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In this paper, we introduce the notion of fuzzy ideals in fuzzy supra topological spaces. The concept of a fuzzy s-local function is
also introduced here by utilizing the s-neighbourhood structure for a fuzzy supra topological space. These concepts are discussed
with a view to find new fuzzy supra topologies from the original one. The basic structure, especially a basis for such generated fuzzy
supra topologies, and several relations between different fuzzy ideals and fuzzy supra topologies are also studied here. Moreover,
we introduce a fuzzy set operator W and study its properties. Finally, we introduce some sets of fuzzy ideal supra topological
spaces (fuzzy * -supra dense-in-itself sets, fuzzy S*-supra closedsets, fuzzy * -supra perfect sets, fuzzy regular-I-supra closedsets,
fuzzy-I-supra opensets, fuzzy semi-I-supra opensets, fuzzy pre-I-supra opensets, fuzzy a-I-supra opensets, and fuzzy f-I-supra
opensets) and study some characteristics of these sets, and then, we introduce some fuzzy ideal supra continuous functions.

1. Introduction

The concept of fuzzy sets is an important concept in many
fields. The concept was introduced by in 1965 [1]. The idea
was welcomed because it addresses the uncertainty, some-
thing classical Cantor set theory could not address. Despite
of some criticism expressed in the beginning by some
specialists of mathematical logic, it has become an important
subject in various fields and sciences. Zadeh writes in [1],
“The notion of a fuzzy set provides a convenient point of
departure for the construction of a conceptual framework
which parallels in many respects the framework used in the
case of ordinary sets, but is more general than the latter and
potentially, may prove to have a much wider scope of ap-
plicability particularly in the fields of pattern classification
and information processing.”

Fuzzy set theory provides a natural way to deal with
inaccuracy and a strict mathematical framework for the
study of uncertain phenomena and concepts. It can also be
considered as a modeling language, well suited for situations
in which fuzzy relations criteria and phenomena exist.
Despite the slow growth and progress of fuzzy set theory
before the mid-1970s, the theory developed greatly after-
ward. This was caused by the first successful application of
the theory to technological processes, in particular to

systems based on ambiguous control rules called fuzzy
control and boosted the interest in this area considerably.

The concept of general topology is one of the most
important mathematical topics and has wide applications in
many applied sciences and mathematical subjects. The
notion of fuzzy sets naturally plays a very significant role in
the study of fuzzy topology introduced by Chang in 1968 [2].
Pu and Liu in 1980 [3] introduced the concept of quasi-
coincidence and g-neighbourhoods by which the extensions
of functions in fuzzy setting can very interestingly and ef-
fectively be carried out. The concept of an ideal in a to-
pological space was first introduced by Kuratowski in 1966
[4] and Vaidyanathswamy in 1945 [5]. They also defined
local functions in an ideal topological space. Furthermore,
Jankovic and Hamlet in 1990 [6] studied the properties of
ideal topological spaces and introduced another operator
called the ¥ operator. They have also obtained a new to-
pology from the original ideal topological space. Using the
local function, they defined a Kuratowski closure operator in
the new topological space.

The concept of supra topology was introduced by
Mashhour et al. in 1983 [7]. It is fundamental with respect to
the investigation of general topological spaces. In 2016, Al-
shami [8] discussed the concepts of compactness and sep-
aration axioms on supra topological spaces. Then, Al-Shami
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[9, 10] and Al-shami et al. [11] presented new types of supra
compact spaces using supra a-open, supra semiopen, and
supra preopensets. Later, the authors of [12-15] employed
some generalizations of supra opensets to investigate several
kinds of supra limit points of a set and supra T; spaces
(1=0,1,2,3,4). In fact, they provided many interesting
examples to show the validity of the obtained results. Re-
cently, Al-shami [16] have defined supra paracompact
spaces, and Assad et al. [17] have studied y operation on
supra topological spaces.

Abd El-Monsef and Ramadan in 1987 [18] introduced
the concept of fuzzy supra topological as a natural gener-
alization of the notion of supra topology spaces. In addition
to that, some properties of the concept of ideal supra to-
pological spaces are obtained by Modak and Mistry in 2012
[19]. In 2015 [20], further properties of ideal supra topo-
logical spaces are investigated.

In this paper, we introduce the notion of fuzzy ideals in
fuzzy supra topological spaces.

Section-wise description of the work carried out in this
paper is given. Beginning with an introduction, necessary
notation and preliminaries have been given.

In Section 3, the concept of a fuzzy s-local function is also
introduced here by utilizing.

In Section 4, we give the s-neighbourhood structure for a
tuzzy supra topological space. These concepts are discussed
with a view to find new fuzzy supra topologies from the
original one. The basic structure, especially a basis for such
generated fuzzy supra topologies, and several relations be-
tween different fuzzy ideals and fuzzy supra topologies are
also studied here.

In Section 5, we introduce a fuzzy set operator ¥ and
study its properties.

In Section 6, we introduce some sets of fuzzy ideal
supra topological spaces (fuzzy *-supra dense-in-itself
sets, fuzzy S*-supra closedsets, fuzzy = -supra perfect sets,
fuzzy regular-I-supra closedsets, fuzzy-I-supra opensets,
fuzzy semi-I-supra opensets, fuzzy pre-I-supra opensets,
tuzzy a-I-supra opensets, and fuzzy f-I-supra opensets)
and study some characteristics of theses sets. Finally, in
Section 7, we introduce some fuzzy ideal supra continuous
functions.

2. Preliminaries

Definition 1 (see [1]). Let X be a nonempty set. A fuzzy set A
in X 1is characterized by its membership function
ps: X — [0,1], and u, (x) is interpreted as the degree of
membership of the element x in the fuzzy set A, for each
x € X.Itis clear that A is completely determined by the set of
tuples A = {{x,p, (x)): x € X}.

