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Based on general (1 + 3) threading of the spacetime (M, g), we obtain a new and simple splitting of both the Einstein field equations
(EFE) and the conservation laws in (M, g). As an application, we obtain the splitting of EFE in an almost FLRW universe with
energy-momentum tensor of a perfect fluid. In particular, we state the perturbation Friedmann equations in an almost FLRW

universe.

1. Introduction

The present paper is a continuation of [1], wherein an new
approach on the (1 + 3) threading of spacetime with respect
to an arbitrary timelike vector field has been developed. The
study in [1] refers to Lorentz metrics given by (2a), (2b), and
(2¢) and subject to the condition that @ is independent of
the time coordinate. We remove this condition, and therefore
the results are valid for any Lorentz metric of a spacetime.
Another important issue of the present paper is that the whole
study is developed in the general setting of a spacetime with
a spatial distribution that is not necessarily integrable. The
threading frames and coframes, the spatial tensor fields, and
the Riemannian spatial connection are the main tools used
throughout the paper. These geometric objects enable us to
obtain new and simple splitting of EFE and to apply it to the
structure of an almost FLRW universe. The new approach
developed in this paper can be extended to threading of
higher-dimensional universes. In this respect, we mention
[2], wherein (1 + 1 + 3) threading of a 5D universe has been
developed.

Now, we outline the content of the paper. In Section 2
we present the main geometric objects which constitute the
foundation of a general (1 + 3) threading formalism of a
spacetime (M, g) with respect to an arbitrary timelike vector
field. We close this section with local expressions of the Levi-
Civita connection V in terms of spatial tensor field and of the

local coefficients of the Riemannian connection V (cf. (23a),
(23b), (23c), and (23d)). In Section 3 we state, for the first time
in the literature, the spatial Bianchi identities in the general
case when the spatial distribution is not necessarily integrable
(cf. (37), (38), and (39)). The structure equations on (M, g)
induced by the (1 + 3) threading formalism are presented in
Section 4 (cf. (47a), (47b), (47¢), (47d), (48a), (48b), (48c¢),
and (48d)). They play an important role in the next sections,
wherein we relate tensor fields on M with spatial tensor
fields. In Section 5 we obtain simple expressions for the local
components of the Ricci tensor of (M, g) with respect to
the threading frame field and for the scalar curvature (cf.
(63a), (63b), (63¢), (64a), (64b), (64c), (66a), and (69)). The
splittings of both the Einstein gravitational tensor field and
the energy-momentum tensor field are stated in Section 6 (cf.
(73a), (73b), (73¢), (81), (84), and (86)). In Section 7 we obtain
the spatial, mixed, and temporal EFE (cf. (89), (90a), (90b),
and (91)). Also, we state (93) which, in the particular case
when the threading is taken with respect to a unit vector field,
becomes the well-known Raychaudhuri-Ehlers equation. A
new splitting of conservation laws with respect to general
(1 + 3) threading of spacetime is given in Section 8 (cf. (98),
and (99)). Also, we compare our results with what is known
in the literature on this matter. Finally, in Section 9 we apply
the general theory developed in the paper to the (1 + 3)
threading of an almost FLRW universe. We close the paper
with Conclusions and Appendices A, B, and C.



2. The (1+3) Threading Formalism
with respect to a Nonnormalized
Timelike Vector Field

Recently, a new approach on the (1+3) threading of spacetime
with respect to a nonnormalized timelike vector field has
been developed (cf. [1]). In the most general setting that we
explain in this section, we recall the main geometric objects
introduced in [1]. Also, we introduce the extrinsic curvature
tensor field for the spatial distribution and use it in the
expressions of the Levi-Civita connection on a 4D spacetime.

Let (M, g) be a 4D spacetime and & be a timelike vector
field on M that is not necessarily normalized. Then, the
tangent bundle TM of M admits the decomposition

TM = VM @ SM, o)

where VM is the temporal distribution spanned by & and SM
is the spatial distribution that is complementarily orthogonal
to VM in TM.

Throughout the paper we use the ranges of indices:
i, j,k,... € {1,2,3}and a,b,c, ... € {0,1,2,3}. Also, for any
vector bundle E over M, denote by I'(E) the & (M)-module of
smooth sections of E, where (M) is the algebra of smooth
functions on M.

The congruence of curves that is tangent to VM deter-
mines a coordinate system (x?) on M such that & = 0/0x°.
Next, we put

0 0

Eo=g<@>@>=—®2, (2a)
0 0

f,-—g(E,@), (2b)
o 0

gij=g<$,$>, (2¢)

wherein @ is a nonzero function on M.

Remark 1. Note that, in [1], ® was supposed to be indepen-
dent of x°. Here, we remove this condition on @, and thus the
results stated in the present paper are valid for any Lorentz
metric g on M.

In this approach we use the threading frame field
{0/0x°,8/8x'} and the threading coframe field {6x°,dx'}
defined as follows:

é 0 A 0

o " av Mo G
0x" = dx" + A,dx’, (3b)

where we put
Aj=-07%, 4)

The Lie brackets of the vector fields from the threading frame
are given by

§ O 0
[ ] = Zwij@, (Sa)

8xi” dxi
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0o 4 0
[aa] =i (55)

where we set

1 [0A; 54,
w;==4— - —
T2 | 86xF Ox/
58 (6a)
-2 1 8&1 ]
=@ {f i 2<§§ ’
=09 (6b)
ox'
0A; _ 5[0 }
toox? {Ebco § (6c)
10D
¥=0"—. 6d
50 (6d)

Taking into account that the Levi-Civita connection V on
(M, g) is torsion-free, from (5a) we deduce that

1 8 § 0

wij = E@ g<V5/5xig—V5/6xjg,@>. (7)
Thus, w;;, i,j € {1,2,3}, define the vorticity tensor field on
(M, g). By using the Jacobi identity

([X.Y],Z] +[[Y,Z], X] + [[Z,X],Y] =0,
8
VX,Y,Z € T (TM), ®

we deduce that the vorticity tensor field satisfies the identities

ow: 1 [8a Oa:
ooy _1foa 0%l
ox? 2 {Sxf (le} (5a)

6wij
Y {5

- wijak} =0, (9b)
(i,5:k)

where },(; ;1 is the cyclic sum with respect to (i, j, k).

