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1. Introduction

This paper studies the initial boundary value problem for the
following Kirchhoft-type wave system:

uﬁ—M(t)Au+j g, (t =) Auds + g (u,)
= f, (u,v)

Vi — M (t) Av + L gy (t—3s) Auds+ g(v,) = f, (u,v)

Copyright © 2017 Xiaoli Jiang and Xiaofeng Wang. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In recent years, the small initial boundary value problem of the Kirchhoff-type wave system attracts many scholars™ attention.
However, the big initial boundary value problem is also a topic of theoretical significance. In this paper, we devote oneself to the
well-posedness of the Kirchhoff-type wave system under the big initial boundary conditions. Combining the potential well method
with an improved convex method, we establish a criterion for the well-posedness of the system with nonlinear source and dissipative
and viscoelastic terms. Based on the criteria, the energy of the system is divided into different levels. For the subcritical case, we
prove that there exist the global solutions when the initial value belongs to the stable set, while the finite time blow-up occurs when
the initial value belongs to the unstable set. For the supercritical case, we show that the corresponding solution blows up in a finite
time if the initial value satisfies some given conditions.

u(x,t)=v(x,t)=0 onIj x[0,+00), (5)

where Q) is a bounded domain in R” (n = 1,2,3) with a
smooth boundary 0Q, g(u,) = |u,|P'u,, g(v,) = v, 7w,
M(r) is anonnegative C! function like M () = m0+(x(||Vu||2+
Vv, with my = 0, & >0, my +a >0, y > 0,and g,, g,:
R* — R%, fi(~): R* — R, i = 1,2, are given functions
which will be specified later.

t

0 @)

in Q x (0, +00),

1.1. Historical Research. Kirchhoff-type wave system with
@) nonlinear source and dissipative and viscoelastic terms have
various applications in the field of physics and mechanics,
which is the model to describe the motion of deformable
solids. A single Kirchhoft-type wave equation is proposed:

in Q x (0, +00),

u(x,0) =u, (x),

U, (x,0) = uy (x) (3)

v(x,0) = v, (x),

v (x,0) = vy (x) (4)

Uy, — M (||Vu||2) Au+ L gt —s)Auds+h(u,) ©

in 0, in Q x (0, +00),

= f ()
and (6) has its roots for the small amplitude vibrations of a
string when g = 0 and n = 1, but the tension of the string
can not be ignored (see, e.g., Carrier et al. [1]). While (6) is

in Q, used to describe the dynamics of an elastic string with fading


https://doi.org/10.1155/2017/1620417

memory when g # 0, this equation shows that the dynamic
equilibrium of the object depends on both the present state
of deformation and the history of the deformation gradient.
Pohozaev and Tesei [2] proved that the solution exists in time
if the datum satisfy an analytic-type condition for the case g =
0. This result of the case g # 0 was extended by Torrejon and
Yong [3]; they obtained the existence of weakly asymptotic
stable solution. Later, Munoz Rivera [4] showed the existence
of global solutions for small initial value and the exponential
decay of the total energy. Then Wu and Tsai [5] established
the global existence and energy decay under the assumption
g'(t) < —rg(t), h(u,) = —Au,. Recently, this decay estimate
was improved for a weaker condition on g'(t) < 0in [6].

Problem (6) is simplified to the following format without
viscoelastic term:

u, — M (||Vu||2) Au+h(u) = f(u) -

in Q x (0, +00),

and some results of (7) concerning global well-posedness
have been established in [7-11] for the case of M = 1. The
above problem without source and dissipative terms is called
Kirchhoft-type equation when M is not a constant function,
which was first introduced by Kirchhoft [12]; it describes the
nonlinear vibrations of an elastic string. up to now, there are
numerous results related to global well-posedness, including
global existence, decay result, and blow-up properties; we
refer the reader to [13-17].

Most recently Xu and Yang considered the initial bound-
ary value problem of the following equation in [18]; they gave
a blow-up result under supercritical energy:

t
Uy, — Au+ L gt —1)Au(r)dr — Au, — Auy, + u, )

= |u|‘D_1 u.

Wave system such as (1) and (2) goes back to Reed [19]
who proposed a similar system, but it does not contain
M(t) = my + a([Vul® + [[Vv]*)? and the viscoelastic terms

_[Ot g,(t—s)Auds, _[Ot g (t—s)Au ds. Subsequently, concerning
blow-up and nonexistence, results in wave systems were
discussed. Agre and Rammaha [20] studied the following
concrete system:

-1
Uy — Au+ |”t|m u, = f, wv), ©)

Vg — Av+ |vt|r71 v, = fo (u,v),

inQ ¢ R"x (0,T) (n = 1,2,3) with initial and bound-
ary conditions of Dirichlet type, where f;(u,v) and f,(u,v)
satisfy (A1) and (A2). They obtained several results concern-
ing global well-posedness of a weak solution and showed
that any weak solution blows up in finite time at negative
initial energy. Afterwards, Alives et al. made further efforts
as regards (9) in [21]. They obtained the global existence,
uniform decay rates, and blow-up of solutions in finite time
by involving the Nehari manifold when the initial energy
is nonnegative and less than the mountain pass level value.
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And this blow-up result was improved by Said-Houari [22]
when the initial data are large enough. In [23], Rammaha
and Sakuntasathien studied a more general case of (9) by
degenerating damping terms. Several results on the existence
of local and global solutions as well as uniqueness are
obtained by considering the constraint on the parameters of
the system. Furthermore, they proved that the weak solutions
blow up in finite time whenever the initial energy is negative
and the exponent of the source term is more dominant
than the exponents of both damping terms. Moreover, many
studies of the global well-posedness for wave systems with
dissipative terms have been researched in [24-28].

Wave systems with viscoelastic terms and dissipative
terms have not been fully studied. In [29] the following
coupled nonlinear wave equations with dispersive terms,
viscoelastic dissipative terms, and nonlinear weak damping
terms are considered:

t
U, — Au—eAu,, + L g(t—s)Au(s)ds+ |ut|m_1 u,

= f1 (W),
(10)

t
Vi = Av = fAvy + J h(t=s)Av(s)ds+[u| v,

= f, (u,v).

A global nonexistence theorem for certain solutions with
positive initial energy is proved. Reference [30] further
considered a fourth-order wave system similar to (10). In that
case, the energy increases exponentially when time goes to
infinity and the initial data are large enough.

Recently [31] considered a system of two coupled wave
equations with dispersive and strong dissipative terms under
Dirichlet boundary conditions:

|t gy — D~ Dty = Dy = f (u,v),

' (11)
|Vt|1 Vg —Av—Av, — Av, = f, (u,v),
where

fi @ v) = —alu+v 2 w+v) = blul* 2 "y,

fo ,v) = —alu+ v (w+v) = b2 [,
12
r>2 ifn=12 (12)

2(n-1
2<r< L if n > 3.

The global existence of weak solutions and uniform decay
rates (exponential one) of the solution energy were estab-
lished.

