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In this paper, we introduce the concept of mapping on hesitant fuzzy soft multisets and present some results for this type of
mappings. The notions of inverse image and identity mapping are defined, and their basic properties are investigated. Hence,
kinds of mappings and the composition of two hesitant fuzzy soft multimapping with the same dimension are presented. The
concept of hesitant fuzzy soft multitopology is defined, and certain types of hesitant fuzzy soft multimapping such as continuity,
open, closed, and homeomorphism are presented in detail. Also, their properties and results are studied. In addition, the concept
of hesitant fuzzy soft multiconnected spaces is introduced.

1. Introduction

Since the introduction of fuzzy sets by Zadeh [1], several
extensions of this concept have been introduced. The most
agreed one may be Atanassov’s intuitionistic fuzzy set
(briefly, IEFS or A-IFS) [2]. IFSs have the benefit that allows
the user to model some uncertainties on the membership
function of the elements. That is, fuzzy sets require
a membership degree for each element in the universe set,
whereas an IFS permits us to include some hesitation on this
value. This is modeled with two functions that define an
interval. Type 2 fuzzy sets [3, 4] are a generalization of the
former, where the membership of a given element is pre-
sented as a fuzzy set. Other generalizations, such as type n
fuzzy sets exist (see [3] for details about type n fuzzy sets).
Dubois and Prade [3] report that Mizumoto and Tanaka [4]
were the first to study type 2 fuzzy sets. Fuzzy multisets are
another generalization of fuzzy sets. They are based on
multisets (elements can be repeated in a multiset, for short,
mset). In fuzzy multisets, the membership can be partial
(instead of Boolean as for standard multisets). Tokat and
Osmanoglu [5] introduced the concept of a soft mset (F, E)
as F: E— P*(U), where E is a set of parameters and
P*(U) is a power set of an mset U. In this paper, we adopt
the notion of a soft mset in [5], since this way is better than

the other [6, 7]. In 2013, Tokat et al. [7] introduced the
concept of soft msets as a combination between soft sets and
msets. Furthermore, in [7], the soft multitopology and its
basic properties were given. Moreover, the soft multi-
connectedness was studied in [5]. Additionally, the soft
multicompactness on soft multitopological spaces was
presented in [8]. In 2015, El-Sheikh et al. [9] introduced the
concept of semicompact soft multispaces and the concept of
soft multi-Lindelof spaces. Some other results and properties
about soft multisets are presented in [10-12]. The concept of
a generalized open soft mset is introduced in soft multi-
topological spaces, and its properties are presented in [10].
Several authors [13-15] discussed the concept of multisets,
its generalizations, and its applications. In 2020, Hashmi
et al. [16] introduced the notion of an m-polar neutrosophic
set and m-polar neutrosophic topology and their applica-
tions to multicriteria decision-making (MCDM) in medical
diagnosis and clustering analysis. They introduced a novel
approach to census process by using Pythagorean m-polar
fuzzy Dombis aggregation operators. Riaz and Hashmi [17]
introduced the notion of linear Diophantine fuzzy set
(LDFS) and its applications towards MCDM problem.
Linear Diophantine fuzzy set (LDFS) is superior to IFSs,
PFSs, and q-ROFSs. Riaz and Tehrim [18] introduced the
concept of bipolar fuzzy soft mappings with application to
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bipolar disorders. Tehrim and Riaz [19] presented a novel
extension of the TOPSIS method with bipolar neutrosophic
soft topology and its applications to multicriteria group
decision-making (MCGDM). Riaz et al. [20] presented the
multiattribute group decision-making (MAGDM) methods
to a hesitant fuzzy soft set. Moreover, Riaz et al. [21] de-
veloped the topological structure on a soft rough set by using
pairwise soft rough approximations. The multicriteria group
decision-making methods are introduced by using N-soft set
and N-soft topology to deal with uncertainties in the real-
world problems [22].

Recently, the concept of hesitant fuzzy sets was in-
troduced firstly in 2010 by Torra [23] which permits the
membership to have a set of possible values and presents
some of its basic operations in expressing uncertainty and
vagueness. Torra et al. [24] established the similarities and
differences with the hesitant fuzzy sets and the previous
generalization of fuzzy sets such as intuitionistic fuzzy sets,
type 2 fuzzy sets, and type n fuzzy sets. Therefore, other
authors [25, 26] introduced the concept of hesitant fuzzy soft
sets, and they presented some of the applications in decision-
making problems. In 2015, Dey and Pal [27] presented the
concept of hesitant multifuzzy soft topological space. In
2019, Kandil et al. [28] introduced some important and basic
issues of hesitant fuzzy soft multisets and studied some of its
structural properties such as the neighborhood hesitant
fuzzy soft multisets, interior hesitant fuzzy soft multisets,
hesitant fuzzy soft multitopological spaces, and hesitant
tuzzy soft multibasis. Finally, they showed how to apply the
concept of hesitant fuzzy soft multisets in decision-making
problems.

The main goal of this paper is to introduce the definition
of mapping on hesitant fuzzy soft multisets and present
some results for this form of mappings. The notions of
inverse image and identity mapping are introduced, and
their basic properties are investigated in detail. The types of
mappings are also given on hesitant fuzzy soft multisets, and
their properties are established. Therefore, the composition
of two hesitant fuzzy soft multimapping with the same
dimension is presented. In addition, the concepts of hesitant
tuzzy soft multitopologies and hesitant fuzzy soft multi-
subspaces are introduced. Some types of hesitant fuzzy soft
multimapping such as continuity, open, closed, and ho-
meomorphism are presented in detail. Also, their properties
and results are investigated. Finally, the concept of hesitant
fuzzy soft multiconnected space is introduced.

2. Preliminaries

The aim of this section is to present the basic concepts and
properties of multisets, soft multisets, hesitant fuzzy sets, and
hesitant fuzzy soft multisets.

Definition 1 (see [29]). An mset X drawn from the set U is
represented by a count function Cy defined as Cx: U — N,
where N represents the set of nonnegative integers.

Here, Cy (x) is the number of occurrences of the element
x in the mset X. The mset X is drawn from the set
U= {x;,%x5...,%,} and it is written as
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X ={(m,/x,), (my/x;),..., (m,/x,)}, where m; is the
number of occurrences of the element x;, i = 1,2,3,...,n in
the mset X.

Definition 2 (see [29]). A domain U is defined as a set of
elements from which msets are constructed. The mset space
[U]Y is the set of all msets whose elements are in U such that
no element in the mset occurs more than w times.

The mset space [U]™ is the set of all msets over a domain
U such that there is no limit on the number of occurrences of
an element in an mset. If U = {x, x,,...,x;}, then [U]¥ =
{(ml/xl)]’{}(mZ/xZ)’ v (mpdx)}:m; €{0,1,2,. .., w), Q=
1,2,...,k}.

Definition 3 (see [29]). Let X be an mset drawn from the set
U.IfCy (x) = Oforallx € U, then X is called an empty mset
and denoted by ¢, i.e., ¢(x) =0forallx € U.

Definition 4 (see [5]). Let X be a universal multiset, E be
a set of parameters, and A C E. Then, an ordered pair (F, A)
is called a soft mset, where F is a mapping given by
F: A — P*(X); P*(X) is the power set of an mset X. For
all e€ A, F(e) mset is represented by count function
Cr(y: X* — N, where N represents the set of nonnegative
integers and X* represents the support set of X.

Definition 5 (see [5]). Let (F,A) and (G, B) be two soft
msets over X. Then,

(1) (F,A) is said to be a sub-soft mset of (G,B) and
denoted by (F,A)< (G,B) if

(i) AcB
(ii) Cr) (%) < Cgp(x), forall x € X", e € A

(2) Two soft msets (F, A) and (G, B) over X are equal if
(F, A) is a sub-soft mset of (G, B) and (G, B) is a sub-
soft mset of (F, A).

(3) The union of two soft msets (F, A) and (G, B) over X
is the soft mset (H,C), where C=AUB and
Ch (%) = maX{CF(e) (%), Cge) (x)}, fo~r all
e € AUB, x € X*. It is denoted by (F, A) U (G, B).

(4) The intersection of two soft msets (F, A) and (G, B)
over X is the soft mset (H,C), where C=ANB
andCy ) (x) = min{CF(e) (%), Cge) (x)}, for all
e € ANB, x € X*. It is denoted by (F, A)N (G, B).

(5) A soft mset (F, A) over X is said to be a null soft mset
and denoted by ¢ if for all e € A, F(e) = ¢.

(6) A soft mset (F, A) over X is said to be an absolute
soft mset and denoted by A ifforalle € A, F(e) = X.

Definition 6 (see [5]). The complement of a soft mset (F, A)
is denoted by (F, A)" and is defined by (F, A)" = (F<, A),
where F: A— P*(X) 1is a mapping given by
F¢(e) = (X/F(e)) for all e€A, where
Cre(e) (%) = Cx (x) = Cp,) (x), for all x € X~
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Definition 7 (see [5]). Let X be a universal mset and E be
a set of parameters. Then, the collection of all soft msets over

X with parameters from E is called a soft multiclass and is
denoted by SMS(X)g.

Definition 8 (see [23]). Let U be a reference set, then
a hesitant fuzzy (briefly, an HF) set is defined in terms of
a function h from U into the power set of [0, 1].