Now, we denote by g;; the local components of the
Riemannian metric g induced by g on SM, with respect to
the basis {§/8x'} in T(SM), and obtain

_ (96 & -

5 =750 5 ) = 9+ P = g + O (10
Then the lone element of g is expressed in terms of threading
coframe {6x°, dx'} as follows:

ds* = —@* (8x0)2 + yijdxidxj. (11)

Also, we define the expansion tensor field ®;j, the expansion
function ©, and the shear tensor field o;; as follows:

0g..
y= 2=, (122)
X
@ = @ijgij> (12b)
1__
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Raising and lowering indices i, j, k, . . ., are performed by
using g/ and g, as in the following examples:

k _ —ki

wj =9 @i
kh _ —ki—hj
w =g g wy
(13)
_ =ik k
w; =g w,

_— — _kh
Wi; = ik 9 jp@
The expansion and vorticity tensor fields enable us to define

the extrinsic curvature tensor field K of the spatial distribution
by its local components

h _ ~h 2 h
K =0]+ 0w, (14)
or equivalently by
K =0;+ (Dzwij. (15)

By using (5a) and (15), we see that K is a symmetric tensor
field if and only if SM is integrable.

Remark 2. The extrinsic curvature tensor field was intensively
used in the (3 + 1) decomposition of the spacetime (cf. [3, pp
509-516]). As far as we know, the tensor field K given by (14)
or (15) is considered here for the first time in a study of the
(1 + 3) threading of spacetime.

Next, in order to justify the tensorial meaning of the above
quantities, we define a spatial tensor field T of type (p,q) on
M, as an F(M)-multilinear mapping:

T:T(SM*)? xT(SM)T — F (M), (16)

where SM” is the dual vector bundle to SM. The local
components of T, with respect to a threading frame and
coframe, are given by

Y I B
ox!
and satisty

—h i

e
with respect to the coordinate transformations X =
%*(x° x') on M. For example, {w;j> g;j» 63 0;j> K;j} and {a;, ¢}
define spatial tensor fields of types (0,2) and (0, 1), respec-
tively.

An important geometric object is the Riemannian spatial
connection, which is a metric linear connection V on the
spatial distribution, given by

VySY = SV SY, VX,Y € T (TM), (19a)

where & is the projection morphism of TM on SM with
respect to decomposition (1). Locally, V is given by

8 9

= =k
vs/axjg = I‘i ]@, (20a)

3
= 0 kO
Vorw 5.0 = Ki 5o (20b)
where we put
TF = 1o (Sy_}“+%_@ (21)
12 Ox'  Oxi SxM )

Throughout the paper, the covariant derivatives defined by
V will be denoted by a vertical bar “|.” As an example, for a
spatial tensor field T' = (T]’.), we have

C8T -
1) = 55+ T/ - T/, (22a)
X
T/ .
Tj, =55+ T'K - T/K]. (22b)
0 X

A covariant derivative as in (22a) (resp., (22b)) is called a spa-
tial covariant derivative (resp., temporal covariant derivative)
of the spatial tensor field T'.

Finally, by direct calculations, using the Riemannian
spatial connection and the above spatial tensor fields, we
express the Levi-Civita connection V on (M, g) as follows:

d =k O iy 9]
Va/sxf@ ik b (“’ij +® ®ij) %0
5 5 (23a)
—k s
“lige v Rige
ko .2 ky O 0
Va/axo(s (®i+q) wl)8 k+ lﬁ
s 5 (23b)
=Kk 2 4p 2
Poxk o ox0
Ve o, 0" + 02k d
8/6x' 3.0 (i+ wz)8k+i@
5 5 (23¢)
k
:Ki (W +CI@,
0 2.k O 9]
VB/axl)ﬁ b ﬁ +\Ija 0> (23d)
where we put
b=a+¢, ie{l,23}. (24)

Remark 3. 1t is worth mentioning that all the equations we
state in the paper are expressed in terms of spatial tensor fields
and their covariant derivatives defined by the Riemannian
connection.

Remark 4. As the (1 + 3) threading of spacetime considered
in this paper contains as a particular case the (1+3) threading
with respect to a unit timelike vector field, we call it the
general (1 + 3) threading of spacetime. The advantage of this
general setting on the splitting of spacetime is that it can be
applied to any Lorentz metric of a spacetime.



3. Bianchi Identities for the Riemannian
Spatial Connection

In earlier literature on the (1 + 3) threading of spacetime,
we find the so-called three-dimensional derivative operator
(cf. (4.19) of [4]). With respect to this operator, we have the
following remarks:

(i) It is neither a linear connection on M nor a linear
connection on SM.

(ii) Asa consequence of (i), for the general case when SM
is not integrable, then a curvature tensor field for this
operator could be not defined.

Contrary to this situation, V given by (19a) is a metric
linear connection on the vector bundle SM, and therefore it
has a curvature tensor field R given by

R(X,Y,2) =VyVySZ - VyVySZ -V xy,SZ,
(25)
VX,Y,Z e T (TM).
Locally, we put
(5 & O )
R —_ Y, — :RA.—, 26
—( 6 o0 6 —n 6
R(—,—,— |=R. , —, 26b
(5xk 9x° 6x’> POk o 260)

and by using (25), (26a), (26b), (20a), (20b), (5a), and (5b),
we obtain

—h —h
no 0T T, clgh _Flyh
i jk W_ Sx ijrl kT ikl (27a)
h
- 2KI w]k’
ot
h h i k h
R o = Ki' a;o + K a, (27b)
Since V is a metric linear connection, we have
Rigy, + Rz = 0, (28)
where we put
— _ —h
Rior = gy Ri ok (29)

As a consequence of (28) we deduce that Eiok = 0, which
implies
—i
00 00 I,
O = —— — A, — =k _@q, (30)
k= oxk T Rgxd T ox0 T Tk
via (27b) and (14). Thus, in any cosmological model of a 4D
universe, the expansion function must satisfy the system of
PDE given by (30).
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Remark 5. Note that Eh j and Ehok define spatial tensor
fields of types (1, 3) and (1, 2), respectively. Also, from (27b)

we see that afih i 0x° definea spatial tensor field of type (1, 2).

—h
However, I'; , do not define a spatial tensor field.

Remark 6. Comparing (27a) with (15.4) from [5], we see that
the so-called Zelmanov curvature tensor field is given by the
first four terms from (27a). Moreover, from (15.5) of [5] we
see that such a tensor field becomes a curvature tensor field,
if and only if SM is an integrable distribution.