Many researches considered the initial boundary value
problem with global existence and blow-up of solutions for
the nonlinear wave equations as follows:

t
Uy — Au+ JO gy (t—35)Auds + g (u,) = f, (u,v)

in Q x (0, +00),
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t

vy — Av+ J-o g, (t—35)Auds+ g(v,) = f, (u,v)

in Q x (0, +00),
(13)

where Q) is a bounded domain in R” (n = 1,2,3) with a
smooth boundary 0Q2. When the viscoelastic terms g; (i =
1,2) are absent in (13), [20] showed local and global existences
of a weak solution that any weak solution blows up in finite
time with negative initial energy as the same way used in [22].
Later, Said-Houari extended this blow-up result to positive
initial energy. At the same time, Liu [32] studied the following
Cauchy problem for the coupled system of nonlinear Klein-
Gordon equations with damping terms:

in R” x (0, +00),
(14)
in R” x (0, +00),

wy — A+ u+pu, = v ul

Ve —Av+ v+ v, =l [v|"*

and the existence of standing wave with ground state was
stated and a sharp criterion for global existence and blow-
up of solutions when E(0) < d was established. The author
introduced a family of potential wells and the invariant sets
and vacuum isolating behavior of solutions for 0 < E(0) <
d and E(0) < 0, respectively. Furthermore, he proved the
global existence and asymptotic behavior of solutions when
the condition is 0 < E(0) < d. Finally, a blow-up result with
arbitrarily positive initial energy was obtained.

Conversely, in the presence of the memory term (g; #
0, i = 1,2), some results related to the asymptotic behavior
and blow-up of solutions of viscoelastic systems were dis-
cussed. For example, [33] studied problem (13) with g(u,) =
—Au, and g(v,) = —Av, and obtained the fact that the decay
rate of the energy function is exponential under suitable
conditions on the functions g;, f;, i = 1, 2, certain initial data
in the stable set. On the contrary, when the initial data is in the
unstable set, the solutions blow up in finite time under posi-
tive initial energy. For g(u,) = |u,|" 'y, and g(v,) = |v,|"'v,,
[26] established local and global existence as well as finite
time blow-up (the initial energy E(0) < 0). The latter blow-
up result has been improved by [29] by considering a class of
positive initial data. On the other hand, Messaoudi and Tatar
[34] considered the following similar wave equations without
considering coupling coeflicient of Au and Av:

t
Uy, — Au+ L g, (t—s)Auds+ f, (u,v) =0

in Q x (0, +00),
(15)

t
vy — Av+ L go(t=s)Auds+ f, (u,v) =0

in Q x (0, +00),

where the functions f, and f, satisfy the following assump-
tions:

f(u; V) < d(|u|ﬁ1 + |v|ﬁz),

(16)
h(wv) <d(jul® + vf),

and for some constantd > Oand 1 < 3; < n/(n-2), i =
1,2,3,4, the solution goes to zero with an exponential or
polynomial rate which depending on the decay rate of the
relaxation functions g;, i = 1,2 was obtained. This result
was improved in [35] to weaker conditions on the relaxation
functions and more general coupling functions.
Additionally, Liu and Wang [36] considered the following
nonlinear hyperbolic systems with damping and source terms

uy = (a+bIVul® + b |VVI*) Au+ g () = f (w),

in Qx(0,T],
17)
v = (a+ b IVul* + b |VVI*) Av+ g (v,) = h(v),

in Qx(0,T].

The author defined potential well and the outer manifold of
the potential well associated with system (17) and got the
global existence in the case of E(0) < d,/2 and discussed the
global nonexistence of solutions for problem (1)-(5) in the
case of E(0) < 0 and E(0) < C, on page 88 of [36]. In [37],
(1)-(5) was considered with M = 1 and without imposing
the memory terms (g = h = 0). The rate of decay of the
exponential or polynomial energy of the damping terms was
obtained.

Recently, Wu [38] considered the initial boundary value
problem for system (1)-(5) with M(t) = m, + a([[Vul® +
[Vv]?)Y. The assumptions for problem (1)-(5) are as follows:

(A1) The nonlinear source terms f; (1, v), f,(u, v) satisfy

h= ?)_Z =(m+1)
. (a [+ v[™ 7 (e v) + b | I D2 )
) (18)
fa= a—lj =(m+1)

, (a lut+ V™ () + b || 32 gy D2 v)

>

where F(u,v) = alu+v|™" + 2b|uv| "™ V% with a, b >
0.

(A2) M(s) is a nonnegative C' function for s > 0 satisfying

Y
M (s) = my +a ([Vul® + |Vv]*),

(19)
my=2m;, >0, y>0.
(A3) The nonlinearity of m, p, g satisfies
m>1, ifn=12
(20)
orl<m<3, ifn=3,
pgq=1, iftn=1,2,
(21)
orl<pg<5, ifn=3.



(A4) For s > 0 the relaxation functions g, and g, are of
class C" and satisfy

g1(5)20>
mO—J g1 (s)ds=1>0,
0

g, (s) 20,
(22)

mO—J go(s)ds=k >0,
0

g, (s) <0,
g; (s)y<o.

The solutions are global in time when the functions g,, g,,
and f;, i = 1,2, satisfy suitable conditions and certain initial
data is in the stable set. The author established the rate
of decay of solutions by a difference inequality given by
Nakao [39] and intended to study the blow-up phenomena of
problem (1)-(5). The blow-up of solutions when the energy
is negative or subcritical case was proved by adopting and
modifying the methods used in [29]. In this way, the above
results in [38] allowed a bigger region for the blow-up results
and improved the results of Messaoudi and Said-Houari [29].
More specifically, the decay result in [38] extends the one in
(16, 37] to problem (1)-(5), where M is not a constant function
and the equations considered in [38] have more dissipations.

1.2. Unsolved Problems. It is well known that in the absence
of the nonlinear source term the damping term ensures
global existence. In addition, without the dissipative term, the
nonlinear source term causes finite time blow-up of solution.
Moreover, the viscoelastic materials possess a capacity of
storage and dissipation of mechanical energy; therefore, it is
interesting to investigate the well-posedness of solution for
the viscoelastic equation with dissipative term and nonlinear
source term.

We can see that problem (1)-(5) contains system (9) (M =
1, g, = g, = 0), systems (10), (13), and (15) (M = 1), system
M) (G =0 M=1,g =g, =0),and system (17) (y =
1, M =1, g, = g, = 0) as special cases. In fact, the visco-
elastic terms change the frame of the equations comparing
without those viscoelastic conditions, which makes the struc-
ture of the equations and solutions more complex and which
also makes energy decay faster. So the classical methods
can not be applied to investigate properties of solutions.
Therefore, much less is known for (1)-(5) with viscoelastic
terms. We can note that in all of the above studies except
[38] only the global well-posedness of solutions was proved
in a relatively rough variational framework, but the global
existence and finite time blow-up for problem (1)-(5) at the
other initial energy levels have not been discussed yet. The
global existence and blow-up results in [38] are under the
assumption of negative initial energy E(0) < 0 or E(0) <
E, =((m-1)/2(m+1))(1/n(m+ 1))¥™D n other words, to
our knowledge there are no results on global well-posedness
of solutions to the initial boundary value problem for a
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couple of nonlinear wave equations with coupling coefficient
M(t) = my + a(IVull* + |[V¥]*)? of Au and Av, viscoelastic

terms L; g:(t — s)Auds, Iot go(t — s)Auds, and nonlinear
weak dissipative terms [1,* 1, |v,|""'v,. It is natural to ask
a question of how the solution behaves for problem (1)-(5),
which is what we want to deal with in this paper. Moreover,
regarding the initial energy level, the present paper is also
a comprehensive study for low energy case and high energy
situation. To our knowledge this is the first try to consider this
problem. The most attractive one is that we attain a blow-up
result with arbitrary positive initial energy for a wave system
of Kirchhoff type.

