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This article aimed to study and explore conformal vector fields on doubly warped product manifolds as well as on doubly warped
spacetime. Then we derive sufficient conditions for matter and Ricci collineations on doubly warped product manifolds. A special
attention is paid to concurrent vector fields. Finally, Ricci solitons on doubly warped product spacetime admitting conformal vector

fields are considered.

1. An Introduction

Bishop and O’Neill introduced Riemannian warped products
to construct manifolds with negative sectional curvature
[1]. Since then warped product structures have been widely
studied. Doubly warped products are generalizations of singly
warped products. Beem, Ehrilish, and Powell noticed that
there are many exact solutions to Einstein’s field equation
in the form of warped product manifolds. Since then singly
and doubly warped product manifolds have became more
indispensable to physicians and mathematicians than ever.
In [2], Beem and Powell studied Lorentzian doubly warped
product manifolds. Allison studied causal properties, pseu-
docovexity, and hyperbolicity of doubly warped product
manifolds [3, 4]. Gebarowski considered doubly warped
products with harmonic Weyl conformal curvature tensor in
[5] and conformally flat and conformally recurrent doubly
warped product manifolds in [6, 7]. Unal studied geodesic
completeness of Riemannian and Lorentzian doubly warped
products [8]. He also studied hyperbolicity of generalized
Robertson-Walker spacetime with doubly warped product
fibre. In this paper, Unal finally considered some results
about conformal vector fields of doubly warped products.
Doubly warped product submanifolds have also been studied
by many authors in various settings such as Faghfouri and

Majidi in [9], Olteanu in [10, 11], Perktas and Kilic in [12], and
many others. Doubly warped spacetime is good example of
Lorentzian doubly warped product manifolds. This spacetime
is of interest since it produces many exact solutions to
Einstein’s field equations.

In physics, symmetry assumptions are used to understand
the relation between geometry and matter of spacetime given
by Einstein’s field equation. For example, the metric tensor of
(pseudo-)Riemannian manifold does not change under the
flow of a Killing vector field; that is, the flow of a Killing vector
field generates spacetime symmetry. The number of indepen-
dent Killing vector fields measures the degree of symmetry
of a (pseudo-)Riemannian manifold. Conformal vector fields
have also a well-known geometrical and physical inter-
pretations and have been studied on (pseudo-)Riemannian
manifolds for a long time. The existence of a conformal vector
field on spacetime is especially useful to study its geometry.
The flow of a conformal vector consists of conformal transfor-
mations of the Riemannian manifold. Thus, the problems of
existence and characterization of different types of conformal
vector fields in different spaces are important and are widely
discussed by both mathematicians and physicists (e.g., see
[13-18] and further references contained therein).

The aim of the present paper is to study and explore
conformal vector fields on doubly warped product manifolds



as well as doubly warped spacetime. We derive many charac-
terizations of conformal vector fields on doubly warped prod-
uct manifolds and doubly warped spacetime. Then, we study
matter and Ricci collineation on doubly warped manifolds.
One may notice that after Pereleman used Ricci soliton to
solve the Poincaré conjecture posed in 1904, a growing body
of research has continued to study Ricci soliton. Accordingly,
we study Ricci solitons on doubly warped product spacetime
admitting many types of conformal vector fields. We get
some partial answers of the following questions: What do
doubly warped Ricci soliton factors inherit? And what are the
conditions under which doubly warped spacetime is a doubly
warped Ricci soliton?

This article is organized as follows. Section 2 represents
some connection and curvature related formulas on doubly
warped product manifolds. In Section 3, we study conformal
vector fields on doubly warped product manifolds. Then
we study conformal and concurrent vector fields on doubly
warped spacetime in two subsections. Finally, Section 4 com-
prises a study of Ricci soliton on doubly warped spacetime
admitting these types of vector fields. Almost all considera-
tions and statements in this work are local.

2. Preliminaries

This section represents connection and curvature related
formulas on doubly warped product manifolds as a general-
ization of similar results on singly warped products [1, 19].
Also, we will provide basic definitions and properties of
conformal vector fields.