Definition 2 (see [1]). Let A and B be fuzzy sets of the
formA = {{x,p, (x)): x € X} and B = {<x, pp (x)): x € X}.
Then, we define

(1) ACBep, (x) <pg(x) for all x € X

(2) A=BoACB and BCA
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(3) C = AUBS U (x) = max{uy (x), pg (x)}

(4) D = AnBeup (x) = min{p, (x), pg (x)}

(B)E=Aup(x) =1-p,(x)

6) 1, =X ={{x,1): x € X} and
0,=0={{x,0): x € X}

Definition 3 (see [1]). For any family {Aj}je] of fuzzy sets in
X, we define

(1) C= U5 A;euc(x) = sup Ha, (x):je]
(2) D= N gA;eup(x) = inf ij(x): jeJ

Definition 4 (see [21]). A fuzzy set in X is called a fuzzy point
if and only if it takes the value 0 for all y € X except one, say
x € X. Ifits valueat xis a € (0, 1], we denote this fuzzy point
by x,, where the point x is called its support.

Definition 5 (see [18]). A subclass SCP(x) (P(X) is the
collection of all fuzzy sets on X and is called a fuzzy supra
topology on X if 0,1, € S, and S is closed under arbitrary
union. The pair (X, S) is called a fuzzy supra topological
space, and the members of S are called fuzzy supra opensets.
A fuzzy set A is fuzzy supra closed if and only if its com-
plement A€ is fuzzy supra open.

Definition 6 (see [18]). Let (X, S) be a fuzzy supra topological
space and let A be a fuzzy set in X. Then, the fuzzy supra
interior and the fuzzy supra closure of A in (X, S) are defined
as

Int® (A) = J{U: UCA,U € S},

. (1)
CI’(A) = n{F: ACF,F° ¢ S},

respectively.

Corollary 1. From Definition 6, Int® (A) is a fuzzy supra
openset and CI° (A) is a fuzzy supra closedset.

Definition 7 (see [22]). Let (X, S) be a fuzzy supra topo-
logical space. A fuzzy set A in X is said to be quasi-coincident
with a fuzzy set B if there exists x € X, such that
A(x) + B(x)> 1. In this case, we write AgB.

Definition 8 (see [22]). A fuzzy set A in a fuzzy supra to-
pological space (X, S) is an s-neighbourhood of a fuzzy point
x, if there is M € S with x, € MCA. The collection N°(x,)
of all s-neighbourhoods of x, is called the s-neighbourhood
system of x,,.

Definition 9 (see [18]). Let S; and S, be two fuzzy supra
topologies on a set X such that §,CS,. Then, we say that S, is
stronger(finer) than S, or S, is weaker(coarser) than S,.

Definition 10 (see [18]). Let (X, S) be a fuzzy supra topo-
logical space and BCS. Then, § is called a base for the fuzzy
supra topology S if every fuzzy supra openset U € S is a
union of members of . Equivalently, § is a fuzzy supra base
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for S if, for any fuzzy point x, € U, there exists B € § with
x, € BCU.

Definition 11 (see [18]). A mapping c: P(X) — P(X) is
said to be a fuzzy supra closure operator if it satisfies the
following axioms:

1) ¢(0,) =0,

(2) Acc(A) for every fuzzy set A in X

(3) c(A)uc(B)cc(AUB) for every fuzzy sets A and B in
X

(4) c(c(A)) = c(A) for every fuzzy set A in X

Theorem 1 (see [18]). Let X be a nonempty set, and let the
mapping c: P(X) — P(X) be a fuzzy supra closure oper-
ator. Then, the collection S={A € P(X): c(A°) = A} is
fuzzy supra topology on X induced by the fuzzy supra closure
operator c.

Definition 12 (see [23]). A nonempty collection of fuzzy sets
I of a set X is called a fuzzy ideal on X if and only if

(1) A €I and BCcA=B € I(heredity)

(2) A €I and B € I=> AU B € I(finite additivity)

3. Fuzzy S-Local Function

Definition 13. A fuzzy supra topological space (X, S) with a
tuzzy ideal I on X is called a fuzzy ideal supra topological
space and denoted as (X, S, I).

Definition 14. Let (X, S, I) be a fuzzy ideal supra topology
and let A be any fuzzy set in X. Then, the fuzzy s-local
function A*S(I, S) of A is the union of all fuzzy points x,, such
that if M € N%(x,) and E € I, then there is at least one
y € X for which M (y) + A(y) - 1,>E(y).

In other words, we say that a fuzzy set A is fuzzy s-local in
I at x,, if there exists M € NS (x,), such that for every y € X,
M(y)+A(y)—1,<E(y) for some E € I. We will occa-
sionally write A*S for A*S(I,S), and it will cause no
ambiguity.

Example 1. The simplest fuzzy ideals on X are {0, } and P(X).
Then, I = {0,}©A*S = CI (A), for any fuzzy set A in X and
I=P(X)oA* =0,.

Theorem 2. Let (X, S, 1) be a fuzzy ideal supra topological
space, and let A and B be fuzzy sets in X. Then,

(1) 0:S=0,

(2) If ACB, then A*SCB*S

(3) If I,C1,, then A*S(1,)cA*S (1))

(4) A*S = CI* (A*5)cCP (A)

(5) (A*S)*ScA*S

(6) A*S is a fuzzy supra closedset

(7) A*SUB*Sc(AUB)*S

(8) (ANB)*cA*SnB*S

(9) IfE € I, then (AUE)* = A*S = (A- E)*®

(10) IfU €S, then UNA*S =UN (UNA)*c(UnA)*S
(11) IfE € I, then E*S = 0,

(12) IfE €I, then (1, - E)*S = 1%

Proof
(1) This is obvious from the definition of fuzzy s-local
function

(2) Let ACB. Then, A (x) <B(x) for every x € X. From
the definition of fuzzy s-local function, if x,, € A*S,
then x, € B*S. Therefore, A*SCB*S.

