following
lemma discusses the continuous and compact embedding for
X* < LI(R") forallq € [p, p’]. For the proof of the lemma,
it was proved in [27] in the case p = 2. For the general case,
the proof is similar. We give it here for readers convenience.
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Lemma 3. Assume that (V,) and (V,) hold. Then X* is
continuously embedded in L(RN) forall s € [p, p’:]. Moreover,

X* can be compactly embedded into L*(RN) for all s € [p, p’).

Proof. Let {u,} ¢ X* be abounded sequence of X such that

u, — 0 in X% Then, by Theorem 2.1 in [22], u,, — 0 in
L?OC(RN) for p < g < p;. We claim that
u, — 0 strongly in L? ([R{N). (16)

To prove (16), we only need to show that, for any & > 0, there
exists R > 0 such that

J |un (x)|P dx < e. 17)
RN\By
Set
Bp={x eR™ | |x| <R},
ARM) ={x e RV\ By |[V(x)2 M},  (18)
B(R,M) = {x € RV \ By | V (x) < M};
then
P V(%) p
J-A(R’M) |u, ()|" dx < JRN A ()| dx
, (19)
el

M

Now choose o € (1, p,/p) such that 1/o + 1/¢’ = 1; then we
have

J |un (x) |‘D dx
B(R,M)

1/o ,
S <J |”n (x)|p0 dx) (meas (B (R, M)))l/o (20)
B(R,M)

< C |Juy |2 (meas (B (R, M)))"/"".

Since IIuWIIf(,x is bounded and condition (V,) holds, we
may choose R, M large enough such that 4,15 /M and
meas(B(R, M)) are small enough. Hence, Ve > 0, we have

J |un (x)|‘D dx = J |un (x)lp dx
RN\By A(R,M)
(21)
+J |, (0)|F dx < &
B(R,M)

from which (16) follows.

To prove the lemma for general exponent g, we use an
interpolation argument. Let u, — 0 in X%, we have just
proved that u, — 0 in L?(RY). That is,

JRN |un (x)|P dx — 0, (22)

as n — 00. Moreover, because the embedding X* —

LP;(IRN ) is continuous and {u,,} is bounded in X%, we also
have

sup J |un (x)|p:‘ dx < oo. (23)
n JRN

Since g € (p, p,), there is a number A € (0,1) such that 1/g =
Alp+ (1= A)/p,. Then by Holder inequality

J |un (x)lq dx = J |un (x)|Aq |un (x)|1_Aq dx
RN RN

(24)
< ol ol — 0.
This implies #,, — 0 in LY(RY). O
From Lemma 3, there exists y, > 0 such that
lulls < pelull, Yu e X%, (25)

where [Jul|; denotes the usual norm in LY(RY) for all p<s<

P
Next, we define the energy functional @, on X“ by

1 1
® = —|lul)f + = P—J F(x,u)d
(1) pllullﬁpllullp . (x,u) dx

(26)
=0 (u) + A J V (x)ufdx, VYue X"
p Jr¥
We also need the following inner norm:
ol = (el + )" (27)
by Lemma 3, we have that the norms || - || and || - ||, , are

also equivalent. By (V;), (V,), the energy functional @, :
X% > R is well defined and of class C'(X%, R). Moreover,
the derivative of @, is

<(Dj\ (u), v>

- GO~ I () ~uGN @ =v0D),y 4

|x _ y|N+0¢p

+ AJ V () [ulP uvdx + j [ulP 2 uv dx (28)
RN RN

—J fu)vdx
RN

={(0" w),vy+ 1 V (%) |ul” > uvdx
(@ wyeaf,

forall u,v € X“.

In what follows, we give the vanishing lemma which is
introduced by Lion.

Lemma 4 (see [28]). Assume {u,} is a bounded sequence in
WP which satisfies

lim sup J | (x)|17 dx=0 (29)
Br(y)

k—+00 yeRN
for some R > 0. Then

Np

inLl, Vp<g< )
in p<q N-ap

uk—>0

(30)



3. Proofs of the Main Result

The proof of Theorem 1 is divided into several lemmas.
We show that the functional @, has the geometry of the
mountain pass theorem that it satisfies the Cerami condition
and finally that the obtained solutions have the uniform
bounds.