By reviewing above known results and also [19-38], we
will face the fact that the following unsolved problems arise
naturally. Firstly, from [38] we know the global existence for
the definitely positive energy, but we know less for the initial
energy which may be negative. Secondly, for general initial
energy, which means the initial energy is not necessarily
definitely positive, what will happen for the solution when the
initial energy E(0) < d or E(0) > d?

We restricts our attention to considering the global
existence and blow-up at two different initial energy levels.
Since the initial energy level plays a crucial role in dealing
with the well-posedness of problem (1)-(5), the two cases are,
respectively, tackled with different tools. For the subcritical
case E(0) < d, there have been many tools tackling the hyper-
bolic problem without viscoelastic terms in [16, 17]. We may
refer the tools to deal with (1)-(5) with viscoelastic terms. By
the well-known works [40-44], we see that the supercritical
case E(0) > d is not easy to deal with. Filippo and Marco
[45] made the initial attempt to consider the global well-
posedness of hyperbolic problem at high initial energy level
Uy — Au — wAu, + pu, = |ulP*u. However, they focused on
particular source term |u|? ~14, and our work is on the visco-
elastic terms condition and the complex source term f, (i, v),
f,(u,v). Based on the general comparison principle in [9],
we try to resolve the above open problems with variational
methods. In this paper, we consider the initial boundary value
problem for system (10) with e = f = 0 and the nonlinear
source terms, coupling coefficient M(s), the nonlinearity of
m, p,q, and the relaxation functions g, and g, satistying
the assumptions (A1)-(A4), respectively. In addition, we
consider nonlinear damping terms of the form |u,|* 1, and
[v,""'v, as in the first equation and in the second equation of
(10), respectively.

1.3. The Main Results and Organization of the Paper. In this
paper, we mainly discuss the following problems.

(1) Case E(0) < d: different from the method applied in
[38], we introduce a family of potential wells to obtain
the results: invariant sets, global existence, and finite
time blow-up.

(2) Case E(0) > d: we obtain the finite time blow-up of
solutions for problem (1)-(5) whose initial data have
arbitrarily high initial energy.

We can summarize our main conclusions in Table 1 and
use the question mark “?” to indicate the open problem.
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TABLE 1: Main results.

Main results

Initial data Global existence Blow-up
E0)<d Theorem 10 Theorem 14
EQ)>d ? Theorem 18

The organization of the paper is as follows.

In Section 2, we introduce some notations, assumptions,
and preliminaries.

From Sections 3-5, we prove the main results.

2. Notations and Primary Lemmas

In this section, we shall give some lemmas and some nota-
tions which will be used throughout this work. We use the
standard Lebesgue space LP(Q)) and Sobolev space Hé(Q)
with their usual norms and products as follows:

leelley = Nl

el 20y = llull s

(u,v) = j uvdx,
Q

max {l},k;},

I g (9)ds (23)
0

m

L

k, = L g, (s)ds,

y+1
B =(Ivul® +vvI*)",

(ged) () = L g(t—ys) L 6 (s) — ¢ ()] dx ds.

We will use the embedding Hé(Q) — LP(Q)for2<p<
2nf/(n—2),ifn > 30or2 < p,if n = 1,2. In this case, the
embedding constant is denoted by c,; that is,

lleell, < ¢, [Vl (24)
From assumption (A1) one can easily verify that
uf, (u,v) +vf, (u,v) = (m+1)F (u,v). (25)

Moreover we have the following result. Note that the follow-
ing conclusion (Lemma 1) was assumed throughout many
papers (see [16-31, 33, 34]); however in our opinion we think
this conclusion is a deduction of assumption (Al). Thus we
present this conclusion as follows and similar proof can be
found in [29].

Lemmal. There exist two positive constants ¢, and c, such that

C() (|u|m+l + |V|m+1) <F (l/l, V) < C] (|u|m+1 + |V|m+1) ,
(26)
YV (u,v) € R

Proof. We can see that taking ¢; = 2" a+b then the right-hand
side of inequality (26) is trivial. For the left-hand side, the
result is also trivial if u = v = 0. If, without loss of generality,
v # 0, then either |u| < |v| or |u| > |v|.

For |u| < |v|, we have

m+1 (m+1)/2
Fuv) = o™ <a|1+3‘ +zb|’il ) 27)
v v

Consider the continuous function
j(s)=all+s™ +2b)s|"™V2 ) se[-1,1].  (28)

So min j(s) > 0. If min j(s) = 0 then, for some s, € [-1,1],
we have

m+1

j(so) =all+s)|" +2b |so|(m+l)/2 =0. (29)
This implies that |1 + sy| = |sy| = 0, which is impossible. Thus

min j(s) = 2¢, > 0. Therefore

F(u,v) = 2¢, V™" = 2¢, |ul™" . (30)
Consequently,
2F (u,v) = 2¢, (|v|m+1 + |u|m+1), (31
and then
F(u,v) 2 ¢ (o™ + [u™"). (32)

If [u| > |v|, similarly we have
F(u,v) > ¢ (Jul™" +v/™"). (33)

This leads to the desired result and completes the proof of
Lemma 1. O

As in [29], we still have the following results.

Lemma 2 (see [29]). Suppose that (20) holds. Then there exists
a positive constant > 0 such that, for any (u,v) € Hé(Q) X

H,(Q), one has

m+1 (m+1)/2

+2 ||1,w||(m+1)/2

llee + vl

(m+1)/2 (34)

< (11vul’® + kIVvI?)

We also need the following technical lemma in the course
of the investigation.

Lemma 3 (see [29]). For any g, € C! and ¢ e HY0,T), one
has

-2 Jot JQ g(t —s)dp,dxds

d t
-2 (@9 0-[ s astol )+ ler

-(g'-¢)®,
where (g o ¢)(t) = jot gt =) [ 16(s) - p()*dx ds.



Now, we are in a position to state the local existence result
to problem (1)-(5), which can be established by combining
arguments of [15, 17, 20, 26].

Theorem 4 (local existence). Let (1, vy) € Hy(Q) x H, ()
and (uy,v,) € L2(Q)xL*(Q) be given. Assume that (A2)-(A4)
are satisfied. Then there exists a couple solution (u,v) of
problem (1)-(5) such that

wv e C([0,T], H* (Q) x H) (Q)),
u, € C([0,T], Hy () n LF™ (), (36)

v, € C([0,T], Hy (@) L' (Q),

for some T > 0.

Remark 5 (see [46]). Condition (Al) is necessary to guar-
antee the hyperbolicity of the equation in (1) and (2) and
condition (21) is needed to establish the local existence result.

Next for problem (1)-(5) we introduce potential energy
functional:

E({)=Eu,v)
1 1 1
=3 "“t”2 + 5 ||Vt||2 + 5 (my = 1,) IVl

o

2
(mO - kl) ”VV” + P ()/ N 1) (37)

+

N | =

# 2 (g1 V) O+ 5 (922 9) (0

N | —

- J F (u,v)dx.
Q
Potential energy functional:
J (@) =] (u,v)

1 1
= 5 (mo = L) IVull* + 5 (mq = k) 19V

aff 1 (38)

+2(y+1)+5(g1°vu)(t)

+ % (gp o Vv)(£) - L F (u,v)dx.