Next, we extend the Riemannian spatial connection V on
SM to a linear connection V on M given by

VY =VySY + TV TY, VXY eT(TM), (3D

where I is the projection morphism of TM on VM with
respect to (1). Clearly, ¥V coincides with V on SM and therefore

locally is given by (20a), (20b), and

< 9 2
V1o 58 = i

~ 0 0
Vo 5.5 = Vo5

(32a)
(32b)

We recall that the torsion and curvature tensor fields of V are
given by
T(X,Y)=VyY -V, X~

[X, Y], (33a)

R(X,Y,Z) =VxVyZ -V VyZ - Vixy Z. (33b)
Then, by direct calculations, using (33a), (33b), (20a), (20b),

(32a), (32b), (5a), (5b), (23c¢), (26a), and (26b), we deduce that

T(%,%) = —2w,.j%, (34a)
T(%,%)z[d%—h%, (34b)
RS 2)-ul o
R(% ai ;) :Eijo,c%. (34d)

Now, in order to find some Bianchi identities for the Rieman-
nian spatial connection, we recall that the Bianchi identities
for the linear connection V are given by (cf. [6, p. 135])

Y A(VT) (., 2) + T (T(X,Y),Z)
r2 (352)

~R(X,Y,2)} =0,

(X;Z) {(VxkR) (v, Z2,U) + R(T (X, Y),2,U)} =0, (35b)
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where Yy y ) is the cyclic sum with respect to (X, Y, Z). In
order to use (35a), we note that

~(~( & & 1)
T(T| —,— |, —
< <6xk 8x1> 8x’>

= —ZKIh(UJk

(36a)

+ Zbia)]-k

o 0
Sxh ox°’

= (6 6 0
(ToioeT) (a2 ) = -2 (@ +0y6) o5 G6b)

Then, take X = 8/8x%, Y = 8/8x/, and Z = 8/8x" in (35a)
and, by using (36a), (36b), and (34a), we infer that the spatial
component in (35a) is expressed as follows:

(Zk) {Eih Wt 2Kf‘wjk} - 0. 37)
ij,

Taking temporal part in (35a) and any other triplet (X,Y, Z)
from the threading frame we obtain the identities from (9a)
and (9b). . ‘

Next, take X = 8/8xF,Y = 8/6x7, Z = §/8x', and U =
8/8x" in (35b), and, by using (31), (34a), (34c) and (34d), we
obtain

1
D {Rh ijik Ry Oilkwjk} =0. (38)
(i, jsk)

Finally, take X = 9/0x°, Y = 8/0x/, Z = §/8x’, and U =
6/8331 in (35b), and, by using (31), (34a), (34b), (34c¢), (34d),
and (23c¢), we deduce the identity

— 1 — 1 — 1 — 1 Kk =1 k
Ry ij10 + Ry gifj = Rpy oji + Ry oK = Ry, 3.K;
(39)
—1 —1
+a;Ry o — @Ry, ; = 0.

The other identities obtained from (35b) either are trivial or
do not involve the curvature tensor R of V. Thus, we are
entitled to call (37), (38), and (39) the Bianchi identities for
the Riemannian spatial connection.

We close the section with some comments on these
identities. As far as we know, the above Bianchi identities
are stated here for the first time in the literature. They
represent a generalization of usual Bianchi identities on a
3-dimensional Riemannian manifold. Indeed, if the spatial
distribution is integrable, that is, the vorticity tensor field
vanishes identically on M, then (37) and (38) become

Y {Ru} =0

(i,j:k)

Z {Ehlz‘jlk} =0,

(i, k)

(40)

which are the well-known Bianchi identities on the 3-dimen-
sional leaves of SM. Moreover, in this case, by using (14) and
(27a) and (27b), we deduce that

K/ = @), (41a)
Eijoh = ®;'i|h - aaf;i)h +0/a, (41b)
Ry, = a(sf_;;k - % TS VRS Vi Vi (41c)
Finally, identity (39) becomes
Ehlij|0 + ihloﬂj - ﬁhloﬂi + ﬁhlike)]; - I_thjk@)f
(42)

— 1 — 1
+ath 0i —aiRh 0j =0.

4. Structure Equations Induced by the (1+3)
Threading of Spacetime

Let (M, g) be a 4D spacetime and V be the Levi-Civita
connection defined by the Lorentz metric g. Denote by R the
curvature tensor field of V given by (33b) wherein we remove
the tilde. Then, consider the following local components of R
with respect to the threading frame {0/ 9x°,8/8x'}:

5 o6 § o 5 . 0

R<@’ﬁ’@> - ijk@"'Ri jk@> (43a)
d o0 O P . 0

RS F 35055 ) = Riokgn * Rk g5 43b

<8xk 0x° 6x’> i Ok 5 h T Riokg 0 (43b)

Now, comparing (A.4) and (A.8) from Appendix A with (43a)
and (43b), respectively, we obtain

h _—h

R j =Ry jt >’ (KinZ - KikK?), (44a)
Riojk = (Kijlk = Kigj + Kixcj — Kijck) —2bwj, (44b)
RihOk = ﬁihok + b,'KZ - thik, (44¢)
Riook = by, +bb, - o (Kiklo + Kin;{ - \I/Kik) . (44d)

By using (15), (6a), (6b), (6¢), and (6d), we deduce that

2
Kijlk = ®ij|k +O (wij|k + zwijck)> (45a)

K”|O = ®ij|0 + (Dz (wijIO + 2\'1”601]) .

U (45b)



Taking account of (45a), (45b), (14), and (15) into (44a), (44b),
(44c), and (44d), we infer that

h =h -2 h 2 h
Ry =R, j+ (w; + 07°0;) (0 + 'w))
(46a)
-2 h 2 h
— (wy + 07?0y (0] + D),
0 -2
Ri jk =0 (G)l]lk - ®ik|j + @ikc @ Ck) + wmk
(46b)
wik|j + “’ijck lkc 2b C()]k,
Rihok = Eihok + bz-@Z - bh@ik + @ (blwl}cl - bhwik) , (460
-2
R Ok =by +bb - © (®ik|0 -¥Y0,) - Wiklo
(46d)

- Yooy — (w; + ©70,;) (0] + D’w]).