(3) Let I,<I, and let x, € X be any fuzzy points, such
that x, ¢ A*S (I,,S). Then, there is at least one
M € N5(x,) and for every y € X, such that M (y) +
A(y)-1,<E(y) for some E € I,. But I,CI,, then
E e ,. This implies x, ¢ A*S(I,,S). Therefore,
A*S(1,,8)CA*S(I,,S).

(4) For any fuzzy ideal on X, {0,}<I. Therefore by (3)
and Example 1, for any fuzzy set A in
XA (DA ({0,}) = C(A). Now, let
X, € CIS (A*S). Then, for every M € NS(x,), there
is at least one y € X, such that M (y) + A*S(y) > 1,.
Hence, A*S(y)#0,, and let f= A*S(y). Clearly,
yp € A*Sand B+ M (y)>1,, so that M € Ns(yﬁ).
Now, yz € A*S implies there is at least one x, € X,
such that V(x,)+ A(x,)-1,>E(x,), for each
V € N®(y;) and E € I. This is also true for M. So,
there is at least one x, € X such that
M (x;) + A(x,) — 1, > E(x,), for each E € I. Since
M € N%(x,);  therefore, x,€ A*S.  Hence,
A*S = CI° (A™)<Cl (A).

(5) From (4), (A™)*5cCI® (A*S) = A*S

(6) Let x, ¢ A*S(I,S). Then, there is at least one
M € NS(x,), such that for every
yeX,M(y)+A(y)-1,<E(y) for some E €I,
and x, € M implies M <1, — A*$(I), and we have
1, - A*(I) which is a fuzzy supra openset.
Therefore, A*S is fuzzy supra closed.

(7) We have ACAUB and BCAUB. Then, from (2),
A*SC(AUB)*S and B*SC(AUB)™. Hence,
A*SUB*SC(AUB)*S.

(8) Wehave (AN B)CA and (AN B)CB. Then, from (2),
(ANB)**cA* and (ANB)*ScB*S.  Hence,
(ANB)*ScA*S nB*S.

(9) We have ACAUE. Then, from (2), A*SC(AUE)*S.
Now, let x,€ (AUE)*S; then, for every
M € N5(x,), there is at least one y € X such that
M(y)+ (AUE)(y) —1,>E(y), for each E e I. If
max{A(y),E(y)} =E(y), then for each
MeNS(x,)and E€ I, M(y)+E(y)-1,>E(y),
and this implies M (y) >1,, and this is a contra-
diction. Then, for each M e N%(x,) and
EelLM(y)+A(y)—-1,>E(y), and this implies
x, € A*S,  ‘Therefore, (AUE)*cA*S. Hence,
(AUE)*S = A*S. Now, from the defined fuzzy s-



local function, clear A*S = (A-E)*S;
(AUE)*S = A*S = (A- E)*S.

(10) We have U N ACA. Then, from (2), (UN A)*ScA*S.
So, UN (UNA)*ScU N A*S,

(11) This is obvious from the definition of fuzzy s-local
function

(12) This is obvious from (9) O

then,

Theorem 3. Let (X, S, I) be a fuzzy ideal supra topological
space, and let A be any fuzzy set in X. Then,
(AUA*S)*ScAS,

Proof.

Let x, € (AUA*S)*S. Then, for every M € N®(x,),
there is at least one yeX, such that
M(y) + (AUA*S)(y) - 1,>E(y), for each E € I. Now, if
max{A(y), A* (y)} = A(y) implies x, € A*S; therefore, the
proof is done. If max{A(y),A*S(y)}=A*5(y), then
A*S(y)#0,, and let B=A*. Clearly, yze A* and
M(y)+B~1,>E(y). Now, yz € A*S implies there is at
least one x, € X, such that V(x;) + A(x;) — 1, > E(x;) for
eachV e NS (yﬁ) and E € I. This is also true for M. So, there

is at least one x, € X, such that
M(x,)+A(x,)—1,>E(x,), for each Eel. Since
M e NS (x,), then X, € A*S, Therefore,
(AUA*S)*SCA*S, O

Theorem 4. Let (X, S, I) be a fuzzy ideal supra topological
space. Then, the operator CI'S: P(X) — P(X), defined by
CI*S (A) = AUA™ for any fuzzy set A in X, is a fuzzy supra
closure operator, and hence, it ggenerates a fuzzy supra to-
pology S*(I) = {A € P(X): CI"™(A°) = AC} which is finer
than S.

Proof (1) By (1) in Theorem 2, O;S =0, we have
ClI*(0,) =0,
(2) Clear that ACCI*S(A) for every fuzzy set A

(3) Let A and B be any two fuzzy sets. Then,
CI** (A)uCl*(B) = (AUA*S)U (BUB*S) =
(AUB)U (A"UB*)C(AUB)U (AUB)*® =
CI*S(AUB) (by (7) in Theorem 2). Hence,
CI*$ (A)u CI*S (B)<Cl*S (AU B).

(4) Let A be any fuzzy set. Since, by (2), ACCL™S (A);
then, CI*S (A)cCI™ (C1*S(A)). On the other hand,
CI*S (CI*S (A)) = CI" (AU A*S) =
(AUA*)U (AUA*)"SCAUA*S UA*S = CI"5(4)
(by Theorem 3); it follows that
CI** (CI** (A))<CI™ (A). Hence,
CI*$ (CI*$ (A)) = CI* (A). Consequently, C1** (A) is
a fuzzy supra closure operator. Also, it is easy to show
that the collection
$*(I) = {A € P(X): CI"*(A°) = A%} is a fuzzy supra
topology on X which is called the fuzzy supra to-
pology induced by the fuzzy supra closure
operator. O
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Proposition 1. For any fuzzy ideal on X, if
I1={0,}=CI"*(A) = AUA™ = AUCI*(A) = CP(A)  for
every a fuzzy set A in X. So, S*({0,}) =S, and if
I =P(X)=CI"S(A) = A because A*S = 0, for every a fuzzy
set A in X. So, S* (P (X)) is a fuzzy discrete supra topology on
X. Since {0} and P(X) are the tow extreme fuzzy ideal on X,
for any fuzzy ideal I on X, we have {0,.}<ICP (X). So, we can
conclude by 2) in Theorem 2 that
§* ({0, h<S* (1)cS* (P (X)), i.e., SCS* (1), for any fuzzy ideal
Ion X. In particular, we have for any tow fuzzy ideals I, and
I, on X, I[,<I,=S8* (I,)<S* (I,).