Let (M, g;» D;) be two (pseudo-)Riemannian manifolds
with metrics g; and Levi-Civita connections D; and let f; :
M; — (0,00) be a positive function, where i = 1,2. Also,
suppose that r; : M; x M, — M, is the natural projection
map of the Cartesian product M; x M, onto M;, where
i = 1,2. The (pseudo-)Riemannian manifolds doubly warped
product manifold M =, M, x M, is the product manifold
M = M, x M, furnished w1th the metric tensor

gz(f2°772) u (91)@(f1°7'f1) 7, (92) )

where * denotes the pull-back operator on tensors. The
functions f;, i = 1,2, are called the warping functions
of the warped product manifold M. In particular, if, for
example, f, = 1, then M = M, x; M, is called a (singly)
warped product manifold. A singly warped product manifold
M, x s, M, is said to be trivial if the warping function f, isalso
constant [6 8,9, 12, 20, 21]. It is clear that the submanifolds
M, x {q} and {p} x M, are homothetic to M, and M,,
respectively, for each p € M, and q € M,. We shall refer
to these factor submanifolds as M, and M,. The lift X, o Of
a tangent vector X, € T,M,, q € M,, is the unique vector in
T(p,qM such that

u (X(P)q)) =Xp

7, (Xpg) = 0-

Similarly, if X; € X(M,), then the lift of X; to X(M; x M,)
is the unique vector field in X(M,; x M,), that is, 71; related

2)
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to X; and 77; related to zero vector field in X(M;), i # j; that
is, a vector field X; on M, is identified with the horizontal
or the vertical vector field on M; x M,, that is, 7; related to
X;. Throughout this article we use the same notation for a
vector field and for its lift to the product manifold. A function
w; on M; will be identified with w; o 77;. Thus, we have two
different meanings for the gradient of w;, namely, grad (w; °
m;) € X(M, x M,) and the lift of the gradient V'w; of w; to
X (M, x M,). In fact, we have

9 (X, grad (w; o ;) = X; (w; 0 1;) = X; (w;) o ;

. 3
= fijzg (Xi,V’wi). ®)
(l/f].Z)Viwi (note that we use
the same notation for the vector field V'w, and for its lift to
X(M, x M,)).

Let (M, g, D) be a pseudo-Riemannian doubly warped
product manifold of (M;, g;,D;), i = 1,2, with dimensions
n;, where n = n, +n,. R, R’ and Ric, Ric’ denote the curvature
tensor and Ricci curvature tensor on M, M’, respectively.
Moreover, V' f; and A’ f; denote gradient and Laplacian of f;
on M;and f© = f,A'fi+ (n;— 1)g,(V' f, V' f.), i # j. For the
connection and curvatures formulas of a pseudo-Riemannian
doubly warped product manifold see, for example, [20, 22].

A vector field { on a (pseudo-)Riemannian manifold
(N, h) with metric h is called a conformal vector field with
conformal factor p if

Therefore, grad (w; o 71;) =

where Z; is the Lie derivative on N with respect to ¢. If p
is constant or zero, { is called a homothetic or Killing vector
field on N, respectively. One can redefine conformal vector
fields using the following identity. Let { be a vector field on
M, and then

(Z:h) (X,Y) =

for any vector fields X,Y € Z(N). A vector field { on a
manifold (N, h) is called a concurrent vector field if

Dyl =X (6)

h(Dx(,Y) +h(X, Dy() (5)

for any vector field X € X(N) [23]. Let { be a concurrent
vector field, and then

(Z:h) (X,Y) = 2h(X,Y) )

and so ¢ is homothetic with factor p = 2. A zero vector field
is not concurrent. If both { and £ are concurrent vector fields,
then

x [(.§] =0. (8)

Also both {+& and A are not concurrent vector fields. Finally,
a Killing vector field is not concurrent. For example, a vector
field w0, is a concurrent vector field on (R, dx?) if

Dax (“ax) = ax; (9)
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that is, « = x + a. Thus concurrent vector fields on (R, dx?)
are of the form (x + a)o,..

The following result represents a simple characterization
of Killing vector fields, if (N,h) is a pseudo-Riemannian
manifold with Riemannian connection D. A vector field { €
X(N) is a Killing vector field if and only if

h(Dx(,X) =0 (10)

for any vector field X € X(N).

The following discussion represents a good tool to char-
acterize Killing vector fields on pseudo-Riemannian warped
product manifolds. In [24, 25], the authors obtained many
characterizations of Killing vector fields on warped product
manifolds and on standard static spacetime using these
results. Let M = M, X ; M, be a pseudo-Riemannian warped

product manifold with warping function f.Let{ ={; +(, €
X (M) be a vector field on M. Then

9(Dx(, X) = g, (D (1, X,) + 29, (D3, (5, X,)
+fO 1%l
(Z:9)(xX.Y) = (Z1,9)) (X0 1) a
+ 2 (Z29,) (X5, 15)
+2f81(f) 92 (X5, Y3)

for any vector field X = X, + X, € X(M), where 82 is the
Lie derivative on M; with respect to (;, fori = 1, 2.