Next, by using the local components of the curvature tensor

fields Rand R of type (0,4) (see (A.9) and (A.10)), from (44a),
(44b), (44c¢), (44d), (46a), (46b), (46¢), and (46d) we obtain

- -2
Rijj = Rije + @ (Kinlk - KikKlj)7 (47a)
2
Riojk = Klkl] - Kl]lk + Kijck - Kiij + 20 blek, (47b)
Ry = Rigye + biKyy — b Ky, (47¢)
Ripor = sz|o + K; K - YK, ( ik T bbk) (47d)
= 2 -2 -2

Riljk = Rijk + @ {(wlj + @ @1]) (“’lk + @ ®lk)

(48a)

-2 -2
- (“)ik + O ®ik) ((l)l] + O ®l])} N
2

Rigjk = Oix)j = Oijik + 0yj6 — Oy + P {wiklj

(48b)

Wjjjk + WikC; — WG + 217,-wjk} ,
5 2
Ryor = Ry + 5,0y — 5Oy + O (bwy — by),  (48¢)
2

Riook = O — YOy + @ {wiklo + Yy,

(48d)

+(w; + ©7°0,) (0] + D’w]) - by — b} .

With the theory of hypersurfaces of the spacetime in mind,
we call (47a) and (48a) {resp., (47b), (48b), and (48c)} the
Gauss equations (resp., Codazzi equations) for the spatial
distribution SM in the ambient space (M, g). Also, all the
equations from (47a), (47b), (47¢), (47d), (48a), (48b), (48¢),
and (48d) will be called structure equations induced by the
(1 + 3) threading formalism. They have an important role in
the next sections.

Now, taking into account the symmetries of R, we deduce
some identities for R and for kinematic quantities. First, using
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well-known identities for R and taking into account (47a) and
(48a), we obtain the following identities for R:

Eiljk + Eilkj =0, (49a)
Eiljk + ilijk =0, (49b)
Ry = Ry

=0~ {KikKlj + KKy — KKy - K szk,-} (49¢)

= 2{@,w; + Oyjwy + O, Wy + O}
Also, taking into account that
Ripik = =Rjkoi (50)
and by using (47b), (47¢), (48b), and (48c), we deduce that

EjkOi = K"|k -K;

2
ij ikj + Kixej — Kijjoe = 20 bw i

- ijki + ka],

(51)
= O — O + Oy — Oya;
+ @ {wiﬂk — Wiy + W — WA — Zbiwjk}.
Finally, using the identity
Rioox = Riooi (52)

and taking the symmetric and skew-symmetric parts in (47d)
and (48d), we infer that

1
Rigor = 3 {szm + Kiio + Kjj K + KkJKJ
(53a)
— W (Ky + Kig) = @7 (b + bkli)} - O’bb,
j 4 2
Rigor = Ojpgo = YOy + ©,0] + O w;jw] — D bby
(53b)
- ECD (b ik T bklz)
Kikjo = Kiijo + K; K Kk] - ¥ (Ky — Ky;)
(54a)
2
- @ (by — b)) = 0,
2 J j
Wipo = —Ywy + @ {wa@i - ;0
(54b)

+5 (lk bklz)]'

In particular, suppose that (M, g) is a vorticity-free spacetime;
that is, the vorticity tensor field vanishes identically on M.
Then, from (49c¢) and (51) we deduce that the curvature tensor
field of the Riemannian spatial connection satisfies identities
(49a) and (49b) and the following:

Eiljk = Ejkiza (55a)

Rioi = Oy — Oy + 0,0, — ©a;. (55b)
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Also, from (54b) we see that

by = bys> (56)

and (48a), (48b), (48c), and (48d) become

Ripj = Eiljk + @7 (® O — ®ik®lj)’ (57a)
Rigjk = Oix)j = Oijik + 046 — Oyecs (57b)
Ry = Ry + Oycb; = @by, (57¢)
Rigok = Oy ~ YOy + 0,,0] — O (b +bb) . (57d)

5. Ricci Tensor Field and Scalar
Curvature of a Spacetime Expressed in
terms of Spatial Tensor Fields

Let (M, g) be a 4D spacetime and {E;} be an orthonormal
basis in T(SM). Then, {®'(9/9x°), E.} is an orthonormal
frame field on M. According to [7, p. 87], the Ricci tensor of
(M, g) is given by

3
Ric(X,Y) = ) R(Ej, X, E;,Y)

= (58)
_ 0 d
~O7R( =/, X, —,Y |,
<ax0 0x?° )
forall X,Y e T'(TM). Now, we express E;. as follows:
1
E, =F 59
k kax ( )
and we obtain
g’ = Y E.E]. (60)

Then we consider the following local components of Ric with
respect to the threading frame {0/0x°,8/6x'}:

6 &

R;; _RIC<8 5 6x’> (61a)
J &

R R1c<a o (le) (61b)
0 0

RO—R1C<aO aO> (61c)

and, by using (59), (60), (61a), (61b), (61c), and (A.9) into (58),
we obtain

R = =g Rzl]k + CI)_ZRiOOj’ (62a)
-y —lk

Rip = 9 Ry = =9 Ryoir» (62b)

Ry = _yikRiook- (62¢)

Now, by using (47a), (47b), (47c¢), (47d), (48a), (48b), (48¢c),
(48d), (53a), and (53b) in (62a), (62b), and (62c), we deduce
that

)
Ry =R+ 02 {(© - W) Ky + Ky} ~ by, by, (632)
—k
Rip = R; o +Ob, - Kikbk
(63b)
= Kjj — O}, + O — K| + 207w, b,
Ry = ¥O - O - KK} + O {b” + b}, (63c)
—k )
R; =R j+ 0 {(@-¥)0,+0} +
(64a)
+ (@ +V¥)w; - by; — bb,
—k
Ry = R; o +Ob, — Oy b" — @’w, b,
= O} — 0 + O — O (64b)
-0 ( Wy + ckw - wikbk) ,
1
Ry =¥O -0y - 0” - ~0” + D*w’
3 (64c¢)
+@° (bz + bllf() ,
where we put
o? = ahko_hk’
w* = wy ™, (65)
2 3
b* = b~

Next, we take the symmetric and skew-symmetric parts in
(63a) and (64a) and obtain

Y -2
R;=R;+® {(@ ~9) 0, + 0}

1 (66a)
= 5 (b + by) - by
1 /=k —k 1
_Ri'_R" =_bi'_b'i - w;;
2( jk ]lk) 2( lj J|) 710 (66b)
- (@ +¥) w;,
where we put
= 1 /—k —k
Rj=3 (RO +Ry,)- (67)

The spatial with local components Eij are called the spatial
Ricci tensor of the spacetime (M, g).