Definition 9 (see [23]). Let h, h,, and h, be hesitant fuzzy sets
over a set U. Then, the following operations are defined:

(1) Full set 1: h(x) = {1} for all x € U

(2) Null set 0: h(x) = {0} for all x € U

(3) Lower bound: &~ (x) = minh(x)

(4) Upper bound: h* (x) = max h(x)

(5) a-Upper bound: i (x) = {y € h(x): y>a}

(6) a-Lower bound: h (x) = {y € h(x): y<a}

(7) Complement: h° (x) = {1 —y: y € h(x)}

(8) Union:
(hyUhy) (x) =
{y € (hy (x)Uh,(x)): y=max(h] (x),h; (x))} or,
equivalently, (h;Uh,)(x) = (h; (x)Uh,(x)); for
a = max (h] (x), h3 (x))

(9) Intersection:
(hinhy) (x) ={y € (hy (x) Uh,(x)): y<min (k] (x),
h; (x))} or, equivalently, (h;Nh,)(x) = (h;(x)Uh,
(x)), for « = min (h{ (x), hj (x))

Definition 10 (see [28]). A hesitant fuzzy multiset of di-
mension k (briefly, HF*M set) on a nonempty mset X is
denoted by A = {< (m/x),h,(x)>: x€™X} and is defined
in terms of h, (x) when applied to X, and h, (x) is a set of
some distinct values in [0, 1] sorting into increasing order,
indicating the possible membership degrees of the elements
x€"X to the multiset A.

Definition 11 (see [28]). Let A and B be two HF*M sets on
anonempty mset X. A is called a hesitant fuzzy submset of B
if 'y (x) < h (x) for each x€™X, i = 1,2,..., k and denoted by
ACB.

Definition 12 (see [28]). A pair (F, E) is a hesitant fuzzy soft
mset of dimension k if F is a mapping from E to HF*M (X),

where HF*M (X) is the set of all hesitant fuzzy msets of
dimension k defined over an mset X and F (e) € HFKM (X)
Ve € E, ie, F(e)= {< (m/x), h )(x)> |xe™X} for all
e € E, and hg © is the membershlp “function of F (e).

Definition 13 (see [28]). An HF*SM set (F, E) over (X, E) is
said to be

1) A relative null HFXSM set and is denoted by 0~ if
(x) {0,0,k=times 0} for all x€™X, e € E

2) A relatlve absolute H FkSM set and is denoted by 1~
if h~ (x) ={1,1,k-tmes 1} for all xe"X, e € f

Definition 14 (see [28]). Let (F,A) and (G,B) be two
hesitant fuzzy soft multisets of dimension k, then (F, A) is
called a hesitant fuzzy soft multi-subset (briefly, HF*SM) of
(G, B) of dimension k if

(1) ACB

(2) F(e) is a hesitant fuzzy submset of G(e), for every
ecA,ie, hl;( )(x) sh’é( )(x) for all e € A, x€™X,
e e

ie{l,2,...,k}

Hence, this relationship is denoted by (E, A)E (G, B),
and (G, B) is called an HFKSM superset of (F, A).

Definition 15 (see [28]). Let (X, T5) be a hesitant fuzzy soft
multitopological space and (F, A), (G, B) be two HFkSM
sets over a hesitant fuzzy soft mset (X, E) (for short, Xp). A
hesitant fuzzy soft mset (F, A) is called neighborhood of
(G, B) if there exists an open hesitant fuzzy soft mset (O, C)
such that (G,B)E (O,C)E (F, A).

Definition 16 (see [28]). Let (X, 75) be a hesitant fuzzy soft
multitopological space and (F,A) and (G,B) be two
HF*SM sets over (X,E) such that (G,B)E (F, A). Then,
(G, B) is called an interior hesitant fuzzy soft mset of (F, A)
if (F, A) is a neighborhood of (G, B). Additionally, the union
of all interior hesitant fuzzy soft mset of (F, A) is called the
interior of (F, A), and it is denoted by (F, A)°.

Theorem 1 (see [28]). Let (~)~(E,'T“E)~be a hesitant fuzzy soft
multit()Npological space and (F, A), (G, B) be two HF*SM sets
over (X, E), then

(1) (F,A)° is the largest open hesitant fuzzy soft mset
contained in (F, A)

(2) (F, A) is an open hesitant fuzzy soft mset if and only if
(F,A)’ = (F,A)

(3) ((F,A)°) = (F, Ay

(4) If (F, A)E(G, B), then (F, A)’E(G, B)°

3. Mappings in Hesitant Fuzzy Soft Multisets

The purpose of this section is to present a concept of
mapping in hesitant fuzzy soft multisets. The main prop-
erties of the current branch are studied, and some results of
this type of sets are established. Also, the concept of inverse
mapping in hesitant fuzzy soft multisets is defined. There-
fore, the composition of two hesitant fuzzy soft multi-
mappings is introduced. Finally, some examples are used to
explain the current definitions in a friendly way.

It should be noted that, in this section, let U be a uni-
versal set, E be a set of parameters, and X be a multiset over
U. The union and intersection of hesitant fuzzy sets are
defined by Torra [23], but these definitions did not preserve
the dimension, so we introduce the following definitions.

Deﬁniti'on 17. Union of two kaSM sets (F, A) and (G, B)
over (X, E) is the HF*SM set (H, C), where C = AUB, for all
e€C,
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F,(e), ifee A-B,
He(e) =4 Ggl(e), ifeeB- A, (1)
FA (e)GGB (e), ifee ANB,
T e — 1 1 2
where Fy (€)UGj () = { < (m/x), {hEA (e) (x)VhaB(e) (x),hEA(e)

2 k k . m
(x)VhaB(e)(x),...,h; (e)(x)vhaB(e) (x)}>:x€mX,e € ANB}.

It is written as (F,A)J(G,B)= (H,C).

Example 1. Let ={a,b,c,d}, E={e,eye;}, and
X = {(2/a), (3/b), (1/c), (4/d)}. The hesitant fuzzy soft msets
of dimension 3, (F,E),(G,E), are defined as
F(e,) = {< (2/a), 1{0.1,0.3,0.3}>,< (3/b),{0.1,0.4,0.6} >,
< (1/c), {0.8,0.8,0.8} >, < (4/d),{0.7,0.8,0.9} > },
F(e,)) = {< (2/a),{0.2,0.3,0.4}  >,< (3/b),{0.2,0.4,0.6} >,
< (1/¢),{0.4,0.5,0.6} >, < (4/d),{0.5,0.7,0.9} >}, F(e;) =
(< (2/a), {0.4,0.6,0.8}>,< (3/b),{0.1,0.2,0.5} >, < (1/c),

(x)Ahx

He(e) = F,(e)AGy(e) = {<(m/x) { Ly

Fq(e)

It is written as (F, A)f1 (G, B) = (H,C).

Example 2. Let U ={a,b,c,d}, E={ee,e;} and
X ={(2/a), (3/b), (1/c), (4/d)}. The hesitant fuzzy soft msets
of dimension 3, (F,E),(G,E), are defined as
F(e;) = {< (2/a),{0.1,0.3,0.3} >, < (3/b), {0.1,0.4,
0.6} >, < (1/¢),{0.8,0.8,0.8} >, < (4/d),{0.7,0.8,0.9} >},
F(e,)) = {< (2/a),{0.2,0.3,0.4} >, < (3/b),{0.2,0.4,
0.6} >, < (1/c), {0.4,0.5,0.6} >, < (4/d),{0.5,0.7,0.9} >},
F(e;) = {< (2/a),{0.4,0.6,0.8} >, < (3/b), {0.1,0.2,
0.5} >, < (1/¢),{0.1,0.3,0.5} >, < (4/d), {0,0.5,1} > }.
G(e)) = {< (2/a),{0.1,0.2,0.3} >, < (3/b),{0,0.2,0.7} >,
< (1/c), {0.4,0.9,1} >, < (4/d),{0.5,0.6,0.7} > },
G(e,) = {< (2/a),{0.1,0.2,0.3} > < (3/b),{0.2,0.3,
0.5} >, < (1/¢),{0.1,0.2,0.3} >, < (4/d),{0.3,0.5,0.7} >},

Gle) = {< (2/a),{0.4,0.5,0.6} >, < (3/b),{0.1,0.2,0.3}
>, < (1/¢),{0.1,0.2,0.4} >, < (4/d),{0,0.2,0.4} >}. Hence,
(H,E) = (F,E)i(G,E) such that

H(e,) = {< (2/a),{0.1,0.2,0.3}

0.6} >, < (1/¢),{0.4,0.8,0.8} >, < (4/d),
H(e,) = {< (2/a),{0.1,0.2,0.3} >, < (3/b), {0.2,0.3,0.5}
>, < (1/¢),{0.1,0.2,0.3} >, < (4/d), {0.3,0.5,0.7} > 1,
H(e;) = {<2/a,{0.4,0.5,0.6} >, < (3/b),{0.1,0.2,0.3} >, <
(1/¢),{0.1,0.2,0.4} >, < (4/d),{0,0.2,0.4} > }.