A pseudo-Riemannian manifold M is said to admit a
Ricci curvature collineation if there is a vector field { € X(M)
such that

ZRic =0, (12)
where Ric is the Ricci curvature tensor [26]. Finally, space-
time M is said to admit a matter collineation if there is a
vector field { € X(M) such that

ZT=0, 13)

where T is the energy-momentum tensor [27]. Einstein’s field
equation with cosmological constant A is given by

Ric - gg =«T - Ag, (14)

where 7 is the scalar curvature. Suppose that ¢ is a Killing
vector field, and then

that is, { is a matter collineation whereas a matter collineation
need not be a Killing vector field. Also, a Killing vector field is
a Ricci curvature collineation. The converse is not generally
true.

3. Conformal Vector Fields on Doubly
Warped Products

In this section we investigate the relation between conformal
vector fields on doubly warped product manifolds and those
conformal vector fields on the product factors. Throughout
this section, let M = M, x; M, be a pseudo-Riemannian
doubly warped product manifold with the metric tensor
g = f1g,® fig, and f; : M; — (0,00) is a smooth
function, where i = 1,2 and (M, g;) are pseudo-Riemannian
manifolds. The following result gives us an important identity
to study such relation [8].

Proposition 1. Suppose that (;,X,,Y; ¢
(,, X5, Y, € X(M,), and then

(Z:9) XY) = £3 (£},9) (X1, X))
+ 11 (22,9:) (X2, V)
+200 (f1) 92 (X5, 12)
+200 (f) g (X, 1),

where{ =, +0,, X = X, + X,, andY =Y, +Y, are elements
in X(M).

X(M,) and

(16)

In [8], the author considered a characterization of con-
formal vector fields on doubly warped product manifolds. In
fact, it is just a characterization of homothetic vector fields.
The following theorem represents a new characterization of
conformal vector fields on doubly warped product manifolds
but the assumption here is less restrictive.

Theorem 2. A vector field{ = {,+(, on a pseudo-Riemannian
doubly warped product M =, M X, M, is a conformal vector
field with conformal factor p zfand only zf

(1) ¢; is a conformal vector field on M; with conformal
factor p;, i=1,2,
(2) p; +20,(In £,) = p, + 2¢,(In f)).

Moreover, the conformal factor of { is p =
2,(n f), i # .

Before proceeding further, one may notice that a doubly
warped product metric g on M can be expressed as a
conformal metric to a product metric on M, x M, as follows:

Pt

] 1 o
a=fifs <—291 . —zgz> =f1f;(G,+9,)
1 2 17)

22—
=fH 19

Let us consider the effect of replacing the metric g on M by

g = g,+9,. Asimilar discussion on 4-dimensional spacetime

is considered in [26, Chapter 11]. Suppose that { = {; + {, isa

conformal vector field on (M, g) with factor p, and then

Zrg =120, (In f,) + 2, (In f,) + p] g. (18)



Therefore, { is a conformal vector field on (M, g) with factor
p =p+20,(In f,)+2¢,(In f,). A similar conclusion applies to
(M;, g;) and (M, g;), where p; = p — {;(In f;). Thus, by using
results in [28, Theorem 1], one can easily get the following.

Theorem 3. Let M =, M, X, M, be a pseudo-Riemannian
doubly warped product equipped with the metric tensor g =

f22g1 + flzg2 andlet g = g, +g,, whereg, = (l/fl-z)g,». Then,

(1) a Killing vector field { = {; on (M, g,), for eachi = 1,2,
is a Killing vector field on (M, g),

(2) (M, g) admits a homothetic vector field if and only if
(M;, g;) admits a homothetic vector field for each i =
1,2,

(3) each conformal vector field on (M, g) is a conformal
vector field on (M, g).

The above theorem together with Theorem 2 implies the
following results.

Theorem 4. Let { = {; + {, be a vector field on a
pseudo-Riemannian doubly warped product M =, M, x; M,

equipped with the metric tensor g = f7g, + fig,. Assume
that {; is a Killing vector field on (M, g;) for eachi = 1,2 and
(,(In f1) = {,(n f,). Then { is a conformal vector field on M.

Theorem 5. Let {; € X(M;) be homothetic vector fields on
(M, g;) with factors a; for each i = 1,2. Assume that {,(f,) =
0, (fy) = 0. Then, { = a,{; + a,(, is a homothetic vector field
on (M, g) with factor a,a,.

Corollary 6. The dimension of the conformal group C(M, g)
on a pseudo-Riemannian doubly warped product M=y
M, x4 M, is at least

dimK; (M;,g,) +dimK, (M,,g,), (19)
where K;(M;, g;) is the isometry group of (M, g,).

Again Theorem 2 together with Lemma 2.1 in [16] yields
the following result.