The above formulas for Ricci tensor enable us to obtain a
new formula for the scalar curvature R of (M, g) in terms of
spatial tensor fields. We start with R given by

0o 0
R = Y Ric(E;, E;) - ®*Ric < )
kz:l ox 0’ ax (68)

=g'R; - O7Ry,.



Then by direct calculations, using (66a) and (64c) into (68),
we obtain

= (4
R=R+® 2{-®2—2\P®+2®|0} )
: (69)
k
- 28,

where we put
= =
R=7"R;. (70)

We call R the spatial scalar curvature of the spacetime (M, g).
Note that both R;; and R are related to the geometry of the
spatial distribution SM which is not necessarily supposed to
be integrable.

6. The Splitting of Both the Einstein
Gravitational Tensor Field and the Energy-
Momentum Tensor Field

We start with the Einstein gravitational tensor field G of
(M, g) given by

G(X,Y) = Ric(X,Y) - Ng(X.Y),
2 (71)

VX,Y € T (TM).

Then, with respect to the threading frame field {0/ 9x°,8/8x'},
we have

§ 6 R

6=6(550) = Rim30s O
0o 0

Go=6 (5 53 ) = o 7
J0 0

Goo:G<@’@> Ry + D= (72¢)

By using (66a), (64b), (64c), and (69) into (72a), (72b), and
(72¢), we obtain

= 2 gk 122 1
Gisz +(b +b|k+5®w>glj 2(la,|]+b )
—bibj+d>‘2{(® ¥) 0, +0,, (73a)
—(@lo Yo + ® + U)Qz;}
5k - k k 2 Ak
GiO _Ri Ok_Rj ik+®bi_®ikb -0 wik = ®i|k
(73b)
-0, +0¢ - @ikck - @ (w ikt Ckw Zw,kbk) ,
1 = 2
Gy = > <®2R+ 3@2 —02+®4a)2), (73¢)
where we put
G -R -R5. (74)
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The spatial tensor field G with local components Gij is called
the 3D Einstein gravitational tensor field of the spacetime
(M, g).

Now, in order to give a coordinate-free formula for the
energy-momentum tensor field, we consider a spatial 1-form
w and a spatial tensor field S of type (0, 2). Then, we define a
1-form and a tensor field of type (0,2) on M, denoted by the
same symbols and given by

w(X)=w(S$X), (75a)

S(X,Y)=S(85X,8Y), (75b)

forall X,Y € I'(TM). As an example, the Riemannian metric
g on SM defines a symmetric tensor field g on M given by

FXY)=G(SX,8Y), VX, Y e[ (TM). (76)

Note that g from (76) coincides with the tensor field h given
by its local components in formula (4.10) of [4]. Also, we need
the 1-form u induced by the unit vector field U = ®~'9/0x°
by the formula

- 0
u(X)==o 1g<X,ﬁ>, VX € T (TM). (77)
X
Based on these geometric objects, we claim that the energy-
momentum tensor field T measured by an observer moving
with the unit 4-velocity U has the following coordinate-free
expression:

TXY)=puX)u)+qX)u)+qY)u(X)
+pg(X,Y) +7(X,Y), (78)
VX,Y € T(TM).

Here, p and p are the relativistic energy density and the
relativistic pressure, respectively, while g is a 1-form on M
defined by a spatial 1-form as in (75a) and 7 is a symmetric
and trace-free tensor field on M defined by a spatial tensor
field as in (75b). Now, take X =Y = U in (78) and obtain

p=T(UU). (79)
Then we put
0 0
TOO:T<@,@>, (80)
and (79) becomes
Tyo = O°p. (81)

Similarly, take X = U and Y = Y in (78) and deduce that
q(8Y)=-T(U,SY). (82)

2 o
To=T(—,—
o (8x 5)
9

Now, we put

(83a)

(83b)
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and, takingY = § /8x" in (82), we infer that
T; = —®g;. (84)

Finally, denote

5 6
T~ = T s = > 85
Y <(‘5x1 8x’> (852)

. _ﬂ<i i)
i Sxi’ oxt )’

and, taking X = 8/8x7 and Y = 8/8x" in (78), we obtain
T;j = pg;; + mi;. (86)

(85b)

Contracting (86) by g” and taking into account that 7 is
defined by a trace-free spatial tensor field, we infer that

1
1 —hk\ —
m=Tj; - 3 (Thkg )gij‘ (87b)

Now, taking into account (79)-(87b), it is clear that (78)
represents the coordinate-free version of (5.9) from [4, p. 91].
Thus g and 7 from (78) are the relativistic momentum density
and the relativistic anisotropic (trace-free) stress tensor field,
respectively.

7. A New Splitting of Einstein Field
Equations with respect to General (1+3)
Threading of Spacetime

We start this section with the coordinate-free form of Einstein
field equations (EFE) expressed as follows:

G(X,Y)+Ag(X,Y) = 87GT (X,Y),
88
VX,Y € T (TM), 59

where A is the cosmological constant and G is the Newton
constant. Now, take X = §/8x’ and Y = §/8x" in (88) and, by
using (73a), (10), and (86), we obtain
= 2 gk 1o - 1
G+ <b + blk + Ed) W+ A) 9ij ~ 3 (biu + bﬂi)
-2
- b,-bj + @ «{(@ -V¥) 0;; + Oy
(89)
2 5 1 5\ _
- (®|o -Y0 + 5@ +50 )91';‘} = 8nG (pgij
+ nij) .
The equations from (89) will be called the spatial Einstein field

equations (SEFE). Next, we take X = 9/9x’ and Y = §/8x" in
(88) and, by using (73a) and (84), we deduce that

Ry + Ob, — O, 1" — D’wy = —87GDq,, (90a)

®ff|k -0, +0¢ - ®,-kck - @? (a)ﬁk + Ckwfc - Zwikbk)
(90b)
= -8nGdg;.

The equations from either (90a) or (90b) are called mixed
Einstein field equations (MEFE). Finally, take X = Y = 9/0x°
in (88), and, by using (73c), (2a), and (81), we infer that

— 2
O’R+ 0% -0 + 0w’ = 20° (A +87Gp). (91
3 P

We call (91) the temporal Einstein field equation (TEFE). Thus
Einstein field equations (88) are splitting into three groups
of equations given by (89), (90a), (90b), and (91). It is worth
mentioning that these equations are expressed in terms of
spatial tensor fields and their covariant derivatives induced by
the Riemannian spatial connection.