Nehari functional:
I(t)=1(u,v)

= (my = 1) IVul® + (my = k,) |Vv])* + a8

+(gy o Vu) () + (g, 0 Vv) (1) (39)

-(m+1) LF(u,v)dx.
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For the definition of F(u, v) please see assumption (Al) in the
beginning of this paper. Moreover we introduce the potential
well (stable set)

W = {(u,v) € Hy (Q) x Hy (Q) | I (u,v) > 0}
(40)
U {(0,0)},

and the outer space of potential well (unstable set)
V ={(u,v) € Hy (Q) x Hy (Q) | I (w,v) <0} (4D)

Moreover we define

d= sup J (Au, )Lv)) , (42)

mn
(u,v) €Hg (Q)xHg (\{(0,0)} < 20

or equivalently

4= o T, (13)

where 4 = {(u,v) € Hy(Q) x Hy(Q) \ {(0,0)} | I(u,v) = 0}.

Lemma 6 (depth of potential well). The depth of potential
welld = (m - 1)(my, — m)/2(m + 1))((my — m;)/c;(m +
1C™ XM=V where ¢, is defined in (26) and C, is the best
imbedding constant from HS(Q) into L™(Q).

Proof. From the definition of d, we have (u,v) € J//; that is,
I(u,v) = 0. Then on the one hand from Lemma 1 we get

(mg = 1) IVul® + (my = k,) |VV])* + a8
+(gy o Vu) (1) + (g, 0 Vv) (1)

“(m+1) L F (u,v) dx (44)

1 1
< ¢ (m+ 1) (lulljyy + Ivie:)

1)/2
<o (m+ 1) C (Ival? + vv?) "

Notice that, from assumption (A4) and the definitions 3 and
my, we have

(my —my) (IVul® + 1Vv])

(m+1)/2 (45)
m+
< ¢ (m+1)CI (IVul® + Vv]?) ;
that is
_ 2/(m-1)
IVul® + |Vv)* = (—mO ! ) . (46)
¢ (m+1)Cmtt
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On the other hand notice I(u, v) = 0; moreover by virtue
of (38), (39), and (78), we get

J(w.v) = <%_ mi—l)

((mg = L) IVul® + (my — ky) VY1)

(s me1) G

(g WO+ (5 —=) (@M ©
1 1
+m+11(u’v)2<5_m+1) “7)

((mg = 1) IVull® + (my — ky) IVV])

1 1 2 2
= (E Cm+ 1>(mo -m) ("V”" IVl )

2(%_mi—1>(m0_ml)

mg — m, 2/(m-1)
'<c1(m+1)c;"+1> ’

and hence we have d = (1/2 — 1/(m + 1))(m, — m,)((m, —
my) /¢ (m + I)CT”)Z/(m—l)‘ -

Lemma 7 (nonincreasing energy). Let (u,v) be a solution of
problem (1)-(5); then E(t) is a nonincreasing function fort > 0;
that is,

d 1
SEO ==Ll Il + 3 (o1 - vu) @
+

(6329 O - S0 @IVl @8)

RO = R

g @O IVvI* <0, Vt>o0.

Proof. Multiplying (1) by u, and (2) by v,, integrating them
over (), and then adding the results together and integrating
by parts, it follows that

d (1
dt (5 <||ut||2 + vl + (1vul? + 19v1?)

e S (a9 ) - [ Fnax)
y+1 Q
(49)
P+l

t
=l - Il + |, [ a9 vue

t

-Vu,dxds + J

j g, (t =) Vv (s)- Vv, dxds.
0 Ja

Exploiting Lemma 3 on the third term and the fourth term
on the right side of the above equality, we can obtain (48) for
any regular solution. O

3. Global Existence under the Case E(0) < d

Now we give the following definition of weak solution for
problem (1)-(5).

Definition 8 (weak solution). A function (u,v) is called
a weak solution of problem (1)-(5) on Q x [0,T], if it
satisfies (u,v) € L™ ([0, T],HS(Q) X Hé(Q)) with (u,,v,) €
L™ ([0,T], L*(Q) x L*(Q)) n L=([0, T], L™ (Q) x L™ (Q))
and

(up @y) - Lt ((mo +a (||Vu||2 + IIVVIIZ)Y) Au, wl) dr

- r Jagl (0 -1)(Vu(r),Vw,) dr do

0Jo

t -1 t
+ L (Jue™ 0, ) d = L (fy wv),w)dr

+(upp @), Vo € Hé Q),
(50)

(vppw,) — Lt ((mo +a (IIVu||2 + ||Vv||2)y) Av, wz) dr

- r Ja 92 (0= 1) (Vu (1), Vw,) drdo

0Jo

+ L ([v|™" v, ) dr = L (f, (u,v),w,) dr
+(vpw,), Yo, € Hy (Q),
with
u (0, x) = uy (x),

u, (0,x) = uy (x),
(51)
v(0,x) = vy (x),

v (0,x) = vy (x).

Lemma 9 (invariant set W). Let (1, v,) € Hy(Q) x H)(Q),
(uy,v) € L2(Q) x L*(Q), and (A1)-(A4) hold. Then all solu-
tions of problem (1)-(5) with E(0) < d belong to W, provided
(g, vo) € W.

Proof. Let (u(t), v(t)) be any local weak solution of problem
(1)-(5) with E(0) < d and (uy,v,) € W and T be the
existence time of (u(t), v(t)). Then it follows from Lemma 7
that E(u(t), v(t)) < E(0) < d. Thus if suffices to show that
I(u(t),v(t)) > 0for 0 < t < T. Suppose that there exists
t, € (0,T) such that I(u(t,), v(t,)) < 0. From the continuity
of the solution in time, there exists £, € (0,T) such that
I(u(t,),v(t,)) = 0. Then from the definition of d we have

d<J(u(t,),v(t,))<E(u(t,),v(t,)) <E©) <d, (52)
which is a contradiction. O

Then we give the global existence of solutions for problem
(1)-(5) with low initial energy level E(0) < d.



Theorem 10 (global existence when E(0) < d). Let (uy, v,) €
Hy (Q)xHy(Q), (4, v;) € LA(Q)xL*(Q), and (A1)-(A4) hold.
Assume that E(0) < d and (u,,v,) € W. Then problem (1)-(5)
admits a global weak solution u(t), v(t) € L™ (0,T; Hé(Q)),
u, (), v,(t) € L® (0, T; L*(QY)), and (u,v) € W for 0 < t < oo.

Proof. Let{w;} beabasisin H, (Q) given by the eigenfunction
of the operator —A and it constructs a complete orthogonal
system such that IIa) | = 1 for all ] Then {w } is orthogonal

and complete in LZ(Q) and in H (Q). Let V be the space
generated by {w,,w,,...,w,,}, m € N. Construct the
approximate solutions of problem (1)-(5):

u,, (x,t) = Zg]-m (t)wj (x), m=12,...,
i=1
J (53)
Vp (6,8) = Yy, (Hw; (x), m=12,...,
=1
satistying
(umﬁ(ﬂ,w)+((n%—ra(uvum"2+”V%ﬂW)V))Vw)
_ Lt g, (t = 1) (Vu,, (1), Vo) dr (54)
+ (|umt|P_l umt’ w) = (fl (umt’ th) ’ w) >
YweV,,
(Ve (1), 0) + ((mo +o (||V“m||2 + ||va||2)V),Vw)
t
_ L g, (t—71) (v, (1), Vo) dr (55)
+ (lvmt|q mt’ ) (fZ (umt’ th) w)
Yo eV,
u,, (0) = uy,, = Z (uo,wj)wj — u, in Hé Q),
i=1
J (56)
Y, (0) = vy, = Z (vo,wj)wj — v, in Hé (Q),
=1
U, (0) = uy, = Z (ul,wj)wj — u; in L*(Q),
=1
’ (57)
Ve (0) = vy, = Z (vl,a)j)wj — v, in L*(Q).
=1

Multiplying (54) and (55) by g_, (t), k., (t), respectively, and
summing for s and adding these two equations, we can
deduce

DB G (0,1 0) = 1 (5] = Vi) (O~ 2

=30 O [7u,[

Advances in Mathematical Physics

(g2 o Vv )(t)

(t) vamnz - ”thngi .