Theorem 7. Let { = {; + {, be a vector field on a pseudo-
Riemannian doubly warped product M =¢ M, X5 M, such
that

(1) {; is a conformal vector field on M; with conformal
factor p;, i=1,2,

(2) py +28,(In f,) = p, + 2¢,(In fy).

Then, { preserves the Ricci curvature if and only if H* = 0,
whereu = p, +2{,(In f;). Moreover, { preserves the conformal
class of the Ricci tensor (i.e., £ Ric = Ag for some function 1)
if and only if V(div({)) is a conformal vector field.

Theorem 8. Let { = {, + {, be a vector field on a pseudo-
Riemannian doubly warped product M =; M, x M,. { has
constant length along the integral curve o of the vector ﬁeld X =
X, + X, € X(M) if one of the following conditions holds:

(1) X;(f;) = 0and (; is parallel along ;o for eachi = 1, 2.
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(2) X;(f;) = 0 and {; has a constant length along 7; o o for
eachi=1,2.

Proof. Let{ = {, +{, € X(M) be a vector field on M. Then,
9(Dx$,¢) = g(Dx, 1,81 +2.0)
= 9(Dx,8 + Dy, & + Dy &y + Dx.00.4)
= £29:(DX.88) + £19: (D3 8. G)
+ AX (NG + X (1G]

In both cases X;(f;) = 0, and hence
9(Dx(,¢) = f2291 (D}qcpﬁ) + f12g2 (Di(zzzycz) - (@)

The first condition implies that D’ {; = 0 and so g;(D {;,
{;) = 0. The second condition implies that g;({;, {;) is constant
and so

(20)

0= 2g; (Dx ¢ 0;) (22)

and therefore
9(Dx$,0) =05 (23)
that is, ¢ has a constant length along the integral curve « of
the vector field X O

Theorem 9. Let { = {; + {, € X(M) be a conformal vector
ﬁeld on a pseudo-Riemannian doubly warped product M =g,
T;{ M, along a curve « with unit tangent vector T =V, +
en

div(Q) = n[fr9: (Dy V1) + f19, (D05, V5)

+ 126, (f) [V "f + fi6 (1) “Vz”;] :

Proof. Let { be a conformal vector field with conformal factor
p. Then,

(24)

(Z:9) (%Y) = pg (X,Y). (25)
Let X =Y =T, then
2g (D7, T) = pg (T, T), (26)
and then the conformal factor p is given by
p=29(D(.T). (27)

Suppose that { = {; + {, and T = V; + V,, and then
p=2g9(Dy{, + Dy, + Dyl + Dy, T)
= 2f2291 (D\1/151>V1)+2f1292 (D\Z/Z(pvz) (28)

+266 (H) Vil + 248 (A) Vil

But the conformal factor is given by
2div({) = pn (29)

which completes the proof. O
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3.1. Conformal Vector Fields on Doubly Warped Spacetime.
Doubly warped spacetime is a doubly warped product man-
ifold M=y, M, x; M,, where one of the factors, say M, has
a Lorentz signature and the second is Riemannian. Ramos et
al. considered an invariant characterization of 4-dimensional
doubly warped spacetime [21]. Among many other results,
they obtained necessary and sufficient conditions for (locally)
double warped spacetime to be conformally related to 1 + 3
or 2 + 2 decomposable spacetime. Then they studied the
conformal algebra of 2+2 decomposable spacetime in section
IV and 1 + 3 decomposable spacetime in section V. For a
detailed discussion of conformally related 1 + 3 and 2 + 2
reducible spacetime see [29, 30] and, for an extensive self-
contained study of conformal symmetry of 4-dimensional
spacetime, the reader is referred to [26].

We restrict our study of conformal vector fields on
doubly warped spacetime to dim(M,;) < 2 since this case
generalizes some well-known exact solutions for the Einstein
field equations and the beginning of this section represents
such study irrespective of the dimension of the factors. For
this case, either dim(M;) = 1 or dim(M,;) = 2. In the
following we deal with both subcases separately. Let us first
consider doubly warped spacetime with a 1-dimensional
base.

Let (M, g) be a Riemannian manifold and I be an
open connected interval equipped with the metric —dt’.
Doubly warped spacetime M = £ 1%, M is the product I x M
furnished with the metric

g=-fdt’ ed’g, (30)

where f : M — (0,00) and o : I — (0,00) are smooth
functions. M is generalized Robertson-Walker spacetime if
f is constant and standard static spacetime if o is constant.

An investigation of 4-dimensional spacetime that is
conformally related to 1 + 3 reducible spacetime was carried
out with many examples in the aforementioned references
[21, 30]. A classification of this spacetime according to its
conformal algebra is considered in the first reference whereas
a special attention is paid to gradient conformal vector fields
in the second reference.