Next, by contracting (89) by g7 and using (74) we deduce
that the spatial scalar curvature is given by

R=2 (0 +by) + 202 + 31
2 2
(92)
-2 2 3 2
-0 {@ +0p+-0" - 2‘1’@} - 24nGp.
2

Comparing (92) with (91), we obtain the Raychaudhuri-Ehlers
equation induced by the general (1 + 3) threading of the
spacetime:

1
Q)+ 50’ +0° - Y0
3

-’ {b2 +b|];( + @’w’ + A - 4nG (p+3p)} (93)
=0.

Note that (93) is the generalization of (6.4) from [4], which
was obtained for the particular case ® = 1.

8. A New Splitting of Conservation
Laws with respect to a General (1+3)
Threading of Spacetime

As is well known, the energy-momentum conservation
equations are given by the vanishing of the divergence of
T. In order to obtain their explicit form, we consider an
orthonormal frame field {E;, U = ®'9/0x°}, and according
to [7, p. 86] we have

3
divT) (X) = Y (V5 T) (B X) = (Y T) (U, X) =0, (94)
k=1

for all X € T(TM). Then, take X = 93/9x°, in (94), and by
using (B.1) and (B.2) obtain
A o A oT,
2 [ k 00
OHTY, + (2 =) Tjo - 07Ty | - =8 )
+QQ¥Y-0)T,, = 0.

Similarly, take X = § /8x" in (94) and by using (B.3) and (B.4)
we deduce that
D? {Tijlj —w;T] + T,.jbf} +(¥ - ©) Tyy — Tygpo + Toohs o
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Now, from (84) and (86), we infer that

T = ~dg, (97a)

T/ = p&] + 7. (97b)
Then, by using (24), (81), (84), (86), (97a), and (97b) in
(95) and (96) and taking into account that both o;; and
7;; are trace-free spatial tensor fields, we obtain the energy
conservation equation:

@+(p+p)®+a] njk+d>(quj+2qu1):0 (98)
and the momentum conservation equation:

4 .
Gijo + 56% + (Uij + q)zwij) q’

5 (99)
+<D{6—f:i+7rj|j+(p+p)b,-+nijb1} =0.

In order to compare with what is known in the literature with
respect to the (1 + 3) threading of spacetime, we note that

VU = o

o (100)

This is obtained by direct calculations using (23d). Also, we
should remark that (100) states that though the velocity U is a
timelike vector field, the acceleration VU is a spatial vector
field.

Remark 7. The above conservation laws are obtained in the
most general setting. Indeed, if in particular @ = 1, (98) and
(99) become (5.11) and (5.12) from [4, p. 92], respectively.
If, moreover, we have a perfect fluid on M, thatis, g; = 0
and m; = 0, then (98) and (99) become (1) and (2) from
Proposition 5 in [7, p. 339].

9. Splitting of Einstein Field Equations in an
Almost FLRW Universe

Let M be an FLRW universe, whose line element is given by
s = G dx"dx" = a* (1) {-de® + ,;dx'dx’},  (101)

where 7 is the conformal time on M and the three-
dimensional space given by T = const. is an Euclidean space.
The Lorentz metric given by (101) is called the background
metric. For a more realistic model of the universe, there has
been studied perturbation of this metric (cf. [4, 8, 9]). The line
element of the full metric g on M is expressed as follows:

ds* = gpdx®dx’ = G ,dx"dx" + 8g4dx"dx’,  (102)
where 8g,;, determine the perturbation. In the present paper
we consider the conformal-Newtonian gauge case, for which
the full metric is given by

ds’ = a’ (1) {- (1 +24)d7* + (1 -2B) 6, dx'dx’}, (103)
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where A and B are the well-known Bardeen invariants. The
spacetime (M, g) with g given by (103) is called an almost
FLRW universe.

Now, by using (2b) for (103), we deduce that; = 0, i €
{1,2, 3}, which imply

o _ 9 (104a)
ox'  ox!
w;; =0, (104b)
a; =0, (104¢)
G = a’ (1-2B) 8ijs (104d)
Gi-— L 5 (104e)
9 = 2a-2°"
Also, according to the notation in (2a), we have
2 2
O = (1+24). (105)

From (104b) we see that the spatial distribution SM of
(M, g) is integrable, but its leaves are not anymore Euclidean
spaces. Moreover, by using (12a), (12b), (6d), (104d), and
(105), we obtain

0,;=a"{(1-2B)7 - B'} 5, (106a)

BI
O=3% - , (106b)

1-2B
A/

VY=F+—0 (106¢)

1+2A
where “|” denotes derivative with respect to 7 and # =

a'Ja is the Hubble parameter of the background metric. By
calculations, using (106a), (106b), and (104d) into (12¢), we
infer that

aij = 0) Vl,] € {17 2; 3} . (107a)

| ..
®; = §®9ij’ Vi, j € {1,2,3}. (107b)

Taking into account that @ ®;; are the local components of
the second fundamental form of the leaves of SM (see (23a))
and using (107a) and (107b), we can state the following result
on the kinematic quantities and geometry of (M, g).

Theorem 8. Let (M, g) be an almost FLRW universe. Then
one has the following assertions:

(i) (M, g) is both vorticity-free and shear-free spacetime.

(ii) The leaves of the spatial distribution are totally umbili-
cal hypersurfaces of (M, g) with mean curvature vector

H=lo2el

. 108
3 or (108)
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Next, we assume that the energy-momentum tensor for
the almost FLRW universe (M, g) takes the perfect fluid
form, that is,

(109)
Vi, j € {1,2,3}.
Then, the Bardeen invariants coincide (cf. [4, p. 259]); that is,

from now on in our calculations we put A instead of B. First,
by using (24), (104c), (6b), (105), and (104e), we deduce that

i (110a)

b = (110b)

a? (1 4A2)(1 +2A)Z( W

where we put A, = 0A/dx’. The local coefficients of the

spatial Riemannian connection V are given by (see (20a),
(20b), (C.1), (14), (107a), and (107b))

—k 1

T. . = 8;A* —5FA
P 1—2A{

j-0A}L, ()

-0/ = %@6{, (111b)

where we have A* = A «- Then, by using (110a) and (111a), we
obtain the spatial covariant derivative and the divergence of
the acceleration, given by

1 8A
1A {Av’ Evoes

(112a)
1 3 2
-——6.) (A ,
1-2A 1];( k) }
3
k 1 2A-3 2
b = PRy 1;{ et ] 4A2( ) } (112b)
where we put
’A
A= —. (113)
7 0xtoxi