>, < (3/b),{0,0.2,
{0.5,0.6,0.7} > },

Theorem 2 Let (F, E), (G, E) and (H, E) be three elements
in HF*SM (Xp). Then,

(1) (F,E)U (F,E) = (F,E)

(2) (F,E)T (F,E) = (F,E)

(3) (F,E)00g = (F,E)

(4) (F,E)f0; =0y

(x), h2

Advances in Fuzzy Systems

{0.1,0.3,0.5} >, < (4/d),{0,0.5,1}>}. G(e)) ={< (2/a),
{0.1,0.2,0.3} >, < (3/b),{0,0.2,0.7} >, < (1/c), {0.4,0.9, 1}
>, < (4/d)  {0.5,0.6,0.7} >},  Gle,) = {< (2/a),{0.1,0.2,
0.3} >, < (3/b),{0.2,0.3,0.5} >, < 1/c, {0.1,0.2,0.3} >

< (4/d),{0.3,0.5,0.7} >}, G(e;) = {< (2/a),{0.4,0.5,0.6} >,
< (3/b),{0.1,0.2,0.3} >, < (1/¢),{0.1,0.2,0.4} >, < (4/d),
{0,0.2, 0.4} >}. Hence, (H,E) = (F,E)I(G,E) such that
H(e,) = {< (2/a), {0.1,0.3, 0.3}>, < (3/b),{0.1,0.4,0.7} >

< (1/¢),{0.8, 0.9,1} >, < (4/d), {0.7,0.8,0.9} >}, H(e,) =
{< (2/a),{0.2,0.3,0.4} >, < (3/b),{0.2,0.4, 0.6} >, < (1/c),
{0.4,0.5,0.6} >, < (4/d),{0.5,0.7,0.9} >}, H (e;) = { < (2/a),
{0.4,0.6,0.8} >, < (3/b),{0.1,0.2,0.5} >, < (1/c),{0.1,0.3,
0.5} >, < (4/d),{0,0.5,1} >}.

Definition 18. Intersection of two HFkSM sets (F, A) and
(G,B) over (X,E) is the HFKSM set (H,C), where
C=AnNB, forall e € C,

o CONEZ (), B CONRE (x)}>: xemX,eGC}.
(2)
(5) (F,E)01p =1,
(6) (F,E)fi1; = (F,E)
(7) (F,E)TU (G,E) = (G,E)T (F,E)
(8) (F,E)fi(G,E) = (G,E)fi (F,E)

(9) ((F,E)U (G, E)U(H,E) = (F,E)d((G,E)J(H, E))
(10) (F,E)f1 (G, E))ii(H, E) = (F,E)A((G, E)i(H, E))
(11) ((E, E)d(G,E)) = (F, E)f1(G, E)*

(12) ((F,E)A(G, E))° = (F,E)0(G, E)*

(13) (F,E)E(G,E) if and only if (F, E){(G,E) = (G, E)
(14) (F, E)E(G, E) if and only if (F, E)N(G,E) = (F, E)
(15) If (E,E)f(G, E) = O, then (F,E)E (G, E)°

(16) (F, E)E(G, E) if and only if (G, E)‘E(F, E)°

Proof. Straightforward. O

Example 3. From Example 2, the complements of
(F,E), (G,E) are defined as Fc(e1)={< (2/a),{0.7,0.7,
0.9} >, < (3/b),{0.4,0.6,0.9} >, < (1/¢),{0.2,0.2,0.2}
>, < (4/d),{0.1,0.2,0.3} >}, E(ey) = {< (2/a), {0.6,
0.7,0.8} >, < (3/b), {0.4,0.6, 0.8} >, < (1/¢),{0.4,
0.5,0.6} >, < (4/d),{0.1,0.3,0.5} >}, F(ey) = {< (2/a),
{0.2,0.4,0.6} >, < (3/b),{0.5,0.8,0.9} >, < (1/c), {0.5,0.7,
0.9} >, < (4/d), {0,0.5,1} > }. G (e)) = {< (2/a),{0.7,
0.8,0.9}>, < (3/b),{0.3,0.8,1} >, < (1/¢c),{0,0.1,0.6} >, <
(4/d),{0.3,0.4,0.5} >}, G (e,) = {< (2/a),{0.7,0.8,0.9} >

< (3/b),{0.5,0.7,0.8} >, < (1/¢),{0.7,0.8,0.9} >, < (4/d),
{0.3,0.5,0.7}>}, G (ey) = {< (2/a),  {0.4,0.5,0.6}>,
< (3/b),{0.7,0.8,0.9} >, < (1/c), {0.6,0.8,0.9} >, < (4/d),
{0.6,0.8,1} > }. Then, (F,E)‘0(G, E)*: = (M, E) such that
M(e,) = {< (2/a),{0.7,0.8,0.9} >, < (3/b),{0.4,0.8,1} >, <
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(1/¢),{0.2,0.2,0.6} >, < (4/d), {0.3,0.4,0.5} >},  M(e,) =
{< (2/a),{0.7,0.8,0.9} >, < (3/b),{0.5,0.7,0.8} >
< (1/¢),{0.7,0.8,0.9} >, < (4/d),{0.3,0.5,0.7} >}, M (e;) =
{< (2/a),{0.4,0.5,0.6} >, < (3/b),{0.7,0.8,0.9} >, < (1/c),
{0.6,0.8,0.9} >, < (4/d),{0.6,0.8,1}>}.

_ Also, (H,E) = (F,E)A(G, E) such that
H(ey) ={< (2/a),{0.1,0.2,0.3} >, < (3/b),
(0,0.2,0.6) >, < (1/¢),10.4,0.8,0.8) >, < (4/d),

{0.5,06,0.7} >}, H (e,) =
>, < (3/b),{0.2,0.3,0.5} >, <

< (4/d),{0.3,0.5,0.7} > }, H(e,) =
{< (2/a),{0.4,0.5,0.6} >, < (3/b),{0.1,0.2,0.3} >, < (1/c),
{0.1,0.2,0.4} >, < (4/d) {0,0.2,0.4} > }. Then, the comple-
ment of (H,E) is H (e;) = {<(2/a),{0.7,0.8,0.9} >, <
(3/b),{0.4,0.8, 1} >, < (1/c), {0.2,0.2,0.6} >, < (4/d),

{< (2/a),{0.1,0.2,0.3}
(1/¢),{0.1,0.2,0.3} >

(3/b),{0.5,0.7,0.8} >, < (1/¢),{0.7,0.8,0.9} >, < (4/d),
{0.3,0.5,0.7} > }, H (e;) = {< (2/a),
{0.4,0.5,0.6} >, < (3/b),{0.7,0.8,0.9} >, < (1/c), (0.6,
0.8,0.9} >, < (4/d),{0.6,0.8,1} > }. Hence,
((E, E)f(G, E)) = (F, E)T(G, E).

Definition 19. Let HF*SM (X) and HF*SM (Y ') be two
families of hesitant fuzzy soft msets over msets X and Y with
dimension k and sets of parameters E and E/, respectively. Let
u: X* —Y* and p: E— E/ be two mappings. Now,
a mapping f = (u, p): HF*SM (Xp) — HF*SM (Y) is
defined as follows: for a hesitant fuzzy soft mset (F,A) in

HFE*SM (X}), f((F,A)) is a hesitant fuzzy soft mset in

HF*SM (Y ) obtained as follows: for e’ € p(E)CE' and

10.3,04,050 >}, A (€)= {<(2/a),{0.7,0.8,09}>, < V€Y
M (Gnep’l (e;)nAFA (”l)) (h(x)), ifu! ()’)1‘/5’ p_l (e') nA#¢,
hf((F,A))(er) (y) =4 *eu ) (3)
{0,0,k=times o}, if otherwise.
Hence, f((f*‘, A)) is called an image hesitant fuzzy soft HF3SM (X;) such as (F,A)= {(e;, {< (2/a) ,{0.1,0.3,

mset with dimension k of a hesitant fuzzy soft mset (F, A).

Example 4. Let X ={(2/a), (3/b), (1/c), (4/d)}  and

={(3/x), (1/y), (2/z)} be two msets, E = {e},e,,e5,e,}
and E1 = {e}, e,, e5}. Also, letu: X* — Y* and p: E — E/
be two mappings defined as u(a) ¥, u(b) =z, u(c) =X,
and u(d) =y and p(e) =e;, ple,) =e3 ples) = el, and
ple,) = e, Choose a hesitant fuzzy soft mset (F,A) in

by @ = Y oy (OettasdFa ) @)
= qv{ (Fa(er)UF 4 (e2)) (h(9)

0.5} >, < (3/b),{0,0,0} >, < (1/c), {0,0,0} >, < (4/d),
{0,0,0} >}), (e;, {< (2/a),{0,0,0}>, < (3/b),{0,0,0} >, <
(1/¢),{0.2,0.3,0.4} >, < (4/d),{0.3,0.7,0.9} > })}. Then, the
hesitant fuzzy soft mset image of (F,A) under
f = (up): HF’SM (X;) — HF3SM(YE) is obtained as
h (x) ={0,0,0} as p~ (el)nA ¢. Similarly,

FUEA)
Ay Eane, ))()’) F(Faye) () = 10,00}

V ({<(2/a),{0.1,0.3,0.5} >, < (3/b),{0,0,0} >, < (1/c),{0.2,0.3,0.4} >, < (4/d),{0.3,0.7,0.9} > }) (h(q))

qec

={0.2,0.3,0.4},

FF.A) () () = unYl (y)(':'ne{el,ez}FA (n)> (h(q)

= v (Fa(e) TP () (@)

h

= v (<(2/a),{0.1,03,05}>, <(3/b),(0,0,0} >, <(1/¢),{0.2,03,0.4} >, <(4/d), (0.3,07,0.9} >} (h(e))

qefad
:{0.1,0.3,0.5} {0.3,0.7,0.9}
={0.3,0.7,0.9},

Y, (Ot Fa 09) (@)

qeu!

b (FA (e1)UF 4 (e,)) (h(q))

My G () (B =

= \{b}({ <(2/a),{0.1,0.3,0.5} >, <(3/b),{0,0,0} >, <(1/c),{0.2,0.3,0.4} >, <(4/d),{0.3,0.7,0.9} > }) (h(q))
q€

={0,0,0}.