1
"2
1
2

(58)

Integrating the above equation with respect to t, we have
p+l 1 2
E, )+ "”mr' pi1 T Egl (1) "v”m"

1
_E(g;ow )(T))dﬂj (e

(59)
+ %gz @ [Vl - % (g Vv,,) (r)) dr
= E,,(0),
where
E, (t) = llumtll *3 || Vel 45 (mo_l [V,
3 Omo =) 7 + 55
2 (0o Vi) O+ 3 (Go V) 0 (60)

V) X

e

= =l + vell*) + 7 (et )

m»—

From (1, vy) € Hy(Q) x Hy(Q), (56), and (57) we get that as
m — 0o

e O = Jaus ]}
[V @ = [l

[Vis, O — [Vasoll,

(61)

1V O] — V%] -

Therefore we have E, (0) — E(0) as m — 0. Then for suffi-
ciently large m we have

1 2 2 t
3 (ol ) 7 i) + | (el
1 > 1,
+59:(7) Vet - 3 (91°Vu,) (T))dr
(62)

t
1
# | (el + 302 @ v,
!
2

(g2 oVv )(T))d‘[ <d.
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Note that

Jwv) = <§_ mi—l)

((mg = 1,) [Vul® + (my

o o 1 1
+<2(y+1)_m+1>ﬁ+<§_m+1) (63)

1

1
(W04 (5- =) (@ ©

—ky) IVv]?)

Hence, from (62) and (63), we get

3 il 1)+ (525 - 25 )

2(y+1) m+1

+ ! v)+(1 ! )
m+1 ™" 2 m+1

64
(o~ 1) P + Gy ) o) Y
1 1 1 1
+<E_ m+1>(g1 oVum)(t)+<E— m+1>
(gy 0 Vv,,) () < d.
By (uy,vy) € W and
% ([t O + [V OF) + T (s, (0) v, (0)) .

= E, (0),

taking into account (56) and (57), we can get (u,,,(0), v,,,(0)) €
W for sufficiently large m. From (62) and an argument similar
to the proof of Lemma 9 we can prove that (u,,(t), v,,(t)) € W
for 0 < t < co and sufficiently large m. Thus (64) gives

1
ol bul?) + (50555 - 7 )
1 1
* (5 B m + 1)
66
(g 1) [t + (g — Ry) [V ) o

+<%_ mirl>(g1 oVum)(t)+<%— mil)
(gyoVv,,) ) < d,
for sufficiently large m and t € [0, 00). Inequality (66) gives
u,, and v,, are both bounded in L™ (O, co; H, (Q)) , (67)
u,, and v,, are both bounded in L™ (0, 005

(68)
L’ (Q).

9
Furthermore, according to (68), the following results hold:
[t ~'u,, is bounded in L™ (0, 00; L" (Q)),
L (69)
where r = P+ R
Ve ™" Ve is bounded in L (0, 005 L™ (Q)),
, (0)
where r = 47 ,
q
m—1 m—1
[u,|™ u,, and |v,,]
-v,, are both bounded in L™ (0, 00; L' (Q2)), 71)

m+1
where ¥ = ——.
m

Hence integrating (54) and (55) with respect to ¢, for every
S€ Hé(Q) and 0 < t < 0o, we have

(umt’ws)
[ (e (15l PP iy,

JtJ g, (0 — 1) (Vu,, (1), Vw,) dr do
0

J( mt| Uy W )d‘r
[ Gtanmder s

(72)
(vmt’ ws)

t
= [ (o (U9l +199,0P)") A, 0, )
- r r 9, (0 = 1) (Vu,, (1), Vw,) dr do
0 Jo
+ JZ (|vmt|q_1 vmt,ws) dr
= L (fs (vt V) > wy) dT + (vy,w5)

Therefore, up to a subsequence, by (67)-(71), we may pass to
the limit in (72) and obtain a weak solution (u, v) of problem
(1)-(5) with the above regularity (67)-(71) and (50). On the
other hand, from (56) and (57) we have (u(x,0),v(x,0)) =
(uy(x), vo(x)) in Hé(Q) X HS(Q) and (u,(x,0),v,(x,0)) =
(u;(x), v, (x)) in L2(Q) x LA(Q). O

4. Finite Time Blow-Up When E(0) < d

Let us turn to discuss blow-up properties of solutions for
system (1)-(5) when E(0) < d, g(u,) = u,, g(v,) = v,. We
firstly give the following definition of finite time blow-up of
weak solution for problem (1)-(5).
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Definition 11 (finite time blow-up). A solution (u,v) of
problem (1)-(5) is called a blow-up solution if there exists a
finite time T such that

lim sup J (uz + vz) dx = 00. (73)
t—T~ Q
By the same argument as Lemma 9, we can get the
following lemma.

Lemma 12 (invariant set V). Let (1, v,) € HS(Q) X Hé Q),
(u;,vy) € L2(Q) x L*(Q), and (A1)-(A4) hold. Then all solu-
tions of problem (1)-(5) with E(0) < d belong to V, provided
(Ug>vy) € V.

In order to prove Theorem 14 we state some relations
of the depth of potential well d, norm IVul* + [[Vv|*, and
function F(u, v) as follows.

Lemma 13. Under the assumptions of Lemma 15, one has

(m—1)(my—m,)

d Vul> + [Vv]?). 74
M+ D (Ivul® +1vvi?).  (74)
Proof. From Lemma 6 for the depth of potential well d, we
have
d _ (m - 1) (mO - ml) < mO - ml )2/(m_1) , (75)
2(m+1) ¢ (m+1)Cm+!

where ¢, is defined in (26) and C, is the best imbedding
constant from Hy(Q) into L™*'(Q). By Lemma 15, we get
(u,v) € V;thatis, I(u,v) < 0. Moreover by Lemma 1 and
Sobolev embedding inequality, I(u, v) < 0 implies that

(my = 1) |Vull® + (my = k,) V] + ap

+(gy ° Vi) (£) + (g, © VV) (1)

<(m+1) JQ F(u,v)dx (76)

+1 +1
< (m+1) (lully + i)

(m+1)/2
< (m+ 1) C (IVul? + o)™
Notice that, from assumption (A4) and the definitions 3 and
my, we have

(mo = my) (1Vul + 1Vv]?)
(77)

1)/2
<o (m+ DCT (Ival? + 1vv?) "

that is

my —my
¢ (m+1)Cmt!

2/(m-1)
IVul? + 9P > ( ) )

Hence we obtain
(m-1) (mo - ml)

<+

(Ival® +19v?). - (79)
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A finite time blow-up result of solutions for problem
(1)-(5) is showed as follows.