Now, by direct calculation using (106b), we infer that

2
20 , 2(A") +(a-24)4"

00 3

! !
i = ax m{ZA A1+(1_2A)A1}

(114b)

1

Also, by using (107b), (111b), (114a), and (114b) and taking into
account that V is a metric connection, we obtain

2

1 _ 2 opl
3 1-2A (115a)
~(1-24)4" -2(4')'} s,
ot ~lg -1 {2A’A. +(1-2A) A’.} (115b)
ilk 3 i (1 _ 2A)2 i il -

Finally, by using (C.7) and (C.8) in (74), we deduce that the
3D Einstein gravitational tensor field is given by

- 1
Ci= T a2
(1-24)

zJZ(

{3A,.A]. +(1-24) A,
(116)

Y+ (1 —2A)Akk)]»

Now, we are in a position to present the splitting of EFE
for the almost universe (M, g). First, we consider that the
background energy-momentum tensor T takes the perfect
fluid form; that is, we have

TU =Pg;;=pa 8,1, (117a)
T, =0, (117b)
Too = ap, (117¢)

where p and p are the relativistic density and pressure,
respectively. Then, the energy-momentum tensor T of the
perturbed universe (M, g) should have the perfect fluid form
too. Hence, by (86), (84), and (81), we have

Tij = pgu pa (1-24A) 611, (118a)
T, =0, (118b)
Ty = D°p = a® (1 +24) p, (118¢)
where we put
p=p+dp,
(119)
p=p+0p.

After some long calculations using (116), (110a), (110b), (112a),
(112b), (114a), (106a), (106b), (106c), (107a), (107b), (104d),
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(105), and (118a) into (89), we deduce that the SEFE for the
almost FLRW universe (M, g) are given by

2

AA;
1-4A?

1-4A? !

2
{ZAAij+1+4A+12A ]}

(ZA" RRAELYY
1+2A

6A-1
+
1 -4A?

1 3
Evyy <4AkZAkk
=1

RERSER LY (Akf)} - (87Gp - A)

(A') = (1-24) (7 + 2%’))
(120)

1-442 &
-a’ (1-24) 5.
Next, since (M, g) is vorticity-free and g; = 0, (90b) becomes
®,-0¢ =0, (121)

via (107b) and (115b). Then, by using (106b), (110a), and (114b)
into (121), we obtain the following MEFE for (M, g):

(1+6A)A'A; + (1-4A%) AL+ (1-24)" Z A,
(122)
=0.

Also, by using (C.8), (106b), and (105) into (91) and taking
into account that 0® = w? = 0, we deduce that the TEFE for
(M, g) is given by

1+24 ¢

2
T 3(A) +2(1-2A)A
T kZ{ (A0 +2(1-24) Ay}
ry (123)
+3| - A
1-2A
=a’ (1+2A) (A +81Gp).
Finally, Raychaudhuri-Ehlers equation (93) becomes
sl - L L _an
1-2A 1-4A?
4A "2 1 :
- Ayt —— Y4
(1—2A)(1—4A2)( ) } 1-2A L; Kk (124)

3
. _ZAZZ (Ak)z]» =a’ (1+24) (A
k=1

- 471G (p +3p)).

Summing up the above results, we state the following theo-
rem.
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Theorem 9. Let (M, g) be an almost FLRW universe with the
energy-momentum tensor of a perfect fluid. Then one has the
following assertions:

(i) The SEFE, MEFE, and TEFE of (M, g) are given by
(120), (122), and (123), respectively.

(ii) The Raychaudhuri-Ehlers equation in (M, g) is given
by (124).

In particular, suppose that A = 0 and A = 0. Then, (123)
and (124) become

(125)

respectively. Note that, in this case, (122) is trivial, and (120)
is a consequence of (125) and (9.24). As (125) and (9.24) are
the well-known Friedmann equations for an FLRW universe
(cf. (8.4) and (8.5) in [8]), we are entitled to call (123) and
(124) the perturbed Friedmann equations in an almost FLRW
universe.

10. Conclusions

The idea to develop (1 + 3) threading of a spacetime with
respect to a nonnormalized vector field came up as a need for
the study of the spacetimes whose metrics have the general
form of (2a), (2b), and (2¢) with ®* # 1. We only mention
here all the metrics from both the theory of cosmological
perturbations and the theory of black holes.

The main difference between our approach and the
methods developed in earlier papers consists in the fact that
we deal with the spatial tensor fields as intrinsic objects from
the geometry of the spatial distribution. In earlier literature,
the spatial tensor fields have been considered as projections
on the spatial distribution of tensor fields defined on M.
This was the main obstacle in defining a correct spatial
covariant differentiation for the general case when the spatial
distribution is not integrable (cf. (4.19) of [4]). In particular, if
the spatial distribution is integrable, the ADM formalism (cf.
[3]) can be applied. However, even in this case, the threading
formalism is totally different from the ADM formalism. This
is because in the ADM formalism the frame field is used,

0o ¢ 0 ; 0
{axi’ U Ox! } ’ (126)
which is adapted to the 3D spatial foliation. Thus, all the
formulas like (89), (90a), (90b), (91), (98), and (99) from
our paper are expressed with respect to the frame field (126).
The advantages of the threading formalism of spacetime with
respect to an arbitrary timelike vector field are the following:

(i) It can be applied to any Lorentz metric given by
(2a), (2b), and (2¢) with ®* # 1.In particular, the
perturbation theory and the black holes theory are
suitable for this formalism.
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(ii) The spatial distribution is not supposed to be neces-
sarily integrable, and therefore this formalism can be
used in a study of any cosmological model.

(iii) It provides, for the first time in literature, a spatial
covariant differentiation for spacetimes with nonzero
vorticity.

The approach we develop in the paper is based on spatial
tensor fields and on the Riemannian spatial connection
which behave as 3D geometric objects with local components
defined on a 4D spacetime. It is noteworthy that the three
groups of EFE presented in the paper are expressed in terms of
spatial tensor fields and their covariant derivatives induced by
the Riemannian spatial connection. This enables us to write
down a splitting of EFE for an almost FLRW universe, which
might have an important role in the difficult task of finding
models for such a universe. Moreover, the approach can be
extended to the study of threading of higher-dimensional
universes. This can be seen in a paper of the first author on
the threading of a 5D universe (cf. [2]).