Theorem 10. A time-like vector field { =hdisa conformal

vector field on doubly warped spacetime M:f I'x, M if and
only if h = ao, where a is a nonnegative constant. Moreover,

the conformal factor is p = 2h.

Proof. If h = 0, then a = 0 and the result is obvious. Now, we
assume that /1 # 0. Using (16), we get that

(Z79) (X.Y) = —2xyf? [+ { (In f)]
+0° (Z;9) (X, Y) + 2hoog (X,Y)

g (31)
= -2xyf h+2hodég (X,Y)

. 2ho
= thzgl (xat’yat) + 7029 (X,Y).

Suppose that h = ao, and then
(Z:9) (X.Y) = 2hg (X, Y); (32)

that is, { = ho, is a conformal vector field with conformal

factor p = 2h. Conversely, suppose that { = hd, € (M) is a
conformal vector field with factor p, and then

(Z:9)(X.Y) = pg (X.Y) (33)
for any vector fields X,Y € X(M). Now, by (16), we get that
pg (X.Y) = 2hf’g, (x3,, y9,) + Z?Tdozg (X,Y). (34)
Let X =Y = 0, and we get that
pg (x0,, y0,) = 2hf*g; (xd,, ¥,); (35)
that is, p = 2k Now, let x = y = 0, and we get that po = 2hd.

These two differential equations imply that &4 = ao for
some positive constant a. O

Theorem 11. A vector field { = hd, +  is a Killing vector field
on doubly warped spacetime M =¢Ix, M if and only if one of
the following conditions holds:

(1) Zis time-like and h = ¢ = 0.

(2) Z is space-like where { is a Killing vector field on M and
{(f)=0.

(3)h = —¢(In f) and { is a conformal vector field on M
with conformal factor p, = —2hé /0.

Proof. The first assertion is a special case of the above
theorem. For the second assertion, let 4 = 0 in (16). Thus,

(Z79) (X.Y) = -2xyfC (f) + 0* (L19) (X, V). (36)

Suppose that ¢ is a Killing vector field on M and {(f) = 0,
and then

(§Z§) (X,Y)=0. (37)

The converse is direct. Finally, let  be a Killing vector field
on M:f I'x, M, and then

0= (Zz3) (XY)
0=-2xyf* [h+{(In f)] + 0> (Z9) (X, Y) (38)
+2hoog (X,Y).
Let X = Y = 0, and then
—2xyf* [h+¢(Inf)] =0 (39)
and so i = —{(In f). Thus,

(giatgl) (x0;, y9,) = =2¢ (In f) g; (x0,, y9,); (40)



that is, ho, is a conformal vector field on I with conformal
factor —2{(In f). Now let x = y = 0, and then

—ﬁ g(X,Y); (41)

(Ze9)(X,Y) =
that is, ¢ is a conformal vector field on M with conformal
factor p = —2hé /0.

Conversely, suppose that i = —{(In f) and { is a con-

formal vector field on M with conformal factor p = -2hd/
0, and then
2hé
(Zr9)(X,Y) = -==9 (X,Y). (42)
Thus,
(Z79) (X.Y) = —2xyf* [+ { (Inf)]

+0° (Z;9) (X, Y) +2hoog (X,Y) (43)
=0
thatis, { = hd,+(isa Killing vector field on M =fIx, M. [

Corollary 12. Let{ = hd, +{ be vector field on doubly warped
spacetime M =¢ I X, M obeying Einstein’s field equation. Then,

(1) M admits a time-like matter collineationz = ho, ifh =
=0,

(2) M admits a space-like matter collineation (=¢ ifCis
a Killing vector field on M and {(f) = 0,

(3) M admits a matter collineation { = hd, + { if h =
—{(n f) and { is a conformal vector field on M with
conformal factor p, = —2hé /0.

The following result is a direct consequence of Theorem 9.

Corollary 13. Let { = hd, + { € X(M) be a conformal vector
field on doubly warped spacetime M = ¢ Ixy M along a curve

o with unit tangent vector V. = vo, + V. Then the conformal
factor p of { is given by

p=2h+20"g([(,V],V)+2(hoo - ho®) g (V,V). (44)

In the sequel, we present doubly warped spacetime
with a 2-dimensional base. In this subcase, 2 + n doubly
warped spacetime is considered to be doubly warped product
manifold with a 2-dimensional pseudo-Riemannian base
and n-dimensional Riemannian fibre; 2 + n doubly warped
spacetime is clearly conformal to a product manifold. In
[21, 29] and references therein, the Lie conformal algebra of
conformally related 2 + 2 reducible spacetime is extensively
studied. Many interesting results and examples are given
there. For example, in [29], Carot and Tupper considered
an invariant characterization that imposes conditions on the
conformal factor and on two null vectors. Moreover, Van
den Bergh considered non-conformally flat perfect fluids

Advances in Mathematical Physics

spacetime which is conformally 2+2 decomposable spacetime
with factor spaces of constant curvature [31].

