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Coloring of fuzzy graphs has many real-life applications in combinatorial optimization problems like traffic light system, exam
scheduling, and register allocation. The coloring of total fuzzy graphs and its applications are well studied. This manuscript
discusses the description of 2-quasitotal graph for fuzzy graphs. The proposed concept of 2-quasitotal fuzzy graph is explicated by
several numerical examples. Moreover, some theorems related to the properties of 2-quasitotal fuzzy graphs are stated and proved.
The results of these theorems are compared with the results obtained from total fuzzy graphs and 1-quasitotal fuzzy graphs.

Furthermore, it defines 2-quasitotal coloring of fuzzy total graphs and which is justified.

1. Introduction

As of its emerging, the graph theory rapidly moved into the
mainstream of mathematics. It has diverse applications in
the fields of science and technology [1, 2]. In 1965, the total
coloring of the graph was introduced by Behazad [3], which
is followed by Harary, who contributed the concept of total
graphs [4]. Jayaraman studied the total chromatic number of
total graphs [5]. Besides, Sastry and Raju defined quasitotal
graphs [6], and Sirnivasarao and Rao introduced 1-quasi-
total graphs and bounds for its total chromatic number [7].
Nowadays, many real-world problems cannot be properly
modeled by a crisp graph theory as the problems contain
uncertain information. The fuzzy set theory, anticipated by
Zadeh [8], is used to handle the phenomena of uncertainty
and real-life situation. Coloring of fuzzy graphs plays a vital
role in both theory and practical applications. It is mainly
studied in combinatorial optimization problems such as
traffic light control, exam scheduling, and register allocation.

After Zadeh’s paper on fuzzy sets [9], Rosenfeld intro-
duced fuzzy graphs [10]. Later, Bhattacharya [11] gave some
remarks on fuzzy graphs. Some operations on fuzzy graphs
were introduced by Mordeson and Peng [12]. As an ad-
vancement, the fuzzy coloring of the fuzzy graph was defined
by Eslahchi and Onagh in 2004 and later developed by

themselves as fuzzy vertex coloring in 2006 [13]. Lavanay
and Sattanathan extended the concept of fuzzy vertex col-
oring into a family of fuzzy sets [14]. Kavitha [15] defined the
total fuzzy graph and studied the total chromatic number of
total graphs of fuzzy graphs [1]. Kavitha derived fuzzy
chromatic numbers for various graphs of complete fuzzy
graphs [15]. Nevethana studied about fuzzy total coloring
and its chromatic number of complete fuzzy graphs [16].
Sitara and Akram studied fuzzy graph structures and their
applications [17]. The total coloring of 1-quasitotal graph for
crisp graph was studied. Recently Fekadu and SrinivasaRao
Repalle have established the definition of 1-quasitotal fuzzy
graph and its total coloring [18]. Koam and Akram described
decision making analysis in the real-life applications like
marine crimes and road crimes by using graph structures
[19]. Akram and Sitara introduced the concept of Residue
Product of Fuzzy Graph Structures and studied their
properties [20]. Akram covers both theories and applications
of introduction to m-polar fuzzy graphs and m-polar fuzzy
hypergraphs [21].

This paper is being organized as follows: In Section 2,
some basic definitions and elementary concepts of the fuzzy
set, fuzzy graph, and coloring of fuzzy graphs have been
reviewed. In Section 3, 2-quasitotal fuzzy graph is defined
and the concept is justified with numerous examples. Section
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4 describes and proves some properties of 2-quasitotal fuzzy
graphs and compares the result with the properties of total
fuzzy graphs and 1-quasitotal fuzzy graphs. Furthermore,
Section 5 introduces the concept of 2-quasitotal fuzzy col-
oring and deliberates some of its properties. Finally, the
paper is concluded in Section 6.

2. Preliminaries

In this section, some basic definitions that are necessary for
this paper have been included. Unless otherwise mentioned,
the concepts are from Mordeson and Nair (see [22]).

Definition 1. Fuzzy Graph

A fuzzy graph is defined as an ordered triple f, where V' is
the set of vertices {v,,v,,...,v,},0 is a fuzzy subset of V,
such that o: V. — [0, 1] and p are a fuzzy relation on o with
u:V—[0,1] and that u: VxV — [0,1] such that.
pu,v)<o(u)Aoc(vVu,veV.