Lemma 5. Suppose that (V,), (V,), (f,)-(f3) are satisfied.
Then there exists p > 0, > 0, such that inf{®,(u) | u €
X% \lull = pt > n for fixed A € (0,1], where p and n are
independent of A.

Proof. For any ¢ > 0, it follows from ( f;) and (f,) that there
exists C, such that

If (c,s)| <elslP ' +CIs17", seR, xeRY, (31

where p < g < p;, and then
&€ P CE q N
|F(x,s)|s;|s| +—1s|?, seR, xeR". (32)
q

For p > 0, let
2, = {ue X | lul < p}. (33)

So, from the Sobolev inequality, one has

lj F(x,u)dx SEJ |u|de+gJ lu|Tdx
RN P JrN q JrN

(34)

Yp€ Yq e

e L flaell .
p
So one has, for u € BZP,
P P A P
D) (u) = [u] +— IIMII +—= | V() |ul"dx
p P Jr¥
- J F(x,u)dx
RN

(35)

A A Vo
Arge 42 j V ()l dx — 25 g
p P p Jry p

Yq e Yq €

ATV
= » lual? - el

since 0 < A < 1. Hence, by fixing ¢ € (0,1 /)Lyp) and letting

p > 0be small enough, it is easy to see that there is# > 0 such
that this lemma holds. O

Lemma 6. Suppose that (V,), (V,), (f)-(f3) are satisfied.
then there exists e € X* with |e|| > p such that ®,(e) < 0
for fixed A € (0, 1], where p is given by Lemma 5.

Proof. Using ( f,), we obtain there exists T > 0 such that

||P P

t T
F(x,t)> ——-—, teR, xecR". (36)
&€ &
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Next, for ¢ € CSO(RN) we have

JRN (;| Pt<P) J ol dx

This implies

. J F(xtg)
lim dx >
ltl—oo Jrn [t|P

for all € > 0. Since ¢ is arbitrary, by the above inequality, we
get

TP
: J dx. (37)
elt1” Jsupp(e)

J lo|” dx, (38)

lim J F(x’tq))dx=+oo. (39)
ll—co Jrv |t]P
Consequently,
O, (tp) 1 x,t9)
2L Lol s gl - [ E
1 P » J (x,t9) (40)
<= —dx
ol ol [
— —00

as |t| — +00. Hence, let ¢, be big enough and e = t,¢; then
we have @) (e) < 0; we complete the proof. O

Definition 7. We say that J satisfies Cerami condition in E, if,
for any sequence {u,} ¢ E such that

J (u,) — ¢,
, (41)
(1 + ”un”E)] (un) - O’

as n — 00, there exists a convergent subsequence of {u,,}.

Lemma 8. Suppose that (V,), (V) and (f,)-(f5) are satisfied.
Then the functional @, (u,,) satisfies Cerami condition.

Proof. Let {u,} be a sequence in X* so that

) (u,) — ¢
, (42)
(1 + "un”) (D)L (un) — 0.

We shall prove that {u,} contains a convergent subsequence.
(i) We claim that {u,,} is bounded in X*. Observe that for
nlarge

CA‘I'IZCDA(Mn)—

( ) Uy —J F(x,u,)dx. (43)

Arguing indirectly, assume by contradiction that ||u, || — oo;
then lu,l,, — oo.Setv, = u,/llu,ll; ,; then [Iv,ll,, = 1.
By Lemma 3, one has |v, |, < ysllvnll)hp =y, fors € [p, p).
Observe that from (42) and

/ Al 1P B f(xu, )V dx
CD)L (un) U, = “ n”}t,p <1 J[RN " " > (44)
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it follows that
[ L,
= a7,
Setforr >0
h(r) == inf {F(x, w) | xeRY, ueR with |ul > r}. (46)

f(xeu,)
=, T el @)

By (f3), h(r) > O for all ¥ > 0, and h(r) — +co asr — +oo.
ForO0<a<blet
Q, (a,b) = {x eRY |a< |un(x)| < b},

ﬁ >
c‘f:inf{ (xu)lxeRN, u € R with a < |u|

uP B (47)
5 b} .