Theorem 5. For any fuzzy ideal supra topological space (X, S,
1), the class 3(1,S) = {U — E: U € S, E € I} is the base for the
fuzzy supra topology S* (I).

Proof.

Since 0, € I, then SCf from which it follows X = | JJ.
Also, for every f3,,f, €5, we have, f, =U, —E,; and
B, =U, — E,, where U,,U, € §*(I), and E,,E, € I. Then,
pinp,=U,-E)Nn (U, -E,) = U, NE)N (U, NES) =
(U, -U,)N(E,-E,)) = (U, -U,) - (E,UE,)) € p.
Therefore, 3 is a base for S* (I). O

Example 2. Let T be the fuzzy indiscrete supra topology on
X, ie, T ={0,,1,}. So, 1, is the only s-neighbourhoods of
x,. Now, x, € A* for a fuzzy set A if and only if for each
E eI, there is at least one ye€X, such that
1, +A(y) -1, >E(y). This implies, for  each
Eel,A(y)>E(y) for at least one ye X. So, A¢l.
Therefore, A*S =1, if A¢ I and A*S =0, if A €. This
implies that we have C1*S(A) = AUA*S =1 if A ¢ I and
CI**(A)= A if Ael for any fuzzy set A of X. Hence,
T* ={M: M e I}. Let SUT*(I) be the supremum fuzzy
supra topology of § and T (I), i.e., the smallest fuzzy supra
topology is generated by SUT™ (I). Then, we have the fol-
lowing theorem.

Theorem 6. S* (I) = SUT*(I).

Proof. Follows from the fact that 8 forms a basis for
S* (D). O

Theorem 7. Let S,andS, be tow fuzzy supra topologies on X.
Then, for any fuzzy ideal I on X, S,<S, implies

(1) A*S(S,,I)CA*S(S,,I) for every fuzzy set in X

(2) §; (D<S; (D)

Proof.
(1) Since every S;s-neighbourhood of any fuzzy point x,,
is also a S,s-neighbourhood of x,. Therefore,
A*S(S,, )CA*S (S}, ).

(2) Clearly, S} (I)<S; (I) as A*S(S,,NCA*S(S,, 1) O

Theorem 8. Let (X, S, I) be a fuzzy supra topological space.
Then,
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(1) If H e Is>H® € §*(I)

(2) A*S = CI*S (A*S) for every fuzzy set A in X, i.e, A*S is
a fuzzy S*-supra closedset.

Proof.
(1) For every H € I=>H*S=0,. Hence, ClI*(H) =
H=H¢ € §* (I), i.e,, H is a fuzzy S*-supra closedset.

(2) From (5) in  Theorem 2, we have
(A*)*SCAS =A™ = AU (A*9)*S = CI" (A).
Hence, A*S is a fuzzy S*-supra closedset. O

4. S-Compatible of Fuzzy Ideals with Fuzzy
Supra Topology

Definition 15. Let (X, S, I) be a fuzzy supra topological space.
S is said to be fuzzy S-compatible with I, denoted by S ~ I, if
for every fuzzy set A in X; if for all fuzzy point x,, € A, there
exists M € NS(x,) such that M(y)+A(y)-1,<E(y)
holds for every y € X and some E € I, and then, A € I.

Definition 16. (see [20]). Let {B,,a € A} be any indexed
family of fuzzy sets in X such that B,gA, for each a € A,
where A is a fuzzy set in X. Then, {B,, « € A} is said to be a
quasicover of A if and only if A(y) + U B, (y)>1, for
every y € X.

Definition 17. Let {B,, a € A} be quasicover of A; if each B,
is a fuzzy supra openset, then this quasicover with be called a
fuzzy quasi-supra open cover A in X. Therefore, in either
case, A°CU . B,.

Theorem 9. Let (X, S, I) be a fuzzy ideal supra topological
space. Then, the following conditions are equivalent:

1)S~1
(2) If for every fuzzy set A in X has a fuzzy quasi-supra
open cover

{Bya € A} such that for each
o, A(y) + B, (y) —1,<E(y) for some E € I and for
every y € X, and then, A €I

(3) Forevery fuzzy set Ain X, AN A*S = 0 implies A € I
Y Juzzy x 1mp

(4) For every fuzzy set A in X, A € I, where A =] x,,
such that x, € A but x, ¢ A*S

Proof.  (1)=(2) Let {B,, € A} be a fuzzy quasi-supra open
cover of a fuzzy set A in X such that for each
aeANB,(y)+A(y)—1,<E(y) forsomeE €I
and for every y € X. Therefore, as {B,, a € A} is

a fuzzy quasi-supra open cover of A, for each

x, € A, there exists at least one B, such that
X4qB,, and for every
yeXB (»+A(y)—-1,<E(y) for some

Eel. Obvrously, B, € NS (x,). Therefore, as
S~I1,Ael.

(2)=(Q1) Clear from the fact that a collection of fuzzy
supra opensets which contain at least one open s-
neighbourhood of each fuzzy point of A that constitutes
a fuzzy quasi-supra open cover of A.
(2)=(3) Let ANA®S =0, ie.,
min{A(y), A*$(y)} = 0,, for every y € X. So, a fuzzy
point x, € A implies x, ¢ A*S. That means, there is
M € N%(x,) such that for every y € X, M (y) + A(y) -
<E(y)forsomeE € I. If x, € A since M € N°(x,),
there is a fuzzy supra openset V (in S) such that
x,qV <M, and so, the collection of such V’s for each
X, € A constitutes a fuzzy quasi-supra open cover of A.
Therefore, by condition (2), A € I.