Theorem 14 (finite time blow-up when E(0) < d). Let
(tgs Vo) € Hy(Q) x HY(Q), (uy,v;) € L*(Q) x L*(Q), and
(A1)-(A4) hold; 1 < p < m, 1 < q < m hold. Assume that
E(0) < {d (C < 1), (uy,vy) € V, and m satisfy

(m-1)(1-0)my,

M DO+l mr D) (80)

Then the existence time of solution of problem (1)-(5) is finite.
Proof. Let (u,v) be any solution of problem (1)-(5) with
E(0) < d and (uy,v,) € V. Next, we prove the solution of
problem (1)-(5) blows up in finite time. Suppose by contra-

diction that the solution (u(t), v(t)) is global. Then, for any
T, > 0, we define a auxiliary function F(t) by

F (1) = lul” +Iv]* + t Il + Iv]1*) d
J‘O ( ) (81)

2 2
+(To =) (luol + ) -
Clearly F(t) > 0 forallt € [0,T,]. From the continuity of F(t)
in t, it is easy to see that there exists p > 0 (independent of
the choice of T)) such that
F(t)>p, Vtel0,T,]. (82)

Then for t € [0,T,] we have
F' () =2 (wu) +2(v.v,) = (Juol* + [vol*)

2 2
+ (lull® + Iv11%)

=2(uu,)+2(v,v,) (83)

t
2 L (u (D)1, () + (v (©) v, (1)) dr,
F' () =2 ("”t"2 + ""tHZ) +2 (U uy) + 2 (v, vy)
+2(uu,) +2 (v, v,)
= 2(JJu]* + %]

=2 (my +a(IVull® + IVVIP)) IVul?

t
+2J0 A (t-1) JQ Vu (t) Vu (t)dx dt (84)
+2(f) (u,v),u)
=2 (my + a (IVull® + IVVIP)") Vv
t
+2J 4 (t—r)j Vv (8) Vv (7) dx dr
0 Q

+2(f, (u,v),v).
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Applying Young’s inequality to estimate the fourth term on — 20, (gy o Vu1) (1) - L IVl
the right side of (84), we have e 2,

¢ —2(my +a (IVul? + |VvI2) =k, ) V)
ZJ 91 (t—T)J Vu (t) Vu (1) dx dt ( ’ ( L ) 1)
0 Q
¢ =21, (g 2 YY) (t) - j Ivv?
=2| g t-0)IVu@|Pdr :
J-O 1 +2(f; ), u)+2(f, w,v),v)

+2 L g, (t—1) J;) Vu (t) (Vu () = Vu (t)) dx dr -5 (”%"2 + "thz) 2 (mg ~1,) [Vl
t —_ — 2 — o
>2 L g, (t=1)||Vu (t)||2 dr (85) 2 (mo kl) Vvl® = 2n (gl V”) (1)
l
: - S IVul’ - 208 - 20, (g, - V) ()
-2 L g, (t =) |[Vu )] |Vu (1) = Vu (t)]| dr M
; _2k_1 ||VV||2+2(m+1)J F (u,v) dx.
>2 J g, (t = 1) [Vu )| dr - 217, (g, ° Vi) (t) 2 Q
0 (87)
l
- 2_,;1 IVul?, On the other hand from (83), we have
for any #7; > 0. Similarly we have (F, (t))z =4 ((”’ ”t) + (‘4 Vt))2
t 2
[ gut-m [ WiV drar ea ([ (@@ @)+ 6@ @) ar) "
t +8((,uy) + (v, vy))
22| g2 (- DIV OF dr =21, (6,2 7)) (56) t
. J (u(@),u, () +(v(),v, (1)) dr.
- '
2 Using the Schwarz inequality, (88) takes on the form
for any 77, > 0. Then (84) arrives at ((u, ”t) N (v, Vt))z < (||1«l||2 N ||V||2) (||ut||2 N "Vt"2) ’
F' () = 2 (|lu|* + |v| ' ¢ 2
® = 2w + ) (J ), () i + J o)om, (T))dT>
=2 (my +a (IVul® + IVVIP)") IVul’? o y
; < | (hul? +1v17)d A+ el
+2[ g -0l dr J, s ) [ (" )
2((u) + (v, v,)) (89)

1
=211y (91 ° Vut) () = = IVl ‘
M 'Jo (@) ,u, (1) +(v(1),v, (1)) dr
=2 (my + a (IVul® + IVIP)") 19w o
< (lel? +IvelP) |, (1a? + o1?)

+2[ g @- DIV dr

t
) # (ll? + 11P) | (Jel? + o) i
— 21, (g5 VW) (£) - j V]
2

and therefore (88) becomes

(F @)

+2(f; ), u)+2(f, w,v),v)
=2(Ju]® + Iv]”)

t
y 2 2 J 2 2
=2 (my + a (IVal? + IVW2)’ ~ 1) [9ud? s4(||u|| I+ | (hull” + I7) dr
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t . .
. <"ut|l2 + “Vt”Z + J ("”r“z " “Vr"z) dT) Then from Lemma 2 with p = g = 1, (93) arrives at
0

E(t) = (m—1) (my — 1) |Vull* + (m - 1) (m, - k;)

<48 @ (Il + P+ J) (ol « ) ).

!
ANV + (m+1=21,) (g, 0 Vu) () — —— |[Vul)?

(90) 2m
Then by (81), (87), and (90), we have (-1 =21, (gy 0 V) (8) - 2k71 IVl
2
" p+3,., 2 " (94)
F'®O)F@#) - —=(F >F@)(F'(t)- (p+3
OF©O- 22 (F 0) 20 (F - (p+2) (P 2)af-20m s DE@ - 0m e
, r+1
. ) 2 t 2 2 2 d ) ¢
(1l + Bl « [, Q) ) | (0 @O + g, @19V o) ds
>F () (2] + ve]?) - 2 (mp - 1,) 190l .
-(m+1) L ((gi ° Vu) (s) + (g; ° Vv) (s)) ds.
~2(mo = k)IVE) - F ) (21, (01 V) ) gy
From assumption (A4) on g, and g, we can derive
ll 2
IV 4 208) <F 0 (2179 0 E(0)> (m—1) (my 1) [Vul’
+ g - 20m ) j F (u,v) dx) _F(t)(m +(m = 1) (o — k) IV
21, Q I
: +(m+1-2n) (g1 ° Vu) (6) = 5 [IVull®
#3) (Jul# 1l + [ (sl + ) e ). 21
k
Now we define +(m+1-2n,) (g, Vv) (t) - 2—’712 Ivv)*
E@) =2 ([l + [vel*) - 2 (mo = 1) IVull® N (’::11 - 2) af—2(m+1)E(0)
=2 (my = k) VI = 217y (g5 © Vue) (1) |
I :((m—l)m0—<(m—l)+2—>ll>||Vu||2
~ S IVul? - 20 - 215 (952 V) ) "
}71 (92) 1 2
. +<(m—1)m0—<(m—l)+2—>k1>||Vv||
—2—1||Vv||2+2(m+1)J F(u,v)dx — (m+3) T2
M2 o +(m+1-2n) (g, ° Vu) (t)
(bl 1P+ [ Qs o ) ). (1= 2) (g2 99) @
From the definition of E(t), (92) becomes + (T:ll - 2) af—2(m+1)E(0)
= (m— —1 2
£(t) = (m=1)(my— 1) |Vull _ ((m_ g <(m s %)h) 1Vul?
+(m—1) (my - k) |Vv]? ¢
+(m+1-2n)(g; °Vu) @) + <(m - 1)my — ((m -1+ %) k1> IVv)*
Uy
k
+(m+1-2m,) (gy°Vv) () - j Ivvl® ) +(m+1-2n)(gy o Vu) (1)
2 93
1, , (m+1 +(m+1-21,) (g2 0 Vv) (1)
— L vl + ( - 2) of L
21 r+1 — ¢ (m = 1) (my - my) (IVul® + |Vv])
—(m+3) j (ue]® + v ) dr + ¢ (m—1) (my - my) (IVul® + |Vv]?)
0
—2m+ DE®). —2(m+1)cd+<’::11—2)aﬁ
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+2(m+1){d-2(m+1)E(0)

= E1 + Ez + 53’

(95)

where
1
£ = <(m— 1)my, - ((m —1)+ 2—111)11) [Va||?
+ <(m— )my, - <(m— 1)+ i)k >||W||2
0 2’72 1

+(m+1-21n) (g, °Vu)(t)
+(m+1-21,)(g,°Vv)(t)

(96)

= {m=1) (my —my) (IVull® + [Vv]*)

& = {(m—1) (mg—m,) (IVull® + |Vv]*)

-2(m+1)Ud,

§3=<m+1 —2>a/3+2(m+1)(d

r+1

-2(m+1)E(0).