It is well-known that each 2-dimensional manifold is
conformally flat. Thus we may simply take the base manifold
as ([R{z, dsz), where ds? = —dt* + dx?. Let HzflexaM
be (2 + n)-dimensional doubly warped product spacetime
furnished with the metric g = f*ds* + *g.

Proposition 14. Suppose that h(t)o, + u(x)o,, h;(t)0, +
u;(x)0, € ¥(R?), i=1,2, and {, X, X, € £(M), and then

(§Ey) (Y, 1_/) = 2f2 (—hlhzh + uluzu’)
+0° (ZLpg) (X,Y)

(45)
+ 20 (ho, +uo,) g(X,Y)

+2fC(f) (“hhy + wu,),

where { = hd, +ud,, +{ and X, = h;0, + u,0, + X, are elements
in X(M).

Corollary 15. A vectorﬁeld(,: = h(t)0, + u(x)0, + { € (M)
is a Killing vector field if one of the following conditions holds:
(){=0,h=a,u=>b,andac, +bo, = 0.
(2) Cisa Killing vector fieldon M, h = u = 0, and {(f) =

3.2. Concurrent Vector Fields on Doubly Warped Spacetime.
In this subsection, we study concurrent vector fields on
doubly warped spacetime with a 1-dimensional base. One
can extend most of the results to doubly warped spacetime
with a 2-dimensional base. Throughout this subsection, let
M= £ 1%, M be doubly warped spacetime equipped with the

metric tensor g = — f>dt* @ o” g.

Theorem 16. A vector field { = hd, + { on doubly warped
spacetime M =¢ I X, M is a concurrent vector field if

(1) { and ho, are concurrent vector fields on M and I,
respectively,

(2) both f and o are constant.

Proof. Suppose that X = xd, + X € X(M) is any vector field
on M, and then

BXZ = Bxa, ho, + Bxa,( + Dyxhd, + Dx{
= xho, + fo + x(In0)¢ + ¢ (In f) x0,
+h(lno)X + X (In f) ho, + Dx{
(46)

fzg(XC)a

= xh+c(1nf)x+x(1nf)h-f—g(x Olo

f ZLVf + x(Ino){ + h(n o)X + DyC.
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TaBLE 1
Case ¢ o f
h=0 =0 (= (x+a)o, Constant r(x +a)
k=0 f'=0 {=(t+a)o, r(t +a) Constant
f' =0 =0 {=(t+a)d, + (x +a)o, Constant Constant

Now suppose that ho, and { are concurrent vector fields; then
h =1and Dx( = X. If both o and f are constant, then

D = xhd, + Dx{ = X; (47)

that is, Z is concurrent. O

It is well-known that a homothetic vector field is a matter
collineation. Thus the above theorem yields the following
result.

Corollary 17. A vector field { = hd, + { on doubly warped
spacetime M = I x, M is a matter collineation if

(1) ¢ and ho, are concurrent vector fields on M and I,
respectively,

(2) both f and o are constant.

Theorem 18. Let { = ho, + { be a concurrent vector field
on doubly warped spacetime H:f I'x, M equipped with the

metric tensor g = — f>dt* @ o> g. Then, { is a concurrent vector
field on M if one of the following conditions holds:

1) h=0,o0r

(2) o is a constant; that is, M is standard static spacetime.

Moreover, condition (1) implies condition (2) and the
converse is true if f is not constant.

Proof. From the above proof we have

x=xh+{(nf)x+X(nf)h- f2g(X 0,

(48)
h
x=2 f ZV9f + x(n o) + h(ln o)X + Dy{
for any x and X. Let x = 0, and then
oo
=X(Inf)h- Fg(X,(),
X = h(In o)X + Dx{ (49)
ho
DXC = [l - ?] X
Thus { is concurrent if hg = 0.
If h = 0, then
(X,0) = (50)

fzg

If g(X,{) = 0 then { = 0 which is a contradiction and so

& = 0; that is, M is standard static spacetime.
If 6 = 0, then

X(f)h=0 (51)

which implies that 4 = 0 for a nonconstant function f. [

Theorem 19. Let { = hd, + { be a concurrent vector field on

M, where h # 0. Then { and hd, are concurrent vector fields on
M and I, respectively, if & = 0. In this case f is also constant.