Since F(x,u) > 0if u # 0, one has cg > 0and

F(xu, () 2 fu, 0)|F, VxeQ,(ab). (48)
It follows from (43) that
CA+1EJ F(x,un)dx+J F(x,u,)dx
Q,,(0,a) Q,(a,b)
+ J F(x,u,)dx
Q,,(b,c0) (49)
> J F(xou,)dx+c J |, |” dx

Q,(0,a) . (a,b)

+h(b)|Q, (b, +00)|.

Invoking (f3), set 7= po/(c —1)and 0 = 0/(0 — 1) = 7/p.
Since o > max{1, N/pa} one sees 7 € (p, p,). Fix arbitrarily
s € (1, p,). Using (49),

|2, (b, +00)| < (50)

1
h(b)
as b — +oo uniformly in n, which implies by Hoélder
inequality that

[l
Q,(b,+00)

T/s
SU mrdx] 1, (b, +00) 7 BV
Q, (b,+00)

1-7/s

<7 |Q, (b, +00)| —0

as b — +oo uniformly in #. Using (49) again, for any fix 0 <

a<b,
[ lax= e [l dx
0,(ab) leaally , 200t

(52)
g +1

A

asn — +00.

Let 0 < & < 1/3. By (f,) there is a, > 0 such that
|f(x,u)| < (s/yp)lulp for all |u| < a,; consequently,

J FCot) oy o J
0,0a) ub”

€
< — ||v,,||§ <e

Yp

— |v |P dx
. (0:a:) Vp
(53)

for all n. By (f3), (43), (51), and Holder inequality we can take
b, > r, large so that

J f(x’u )V‘Ddx
Q,(b,,+00)

1 'n
uy

o 1/o
([ i)
0 (borto0) |u,| "
1/0”
([ mrax) s
0, (B +00)
B 1o NS
< <J.RN oF (x,un)dx> (jRN v, dx)
1/t
(J |Vn|fdx> <
Q,,(be,+00)

for all n. Note that there is y = y(¢) > 0 independent of 7 such
that | f(x,u,)| < ylunllH for x € Q,(a,,b,). By (52) there is
ny such that

fou,) , J
———y,dx <
Jﬂn(as,be) p-l ¥

Uy Q,(ac,be)

vﬁdx <e (55)

for all n > n;. Now the combination of (53), (55), and (62)
implies that for n > n,

J f(x’ ”) vPdx < 3e < 1 (56)
RN

which contradicts (45). Hence {u,} is bounded in X*.

(ii) By (i), we can conclude that {u,} is bounded in X*.
Going if necessary to a subsequence, we can assume that
u, — uin X% From Lemma 3, we have u, — u in L*(R™)
forall p <'s < p;. By the boundedness of {u,} in LP(RYN), we
have

A= supJ- |u,,|F dx < o0. (57)
n RN
By Holder inequality and the above inequality we also have

A, = supj |un|p71 udx
n JRN
58
(p-D/p G8)
< sup (J |un|P dx) flull, < co.
n RN



Similarly,
Ay = supj lul? u, dx < oco. (59)
n RN

By (f1), (f,), for € > 0, there exists C, > 0 such that

If o)) <elt” +C 117", V(xt) e RV xR, (60)
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+ 1wl |u, — u|) dx<e (A1 +A,+ A,
# ) + 2C, (sup o7 + W) i, =
(61)