4)



Then, (f ((F,tA)), p(E)) = {(e],{< (3/x),10,0,0} >, <
(1/9),{0,0,0} >, < (2/2),{0,0,0} > }), (e5),{ < (3/x),
{0.2,0.3,0.4} >, < (1/y), {0.3,0.7,0.9} >, <
(2/2),{0,0,0} > )}

Definition 20. Let f = (u, p): HF*SM (Xy) — HF*SM
(Yy) be a mapping such that w: X* — Y* and
p: E — EI1 be two mappings. If (H, B) is a hesitant fuzzy
soft mset in HF*SM (Y ), then the inverse image of (H, B)
is a hesitant fuzzy soft mset in HF*SM (Xj), denoted by
f Y ((H,B)), defined as follows: for e € p~'(B)CE and
x € X",

Hg((p(e) (h(u(x))),

if p(e) € B,
hf 1 ((H,B))( )(x) { k- i~
¢ {0, 0, fk-times 0},

if otherwise.

(5)

Example 5. From Example 4, let (H,B) = {{(e;,{< (3/x),

{0.1,0.5,0.7} >, < (1/9),{0,0.2,0.4} >, < (2/z),  {0.2,0.3,
0.4} > 1), (e5, { < (3/x), {0.2,0.4,0.6} >, < (1/y),
{0.1,0.2,0.3} >, < (2/z), {0,0,0.2} > }H}. Since ple) =
pley) = e3'eB, then h, ,  ~ (a) LB (e
(B) =, .y (© = 1((53)§‘f = 0,0, o

-1 h (b) = hf—l
((H“B%(ezi( )= R @ = 0l ke

p(eS) = P(€4) = el’ then
hf’l (( I;B)) (63) ( ) = hf—l ((I;,B)) (64) (a) = {O, 02, 04},

M @by (e) @ = My (@ () (B) =10-2,0.3,0.4}, o
h 1((HB))(e3)(C) 1((113»(@4)(5) ={0.1,0.5,0.7},
h —~{0,0.2,0.4}.

FHEB) (e5) ) =h\ iy (es) ()

Hence, the inverse image of (H,B) is f~!((H,B)) =
{(e1, {< (2/a),{0,0,0} >, < (3/b), {0,0,0} >, < (1/c),
{0,0,0} >, < (4/d),{0,0,0} > }), (ey,{< (2/a),{0,0, 0}
>, < (3/b), {0,0,0} >, < (1/¢),{0,0,0} >, < (4/d),
{0,0,0}> ), (es,{< (2/a),{0,0.2,0.4}> < (3/b),{0.2,0.3,
0.4} >, < (1/¢),{0.1,0.5,0.7} >, < (4/d),{0,0.2,0.4} > }),
(e {< (2/a), {0,0.2,0.4}>, < (3/b), {0.2,0.3,0.4}>, <
(1/¢),{0.1,0.5,0.7} >, < (4/d),{0,0.2,0.4} > H}.

h@emen ) :“ {0,0,..k=times_ o}

and

\
xeu 1(y)
{0,0,.f-times o}

s @enen @) =

Considering only the nontrivial case, we have

e (y)(GneP’l enncHc (”)) (h(x)), ifu"l(y)#¢ p~'()NC#,

(Gnep" (enncavsyHe (”)> (h(x), ifut(y)#¢, (p~'(e)NA)U(p ' (e')NB)#¢,
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Definition 21. Let f = (u,p): HF*SM (X)) —
HF*SM (Yp) be a mapping such that u: X* — Y* and
p: E — EI1 be two mappings. Let (F, A) and (G, B) be two
hesitant fuzzy soft msets in HF*SM (Xj). For er€ EI,
y € Y*: the union and intersection of two images f ((F, A))
and f((@, B)) in HF*SM (Y /) are defined as

h

FGEair @ (@) P =P @an ) DV @y () O

h hf((F,A)) (<) A hf((E,B)) (¢ ).

(7)

FEanr@Gen () P =

Definition 22. Let f = (u, p): HF*SM (Xy) — HF*SM
(Yy) be a mapping such that w: X* — Y* and
p: E — E' be two mappings. Let (F, A) and (G, B) be two
hesitant fuzzy soft msets in HF*SM (Y ). Fore € E, x € X*:
the union and intersection of two inverse images
f~Y((F,A)) and f~'((G, B)) in HF*SM (X}) are defined as

(x)=h (x)Vh (x),
(x).
(8)

h [ (FANTF (GB)] (o) FHUE) @ F(GB) (e)

(x)ANh

h [F- 1 (EApAf1 (GBY] (@) )= G anee F(GB) (e)

Theorem 3. Let f = (u, p): HF*SM (X)) — HF*SM
(Yy) be a mapping such thatu: X* — Y* and p: E — E'
be two mappings. If (F, A), (G, B) are two hesitant fuzzy soft
msets in HE*S(X ) and (F,, A;) is a family of hesitant fuzzy
soft msets in HF*SM (X}), then

M) fO3)=0;

@) f (05 )ET; |

(3) f((F, A)ufG B)) = f (F, A))Tf (G, B)). In general,
f(O; (FI,A uf((F,,A))

(4) f (F, AR(G,B))ES (F,A)Af (G, B)). In general,
f (7 (F;, ADER, f ((F, A));e
(5) If (F, A)E(G, B), then f ((F, A)Ef (G, B)).

Proof. The proof of parts land 2 are obvious. B
(3) For e’ € p(E)<Er, y € Y*, let f((F,A)U(G,B)) =
f((H,C)), where C = AUB, then

(9)

if otherwise.

(10)
if otherwise.



Advances in Fuzzy Systems

7
F,(n), ifne (A-B)np 1(e),
Pl ()] e O) = Vaarin| Uy oo, ifne (B-A)np (), [(r(x). (11)
F,(mUGy(n), ifne AnBnp l(e).
By Definition 21, we have
"G ayirGonen P = M GEanen OV Gmyen )
) <xeuvl (y)(u"el’" (¢)nafa (k)> " (x)))\/(xeuvl (y)(uME"’1 (¢)nCB (m)>) (e (12)
F,(n), ifne (A-B)np1(e),
= U4 Gg(n), ifne (B-A)np (), |(h(x)).
xeu 1 (y

F,(m)UGg(n), ifne AnBnpl(e),

Hence, the proof is complete. (4) Let (F,A)f (G, B) = (H,C), where C = AnB. For

e' e p(E)CE', yeY*, and by using Definition 19 and
considering only the nontrivial case, we have

h[f((F,AE(E,B))](e,) (y)=h FUHO) ) S2

= V(O concFle ) ()

xeu ()
= xeu}/l (y)(onelfl (Er)ﬂAﬂB(FA (n) ﬁGB (1’1))) (h(x)) (13)
?(myl (y)<Gnep’1 (epnaFa () ( (X))))/\(xeu}/l (y)<0n€p’1 (epnsGs (”)) (h (x)))
= Eanen PN @y en O
Hence, f((F, A)1(G, B)Ef ((F, A)fif (G, B)). (5) If (F, A)E (G, B) for nontrivial case in Definition 19,
e € p(E)CE', y € Y*, then
bGP =V (y)(onep,l (yaFa () (h ()
= xeu}/] Dnep—l (e')ﬂA’FA (n) ) (h(x))
(,‘v)< ) (14)

= xEuyl (J’)(Onepil (e’)mBGB (n)> (h (X))

= hf((E,B)) ) (»), which completes the proof.



Remark 3.1. The inclusion in Theorem 3, parts 2 and 4,
cannot be replaced by equality relation. Moreover, the
converse of part 5 is not necessarily true as shown in the
following example.

Example 6. Let ={(2/a), (3/b), (4/c)} and

={(3/x), (4/y), (2/z)} be two msets, E = {e,e,, e5,e,}
and Er = {e], e, e3}. Also, let
f=(up): HFZSM(}?E) — HFZSM(T’Er) be a mapping
such that u: X* — Y* and p: E — E/ be two mappings
defined as u(a) = x, u(b) = z,and u(c) = x and p(e;) = e,,
ple,) =ey, p(es) = ey, and p(e,) = ;. Then,

1) f(l )—{(e1 {< (3/x),{1,1} >, < (4/y),{0,0} >, <
(2/z) {L1}>)), (e),{< (3/x), {1} >, < (4/y),
{0,0}>, < (2/2), {1} > D15 .

(2) Let  (F,A) = {(e5, {< (2/a),{0.6,0.7} >, < (3/a),
{0.2,0.4} >, < (4/c), {0.5,0.8}>})} and (G,B)=
{(es, {{< (2/a),{0.2,0.3} >, < (3/b), {0.1,0.6} >,
< (4/¢),{0.6,0.7} > 1)} be two hesitant fuzzy soft
msets in HEF?SM (Xj). Assume that
(F,A)f(G,B) = (H,C), where C=AnNB, then
(H,C) = {(e5,{ < (2/a), {0.2,0.3} >, < (3/b),
{0.1,0.4} >, < (4/¢),{0.5,0.7} > })}. Therefore,

Mo ) B = g (x)<Gn€p’1 (e)ncHc (n)> (h(9)
- qé}é,c}(one{ez’ea’%}ncﬁc (n)> (h (q))
={0.2,0.3}v{0.5,0.7}
={0.5,0.7}.
(15)

{0,0} and
f(HC (&) (x) =

Ry ione D) = hydone @ = 1000 ®
pl(e)NnC = ¢, but f(F,A) = {(el',
{<(3/x),{0.6,0.8} >, < (4/y),{0,0} >, < (2/2),
{0.2,0.4>}), (e, {< (3/x),{0,0} >, < (4/y),

In similar way, h (y)

F(HQ)
he(@omey @) =10-1,0 04f. RS,

h
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{0,0} >, < (2/2), {0,0} >},
{, ({< (3/x),{0.6,0.7} >, < (4/y),
< (2/2),{0.1,0.6} > }), (e, {< (3/x),{0,0} >,
< (4/9),{0,0} >, < (2/z), {0,0}>})}. Hence,
f((F, AN(G,B)) # f((F,A) f((G,B)).

f((G,B)) =
{0,0} >,

(3) Let (F, A) = {(e5,{< (2/a),{0.6,0.7} >, <
(3/b),{0.2,0.4} >, < (4/c),  {0.5,0.8}>})}  and
(G,B) = {(es, {< (2/a),{0.5,0.6} >, < (3/b),

{0.3,0.5} >, < (4/¢),{0.7,0.9} >1})} be two hesitant
fuzzy soft msets in HF>SM (X). Then, f ((F, A)) =
{(e1, {< (3/x),{0.6,0.8} >, < (4/y),{0,0} >,
< (2/2),{0.2,0.4} > }), (er,{< (3/x),{0,0} >, <
(4/9),{0,0} >, < (2/2),{0,0}>})} and f((G,B)) =
{(el, {< (3/x), {0.7,0.9} >, < (4/y),{0,0} >, <
(2/2),{0.3,0.5} > 1), (e, {< (3/x),
{0,0} >, < (4/9),{0,0} >, < (2/2), {0,0} > })}. Hence,
f((F,A)E f((G,B)) but (F, A) £(G,B).