Appendix

A. Details of Formulas of Section 4

We shall present here details about the formulas stated in
Section 4. For the curvature tensor R of the Levi-Civita
connection V on (M, g), we use the formula

for all X,Y, Z e T(TM). First, by using (23a), (6b), and (23c),
we deduce that

) T 8 _ 0
oo By = o ([ + Kz
h
8r1 1) -1 (= ) 0
b -2
= +I; (T O Kp=—
Sxk ox (lk5h+ 8x°>
0K o
-2 -2 ij
20 Ko TP e o
A2)
-2 hn 0 ) (
+ O KI] <Kk@ +Ck_ax0

o
Sxh

_ 81“.]3
Sxk Sxh

OK;; =1 0
) ij
X X

—=h _
4T/ T+ @ ZK,.].K,’j}

Then, by using (5a) and (23b), we obtain

0
V[s/axk,s/sxn@ = Zw]k i T 2bwik=— 30 (A.3)

13

Now, taking account of (A.2) and (A.3) in (A.l) and using
(27a) and the spatial covariant derivative of the extrinsic
tensor field, we infer that

6 6 6 —h
R > Ty T~ = R .
<8xk Sx/ 8x’> { ik

_ é
o7 (KK} — Ky K’
+ ( ij ik )} (SX (A4)
+ {(D_Z (Kl]|k - Kik|j + KikC] - Kijck)

d
- 2blw]k} w

Similar calculations by using (23a), (23b), (23¢), (23d), (6d),
and (5b) lead us to the following:

1)
Vs/sxk Vajax® S
SK" 8
:{57+K{ e bK"}sh (A5)
o ob; 0
21-] 1
+ {(D Kink + w + bick]» @,
1)
V55,0 Vs sk —
0/x" Vo /oxk 5
_y
or; )
= { axok +K T/ +szbh} o (A.6)
aKtk -2 0
+{(D axo +bF —\I”q) Kik} w,
1) n O 0
Vis/ox*,2/0x9] Sx = (A7)

A i_axh - iak_axo-

Then, by using (A.5), (A.6), and (A.1) and taking into account

(27b) and both covariant derivatives of the extrinsic curvature
tensor field, we deduce that

1) 0 é —h h h 1)
R(or a5 ) = (ot - 5
(A.8)

- 5}
— 7 (Kyggo + KijK] — WKy )} =
X
Next, we consider the curvature tensor fields of type (0, 4) of
the connections V and V, denoted by R and R and given by

R(X,Y,Z,U) = g(R(X,Y,U),2),
(A.9)
R(X,Y,82Z,8U) =g (R(X,Y,SU),SZ),
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for all X,Y,Z,U € TI(TM). Then we have the following
components with respect to the threading frame:

2.0
R = R
5 o & 6 o h
Rijor = R<@, 0 3 @) = 9 R oo
s 3 5 8 (A.10)
215 0
Ri00k=R<@)@’@’@>= DR o>
— —( & & & 6 _ —h
Rizjk=R<@,Qs@’@>zgzh i ko
— —( 6 o0 6 6 _ —h
Riox = R(@) FIRwE @) = gnRi ok

These local components are used in both Sections 4 and 5 in
order to deduce the final form for the structure equations and
the local components of the Ricci tensor, respectively.

B. Details of Formulas of Section 8

We derive some useful formulas for the conservation equa-
tions stated in Section 8. First, by using (80), (23d), and (83a),

we obtain
0 22
0x°” 0x°

(VuT) (U’ @) = (Vo1 0/0x)T) <(D7

_5 (0T 0o 0
= q) h a O 2T Va/axo a 0’ axo ( )
B.1
_, 0T, S J0 0
=@ 2% o <<D b= v — )}
0x? Sxk 0x°” 0x°
_ [Ty :
=04 F 2¥Ty 1 — 26'T.

Then, by using (59), (83a), (60), (23a), (80), and (85a), we
deduce that

5 {ar) (s
= kz: {(VEh(s/axh)T) ( k@il a?co >}
.

" 6\ @
—EkT(Va/axh (Eig ' 330
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O ok a2k 0 j
- (@’((ah @ h)a k+ckaxo 0lj
_ X .
— O 2OTyy — Oy - IT.
(B.2)
Next, by similar calculations, we infer that
0
ViT)| U, —
567 (V. o )
=0 {Ti0|o - YT - biTOO} - Tijbj’
5 (B.3)
2 (a5
freef k ox!
-2 -2
=T}, - ®70T, - (w; + 070, T)

C. Ricci Tensor Calculations

In this appendix we present the calculations for both the
spatial Ricci tensor and the spatial scalar curvature of an
almost FLRW universe. First, by using (21), (104a), (104d),
and (104e), we obtain

—k
iiT1-2B
=B, = 0B/0x*. Then (20a) and (C.1) imply

(= 0 0 2
g(Va/ax,i@) @) =a {611B

Then, apply 9/0x* to both sides in (C.2) and, taking into
account that V is a metric connection, we deduce that

_(= = 0o 0
g9 (Va/axk Vajoxi I’ @)

{6,B°-6B; - 8\B,}, (C1)

where we put B*

. — 0B, -8B}, (C2)

0 0
+ g <Va/ax1 Ix i Va/ax F h> (C3)
a” {8;;Byk — 8By — 8Buc} »
where we put
0’B
. = —-—— C-4
B 0xjoxk’ (4

Denote the left hand side of (C.3) by L;pj and by using (25),
(26a), (20a), and (C.1) we infer that

Linjk = Linkj = R gy, + (1",- k= Ll j)glm

= Ry + ﬁ {(8,8' - 8:B; - 6B,)
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(8 By = 8y Bx — O By) — (5ikBl - 553k - 8;<Bi)
(8B; — 81uB; - 8By}
(C5)
Thus, (C.3) and (C.5) imply

- 2
Ripjr = a {(Sithk + 0y Bjj — 8y Byj — 8thik}

a2
+

1 I 1
35 {(84b' - 8:B, - 8,B;) co

- (8B, — 8B, — 03B;) — (b’ — ;B - 8°B;)
- (8B = 8By — 8By}

Now, contracting (C.6) by yh" and using (67), (70), and
(104e), we obtain

3

— 1 2
Ri=————16,% (B,) +3BB,
] (I_ZB)Z{ Jkgl J

(C.7)

3
+(1-2B) (Bij + 6ijZBkk>} ,

k=1

3

3
R = ; {32 (Bk)2 +2(1-2B) ZBkk} . (C8)

a*(1-2B) | {5 k=1
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