We next estimate the terms &, £,, and &; one by one as follows.
For the term &; from

my = max {I;,k, }, (97)

we have

£ = ((m— 1)y - ((m— D+ %)ll) Vul”

1

+ <(m— 1) my, - ((m —)+ %)h) [Vv)*

)
+(m+1=2n) (g, °Vu) (t) + (m+1-2n,) (9,

o V) (8) = { (m = 1) (my — my) (IVull® + [Vv]*)

> <<m_ 1) my — ((m— 1)+ %)ml) IVul?

1

+ ((m— 1)y - ((m 1+ %)ml) I9vI?

2
+(m+1-2n)(g,°Vu) () + (m+1-2n,) (g,

o Vv) () = § (m = 1) (my — my) (IVul* + [Vv])

= <(m—1)(1—()m0

1 2
- <(M— D=0+ 2_’11>m1> [Vull

13
+ ((m— 1 (1-0my

—((m— )(1-0)+ %)%)nwn%(mﬂ

2
=2m) (g ° Vi) () + (m+ 1= 21,) (g2 2 Vv) (1).
(98)

Here by taking 21, = m + 1 and 2%, = m + 1 and by (80) we
have

& >0 (99)
From Lemma 16 we can derive

& >0 (100)
With the fact E(0) < {d we have

& >0. (101)

So from (95) we have £(¢) > o, > 0. Therefore we can derive
3
F' () F(t) - %F' )= po, >0, te[0,T,]. (102)
Setting y(t) = F (t)_(p “D/4 this inequality becomes

te[0,T,]. (103)

yl! (t) < _P; lo_lpy (t)(p+7)/(p_1) ,

This proves that y(t) reaches 0 in finite time, say ¢ — T,. Since
T, is independent of the initial choice of T), we may assume
that T, < Tj,. This tells us that

tli)I]I{F (t) = +o0, (104)
which completes the proof. O

5. A Finite Time Blow-Up When E(0) > 0

We first present the following lemmas in order to prove
Theorem 18.

Lemma 15. Let condition (A4) hold and the nonlinear vis-
coelastic terms g, and g, satisfy

t s
J w (s) j PG (s—)w(r)drds >0,
0

0 (105)

vw € C' ([0,00)), Vt >0,
t s
J w(s) J- e(H)/Zg2 (s—1nw(r)drds >0,
0 0 (106)
Yw € C' ([0,0)), Vt > 0.

If H(t) is a twice continuously differentiable function and
satisfies the inequality
H" (t)+H' (t)

> Jot g, (t-1) L Vu (x,7) Vu (x,t) dx dt (107)

t
+J 92 (f—T)J Vv (x,7)Vv(x,t)dxdt
0 Q
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and the initial condition

H (0) >0,
(108)
H' (0) >0,

for every t € [0,T,), where (u(t), v(t)) is the corresponding
solutions of problem (1)-(5) with (uy, v,) and (u,,v,), then the
function H(t) is strictly increasing on [0, T}).

Proof. Consider the following auxiliary ordinary differential
equation:

W' @)+ 4 (1)

= thl (f—T)J Vu (x,7) Vu (x,t) dx dr
0 Q

(109)
t
+ J g, (t—7) J Vv (x,7) Vv (x,t)dxdr,
0 Q
with the initial condition
h(0) = H(0),
(110)
h(0) =0,
for every t € [0, T}).
Clearly we can find the following function:
te b et (€
o =hO)+ | | g€
0 e 0
: J Vit (x,7) Yt (. €) dx dr dE
¢ (111)

0

. J Vv (x,7) Vv (x, &) dx dt di,
Q

as a solution of the ODE (109) and (110) for every ¢ € [0, T,).
Now in order to show that

H (t)>0, t>0, (112)
we need to prove that
H@®)>H )20 t>0. (13)

From (105) a direct computation on (111) yields
t 14
W) = J ef‘fj g (E-1)
0 0
. J Vu (x,7) Vu (x, &) dx dr d&
Q
P
+ J e J 9, & -1)
0 0

. J Vv (x, 1) Vv (x, &) dx dr di
Q
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e e

~Vu (x,7) Vu (x, &) dr dé dx

e o faes

“Vv(x, 1) Vv (x, &) drdédx

t &
=t J J J e(f_r)/zgl &-1) e?
aloJo

-Vu(x, 1) &y (x, &) drdédx

t &
+e! J J. J e(EfT)/zgz E-1) e?
alJoJo
-Vv(x, 1) &Py (x,&)dr dé dx
t 4
=[] (@) | (7%, @ -0)

. (eT/ZVu (x, T)) drdédx

: £
+e! L L (27 (x,8)) L (4729, -1)

. (eT/ZVv(x, T)) drdédx >0,

(114)
for every t € [0, T,), which says that
h(t)>h(0)=H(0). (115)
Moreover from (108) and (114) it implies that
H'(0)>0=H(0). (116)

Suppose by contradiction that the first inequality of (113) is
invalid; then there exists ¢, € [0, T) such that

H (t,)<H (t,). 117)

From the continuity of the solution in time, there exists t,, €
[0, T})) such that

H' (t,) = H (t,). (118)

On the other hand we have the following ordinary differential
inequality

(H" ) -Kn"®)+(H &) -H ) >0,
H (0) - h(0) =0, (119)

H'(0)-H'(0) >0,

for every t € [0, T,). This ordinary differential inequality can
be solved as

H' (ty) - i (ty) > e (H' (0) =K' (0)) > 0, (120)

which contradicts (118). Thus we prove the first inequality of
(113), which together with (114) states (113). So we complete
this proof. O



Advances in Mathematical Physics

Lemma 16. Let (1, vy) € Hy(Q) x Hy(Q), (uy,v;) € L*(Q) x
L2(Q), p =q =1, and (u, v) be the solution of problem (1)-(5)
with the initial data (uy,v,) and (u,,v,). Assume the initial
data satisfy

(ugstty) + (Voo vy) = 05 (121)
then the map

{t— lu@I® + v oI} (122)

is strictly increasing as long as (u,v) € V.

Proof. Let

H () = [ul® + v (123)

then we have
H ) =2(wu)+2Wv), (124)
H' (1) =2 ("”t"2 + "Vt"2) +2 (U ) + 2 (v, )

=2 ("“t"2 + ”Vt"2) -2 (wu) =2(v,v)

+2 J(: g, (t—1) L Vu (t) Vu (t)dx dt

+2 Lt g, (t—1) L Vv (t) Vv (t)dxdr

=2 (my + o (IVull® + 1VVI7)") 190
=2 (mg +a (Ve + V1) ) Iv? (129
+2(f1 wv),u)+2(f, (w,v),v)
=2 (el + Iwl) =2 (1) =2 (v )
=2I (u,v)

+2 J(: g, (t—1) L Vu (t) Vu (t)dx dt

t
+ ZJ g, t-1) J Vv () Vv (t)dxdr.