Theorem 4. Let f=(u,p): HF*SM (X
g) — HF*SM (Y;) be a mapping such that u: X* — Y*
and p: E — EI be two mappings. If (F, A) and (G B) are
two hesitant fuzzy soft msets in HF*SM (Y ) and (F,, A;) is
a family of hesitant fuzzy soft msets in HF SM(?E,), then

a f- 1(0~)—0~

2 f 1(1~ )= 1~

3)f 1((F A)I-I(G B)) = f~'((F, A))I-lf ((G,B)). In
general, f~1(T;(F;, A)) )=|_|f Y(F, A)).

(4) £~1((F, A)(G, B)) = f! ((F, A)if! ((G,B)). In
general, f~1(7;(F;, A;) =0, f ' ((F;, A)),.

(5) If (F, A)E(G, B), then f~' (F, A)Ef ™" (G, B)).

Proof. The proof of parts land 2 is obvious.

(3) Let (F, A)O(G,B) = (H,C), where C = AUB. For
e€ p ' (C)CE, x € X*, and for nontrivial case, we
have

(x) =Hc(p(e)(h(u(x)))

FHHC) (@)
Fy(p(e) (h(u(x))), if p(e) € A—B, o
=1 Gg(p(e) (h(u(x))), if p(e) € B— A,

(B4 (p(e)TGy(p(e) (h(u(x)), if ple) € ANB.
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By using Definition 22, we have
" G @) o ) = e @Eane OV @Gy )
=F,(p(e) (h(u(x))))VGp (p(e)) (h(u(x)))
Fy(p(e) (h(u(x))), if p(e) € A-B, (17)
=1 G (p(e)) (h(u(x)), if p(e) € B— A,

(B4 (p(e)TGx(p(e) (h(u(x)), if ple) € ANB.

Hence, f~'((F, A)0(G, B)) = f~'((F, A)Tf ' (G, B)).

(4) Let (F,A)fi(G,B) = (H,C), where C = AnB. For
e€p ! (C)CE, x € X*, and for nontrivial case, we

have
M oy ) = He (p(@) (h(u(x))
=(Fa(p(e)NGy(p(e)) (h(u(x))
= (Fa(p(e))NGy(p(e)) (h(u(x)))
= [(Fa(p(e)) (h(u(x))]A[Gy (p(e)) (h(u(x)))]
=h e Gane N Gy O
(18)
Hencel _ B B
fH(F, AR(G,B)) = f~((F,A)ff (G, B)).
(5) If (F, A)E(G, B), then for p(e) € A, we have
By oo ) = Fa(p (@) (h (1 (x))
(G (p(e) (h(u(x)) )
=he Gape®) Ple)eA
Shﬁl @B)© (x), ple)eB

Hence, f~!((F, A)Ef ' (G, B)).

Remark 3.2. The converse in Theorem 4 part 5 is not
necessarily true as shown in the following example.

Example 7. Let X ={(1/a), (2/b), (3/c)} and
Y ={(4/x), (3/y), (2/2)} be two msets, E = {e;,e,,e;5, ¢4}
and E/ = {e|, e;, e;}. Also, letu: X* — Y*and p: E — E/
be two mappings defined as u(a) = y, u(b) = z, and u(c) =
z and p(e)) =ej, pley) =e, ple;) = gz', and p(e;) = e,.
Choose two hesitant fuzzy soft msets (F,A) and (G, B) in
HE?SM (Y) such as ((F, A) = {(es, { < (4/x),
{0.3,0.5}>, < (3/9),{0.5,1} >, < (2/2),{0.8,0.9} > })}) and
(G,B)={(es, {<(4/x),{0.4,0.7}>, < (3/y),{0,0.2} >, <
(2/2),{0.3,1} > H)}. Then, the inverse image of (F, A) under
f=(up): HFZSM(XE) — HFZSM(?E) is obtained as
f~Y((F, A)) =0~ Also, f~((G, B)) = 0~ Hence,
FUE,A) = £ (@, B), but (F,AE (G, B)."

Definition 23. Let u: X* — Y* and p: E — E/ be two
mappings. An  HFSM mapping  f = (4, p):
HFE*SM (X ) — HF*SM (Y ) is called
(1) One-one (or injection) if p and u are one-one (or
injection)
(2) Onto (or surjection) if p and u are onto (or surjection)

(3) Bijection if p and u are bijection

Theorem 5. Let f = (u,p): HFFSM (X)) —
HF*SM (Yp) and g= (r,t): HF*SM (Xp) — HF*SM
(Y ) be two HESMmappings of dimension k. Then, f and g
are equal if and only if u =r and p =t.

Proof. Immediate.

Definition 24. Let f = (u,p): HFFSM (X)) —
HF*SM(Yy) and g= (r,t): HF*'SM (Y ) — HF*SM
(Zg) be two HFSMmappings of dimension k. Their
composition ge fis also a hesitant fuzzy soft multimapping
with dimension k from HF*SM (X) into HFkSM(ZEu)
such that, for every (F, A) in HF*SM (Xj),

(gof)(F, A) = g(f (F, A))). (20)
This composition is defined as, for e” € t(Er) CE" and
zeZ",

h ~ " (z) =V

9(f(E.A) (e xeut (1 () Ynert (¢")np(4)

- (f (F, A)) (n) (h(x)).

(21)

Theorem _ 6. Let f = (u,p): HF*SM (X ) —
HF*SM (Yy) and g = (r,t): HF*SM (Y) — HF‘SM
(Zgr) be two HFSMmappings of dimension k. Then,
(1) geof is injection if f and g are injection or, equiva-
lently, if rou and top are injection
(2) gof is surjection if f and gare surjection or, equiv-
alently, if rou and top are surjection
(3) gof is bijection if f and g are bijection or, equiva-
lently, if rou and top are bijection

Proof

(1) Let (F,A), (G,B)€ HF*SM (X;)  such  that

gof (F,A)) = gof (G, B)). Therefore, g(f
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(F, A))) = g(f((é, B))). Since g is injection, then
f((F,A) = f((é,B)). Also, f is injection, so
(F, A) = (G, B). Hence, gef is injection.

(2) Let (H,C)é€ HF*SM (Z), then there exists
(G,B)e HFFSM (Y ) such that g((G, B)) = (H,C)
as g is surjection. Since f is also surjection, then
there exists  (F,A)e HF'SM(Xj) such that
f(~(F, A)) = SG, B). Thus, g(f((F,A))) =g
((G, B)) = (H,C) which completes the proof.

(3) Immediately by part 1 and 2.

Definition 25. A bijection hesitant fuzzy soft multimapping
f=(up): HFF'SM(Xp) — HF*SM(Y,) is  called
invertable. Also, the inverse of f, denoted by !, is defined
as f~'=(u',p): HF*SM (Y,) — HF*SM (Xy), for
each (F, A) in HF"SM(YE ) f~ 1((F A)) in HFFSM (Xp).

Theorem 7. Let f=(up): HFkSM(XE) —
HF*SM (Yy) and g= (r,t): HF*'SM (Yy) — HF*SM
(Zg) be two bijection HFSMmappings of dimension k. Then,
(gof)! = fleg™!

Proof. 1f f and gare bijection HFSMmappings with di-
mension k, then there exist f~': HFFSM (V) —
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HF*SM (Xp) and g ': HFKSM (Zy) — HEFSM (Yy)
defined as ' ((G,B)) = (F, A), whenever
f((F,4)) = G,B), (F, A)e HF*SM (Xp),
(G,B)e HF*SM (Yg,), and g ((H,C)) = (G, B), whenever
9((G,B)) = (H,C) and (H,C)e HF*SM(Zg). Hence,
(9of) ((F, A)) = g(f (F, A))) = g(G. B)) = (H,C). Since
f.g are bijection, then geof is also bijection. Therefore,
(gof)” exists such that (gof)_ ((H,C)) = (F, A). Also,
(/g V(H,C) = f (g (H,O)) = f(G,B) =
(F, A). Then, (gof) "= flog™!