Definition 2. Crisp Graph

The underlying crisp graph of the fuzzy graph
G = (V,0,p) is denoted by G* = (V, E), where ECV x V.
The crisp graph (V, E) is a special fuzzy graph G with each
vertex, and each edge of G has the same degree of mem-
bership equal to 1.

Definition 3. Order and Size of Fuzzy Graph

Let G = (V, 0, ) be a fuzzy graph with the underlying set
V. Then, the order of G denoted by Order (G) is defined as
follows:

Order (G) = Z o (u), 1)
ueV
and the size of G denoted by Size (G) and defined as follows:
Size (u) = Z p (U, v). 2)
u, vev

Definition 4. Degree of a Vertex.
Let G = (V, 0, 4) be a fuzzy graph. The degree of a vertex
u €V is defined as follows:

dg(u) = Z p(u,v). (3)

v#u,vevV

Definition 5. Busy Value of a Vertex.

Let G = (V, 0, u) be a fuzzy graph. The busy value of the
vertex v in G is D(v)=),0(v)Ac(v;) where v, are
neighbors of v and the busy value of G is D(G) = Y ;D (v;)
where v; are the vertexes of G.

Definition 6. Adjacent Vertices

If yt(u, v) > 0, then u and v are said to be adjacent to each
other and lie on the edge, e = (u, v). A path p in a fuzzy graph
G = (V,0,p) is a sequence of distinct nodes vy, v;, v,, ..., v,
such that y(v;_;,v;) >0, 1 <i<n. Here n is called the length
of the path.
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Definition 7 (see [23]). Path in Fuzzy Graph

A path P in a fuzzy graph G = (o, ) is a sequence of
distinct vertices ugy, u,, ..., u, (except possibly u, and u, )
such that p(u;_j,u;) >0,i=1,2,...,n Here, n is called the
length of the path.

Definition 8. Connected Vertices

If u,v are vertices in G and if they are connected by
means of a path, then the strength of that path is defined as
A= (visy,vy). If u, v are connected by means of paths of
length k, then

W (1, v) = suplp (1, v,) A g (vy, v,) At (v, v3) A,
e Nu(Ve_ V) s U, vy, LY,V €V

(4)

If u,v € V, then, the strength of connectedness between
uand v u® (u,v) = sup{p* (u,v): k=1,2,....}

Definition 9. Connected Fuzzy Graph

Let G = (V, 0, ) be a fuzzy graph. Then, G is said to be
connected if y® (u,v)>0forallu,v e ¢*. An arc (u,v) is
said to be a strong arc if y (1, v) > ™ (1, v) and a node u is
said to be an isolated node, if. p(u,v) = 0, forallu #v.

Definition 10 (see [24]) Cyclic Fuzzy Graph

G = (V,0,p) is a fuzzy cycle if and only if (¢*,pu*) is a
cycle and there does not exist a unique (x, y) € y* such that
p(x, y) = AMp(u,v): (u,v) € u*}.

Definition 11 (see [25]). Total Coloring
A family T = {y;, 95,73, . .., Vi} of fuzzy sets on VUE is
called a k- fuzzy total coloring of G = (V, 0, ), if

(a) Max{y; (v)} = o(v) for all v € V and Max{y; (u, v)} =
p(u,v) for all edges (u,v) € E

(b) y;Ay;=0

(c) For  every adjacent
Min{y; (u),y; )} =0

The least value of k for which there exists a k— fuzzy
coloring is called the fuzzy total chromatic number of G and
is denoted by X; (G).

vertex u,v of G,

Definition 12 (see [18]). 1-Quasitotal Fuzzy Graph

Let G = (V, 0, 4) be a fuzzy graph with its underlying set
V  and crisp graph G = (0",u*). 'The pair
QT (G) = (O-Qle’ A”Qle) of the fuzzy graph G is defined as
follows:

Let the node set of Qle (G) be VUE, where V is the
vertex set and E is the edge set of the underlying crisp graph.
The fuzzy subset aqr, 1 defined on VUE as follows:

UQle(“) =o(u), ifueV,

. (5)
aQ1, (e) =p(e), ifeceE.