Example 20. Table 1 summarizes all three cases of concurrent
vector fields on the 2-dimensional doubly warped spacetime

of the form M=,1x,R equipped with the metric g =
— f*dt* ® 0>dx’. For more details see Appendix.

4. Ricci Soliton on Doubly Warped Spacetime

A smooth vector field { on a Riemannian manifold (M, g) is
said to define a Ricci soliton if

% (Z09) (5 Y) +Ric(X,Y) = Ag (X,V),  (52)

where &, denotes the Lie derivative of the metric tensor g,
Ric is the Ricci curvature, and A is a constant [32-36].

Theorem 21. Let (M, 9 Z, A) be a Ricci soliton where M = £

I x, M is doubly warped spacetime and { = hd, + { € X(M).
Then

(g2 D)

1 1
502 (Zr9) (X.Y) +Ric (X, Y) - ?Hf (X,Y)  (53)

o°
(Ao —hoo + — )g(X Y).
f?
Proof. Let M = £ 1%, M be a Ricci soliton, and then
1 — \ — —
where X = x0, + X and Y = y0, + Y are vector fields on M.
Then
~Ayf? 4 Me*g (X,Y) = 5 (Z5g) (X.Y)
1 .
S 2o [+ C(in £)]

+0° (Z79) (X, Y) + 2hoog (X,Y)]

)+ Rie(5,7) = Ag(X.7), (5

NI'—'

+ Ric (?, 1_/) =



+ Ric (x0;, y9,) + Ric (x9,, Y) + Ric (X, y9,)

+Ric(X,Y)
~Axyf? + Ao’ g (X,Y) = % [~2xyf? [+ (In f)]

+0° (Z:9) (X, Y) + 2hoog (X, Y)] + (n-1)

'<a> (lnf)+(n—1)< )X(lnf)+ —xy6

O

+ xyg +Ric(X,Y) — (X,Y).

<>

ufxy
FH ) - ﬁg
(55)

Let X =Y =0, and we get

xyf? [h +C(1nf)] - nyd‘ - xy{;—z ~Afxy =0

o (56)
) n. 2| _
x)’[hf +ff(f)—;ff—§—/\f ] =0
and so
P2 2 n. ©
i =A- () + Se e L
X £ (57)
;1 2 n. f°
h—fz(/\f f((f)+00+02).
Now, let us put x = y = 0, and then
Ao*g (X,Y) = % [0* (Z,9) (X.Y) + 2ho6g (X, V)]
+Ric (X,Y) - %Hf (X,Y) (58)
<>
—%wxm
and so
~0* (Zrg) (X,Y) + Ric (X, Y) - %Hf (X,Y)
o (59)
(Aa —hoo + F)g(X,Y).
O]

The following corollaries are consequences of the above
theorem.

Corollary 22. Let (M,g,{,A) be a Ricci soliton where M = f
I x, M is doubly warped spacetime and { = hd, + { € X(M).
Then

(1) ho, is a conformal vector field on I with factor

QIFAS? = fE() + (n]o)g + f°[a?),
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(2) (M, g,{, A) is a Ricci soliton if f =
(3) (M, g,¢, A) is a Ricci soliton if o = 1 and Hf =o0.

o=1,

Theorem 23. Let (M,?,Z,/\) be a Ricci soliton where

Hzf I'x, M is doubly warped spacetime and { = hd, +{ €

X(M) is a conformal vector field on M with factor 2p. Then
(M, g) is Einstein manifold with factor u = (A - p)o* +o°/ f*
if f is constant.

Proof. Let (M, g, ¢, ) be a Ricci soliton where M = FIx, M
is doubly warped spacetime and Z = ho, +( € X(M) is a
conformal vector field on M. Then,

Ric(X,Y)=(A-p)g(X.Y). (60)

Let x = y = 0, and then

Ric(X,Y)=(A-p)o’g(X,Y). (61)
This equation implies that
. 1 f 00
Ric (Xa Y) -—H (X’ Y) - _zg (Xa Y)
f f (62)

=(A-p)o’g (X, V)

and so

Ric (X,Y) - %Hf (X,Y)
, (63)
[(/\ p)a’ +F] (X,Y).
O

Corollary 24. Let (M, g,( A) be a Ricci soliton where
= I x, M is doubly warped spacetime and { = hd, + { €
X(M) is a homothetic vector field on M with factor 2c. Then,

A:c-i<fa+f—0> (64)
o

Proof. Let (M,g,(, ) be a Ricci soliton and { = ho, + { €
X (M) be a homothetic vector field on M, and then

(A-03g(X.Y)=Ric(X.Y) (65)
for any vector fields X = x0, + X and Y = y0, + Y. Let us take
X =Y =0, and then

Ric (x0,, y9,) = (A — ¢) g (x0,, y3;)

o
n.
Xy g txy_G=-xy (A

—0) f? (66)

o
y<—+ 0+(A—c)f)
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Then,
&
A:c—i(femf—) (67)
and the proof is complete. O

Theorem 25. Let (M, g,( A) be a Ricci soliton where
—f I x, M is doubly warped spacetime and { = hd, + { €
X (M) is a concurrent vector field on M. Then,

(1) (M, g) is Einstein manifold with factor u = (A - 2)o? +
a®/ f* if f is constant,
2) A =2-1/f*)(n/o)s + £°/a?).