Theorem 8. Let f=(u,p): HFkSM(XE)—>
HF*SM (Yy) and g = (r,t): HFFSM (Y ) — HF*SM
(Z ) be two HESMmappings of dimension k. Then,

(1) f(f " ((F,A))E(F, A), (F, A)e HF*SM
(Yg,)
(2) (F,AEf ' (f((F,A))), where (F, A)e HF*FSM (X,)

where

Proof

(1) For yeY*, ere p(E) CEl and (F,A)e HF*SM
(Yg,), we have

_ 5 -1 ((F
hf(f*l ((F,A))(eﬂ) D7 (y>(U”€P71 g (S (B AN () (h(x))>

\Y
xeu ! (y)nep~

Xeu-

1(y) nep~

nep-

(F,A)(er)

Hence, f(f~'((F,A)E(F, A).
(2) The proof is similar to that of part 1.

Remark 3.3. The inclusion in Theorem 9 parts 1 and 2
cannot be replaced by equality relation as shown in the
following example.

Example 8

(1) From Example 7, f (f~!(F, A)) = 0~ qk (F, A).

(2) From Example 6 part 2, f°! (f(H C)) = {(ey,
{< (2/a),{0,0} >, < (3/b), {0,0} >, < (4/¢c), {0, 0}

ey
: F, ((p(n)(h(y)))

\%
nept(e)np ' (A

Ve )FA(p(n))(h(y))

).

\Y

\Y
)

np~1(

(G w(F (E ) ) )t o)

FH(F, ) (n) (h(x))

HenNnp~' (4)

RACOIUCIEON: (22)

> 1), (ey,{ < (2/a),{0.5,0.7} >, < (3/b),{0.1,0.4} >,
< (4/c),{0.5,0.7} > 1), (e5, {< (2/a),{0.5,0.7} >, <
(3/b),{0.1,0.4} >, < (4/c), {0.5,0.7} > }), (45
{< (2/a), {0.5,0.7} >, < (3/b),{0.1,0.4} >, <
(4/¢),{0.5,0.7} >} but  (H,C) = {(es{<
(2/a),{0.2,0.3} >, < (3/b), {0.1,0.4} >, <4/c,
{0.5,0.7} > )}. Hence, f~!(f(H,C)) # (H,C).

Corollary 1. Let f = (u,p): HF*SM (X) — HF*SM
(Yy) be an HFSM mapping of dimension k. Then,

1) f(f ' ((F,A) = (F,A), (F, A)e HF*SM
(Yp) if f is surjection

where
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where (F, A)e HFFSM

) (F,4) = {1 (f (F,A),
(Xg) if f is injection

Proof. Immediate by using Theorem 8.

Definition 26. A hesitant fuzzy soft multimapping f with
dimension k, where f = (u,,p,): HFFSM (X) —
HF*SM (X}) is said to be identity if u,, p, are identity
mappings.

Theorem 9. Let f = (u, p): HF*SM (X) — HF*SM
(?E,) and g = (r,t): HF*SM (Zr) — HF*SM (Xg) be
two HFSMmappings of dimension k. Then, for the identity
mapping i = (u,, p,): HF*SM (X)) — HF*SM (Xy), we
have

(1) foi=f
(2)icg=g

Proof. Immediate.

4. Continuous Mappings on Hesitant Fuzzy
Soft Multispaces

The aim of this section is to introduce the concept of hesitant
fuzzy soft multitopology. Therefore, some types of hesitant
fuzzy soft multimapping are presented in detail such as
continuity, open, closed, and homeomorphism. Also, their
properties and results are obtained.

Definition 27. The subcollection 7, of members of
HF*SM (X)p is called a hesitant fuzzy soft multitopology of
dimension kon (X, E), if the following conditions are
satisfied:

1) O 1~ ETE
(2) If (A E) (B, E)€ Ty, then (A, E)i(B, E)€Ty
(3) If (A;,E)€Ty, i €1, then T (A, E)E Ty

The pair (X, 7g) is called a hesitant fuzzy soft multi-
topological space. Each member of 7 is called an open
hesitant fuzzy soft mset. Also, the complement of an open
hesitant fuzzy soft mset is called closed. The family of all
closed hesitant fuzzy soft msets is denoted by 5.

Definition 28. Let (X, 7g) be a hesitant fuzzy soft multi-
topological space. A subfamily B, is called a hesitant fuzzy
soft multibasis for Ty, if every member of 7 can be written as
arbitrary hesitant fuzzy soft multiunion of some elements of

Pe:

Definition 29. Let (XE,jE) be a hesitant fuzzy soft multi-
topological space~and (F,A) be an HIikSMset over (X, E).
The closure of (F, A) is denoted by (F, A) and defined as

(F,A) =1{(G,B): (G,B)€Ty, (F,AEG,B)).  (23)
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Theorem 10. Let (XEJE) be a hesitant fuzzy soft multi-
topological space and (F, A) and (G, B) be two HF*SMsets
over (X, E), then

(1) (F,A) is the smallest closed hesitant fuzzy soft mset
containing (F, A)

(2) (E, A) is a closed hesitant fuzzy soft mset if and only if
(F,A) = (F,A)

(3) (F,A) = (F, A)
(4) If (F, A)E(G, B), then (F, A)E(G, B)

Proof. The proof is omitted.

Definition 30. Let (f = (u, p): HF*SM (X) — HF*SM
(Yp)) be a mapping such that u: X* — Y* and
p: E — E1be two mappings. Let 7, and 7, be two hesitant
fuzzy soft multitopologies of dimension k over X and Y,
respectively. A function f is said to be

(1) Continuous if f~!((G, B))€ 7y for all (G, B)€ 7y
(2) Open if f((F, A))€Tjy for all (F, A)e7y
(3) Closed if f((F, A))gﬁCE, for all (F, A)E?%

(4) Homeomorphism if it is bijection, continuous, and
its inverse f~! is also continuous

Theorem 11. Let f = (u, p): HF*SM (X)) — HF*SM
(Yy) be a mapping such thatu: X* — Y* and p: E — EI
be two mappings. Let Ty and 1, are two hesitant fuzzy soft
multitopologies of dimension k over X and Y, respectively.
Then, the following conditions are equivalent:

(1) f is continuous
2) ' ((G, B))€ 7y, for all (G, B)€ B, where By is a base

Jor Ty
(3) Y ((G,B)) is Tg—closed for all j—closed (G, B)
4) f'((G,By )':(f (G, B)Y for all

(G,B)e HF*SM (Y )
(5) f((F, A)Ef((F, A)), where (F, A)e HFFSM (X5)

6) (G, B))Ef '((G,B)),
(G, B)E HF*SM (Y ).

where

Proof. The proof is omitted for parts 1, 2, and 3, and these
statements are equivalent.

(1) Since (G, B)’E(G, B), by using Theorem 4, we get
f V' ((G,B)Ef ' ((G,B)). Therefore, by using
Theorem 1, (f~1((G, B):))"E(f’1 ((G, B)))", but f is
continuous, so f! ((G,B)") is Tp—open. Hence,
UG BE(f((G,B).

2) By using part 4,~t‘1( f((E, A))) is Tp—closed, but
(F, AEf'(f (F.A). Then,
(F, AEf~(f ((F, A))). Now, by using Theorems 3
and 8, we have f((F,A)) Ef ((f" (f (. A))
Ef ((F, A)))).
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(3) Since ~(G, B)E(G, B), by usi o 4, we get
fH(GBYESf ' ((G,B)=f'((G,B) as f is
continuous. Therefore, f~1((G, B))Ef ' ((G, B)).

Remark 4. The inclusion in Theorem 11 parts 4,5, and 6
cannot be replaced by equality relation as shown in the
following example.

Example 9. From  Example 4, let (X7 =

{0 , (F,E)} be a hesitant fuzzy soft multitopological
space w1th dimension 3, where (F,E) = (el,() =), (62,0 ),
(e5,{< (2/a), {0,0.2,0.4} >, < (3/b).10.2,05,

0.4} >, < (1/¢),{0.1,0.5,0.7} >, < (4/d),{0,0.2,0.4} > }), (e4,
{< (2/a), {0,0.2,0.4}>, < (3/b), {0.2,0.3,0.4}>, < (1/c),
{0.1,0.5,0.7} >, < (4/d),{0,0.2,0.4} >}, (for short, 6;( =
{< (2/a),{0,0,0} >, < (3/b),{0,0,0} >, <1/¢,{0,0,0} >, <
(4/d),{0,0,0}>}) and (Y p,7p) = {05 .15 , (H,E)} be
a hesitant fuzzy soft multitopological spdce with dimension
3, where (H,E')={(e;, {<(3/x),{0.1,0.50.7}>,
< (1/9),{0,0.2,0.4} >, < (2/2),{0.2,0.3,0.4} > }), (e5,
{< (3/x),{0.2,0.4,0.6} >, < (1/¥),{0.1,0.2,0.3} >, < (2/z),
{0,0,0.2} > }), (e;,ﬁ;)}, then

(1) Choose (G, En) = {(e], I5), (es,
{<(3/x),{0.3,0.4,0.7} >, < (1/y),
{0.1,0.3,0.5} >, < (2/2),{0.2,0.3,0.5} >}), (e}, I>)}
is an element in HFkS(YE) therefore
(G,Er)’ = (H,Er). Then, f '((GE))=(FE).
Now, we need to estimate f~ L((G, EN)); so,

B Gy () @ = G (p(e1)) (h (1 (a)))

= Gy (e3) (h(»)) (24)
={1,1,1}.