The fuzzy relation Har, is defined on (VUE) x (VUE),
called edges of Q,T ¥ (G) as follows:
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.”Qle(”) v)=u(u,v), ifuveV
‘quTf(ei’ej) = P‘(ei)A.“(ej), if ¢; and e; have a node in common between them (6)

=0, Otherwise.

By definition, pq r (u,v)<oq 1 (u) Aog 7, (v) for all
iy X iy . 1y
u,v € VUE. Hence, g 1, is a fuzzy relation on the fuzzy
subset a1, .Thus, the pair Qle(UQIT ’P‘Qle) is a fuzzy
graph, and it is termed as 1-Quasitotal f[uzzy graph of G.

3. 2-Quasitotal Fuzzy Graph

This section introduces the definition of 2-quasitotal fuzzy
graph and sketches the 2-quasitotal fuzzy graph of a given
fuzzy graph.

Definition 13. Let G = (V,0,u) be a fuzzy graph with its
underlying set V and crisp graph G* = (0%, y*). The pair

.”Qsz(“a v)=u(u,v), ifuveV

QT (G) = (oq,r, A”Qsz) of the fuzzy graph G is defined as
follows: ‘

Let the node set of Q,T ¥ (G) be the union of the vertex
set and the edge set of the underlying crisp graph. That is
VUE.

Let the fuzzy subset aQ,1, be defined on V U E as follows:

oqQ,1, (u)=0(u), ifueV,

. (7)
aQr, (e)=p(e), ifeceE.

Let the fuzzy relation pg, ~be defined on
(VUE) x (VUE), called edges of Qz’ff (G) as follows:

ko, (u,e) =0(u)Au(e), ifueVeeEandthenodeuliesontheedgee (8)

=0, otherwise.

By the definition of the fuzzy  graph,
b, (u,v) < o, (u) A 9q,r, (v) for all u,v € V UE. Hence,

b, isa fuzzy relation on the fuzzy subset a1, Therefore,
the pair Q, T, (oerTf, t“Qsz) is a fuzzy graph, and it is termed
as 2-Quasitotal Fuzzy Graph of G.

Example 1. Let G = (V,o,u) be a fuzzy graph with its
underlying crisp graph G* = (V, E), where V = {v;,v,,v;}
and edge set E = {v,v,,v,v3, v3v,}. Let the fuzzy vertex set
defined on V be as 0: S — [0, 1] such that

1

o(v) = 3
1

a(v,) = > )
1

O'(V3) = Z

Let the fuzzy relation defined on the fuzzy edge set be as
u: SXS — [0, 1] such that

1

u(v,v,) = 3
1

(v vs) = 5 (10)
1

u(vsm) = Y

However,
! 1 1 1
3° (v, vy) <a(vy) Ao(v,) =3 A 3=
! 1 1 1
g=#m)sam)ho(v)=-A =0 (11)
! 1 1 1
;= k) <o(m)Ao(v) =3 As=0

Then, we have y(vi,vj) <o(v;)Ao(v;) for all v, v eV,
and hence the graph G = (V, 0,p) is a fuzzy graph and its
graph is as shown in Figure 1.

Now, let us construct the 2-quasitotal fuzzy graph of the
fuzzy graph in Example 1 as follows.

That is, Q,T'; (O'QZTf, szTf) of the fuzzy graph G, where
the node set of Q,T; is VUE, which is the set
{v1>v2, v, v1v5, 53, 3, | Hence, we define the fuzzy subset
6Q2Tf as follows:

9Q,1; (u) =o(u), ifueV,
(12)
9Q1, (e) =p(e), ifeckE.

Thus, we have the following fuzzy subsets o, 1:



1
9Q,1, (n)=0(v)= 3
l
oQ,1, (n)=0(v) ==
1
oqQ,1, (v3) =0(v;) = ¥
(13)
1
0Q,T, (niva) = u(vy,v) = 3
1

0Q,T; (vav3) = (v, v3) = >

1
9,1, (V3V1) = .“(V3> V1) = s

The fuzzy relations pq, - will be as follows:
o, (w,v) =p(uw,v), ifuveV
b1, (u,e) =o(u)Apu(e), ifueV,eecEanduliesontheedgee

=0, otherwise.