Let { = ho, + { € X(M), and then
(Z:9)(X.Y)
= —2xyf’ [h +C(lnf)] +o° (Q(g) (X,Y)

+2hodg (X,Y),

F(n-1) <x76Y(lnf) . %"x(lnf))

FRic(X,Y) - H (X,Y) - ig(X, Y).
f f?

Thus,
> (Z;9) (X.7) +Rie(X.7)
= —xyf’ [h +C(1nf)] + %02 (Q(g) (X,Y)
f<>
+ hoog (X, Y)+xy(—+—> (69)

(-1 <x?dY(lnf) ¢ %’x(hﬁ))

+Ric(X,Y) - ?Hf (X,Y) - f—jg(X,Y).

Suppose that f = ¢ = 1 and (M, g,{, ) is a Ricci soliton on
M, and then
1 — \ —
5 (Za@) (X

= —xyh + % (Zr9) (X, V) +Ric(x,Y) (70

¥)+ Ric (X,7)

= —xyh+hg(X,Y) = hg (Y, 17) .

Therefore, (M, 9 Z, 1) is a Ricci soliton where A = F. This
discussion leads us to the following result.

Theorem 26. Let M:f Ix, M be doubly warped spacetime

and { = hd, + { € X(M) be a vector field on M. Then
(M, g, M) is a Ricci soliton if

1 M, g,¢, h) is a Ricci soliton on M,
2 f=0=1,
(3) A =h.

Let f = 1, { be a conformal vector field with factor 2p,
and M be Einstein with factor g, and then

2 (Z@) (x7

= —xyh + po’ g (X,Y) + hoog (X,Y) + xy <?>

) + Ric (X,7)

+ (pt - ao) g(XY) 71)
g
=~y (h=7)

that is, (M, 9 Z, A) is a Ricci soliton if

B0 2 M_ZG +p+—0
o o o) (72)

(h—p)az=y+(n—1)<aé—é'2)+had.

Theorem 27. Let M = I X, M be doubly warped spacetime

and Z = ho, + { € X(M) be a vector field on M. Then,
(M, 9,0, A) is a Ricci soliton if

(1) (M, g) is Einstein with factor y,
(2) f =1, and { is conformal with factor 2p,
(3) (h-p)a* = u+ (n—1)(06 - ¢*) + hoo.

In this case, A = h — né/o.

Appendix

Concurrent Vector Fields on
Doubly Spacetime

Let us now consider an example. Let szl X, R be 2-
dimension doubly warped spacetime equipped with the
metric g = — f2dt* ® o>dx’. Then,

!
Darat = %a

X

! .
D, 0, = f7at + gax
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Ba,ax = Baxat
— oo
Daxax = —Fat.

(AD)

A vector field { = ho, + ko, € ¥(M) is a concurrent vector
field if

D,{ =39, (A.2)
D, (=0, (A.3)

The first equation implies that

Ba, (ho, + ko,.) = o,
ho, + %Hax ik (f%at " gax) -3, A
and so

hf +kf = f (A5)
hff' + koo = 0. (A.6)

Also, (A.3) implies that
Bax (ho, + ko,.) = 0,

Pos ¥ ) eko ok(-%a) =0, O
h<fat+aax>+kax+k< fat)_a

2 x

and so

hff' —koo =0 (A.8)

he +ko=o. (A.9)
By solving (A.6) and (A.8), we get hff' = 0. Thus, h = 0 or
f' = 0. In both cases, koo = 0; that is, k = 0 or & = 0. This
discussion shows that we have the following cases using (A.5)
and (A.9).

Casel. h=0and ¢ = 0: thenkf = f and k' = o and so
k=x+a+0and
foa

f x+a

(A.10)

Therefore, f = r(x +a), where both » and (x + a) are positive.

Case 2. f' = 0and k = 0: then if = f and hé = o and so
h =t +a # 0and similarly 0 = r(t + a) where both r and
(t + a) are positive.

Case 3. f' =0and ¢ = 0: then if = fand k'c = o and so
h=t+aandk=x+b.
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