(3)=() Let for every fuzzy point x, € A, there is
M € NS(x,) such that for every
yeX, M(y)+A(y)—-1,<E(y) for some E € I. That
means x, ¢ A*S. Now, there are two cases: either
A*S(x) =0, or A*(x)#0,, but a>A*S(x) #0,. Let, if
possible, x, € A be such that a>A*S(x)#0,. Let

= A*S (x) Then, the fuzzy point x, € A*S and also
x € A. This implies for each V € Ns(x ), and for
each E €I, there is at least one y e X “such that
V(y)+A(y) - 1,>E(y). Since x, € A, this contra-
dicts the assumption for every fuzzy point of A. So,
A*S(x) =0,. That means, x, € A implies x, ¢ A*S.
Now, this is true for every fuzzy set A in X. So, for every
fuzzy set A in X, AN A*S = 0,.. Hence, by condition (3),
we have A € I, which implies S ~ I.

(3)=(4) Let the fuzzy point x, € A. That means,
X, € A, but x, ¢ A*S. So, there is M € N%(x,) such
that for every ye X, M(y)+A(y)—-1,<E(y) for
some E € I. Since ACA, so for every y € X, M (y) ¥
A(y) -1, <E(y) for some E el Therefore, x, ¢ A’
SO thgt either (x) 0, or A (x) #0,, but
a>A 5(x)qu Let X4, be a fuszzy point such that
ocISA (x)<a, ie, x €A So, for each
V € N%(x, ) and for each Fe I, there is at least one
yeX such that V(y)+A(y)—1,>E(y). Since ACA,
foreach Ve NS (x, ) and for each E € I, there is at least
one y € X such that V(y)+A(y)-1,>E(y). This
implies x, € A” *S, But as @, <@, x, € A, and therefore
x, ¢ A*S.This is a contradiction. Hence, A (x) =0,,
S *$

o) thatx € §41mphesx ¢ A”withA™ = = 0,. Thus, we
have AN A7 = 0, for every fuzzy set A in X. Hence, by
condition (3), Ael

(4) =(1) Let for every fuzzy set A in X, A € I. This
means for every x, € Athenx, € Aand x,, ¢ A*S then
for every y e X, there exist M e NS (x a) such that
M(y)+A(y)—1,<E(y) for some E € I. This implies
S~ O

Theorem 10. Let (X, S, I) be a fuzzy ideal supra topological
space. Then, the following are equivalent and implied by S ~ 1.

(1) For every fuzzy set A in X, ANA*S =
A =0,.

0, implies



(2) For every fuzzy set A in X, A% = 0, (A is defined as in
(4) in Theorem 9).

(3) For every fuzzy set A in X, (ANA*S)*S = A*S,

Proof.
Clear from Theorem 9. O

Theorem 11. Let (X, S, I) be a fuzzy ideal supra topological
space, let S ~ I. Then a fuzzy set A in X is supra closed with
respect to S* (I) if and only if it is the union of a fuzzy set
which is supra closed with respect to S and a fuzzy set in I.

Proof. Let A be a fuzzy set in X such that it is fuzzy S*-supra
closedset. That means A*SCA, and we have A = AUA*S,
Since S ~ I, A € I. Also, A*S is always fuzzy S-supra closedset
by (3) in Theorem 2. Conversely, let A be any fuzzy set in X
such that A = UUV, where CI"(U) = UCA. This means
A*SCUCA. So, we have CI**(A) = AU A*S = A and implies
A is a fuzzy S*-supra closedset. O

Corollary 2. The fuzzy supra topology S is S-compatible with
fuzzy ideal I on X implies (I, S), a basis for S* (I), and is itself
a fuzzy topology and also 5 = S* (I).

Proof. Clear. d

5. Fuzzy Set Operator ¥

In this section, we introduce the fuzzy set operator ¥, S-
codense, and ¥g-C-fuzzy set, and we give new results.

Definition 18. Let (X, S, I) be a fuzzy ideal supra topological
space. An operator ¥g: P(X) — S is defined as follows: for
every fuzzy set A in X, W (A) = {x, fuzzy point: there exists
M € N%(x,) such that M- A eI}. We observe that
Yo (A) =1, - (1, — A)*S. The behaviors of the operator ¥
have been discussed in the following theorem:

Theorem 12. Let (X, S, I) be a fuzzy ideal supra topological
space. Let A and B be two fuzzy sets in X. Then,
(1) Y5 (A) is a fuzzy supra openset
(2) IntS (A)C¥s (A)
(3) If ACB, then ¥ (A)CY(B)
(4) ¥Ys(ANB)CY¥s(A) N ¥ (B)
(5) ¥s(A)U¥s(B)CYg(AUB)
(6) IfU €S, then U<SY¥ (U)
(7) W (A (¥5 (4))
() Vs(A) = Vs (Ys(A) if  and
(L,-A)" = ((1,-A)")"
(9) If (A-B)U (B—A) €I, then ¥g(A) = ¥Ys(B)
(10) IfE € I, then ¥g(E) =1, - 1%
(11) IfE € I, then Y4(A—-E) = Y4 (A)
(12) IfE € I, then Yg(AUE) = ¥4 (A)

only if
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Proof. (1) Since (1, - A)~ Sisa fuzzy supra closedset, 1, —
(1,-A)*Sisa fuzzy supra openset. Hence,
W (A) is a fuzzy supra openset.

(2) From  definition of the Wy  operator,
Ye(A) =1, - (1, - A)*S. Then,
1, - CP(1, - A)Cl, - (1, — A)*S = ¥s(A), from
(4) in Theorem 2. Hence, IntS (A)C¥  (A).

(3) Let ACB. Then, (1, — B)<(1, — A). Then, from (2)
in Theorem 2, (1, — B) *Sg(lx — A)*S. Therefore,
Y (A)CY(B).

(4) We have ANBCA and AN BCB. Then, from (3),
¥ (AN B)C¥ (A) N (B).