Since {u,} is bounded in LI(RN) and ¢ is arbitrarily small, we
have

[, Geow) = £ () (o, = ) dx — 0,

Then using Holder inequality we have (62)
asn — 0o.
[0 Gort) = £ (o) (= ) By (62) and
RN
e
< J [e(|un|p_1 + ulP™) ity =
RN
: (u, () — 11, () = () —u ()’
+C, (|un|q e |u|q_1)] |u, — u| dx B J | |x - }’|Nmp | dxdy (63)
< p P p-1
SJ[RN (Ja]” + 1l? + o, |7 N JV(x) 4, () () dx
+ |u|p_1 |un|) dx + C‘g ,[RN (|un|q_1 |un — Li| we have
<(D; (u,) — @) (), u, - u>
- p-2 - - - p-2 -
= J b () =, O (9 Tn (y))lml:;(x) wO) (b9~ () (u, (%) =1, (¥) —u(x) +u(y))dxdy
xX=y
+A J V (x) [|un|p72 u, — |ul?? u] (w, —u)dx — J (f (xu,) - f (x,u) (u, —u)dx (64)
_ _ _ p
>¢ J |04, 0 = 0, (7)) I\Eiix) u)| dxdy + Ac, JV (x) |u, —u|f dx - o (1)
=yl
> min {¢;, A6} |u, — u|f -0 (1),
where we have used the following elementary inequality: o=, ()= ;Ig }3}(?’1‘]@1 (y(®) > @, (0)
(lalP?a-b"?b)(a-b) 2cla-blf,  (65) =0,
(67)

where the constant ¢ is independent from the variable a and
b. Recall that u, — u, ®}(u,) — 0asn — oo; it is clear
that

<(D; (u,) - @) (), u, - u> — 0, asn— 00. (66)

From (64), (66), we have [u,, — ull — 0 asn — co. Therefore,
@, (u) satisfies Cerami condition. O

Since Lemmas 5-8 hold, the Mountain Pass Theorem [28]
gives that (5) has a nontrivial solution u, satisfying

@) (uy) =0,

where I' = {Y € C([0,1], X*) | ®,(0) = 0,®,(1) =e}ande
from Lemma 6.

Lemma 9. Let A; — 0 and {u} C E be a sequence of critical
points of ®, satisfying CD;Lk (u) = 0and @, (u;) < C for some
C independent of k. Then, up to a subsequence u;, — u in X“
as k — oo and u is a critical point of .

Proof. We first claim that {u;} is bounded in X“. Observe
that

1 ~
a, = Dy, (we) - ;CD’A,( () i = JRN F(x,u)dx  (68)
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Arguing indirectly, assume by contradiction that [u; || — oo;
then [lully, , — 00. Set v = wi/llully, 5 then [[vell, , = 1.
By Lemma 3, one has |vill; < y;lvilly,, = v for s € [p, py).
Observe that

f(eu)v,
0}, () wye = a3, (1 - JRN W:—lkdx .
Aop
it follows that

JRN S (xu) Yk gy = JRN f(x uk)vpdx _1

= Tk : (70)
lesells v

U
Setforr >0

h(r) = inf {ﬁ (x,u) | x € RY, u e R with |u| > r}. (71)

By (f3), h(r) > O for all ¥ > 0, and h(r) — +co asr — +oo.
For0 <a<blet

Qk(a,b)z{xe RN |a< |uk(x)| <b},

ﬁ )
Cg;:infiﬂlxeRN, u € R with a < |u|

uP (72)
< b]» .

Since F(x,u) > 0if u # 0, one has cf; > 0and

F(x,uy (x)) = cf e 0)|F, Vx e Q(ab). (73)
It follows from (68) that

a, = j F(x,uy) dx + J F (x,u;) dx
04(0.0) 0

k(‘hb)

+ J F (x,u;) dx
Q. (b,00) (74)

> J F(x,uy)dx+c J |oe|F dx
(0,) (ab)

+h (b) | (b, +00)| .
Invoking (f3), set 7= po/(c —1)and ¢* = 0/(c — 1) = 7/p.