(14)
Hence,
1
szTf (Vl’ VZ) = #(Vl’ VZ) = g’
1
ba,r, (v v3) = u(vy,v3) = 5’
1
ba,1, (V3» Vl) = .“(Vs’ Vl) = Y
1
Ha,r; (V1)V1V2) = ‘7( )Aﬂ("ls"z) 3
1
bo,r; (vivsvy) = o (vy) Ap(vs, ) = Y
b1, (v, v3) = 0, (15)
1
Ha,r; (Vo vav3) = 0 (vy) Ap (v, v3) = 5
Ha,r; (VZ’VZVI) = U(VZ)A‘”(VZ’VI) =%
Ha,r; (v v3v1) =0,
1
Ha,r; (Vs v3v1) = o (vs) Au(vs,vy) = Y

b1, (v3,v3vy) = 0 (v3) Ap(vs,v;) =

Ha,r; (Va’ V1V2) =0.

However,
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1 1

37 HQ,r; (vbv)<a(v)Aa(v,) = 3

1 1

5 ba,r, (varv3)<a(vy)Aa(vs) = 7

1 1

1 ba,r, (visvi) <o (vs) Aa(v) = Iy

1 1
37 baur, (visviva) <o () Ap(vy,v,) = 3
1 1
1~ M Tf(V1>V3V1)<U(V1)AP‘(V3’V1) 7 (16)
1 1
5 = Moy, (V2 vav3) <0 (vy) Ap(vy, v3) = >
1 1
3° Ha,t, (vasvavy) <0 (vy) Ap(vyovy) = 3
1 1
i Ha,r, (v3v3v1) <o (v3) Ap(vs, vy) = 7

é = tg,r, (Vs vavy) <0 (vs) Ap(vs, ;) = -

Thus, we conclude that pg T, (v v)) < aQ,r, (v;)
A aQ,T, (v;) for all wv,v;eVUE; thus the graph
QTy (UQsz’ /"Qsz) is a fuzzy graph and is called 2-quasitotal
tuzzy graph of the fuzzy graph G in Example 1.

Now, based on the node sets V' U E, fuzzy subsets o 1,

and fuzzy relations yg, T the 2-quasitotal fuzzy graph of G 1s
as shown in Figure 2.

Example 2. Consider the following graph G = (V, g, ) with
the fuzzy vertex set:

o(vp) =1, 0(v,) =075, o(v3) =1, o(v,) =0.25 and
fuzzy edge set:
/‘(Vlrvz) =05,
v,,v3) = 0.5,
p(vyv3) (17)

p(vs,vy) = 0.25,
w(vy,vy) = 0.25.

Clearly, p(v;,v;)< a(v,»)Aa(vj) for all v, v; €V, the
graph G = (V, g, u) is a fuzzy graph and its graph is as shown
in Figure 3.

Now, the construction of 2-quasitotal fuzzy graph
QT (O'Qsz bar, ) of the graph G in Example 2 will be as
follows.

(i) The node set of oq,r, will be as follows:

VUE ={v},v,, V3, Vy, V15, Vo V3, V3V, V4 V1 (18)

(ii) The fuzzy subset aqr, (G) will be as follows:
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(v3, 1/4)

(vsvy, 1/4) (v,v3, 1/5)

(v, 1/2) (v, 1/2)
(vyvy 1/3)

FIGure 1: Fuzzy graph G.

V1
V3V L o V1V2

VaV3

FIGURE 2: 2-Quasitotal fuzzy graph of G.

(v3v4, 0.25)
(v, 0.25) (v3, 1)
(v4vy,0.25) (v,v3, 0.5)
(v, 1) (v,,0.75)
(v1v,, 0.5)

FIGURE 3: Fuzzy graph.G

oqr, ()=o), ifueV,

oq,r, (e) =p(e), ifecE.