(5) We have ACAUB and BCAUB. Then, from (3),
Vs (A)UVY¥s(B) Y (AUB).

(6) LetU € S. Then, (1, — U) is a fuzzy supra closedset,

and hence, CI° (1,-U) = (1, -U). Then,
(lx—U)*SQCIS(l -U)=(Q1,-0). Hence,
Ucl, — (1, -U)*>, so UC¥, (V).

(7) From  (2), VYs(A)eS, and from (6),

Vs (A)Y (s (A)).

(8) Let W5 (A) = Ws (¥ (A)). Then, 1, = (1, - A)*S =
Yol - (1, -A) ) =1,- (1, -

(L= (1, = A) ") =1, - ((1, - A)*)*S.
Therefore, (1, —A)*%=((1,-A)*%)*5. Con-
versely suppose that (1, — A) *S = (1, -A) *#Sy=$
hold. Then, 1, - (1, - A)*S=1_- ((1, - A)*%)*$
and -0, -4 =1,-(@1,-(1,
~(1,-A)*N*S=1,- (1, - ¥s(A)*®. Hence,
Y5 (A) = ¥ (¥s(A)).

(9) Let (A-B)U(B-A)el, and let
A-B=E,,B-A=E, Weobserve that E{,E, € |
by heredity, and B = (A — E;)UE,. Thus, ¥ (A) =
Y4(A-E,) =Y¥Y4((A-E|)UE,) = ¥ (B).

(10) By (9) in Theorem 2, we obtain if E € I, then
We(E)=1,-1;5

(11) This follows from (9) in Theorem 2, and ¥ (A -
E)=1,-(1,-(A-E)*S=1,-
(1, -AUE)*S=1,- (1, - A)*° = ¥5(A)

(12) This follows from (9) in Theorem 2, and
Wg(AUE) =1, - (1, - (AUE)"* =1, - ((1,-
A -E)*S=1_-(1,-A)"5 =¥ (A) O

Theorem 13. Let (X, S, I) be a fuzzy ideal supra topological
space. If n = {A € P(X): ACY(A)}. Then, n is a fuzzy supra
topology for X.

Proof. Letn ={A € P(X): AC¥(A)}. By (1) in Theorem 2,
0:5=0, and ¥s(1,)=1,-(1,-1,)"5=1,-05=1,.
Moreover, Ye(0,)=1,-(1,-0)* =1,-1,=0,.
Therefore, we obtain that 0,<¥g(0,) and 1,c¥¢(1,) =1,,
and thus, 0,1,€7n Now, if {A,: a€A}cy, then
A Y (A)SYg(UA,) for every « and hence,
UA <Y (JA,). This shows that # is a fuzzy supra
topology. O
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Definition 19. A fuzzy ideal I in a space (X, S, I) is called S-
codense fuzzy ideal if SN I = {0,.}. The following theorem is
related to S-codense fuzzy ideal.

Theorem 14. Let (X, S, I) be a fuzzy ideal supra topological
space, and let I be S-codense with S. Then, 1, =15

Proof. It is obvious that 15cl,. For converse, suppose
X, € 1, but x, ¢ 175, there is at least one M € N®(x,) and
for every y € X such that M (y) + 1, — 1, <E(y) for some
E € I=M(y)<E(y). That means M ¢ I, a contradiction to
the fact that SNI = {0,}. Hence, 1, = 1. O

Definition 20. Let (X, S, I) be a fuzzy ideal supra topological
space. A fuzzy set A in X is called the ¥¢-C-fuzzy set if
ACCI® (¥ (A)). The collection of all ¥-C-fuzzy sets in (X, S,
I) is denoted by ¥ (X, S).

Theorem 15. Let (X, S, I) be a fuzzy ideal supra topological
space. If A € S, then A € Y4(X,S).

Proof. From (6) in Theorem 12, it follows that
SCY (X, S). O

Theorem 16. Let {A,: a € A} be a collection of nonempty
W-C-fuzzy sets in a fuzzy ideal supra topological space (X, S,
I); then, U A, € Ys(X,9).

Proof. For each
aeA, A,CCl (W (A,))SCI (¥g (U pA,). This implies
that U en AgSCI (P (U yenAy))- Thus,
Ugead, € ¥5(X,S). O

6. Some Sets of a Fuzzy Ideal Supra
Topological Space

Definition 21. Let (X, S, I) be a fuzzy ideal supra topological
space and let A be any fuzzy set in X. Then, A is said to be
(1) Fuzzy = -supra dense-in-itself set if ACA*S
(2) Fuzzy S*-supra closedset if A*SCA
(3) Fuzzy = -supra prefect set if A = A*S
(4) Fuzzy regular-I-supra closedset if A = (Int®(A)) *$

Theorem 17. Let (X, S, I) be a fuzzy ideal supra topological
space, and let A be any fuzzy set in X. Then, the following
statements hold:

(1) Every fuzzy regular-I-supra closedset is a fuzzy
% -supra prefect set

(2) Every fuzzy = -supra prefect set is a fuzzy S*-supra
closedset

(3) Every fuzzy = -supra prefect set is a fuzzy s -supra
dense-in-itself set

Proof. (1) Let A be a fuzzy regular-I-supra closedset. Then,
we have A = (Int’(A))*°. Since Int®(A)CA

by (2) in Theorem 2, then (Int®(A))*$cA*S.
We have A= (Int’(A))*5cA*S. Since
A= (IntS(A))*S, then
A*S = ((Int* (A)) ") *Sc (Int¥ (A))*® = A.
Therefore, we obtain A = A*S. This shows
that A is a fuzzy = -supra prefect set.

(2) Let A be a fuzzy * -supra perfect set. Then, we have
A = A*S; therefore, we obtain A*SCA. This shows
that A is a fuzzy S*-supra closedset.

(3) Let A be a fuzzy = -supra perfect set. Then, we have
A = A*S; therefore, we obtain ACA*S. This shows
that A is a fuzzy # -supra dense-in-itself set. O

Remark 1. The converses of Theorem 17 need not be true as
the following examples show.