Since o > max{1, N/pa} one sees T € (p, p, ). Fix arbitrarily
s € (1, p,). Using (74),

C/\k
n) — 0

as b — +oo uniformly in k, which implies by Holder
inequality that

|Qk (b, +OO)| <

(75)

J ve|” dx
Qy (b, +00)

T/s
< H |vk|sdx] 1 (broo) T 7O
Q. (b,+00)

1-1/s 50

<77 O (b, +00)]

as b — +oo uniformly in k. Using (74) again, for any fix 0 <
a<b,

J vl dax = ;p J Juel” dx
(ab) el I tan)

CAk

- s,

(77)
— 0

ask — +oo.
Let 0 < & < 1/3. By (f,) there is a, > 0 such that
[ f(x,u)| < (e/yp)lul‘t’f1 for all |u| < a,; consequently,

X, U
I it 71k)v£dxs I i|vk|de
0 0a)  ul %0a,) Vp

(78)

€ P
< il <

for all k. Obviously, by (31), there exists a constant C(k) > 0
such that

J & F (x,uy) dx < ZC'JJ |uay |P dx
RN P JrN

1 1) J q
+ol—+-)C, | dx
CO(p q RN|k|

2ceyh
p

1 1) a1~
+ -+ - u,||” < C (k)
o 5+ ) gl

(79)

< I”

””k

for all u;, € X*. By (f3), (68), (79), and Holder inequality we
can take b, > r large so that

f (%)

-1
Jok(bz,mo) ug

o 1/o

(o )

Q(borroo) |ug| "

1/c*

—

Qb +00)

_ 1/o . (p-1/t

S(J COF(x,uk)dx> (J vl dx)

RN RN

1/t
. (J |vk|fdx> <
Q (b, +00)

for all k. Note that thereis y = y(¢) > 0 independent of k such
that | f(x, uy)| < ylukl“’_1 for x € Ou(a,,b,). By (77) there is
k, such that

X, U

J f(_k)vpdxgyj
p-1 k

Oulab)  ul (b,

v,fdx

vl dx <& (s1)
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for all k > k. Now the combination of (78), (80), and (81)
implies that for k > k,
J f(x, te) pdx<3s<1 (82)
RN P o1

which contradicts with (70). Hence {1 } is bounded in X*. We
may assume up to a subsequence {u;} converges to u weakly
in X% By Holder inequality, we have

Ak J- V () [e|” 7 v dx
RN

<A | V@I gl Y Gon e v

(p-D/p (83)

<Ay “RN V (x) |uk|p dx]

1/p
H V(x)|v|pdx] — 0, ask — oo.
[RN

By the weakly continuity of ®' and (83), we have

<®' (u),v> = leIEO <®' (uk),v>

= lim [(®], (u).v)
(84)
- A I V (x) |uk|p_2 ukvdx]
RN

= —lim Ak J \%4 (X) |uk|P72 ukvdx =0
k—oo RN

for any v € X*. Hence, u is critical point of ®(u). O

Proof of Theorem 1. By Lemma 6, there exists a constant C >
0, independent of A, such that

—inf o) £)) < sup @, (tTu) < C.
ORI O S TS @y

Then, we can choose a sequence A;, — 0. Assume that {1} C
W®P is a sequence of critical points of @, . According to

Lemma 9, u is a critical point of ®(x) on W*?; it is suffice
to show that u # 0. Indeed, if u is vanishing, then

§:= lim sup J |ty (x)|F dx = 0. (86)
B,(y)

k—+00 e pN
By Lemma 4, we have
w, — 0 qu( ) forp<g<p,. (87)
By (f1), (f,), for € > 0, there exists C, > 0 such that
|f eow)u| < elulf +C, |ul?,

0= <®’Ak (”k) >“k>

= Juellep + Ae JRN V (x)uf dx

Advances in Mathematical Physics

- JRN f (x, “k) uy dx

2 utellep = Nl = Ce louel

2C ||”k||g = C [l
(88)

since ¢ is arbitrary small. Hence, we have [ul, > [C/

Cs]l/ @) 5 0. This conflicts with (87); thus u is nonvanish-
ing, § > 0. Therefore, by standard method, we can obtain
u # 0. The proof is completed. O
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