Hence,

oqr, (i) =0(v) =1,
g1, (v2) = 0(v,) = 0.75,
oqr, (vs) =0o(v3) =1,
9Q,1, (v4) = 0 (vy) = 0.25,
0Q,1, (Vl"z) = P‘(Vsz) =0.5,
oqQ,r; (vav3) = 4 (vy,v3) = 0.5,
oq,r, (Vsvs) = (V3 vy) = 025,
0Q,1, (vav1) = u(vgvy) = 0.25.

(19)

(20)

5
(iif) The fuzzy relation pg - will be as follows:
Ha,r, (u,v) =u(u,v), ifu,veV,
Ha,r, (u,e) =0(u)Au(e), ifuliesontheedgeofe,
=0, Otherwise.
(21)
Hence,
b1, (v, v2) = u(vy,v,) = 0.5,
bo,r, (v2,v3) = u(v,,v3) = 0.5,
Ha,r, (V3 vs) = p(v3,vy) = 0.25,
pq,r, (Ve vi) = p(vevy) = 0.25,
ba,r, (vi,vvy) =0 (v)) Ap(vy,v,) =1A0.5=0.5,
Hao,T; (vi>vav3) =0,
Hao,r, (Vi v3vy) =0,
tao,r, (vi,vavy) =0 (v)) Ap(vgvy) = 1A0.25 = 0.25,
ba,r, (V2> vyv3) = 0 (v,) Ap(vy,v3) = 0.75A0.5 = 0.5,
Hao,T; (V> v3v4) = 0,
to,r, (Vasvavy) =0,
tor, (V2 v1v2) = 0 (v) Ap(v1,v,) = 0.75A0.5 = 0.5,
b1, (vssv3vy) = 0 (v3) Ap(vs,vy) = 1A0.25=0.25,
to,r, (V3 vavy) = 0,
Hao,T; (v v17,) =0,
P‘QZT,(Vs’Vz%) =0(vs) Ap(vyvy) =1A05=0.5,
b1, (v vavy) = 0 (vy) Ap(vgvy) = 0.25 A 0.25 = 0.25,
to,r, (Vs viv2) =0,
Ha,r, (v v,v3) = 0,
o, (v, vavy) = 0 (vy) Au(vs,vy) = 0.25 A 0.25 = 0.25.
(22)

Clearly, Ho,r v vj) <oqr, (v;) AO'QZTf (vj) for all
vi,v; € VUE and hence the graph Q,T'; (8Q2Tf,yQ2Tj) is a

fuzzy graph and it is a 2-quasitotal fuzzy graph of a graph in
the above Example 2, and its graph is as shown in Figure 4.

4. Properties of 2-Quasitotal Fuzzy Graph

Theorem 1. Let G = (V,0,u) be a fuzzy graph. Then,
Order(Q,T;(G)) = Order (G) + Size (G). (23)
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FIGURE 4: 2-Quasitotal fuzzy graph of G.

Proof. From the definition of 2-quasitotal fuzzy graph, we

have the node set of Q,T ¢ (G) as VUE and the fuzzy subset

oqr, (u) =0 (u), ifu € V and o1, (e) =ule), ife € E.
Now,

Order(Q,T( (@) = Y o, (), (24)

ueVUE

(by the definition of the order of G).
= Z oq,r, () + Z aq,r, () = Z o(u)
uek

uev ueVv
+ z o(u), by definition of aQ,T, (u),
uekE
= Order (G) + Size (G),
Order(Qsz (G)) = Order (G) + Size (G).
(25)
O

Note 1. For any fuzzy graph, G = (V, 0, ),

(1) Order (T (G)) = Order (G) + Size (G), where T (G) is
the total fuzzy graph of G.

(2) Order (Qle (G)) = Order (G) + Size (G), where
QT4 (G) is 1-quasitotal fuzzy graph of G:
Order(Q,T;(G)) = Order (G) + Size (G). (26)

(3) Order (T (G)) = Order (Qle (G)) = Order
(Q,T;(G)) = Order (G) + Size(G).