Example 3. Let X = {a, b, c} and let A and B be fuzzy sets in
X defined as follows:

A(a) =04,
A((b)=0.7,
A(c) =0.5,
B(a) = 0.6, @
B(b) =0.3,
B(c) =0.5.

We put S = {0,,1,, A}. If we take I = {0}, then B is a
fuzzy = -supra perfect set but not a fuzzy regular-I-supra
closedset.

Example 4. Let X = {a, b, c}, and let A and B be fuzzy sets in
X defined as follows:

A(a)=0.1,
A(b) =0.3,
A(c) =0.5,
B(a) = 0.4, ©)
B(b) = 0.6,
B(c) =0.7.

We put S = {0,,1,, A}. If we take I = P(X), then Bis a
tuzzy S*-supra closedset but not a fuzzy = -supra perfect set.

Example 5. In Example 3, A is a fuzzy = -supra dense-in-
itself set but not a fuzzy = -supra perfect set.

Definition 22. Let (X, S, I) be a fuzzy ideal supra topological
space, and let A be any fuzzy set in X. Then, A is said to be
(1) Fuzzy-I-supra openset if ACInt® (A*S)
(2) Fuzzy semi-I-supra openset if ACCL™S (Int® (A))
(3) Fuzzy pre-I-supra openset if ACInt® (C1** (A))
(4) Fuzzy a-I-supra openset if AcInt® (CI*S (Int® (A)))
(5) Fuzzy B-I-supra openset if AcCI (Int’ (CI*S (A)))



A fuzzy set A of a fuzzy ideal supra topological space (X,
S, I) is said to be fuzzy-I-closedset (resp. fuzzy semi-I-supra
closedset, fuzzy pre-I-supra closedset, fuzzy «-I-supra
closedset, and fuzzy -I-supra closedset) if its complement is
a fuzzy-I-openset (resp. fuzzy semi-I-supra openset, fuzzy
pre-I-supra openset, fuzzy a-I-supra openset, and fuzzy 3-1-
supra openset).

Theorem 18. Let (X, S, I) be a fuzzy ideal supra topological
space. Then, the following statements hold:
(1) Every fuzzy supra openset is a fuzzy a-I-supra openset
(2) Every fuzzy-I-supra openset is a fuzzy pre-I-supra
openset
(3) Every fuzzy a-I-supra openset is a fuzzy semi-I-supra
openset
(4) Every fuzzy a-I-supra openset is a fuzzy pre-I-supra
openset
(5) Every fuzzy semi-I-supra openset is a fuzzy B-I-supra
openset

(6) Every fuzzy pre-I-supra openset is a fuzzy B-I-supra
openset

Proof. (1) Let A be a fuzzy supra openset. Then, we have

A =IntS(A). Since,
AcInt’ (A)cCl*® (Int® (A)). But if A is a fuzzy
supra openset, then
A = Int® (A)<Int® (CI*S (Int’ (A))). This

shows that A is a fuzzy a-I-supra openset.

(2) Let A be a fuzzy-I-supra openset. Then, we have
AcInt® (A*S), but A*ScCIS (A). Then,
AcInt’® (C1*® (A)). This shows that A is a fuzzy pre-I-
supra openset.

(3) Let A be a fuzzy a-I-supra openset. Then, we have
AcInt® (CI** (Int® (A)\\CI** (Int’ (A)). This
shows that A is a fuzzy semi-I-supra openset.

(4) Let A be a fuzzy a-I-supra openset. Then, we have
AcInt® (CI"* (Int® (A)))\\CInt® (CI** (A)). This
shows that A is a fuzzy pre-I-supra openset.

(5) Let A be a fuzzy semi-I-supra openset. Then, we have
AcCI*S (Int® (A))<ClI® (Int® (C1*5 (A))). This shows
that A is a fuzzy -I-supra openset.

(6) Let A be a fuzzy pre-I-supra openset. Then, we have
AcInt® (CI** (A))<CI (Int* (CI*° (A))). 'This shows
that A is a fuzzy -I-supra openset. O

Remark 2. The converses of Theorem 18 need not be true as
the following examples show.

Example 6. In Example 4, B is a fuzzy a-I-supra openset, but
not a fuzzy supra openset.

Example 7. In Example 4, A is a fuzzy pre-I-supra openset,
but not a fuzzy-I-supra openset.
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Example 8. Let X = {a,b,c} and let A, B, and C be a fuzzy
sets in X defined as follows:

A(a) =0.7,
A(b) =04,
A(c) = 0.5,
B(a) =0.2,
B(b) =0.3, (4)
B(c) = 0.4,
C(a) =0.8,
C(b) =0.7,
C(c) = 0.6.

We put S = {0,,1,,B}. If we take I = {0,}, then A is a
fuzzy semi-I-supra openset, but not a fuzzy a-I-supra
openset.

Example 9. In Example 8, if we put S = {0, 1,, A} and we
take I = {0, }, then Cis a fuzzy pre-I-supra openset, but not a
fuzzy a-I-supra openset.

Example 10. In Example 3, B is a fuzzy -I-supra openset,
but not a fuzzy semi-I-supra openset.

Example 11. Let X = {a,b,c}, and let A, B, and C be fuzzy
sets in X defined as follows:

A(a)=0.7,
A(b) =04,
A(c)=0.2,
B(a) =0.9,
B(b) =0.8, (5)
B(c) =0.7,
C(a) =0.1,
C(b)=0.2,
C(c) =0.3.

WeputS ={0,,1,,A,C, AUC}. If we take I = {0, }, then
B is a fuzzy -I-supra openset, but not a fuzzy pre-I-supra
openset.

Theorem 19. Let (X, S, I) be a fuzzy ideal supra topological
space, and let A be any fuzzy set in X. If A is a fuzzy regular-1-
supra closedset, then A is a fuzzy semi-I-supra openset.