By the similar way, we get f~ Y((G,En) = 1~.
Hence, (f Y ((G,En)) = 1~ ) Then,
(f Y (G, EN)) # f L ((G,EN)). e
(2) Choose (G, E) = {(e;, { < (2/a),{0.1,0.3,0.5} >, <
(3/b),{0,0,0} >, < 1/c, {0,0,0} >, <4/d, {0,0,0} > }),
(ey,{< (2/a),{0,0,0} >, < (3/b), {0,0,0}>, < (1/c),
{0.2,0.3,0.4}>, < (4/d),{0.3,0.7,0.9} > }), (e5,05),
e,,0~)} is an element in HFkSM(XE) Then,
(G, E) = {(e,, T5), (e, T5), (€5, { < (2/a), {0.6,0.8, 1}
>, < (3/b),{0.6,0.7,0.8) >, < (1/¢), {0.3,0.5,
0.9} >, < (4/d), {0.6,0.8,1} > }), (e4, { < (2/a),
{0.6,0.8,1} >, < (3/b), {0.6,0.7,0.8} >, < (1/c),
{0.3,0.5,0.9} >, < (4/d), {0.6,0.8,1} > })}.

——(e) (x) = W&J@Ww%@ﬂmwuw

= V(DG () ()

qe{c}
={0.3,0.5,0.9}.

h ——
FUG.E)

(25)
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By the similar way, we get f((G,E)={(e{
{<(3/x),{0.3,0.5,0.9} >, < (1/9),{0.6,0.8,1} >, <
(2/2),{0.6,0.7,0.8} > 1), (e, Tp)}, but  (f (G, E))) = {(es,
(< (3/%),10.3,0.5,0.9) >, < (1/9),{0.6,0.8,1}>, < (2/2),
{0.6,0.7,0.8}> 1), (es,  {< (3/x),{0.4,0.6,0.8} >, < (1/y),
{0.7,0.8,0.9} >, < (2/2),{0.8, 1,1} > }), (e3,1 )} Hence,
(f((G E))) ;Ef((G E)). Also, one may extend an example
for part 6in Theorem 11 by the same technique.

Theorem 12. Let f = (u, p): HF*SM (X;) — HF*SM
(Yy) and g= (r,t): HF*SM (Y ) — HF*SM (Zp) be
two HESMmappings of dimension k and Ty, 7jg,, and( be
three topologies over Xp, Yy, andZ respectwely If f, gare
continuous, then ge fis also continudus.

Proof. Immediate.

Theorem 13. Let f = (u, p): HF*SM (X) — HF*SM
(Y ') be an HFSMmapping of dimension k and T and 7, be
two topologies over r Xpand Y, respectively. If f ((F, A))€ 7y
for every (F, A)E By, where By, is a base for Ty, then f is an
open hesitant fuzzy soft multimapping.

Proof. Let (G, B)€7;.Then, {(é B) = 0{(H,C): (H,C)
eﬁE}} Therefore, f((G B)=f(@ {(HC): (H,C)
€ = I_I{f((H C)): (H,C)e [35} According to the given
hypothesis, f((H,C))€7y; hence, f((G, B))€ #jwhich
completes the proof.

Theorem 14. Let f = (u, p): HF*SM (X) — HF‘SM
(Yy) be a mapping such thatu: X* — Y* and p: E — E!
be two mappings. Let Ty and 7 are two hesitant fuzzy soft

multitopologies of dimension k over Xp and Y, respectively.
If (F, A)e HF*SM (Xp), then

(1) f is open if and only if f ((F, A))E(f ((F,A))’
(2) f is closed if and only iff((l:", A)ES ((F, A))

Proof

(1) Let f be an open hesitant fuzzy soft multimapping and
since (F, A)’°E(F, A). Then, by using Theorem 3,
f((ﬁ, A)°)§f((15, A)). By taking the interior for
both sides, (f((F,A)))’E(f((F,A))) but f is
open, then (f((F,A) °)) = f((F,A)"). Hence,
f((F,A)°) E(f((F,A)). Conversely, let
(G,B)e 7p and by using the given hypothesis, we
have f((G,B))E(f((G,B))). Then, f((G,B)E
(f(G ,B)) °, but we know that
(f((G,B)))°Ef ((G, B)). Hence, f is an open hes-
itant fuzzy soft multimapping.

(2) By the similar way of part 1.

Theorem 15. Let f = (u, p): HF*SM (X)) — HF*SM
(Yy) be a mapping such thatu: X* — Y* and p: E — EI
be two mappings. Let Ty and 7y are two hesitant fuzzy soft
multitopologies of dimension k over Xy and {Yp}, re-
spectively. Then, the following conditions are equivalent:
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(1) f is a homeomorphism hesitant fuzzy soft
multimapping

(2) f is a bijection, open, and continuous hesitant fuzzy
soft multimapping

(3) f is a bijection, closed, and continuous hesitant fuzzy
soft multi mapping
Proof. Straightforward.

5. Connectedness on Hesitant Fuzzy Soft
Multitopological Spaces

The aim of this section is to introduce the concept of hesitant
tuzzy soft multiconnected space and present their results and
properties in detail. Moreover, the concept of hesitant fuzzy
soft multi-subspace is introduced.

Definition 31. Let (X, 75) be a hesitant fuzzy soft multi-
topological space with dimension k. A hesitant fuzzy soft
multiseparation of Xp is a pair (F, E), (G, E)of no-null open
hesitant fuzzy soft msets over X such that
(F,E)3(G,B) = 13,
E
o - (26)
(F,E)A(G,E) =05 .

Definition 32. Let (X, 7z) be a hesitant fuzzy soft multi-
topological space with dimension k. It is said to be hesitant
fuzzy soft multiconnected if there does not exist a hesitant
fuzzy soft multiseparation of X . Otherwise, (X, Ty) is said
to be a hesitant fuzzy soft multi-disconnected.

Example 10. Let X = {(2/a), (3/b)} be an mset, E = {e;,e,}
be a set of parameters, and 7 = 05,15, (F, E), (G, E)i be
a hesitant fuzzy soft multitopol gyEwit)iiE dimension 2 over

Xy, where  (FE)={(e;, {<(2/a),{0.1,0.3}>, <
(3/b),{0.2,0.5} > }), (e, { < (2/a),{0.2,0.4} >, < (3/b),
{0.3,0.6} > D}, and (G,E) = {(er, {< (2/a),

{0.2,0.4} >, < (3/b),{0.3,0.7} > }), (e, {< (2/a),{0.4,
0.6} >, < (3/b),{0.4,0.8} > 1)}. Since, (F,E)
0(G,E)= (G,E)# 13 ,and (F,E)1 (G,E) = (F,E)#0 ¢,
then a hesitant fuzzy soft multitopological space (X, 7p) 1s
connected.

Theorem 16. Let (X 5, 7g) be a hesitant fuzzy soft multi-
topological space with dimension k. If the only hesitant fuzzy
soft msets over X pthat are both open and closed in (Xg, Tp)
are Oifmd} % then a hesitant fuzzy soft multitopological
space (X, Tp)is connected.

Proof. Let (F,E) and (G, E)be a hesitant fuzzy soft multi-
separation of X . If (F,E) = T} , then (G, E) = 0= which is
a contradiction. Hence, (F,E) ;ET} . Since (F, E))ﬁ (G,E) =
T;( and (F,E)A(G,E) = 6;( , then (F, E) = (G, E)°. There-
fore, (F, E) is both open and closed hesitant fuzzy soft mset
different from 0~ and T~ which is a contradiction. Hence,
a hesitant fuzzy’ soft multitopological space (Xg,7g)is
connected.

13

Example 11. By using Theorem 16, the hesitant fuzzy soft
multi-indiscrete topological space (X, 7y)with dimension
kis connected.

Remark 5. The converse of Theorem 16 is not necessarily
true as shown in the following example.

be a set of parameters, and T ={0%,13, (F,E){ be
a hesitant fuzzy soft multitopology with” dimension 2°over
X, where (F,E)= {(er,{< (2/a), {0,1}>, < (3/b),
{0,1}>1), (ey{< (2/a),{0,1} >, <3/b,{0,1} >})}. Then,
a hesitant fuzzy soft multitopological space (X, 7p) is
connected, but there exists an open and closed hesitant fuzzy
soft mset (F, E) different from 5}~(F and T;(F.

Example 12. Let X = {(2/a), (3/b)} be{{n mset, E = {e;,e,}

Example 13. Let X = {(2/a), (3/b)} be an mset, E = {e,, e,}
be a set of parameters, and 7 = {5;( ,1~, (F,E), (G, E)} be
a hesitant fuzzy soft multitopology 4itht dimension 2 over
Xp,  where  (F,E)={(e;,{< (2/a), {1,1}>, < (3/b),
{0,0}>}), (e {<(2/a),{0,0}>, < (3/b),{1,1}>})} and
(G,E) = {(ey, {< (2/a),{0,0} >, < (3/b),{1,1} > 1),
(e5{< (2/a),{1,1} >, < (3/b),{0,0} > })}. Since, (F,E)#0
~,(G,E)#0~ and (F,E)3(G,E) = 13,
)é?, E)(G, Ei(Ez 0= , a hesitant fuzzy soft multitopologicﬁl
space (Xp,Tp) is é)fsconnected.

Definition 33. Let (X, 7g) be a hesitant fuzzy soft multi-
topological space with dimension k and Y be a nonempty
hesitant fuzzy soft multi-subset of X. The family 7= =
{(}7, E)f(E,E): (F, E)€ 7} is said to be a hesitant fuzzy soft
multitopology with dimension k on Y, and (?E,?; )is
called a hesitant fuzzy soft multi-subspace of (Xp, 7).

Theorem 17. If the hesitant fuzzy soft msets with dimension
k, (F,E) and (G,E), form a hesitant fuzzy soft multi-
separation of X, and (Y’E,?S,) is a hesitant fuzzy soft
multiconnected subspace of (Xp,Tg), then Y lies entirely
within either (F,E) or (G, E).