0 Q

Adding (124) and (125) we have

H'®)+H @)
= 2(lue]® + Ivell”) - 21 (. v)

+2 Jt g, t-1) J Vu (t) Vu (1) dx drt (126)
0 o

+2 thz (t-1) J Vv (t) Vv (1) dx d,
0 Q
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which, from the fact that (1, v) € V, implies that

H'"®) +H )
t
>2 L g, (t-1) L Vu (t) Vu (1) dx dt (127)
+2 Lt g (t—1) JQ Vv (t) Vv (1) dx d.

Therefore, applying Lemma 15 with the fact that

H' (0)=2 L) Uyt dx + 2 JQ VoV dx =0, (128)
we can obtain that the map

{t— lu@®l®+1vor} (129)
is strictly increasing. O

In the following, we show the invariance of the unstable
set under the flow of the problem (1)-(5).

Lemma17. Let (ug, vy) € Hy(Q) x Hy(Q), (uy,v;) € L*(Q) x
LX(Q), p =q =1, and (u,v) be the solution of problem (1)-(5)
with the initial data (uy, v,) and (u,, v,). Assume that the non-
linear viscoelastic terms g, and g, satisfy

(m—-1)m,

M oDt/ m+ 1) (130)

and the initial data satisfy (121) and

2 2 2(m+1)
—FE(0), 131
Juol” + Ivol™ > == E© (131)
where
A= (m—l)m0—<(m—1)+ ! )ml,

m+1 (132)

C =min{C,,C,}.

C, is the coefficient of Poincaré inequality [Vul* = C, ||lull* and
C, is the coefficient of Poincaré inequality IVv? > C2||v||2.
Then all solutions of problem (1)-(5) with E(0) > 0 belong to
V, provided I(u,v,) < 0.

Proof. We prove (u(t), v(t)) € V. Ifitis false, let t, € (0,T) be
the first time such that I(u(t), v(t)) = 0; that is, I(u(t), v(t)) <
0, for t € [0,¢,) and I(u(t,),v(t,)) = 0. Now let H(t) be
defined by (123) above. Hence from Lemma 16, we get that
H(t) and H'(¢) are strictly increasing on the interval (0, ¢,).
And then by (131), we have

2(m+ l)E o),
AC (133)
vt € [0,t,).

H(®) > ol + ol >

Moreover, from the continuity of u(t) in ¢, we obtain

2(m+1)

H (t
(to) > AC

E(0). (134)
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On the other hand, by (37) and (39) we can obtain By (138), we deduce (136) to
1 1
1 1 - _
EmZEuw=—wme+zwme B2 (5 ) tm-m)
1 1
9Bt | (VP + v @) 2 (5 - ——)
2(V+1) -1 )"V”(fo)" 2 m+1

< (mgy — ml)C("u (to)||2 + ||V(to)||2)
= (%_ ! )(mo_ml)

+§<mo—hﬂwvaaW+§<movuM%>

#5002 (1) = [ Flut0),v () d

2 A my
1 o 2 - C ()l + v (o)) = S~ T (139)
L G+ L ol o
C (Jlu (I + Iy (&I%)
1
(2(}’+1) m+l>[3( o)+ ( m+1> :(m—l)mo—(nza(—l)n;)l—mll(m+l)
m+
2
(Omo = 1) [V (8)[[* + (o — Ky ) |9 (1)) C(Ju ) + v o))
1 1 1
. o vu) (¢ - AC
(Gai)te ”“m+@ i) - e (W + ).
(92 Vv) ((to)) + (to),v (%)) - which means
Note that I(u(t,), v(t,)) = 0; hence we have H(to) = "” (to)nz + ||v(t0)||2 = 2 (rzg DE (0). (140)
It is obvious that (140) contradicts (131). O

Emz;mmW+;mmW
Theorem 18 (finite time blow-up under the case of E(0) > 0

N o Blt,)+ ( 1 > and p = g = 1). Let (uy,vy) € Hy(Q) x Hy(Q), (u,v;) €
2(y+ 1) m+1 0 m+1 L2 Q)% L3(Q), and (A1)-(A4) hold. Assume that the nonlinear
viscoelastic terms g, and g, satisfy (105), (106), and (130) and

. ((mo -1) ”Vu (t0)||2 +(my — k) ||VV (t0)||2) the initial data satisfy (121), (131), and (uy, v,) € V. Then the
solution of problem (1)-(5) with p = q = 1 and E(0) > 0 blows

1 1 1 1 . R
Z - o Z up in finite time.
+(2 m+1>(g1 Vu)((tO))+<2 m+1> (136)
1 1 Proof. Recalling the auxiliary function F(¢) defined as (81)
: (gz ° VV) ((fo)) 2 (5 T ) and the proof of Theorem 14, we have
2 2 t
(o = 1) 9 ()P + k) |9 ()P) 0
1 > (m—-1) (my—1,) |Vul?
2(2 m+1)( o ml) 2
+(m—1)(my— k) Vv
2
(Ivu (o) + 197 (1)) - Lo
+(m+1-2n)(g,°Vu)(t) - 2 IVl
Using the Poincaré inequality G
IVl = C, Jull®, +(m+1-21,) (g2 0 V) (1) - IIV I”
) ) (137)
Vvl > G, IvII™, +<m+1—2>a[3—2(m+1)E(0)
r+1
we have 1 )
= <(m -)ym, - ((m -1)+ 2—) ll> (V|
IVull® + [VvI? > C; lul + C, v n

(138) 1
> C(Jul? + IVI?). e (o= my— (m-1)s E>k> Vo2

2
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+(m+1-2n) (g, ° Vu) (t)

+(m+1-2n,)(g,° Vv) (t)
m+ 1
+(r+1

—2>a[3—2(m+1)E(0)

> <(m —1)my — <(m— 1)+ %)nﬁ) IVul?

1

(om=1m - (1= 1)+ %)@ Vol

2
+(m+1-2n) (g, °Vu) @)
+(m+1-2n,)(g,°Vv) (1)

m+1
r+1

+

—2)aﬁ—2(m+ 1)E (0).
(141)

Since (141) holds for any 0 < #,,#, < (m+1)/2, we can choose
1, =1, = (m + 1)/2; then (141) becomes

£@) > ((m=1ymo—((m-1)+ —

11)"“)

(vl + 197) + (2 = 2) o~ 20m4 1)

11>m1>

-E(O)z((m—l)mo—<(m—l)+m+

(142)

(Ivul® + 19vI*) = 2 (m + 1) E(0) .

Then from Lemma 17 and Poincaré inequality, we conclude

that
£@ = (m-my-(on-1+ ——)m)

m+1
(vl + 19vP) + (&

1 —2>(x[j’—2(m+l)

%) ml) (143)

-E(O)z((m—l)mo—((m—l)+m

(Ivul® + IVvI*) = 2 (m + 1) E(0)

: ) )
m;
m+1

C(flul® + IVI*) = 2 (m + 1) E(0),

2<(m—1)m0—<(m—1)+

which means&(¢) > o > 0. Similar to the proof of Theorem 14,
by the concavity argument, we conclude the result. O
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