Proof. Let A be a fuzzy regular-I-supra closedset. Then, we
have

A= (Int5(A)) **\\c (Int* (A)) ** UInt* (A) = CI" (Int®
(A)). This shows that A is a fuzzy semi-I-supra openset. [

Remark 3. The converses of Theorem 19 need not be true as
the following example shows.
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Example 12. In Example 11, A is a fuzzy semi-I-supra
openset, but not a fuzzy regular-I-supra closedset.

7. Some Fuzzy Ideal Supra
Continuous Functions

Definition 23. A function f: (X,S,I) — (Y, ¢) is said to
be fuzzy = -supra perfectly continuous (resp. fuzzy regular-
I-supra closed continuous and fuzzy contra # -supra con-
tinuous) if for every V € ¢, f~1(V)is a fuzzy x-supra
perfect (resp. fuzzy regular-I-supra closed and fuzzy
S*-supra closed) set of (X, S, I).

Theorem 20. For a function f: (X,S,I) — (Y,¢), the
following statements hold:

(1) Every fuzzy regular-I-supra closed continuous is fuzzy
* -supra perfectly continuous

(2) Every fuzzy = -supra perfectly continuous is fuzzy
contra * -supra continuous

Proof. This follows from Theorem 17 and Definition 23. O

Remark 4. The converses of Theorem 20 need not be true as
shown in the following examples.

Example 13. Let X = {a,b,clandY = {x, y,z}, and let A and
B be fuzzy supra subsets defined as follows:

A(a) =0.7,
A(b) =04,
A(c)=0.8,
B(x) =0.3, ©
B(y) = 0.6,
B(z) =0.2.

Let S={0,,1,,A},¢ ={0y,1y,B}, and I ={0,}. Then,
the function f: (X,S,I) — (Y,¢) defined by
f(a)=x, f(b) = y,and f(c) = z. Then, fis fuzzy =*-supra
perfectly continuous but not fuzzy regular-I-supra closed
continuous.

Example 14. Let X = {a,b,c}andY = {x, y,z}, and let A and
B be fuzzy supra subsets defined as follows:

A(a) =0.8,
A(b) =02,
A(c) =04,
B(x)=0.9, @)
B(y) =04,
B(z) =0.7.

Let S=1{0,,1,,A},¢ ={0y,1y,B}, and I ={0,}. Then,
the function f: (X,S,I) — (Y,¢) is defined by
f(a)=x, f(b) =y, and f(c)=z; then, f is fuzzy contra

% -supra continuous but not fuzzy =-supra perfectly
continuous.

Definition 24. A function f: (X,S,I) — (Y, ¢) is said to
be fuzzy-I-supra continuous (resp. fuzzy semi-I-supra
continuous, fuzzy pre-I-supra continuous, fuzzy a-I-supra
continuous, and fuzzy -I-supra continuous) if for every
V € ¢, f~1(V) is a fuzzy-I-supra openset (resp. fuzzy semi-
I-supra open, fuzzy pre-I-supra open, fuzzy a-I-supra open,
and fuzzy fB-I-supra open) of (X, S, I).

Theorem 21. For a function f: (X,S,I) — (Y,¢), the
following statements hold:

(1) Every fuzzy supra continuous is fuzzy o-I-supra
continuous

(2) Every fuzzy-I-supra continuous is fuzzy pre-I-supra
continuous

(3) Every fuzzy a-I-supra continuous is fuzzy semi-I-
supra continuous

(4) Every fuzzy a-I-supra continuous is fuzzy pre-I-supra
continuous

(5) Every fuzzy semi-I-supra continuous is fuzzy [-I-su-
pra continuous

(6) Every fuzzy pre-I-supra continuous is fuzzy B-I-supra
continuous

Proof. This follows from Theorem 18 and Definition 24. [

Remark 5. The converses of Theorem 21 need not be true as
shown in the following examples.

Example 15. In Example 14, fis fuzzy a-I-supra continuous
but not fuzzy supra continuous.

Example 16. In Example 14, if we take I = P(X), then fis
fuzzy pre-I-supra continuous but not fuzzy-I-supra
continuous.

Example 17. Let X = {a,b,c}andY = {x, y,z}, and let A and
B be fuzzy supra subsets defined as follows:

A(a) =04,
A(b)=0.1,
A(c)=0.2,
B(x) = 0.6, ®
B(y)=0.9,
B(z) =0.8.

Let S ={0,,1,,A},¢ = {0y, 1y, B}, and I ={0,}. Then,
the function f: (X,S,I) — (Y,¢9) 1is defined by
f(a)=x,f(b) =y, and f(c) =z. Then, fis fuzzy semi-I-
supra continuous and fuzzy pre-I-supra continuous but not
fuzzy a-I-supra continuous.
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Example 18. In Example 13, fis fuzzy S-I-supra continuous
but not fuzzy semi-I-supra continuous.

Example 19. In Example 17, if we take I = P(X), then fis
fuzzy p-I-supra continuous but not fuzzy pre-I-supra
continuous.

Theorem 22. Let (X, S, I) be a fuzzy ideal supra topological
space and let A be any fuzzy set in X. If A is fuzzy regular-I-
supra closedset, then A is a fuzzy semi-I-supra openset.

Proof. This follows from Theorem 19 and Definitions 23 and
24. O

Remark 6. The converses of Theorem 22 need not be true as
the following example shows.

Example 20. In Example 17, A is fuzzy semi-I-supra con-
tinuous but not fuzzy regular-I-supra closed continuous.

8. Conclusion

The present paper is focused on the notion of fuzzy ideals in
tuzzy supra topological spaces. The concept of a fuzzy s-local
function is also introduced here by utilizing the s-neigh-
bourhood structure for a fuzzy supra topological space.
These concepts are discussed with a view to find new fuzzy
supra topologies from the original one. The basic structure,
especially a basis for such generated fuzzy supra topologies,
and several relations between different fuzzy ideals and fuzzy
supra topologies are also studied here.
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