Proof. Since ?EE (F,E)I(G,E) = TS( , then
(Y A(F, E))T(Y;71(G, E) = Y, and Y ;71 (F, E), Y;71(G, E)
are 7> —open. Suppose that Y does not lie entirely within
neither (F,E) nor (G,E). Then, Yfi(F,E)#0: and
7,71(G, E) #0-~ . Also, (¥, (F, B)ifi(V,
(G, E) = Y,A((F.Efi(GE) = ¥;0; =0-. Hence,
Y A(F,E) and Y.1(G,E) are two ﬁpésitanf fuzzy soft
multiseparation of Y, ie., Y, is disconnected which is
a contradiction. Then, Y, lies entirely within either (E,E) or
(G,E).

6. Conclusions

The fuzzy set theory, which was originally introduced by Zadeh
[1] in 1965, is one of the most efficient decision aid techniques
providing the ability to deal with imprecise and vague in-
formation. Nonetheless, to cope with imperfect or imprecise
information that two or more sources of vagueness appear
simultaneously, the traditional fuzzy set shows some
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limitations. Hence, it has been extended into several different
forms, such as the type 2fuzzy set, the type nfuzzy set, the
interval-valued fuzzy set, and the fuzzy multisets. All these
extensions are based on the same rationale that it is not clear
to assign the membership degree of an element to a fixed set.
Recently, the concept of hesitant fuzzy sets is introduced
firstly in 2010 by Torra [23] which permits the membership to
have a set of possible values and presents some of its basic
operations in expressing uncertainty and vagueness. Torra
and Narukawa [24] established the similarities and differences
with the hesitant fuzzy sets and the previous generalization of
tuzzy sets such as intuitionistic fuzzy sets, type 2 fuzzy sets,
and type n fuzzy sets. Therefore, other authors [25, 26] in-
troduced the concept of hesitant fuzzy soft sets, and they
presented some of the applications in decision-making
problems. In 2015, Dey and Pal [27] presented the concept of
a hesitant multifuzzy soft topological space. In 2019, Kandil
et al. [28] introduced some important and basic issues of
hesitant fuzzy soft multisets and studied some of its structural
properties such as the neighborhood hesitant fuzzy soft
multisets, interior hesitant fuzzy soft multisets, hesitant fuzzy
soft multitopological spaces, and hesitant fuzzy soft multi-
basis. Finally, they showed how to apply the concept of
hesitant fuzzy soft multisets in decision-making problems.
In this paper, we introduced some important and basic
issues of hesitant fuzzy soft multisets. The main properties of
the current branch are studied, and some operations of this
type of sets are established. Also, the concept of hesitant fuzzy
soft multitopological spaces is defined. It should be mentioned
that the concept of hesitant fuzzy soft multisets is a general-
ization of the previous concepts such as hesitant fuzzy soft sets,
hesitant fuzzy multisets, hesitant fuzzy sets, and fuzzy sets. The
concept of mapping on hesitant fuzzy soft multisets is in-
troduced, and some results for this type of mappings are
presented. The notions of inverse image and identity mapping
are introduced, and their basic properties are investigated in
detail. Also, the types of mappings on hesitant fuzzy soft
multisets are given, and their properties are established.
Therefore, the composition of two hesitant fuzzy soft multi
mapping with the same dimension is presented. Moreover, we
introduce the concepts of hesitant fuzzy soft multitopologies
and hesitant fuzzy soft multi-subspaces. Some types of hesitant
fuzzy soft multimapping such as continuity, open, closed, and
homeomorphism are presented in detail. Also, their properties
and results are investigated. Finally, the concept of hesitant
tuzzy soft multiconnected space is introduced. The future work
in this approach is introducing the near continuous hesitant
fuzzy soft multimappings. Also, we will investigate the concepts
of locally connected, hyperconnected in hesitant fuzzy soft
multispaces and their applications in real-life problems.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Advances in Fuzzy Systems

References

[1] L. Zadeh, “Fuzzy sets,” Information and Control, vol. 8,
pp. 338-353, 1965.

[2] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets and
Systems, vol. 20, no. 1, pp. 87-96, 1986.

[3] D. Dubois and H. Prade, Fuzzy Sets and Systems: Theory and
Applications, Academic Press, New York NY, USA, 1980.

[4] M. Mizumoto and K. Tanaka, “Some properties of fuzzy sets of
type 2,” Information and Control, vol. 31, pp. 312-340, 1976.

[5] D. Tokat and I. Osmanoglu, “Connectedness on soft multi
topological spaces,” Journal of New Results in Science, vol. 2,
pp. 8-18, 2013.

[6] K. V. Babitha and S. J. John, “On soft multi sets,” Annals of
Fuzzy Mathematics Informatics, vol. 5, pp. 35-44, 2013.

[7] D. Tokat and I. Osmanoglu, “On the soft multi topology and
it's some properties,” Nevsehir Universitesi Fen Bilimleri
Enstitusu Dergisi Cilt, vol. 2, pp. 109-118, 2013.

[8] D. Tokat and I. Osmanoglu, “Compact soft multi spaces,”
European Journal of Pure Applied Mathematics, vol. 7,
pp. 97-108, 2014.

[9] S. A.El-Sheikh, R. A.-K. Omar, and M. Raafat, “Semi-compact
soft multi spaces,” Journal of New Theory, vol. 6, pp. 76-87,
2015.

[10] S. A. El-Sheikh, R. A.-K. Omar, and M. Raafat, “Generalized
closed soft multiset in soft multi topological spaces,” Asian
Journal of Mathematics and Computer Research, vol. 9,
pp. 302-311, 2015.

[11] S. A. El-Sheikh, R. A.-K. Omar, and M. Raafat, “Some types of
open soft multisets and some types of mappings in soft multi
topological spaces,” Annals Fuzzy Mathematics and In-
formation, vol. 12, pp. 15-30, 2016.

[12] S. A. El-Sheikh, R. A.-K. Omar, and M. Raafat, “A note on
Connectedness on soft multi topological space,” Journal of
New Results in Science, vol. 11, pp. 1-3, 2016.

[13] S. A. El-Sheikh, M. Hosny, and M. Raafat, “Comment on
“Rough multisets and information multisystems™ Advances
in Decision Sciences, vol. 2017, Article ID 3436073, 3 pages,
2017.

[14] M. Hosny and M. Raafat, “On generalization of rough
multiset via multiset ideals,” Journal of Intelligent Fuzzy
Systems, vol. 33, pp. 1249-1261, 2017.

[15] A.Kandil, S. A. El-Sheikh, M. Hosny, and M. Raafat, “Bi-ideal
approximation spaces,” Soft Computing, vol. 2020, 2020.

[16] M. Riaz, M. R. Hashmi, and F. Smarandache, “M-polar
neutrosophic topology with applications to multicriteria
decision-making in medical diagnosis and clustering analy-
sis,” International. Journal of. Fuzzy System, vol. 22,
pp. 273-292, 2020.

[17] M. Riaz and M. R. Hashmi, “Linear Diophantine fuzzy set and
its applications towards multi-attribute decision-making
problems,” Journal of Intelligent Fuzzy Systems, vol. 37,
pp. 5417-5439, 2019.

[18] M. Riaz and S. T. Tehrim, “Bipolar fuzzy soft mappings with
application to bipolar disorders,” International Journal of
Biomathematics, vol. 12, 2019.

[19] M. Riaz and S. T. Tehrim, “A novel extension of TOPSIS to
MCGDM with bipolar neutrosophic soft topology,” Journal of
Intelligent Fuzzy Systems, vol. 37, pp. 5531-5549, 2019.

[20] M. Riaz, B. Davvaz, A. Fakhar, and A. Firdous, “Hesitant fuzzy
soft topology and its applications to multi-attribute group
decision-making,” Soft Comput, vol. 2020, 2020.



Advances in Fuzzy Systems

[21]

(22]

(23]

(24]

(25]

[26]

(27]

(28]

(29]

M. Riaz, F. Smarandache, A. Firdous, and A. Fakhar, “On soft
rough topology with multi-attribute group decision making,”
Mathematics, vol. 7, 2019.

M. Riaz, “N-soft topology and its applications to multi-criteria
group decision making,” Journal of Intelligent Fuzzy Systems,
vol. 36, pp. 6521-6536, 2019.

V. Torra, “Hesitant fuzzy sets,” International Journal In-
telligent Systems, vol. 25, pp. 529-539, 2010.

V. Torra and Y. Narukawa, “On Hesitant fuzzy sets and
decision,” in Proceedings of the IEEE International Conference
on Fuzzy Systems, vol. 1-3, pp. 1378-1382, Jeju Island, South
Korea, August 2009.

K. V. Babitha and S. J. John, “Hesitant fuzzy soft sets,” Journal
of New Results in Science, vol. 3, pp. 98-107, 2013.

C. Bin and G. Y. Yong, “Hesitant fuzzy soft sets and their
applications in decision-making,” IEEE, 12" International
Conference on Fuzzy Systems and Knowledge Discovery,
vol. 2015, pp. 540-546, 2015.

A. Dey and M. Pal, “On hesitant multi-fuzzy soft topology,”
Pacific Science Review B: Humanities and Social Sciences,
vol. 1, pp. 124-130, 2015.

A.Kandil, S. A. El-Sheikh, M. Hosny, and M. Raafat, “Hesitant
fuzzy soft multisets and their applications in decision-making
problems,” Soft Computing, vol. 24, pp. 4223-4232, 2020.

S. P.Jena, S. K. Ghosh, and B. K. Tripathy, “On the theory of
bags and lists,” Information Science, vol. 132, pp. 241-254,
2001.

15