Theorem 2. Let G = (V,0,u) be a fuzzy graph, then
Size(Q,T(G)) =Size(G) + ) (0 Au(e). (p7

ueV,eeE

Proof. By the definition of the size of a fuzzy graph, we have
the following:
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Size(Q,T/(G) = ) po,r, (wv)

u,veVUE

Y Hor, v+ Y g, (ue)

u,veV ueV,ecE

+ D #erf(ei’ej)

e,-,ejEE

= Z HQZTI(M)V)"' Z [thsz(u,e)+O.

u,veV ueV,ecE

(28)

(The third summation is zero since there is no fuzzy
relation between e;, ¢; € E in 2-quasitotal fuzzy graph)

Z u(u,v) + Z .”Qsz(“’e)’

u,veV ueV,eeE

Z(u’ V) + Z/’l(ur e)’ (29)
= Size (G) + Y (o (1) A (e)),

Size(Q,T;(G)) = Size (G) + Y (o (1) A (e)).

Note 2. For any fuzzy graph G = (V, 0, ),

(1) Size(T (G)) = 3 Size(G) + Zei,ejeE‘u(ei) Ap (ej),
where T'(G) is total fuzzy graph of G

(2) Size(Q,T;(G)) = Size(G) + Zei,ejeE‘u(ei) Aule)),
where QT is 1-quasitotal fuzzy graph of G

(3) Size(Q,T'4(G)) = Size(G) + Y o(u)Aule),
Q,T is 2-quasitotal fuzzy graph of G

where

Theorem 3. Let G = (V,0,u) be a fuzzy graph; then,
d(QT W) =dsw+ Y (o Apu(e), ifueV,

ueV,ecE

= Y (u(e)Aow), ife €k

CicEuev

(30)

Proof. By the definition of the degree of a vertex of a fuzzy
graph, we have the following two cases to prove the
theorem. O

Case 1. Let u € V. Then,
d(Qsz(G) (u)) = Z ‘uQZTf(G) (4, v) + Z ‘quTf(G) (u.e),

u,veV ueV,eeE

(31)
(where u lies on the edge of e in the second summation)

= Z uu,v) + Z u(u,e),

u,vevV ueV,ecE

=ds(w+ )Y (oc(w)Aule), (32)

ueV,ecE

d(QT ;W) =dsw+ Y (o(u)Apule)).

ueV,ecE
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Case 2. Let e; € E; then,

d(QZTf(G) (ei)) = Z HQsz(m (ei’u) + Z HQsz(G)(ei’ef)
ueV ejeE

= Zy(ei,u) +0.

ueVv
(33)

(The second summation is zero since there is no fuzzy
relation between e;, ¢; € E in 2-quasitotal fuzzy graph)

=Y ulepu) =Y (u(e) Ao(w),

ueV ueV (34)
A(QT s (e) = ). (u(e;) Ao(w).
ueVv

Note 3. For any fuzzy graph G = (V, 0, ),

(1) d(Tg; (w)) =2dg (u), ifu € V, where T (u) is the
total fuzzy graph of G = busyvalueofe;inT (G),
ifuekE

(2) d(Qle(G) (1)) = dg (u), if u € V = bussy value of ¢,
inQ,T () if u € E , and where Q,T (g is 1-qua-
sitotal fuzzy graph of G

(3) d(QyT s (w) =dg (1) + Yyev e (0 (W) Ap(e)), if ue
V=Yuev (u(e)Ao(u)) ana if ¢ €E and Q,T is
2-quasitotal fuzzy graph of G

Theorem 4. 2-quasitotal fuzzy graph of any connected fuzzy
graph is a connected graph.

Proof. Let G = (V,0,u) be a fuzzy graph.

The fuzzy vertex set of Q,T f (G) consists of VUE of G.
The fuzzy relation bor,G) 1 defined only for
tq,r, (U, v), whereu,v € V- and szTf(u, e), whereu € 'V,
e € E and u lies on the edge of E.

Since G is connected and every edge of G is also con-
sidered as a node for Q,T 1(G), there is at least one path that
connects every vertex u and v in Q,T ¥ (G) and
P‘(OQOZT (u,v) #0.

ence, Q,T f (G) is a connected fuzzy graph. O

5. 2-Quasitotal Fuzzy Coloring

In this section, we introduce the concept of 2-quasitotal
fuzzy total coloring and discuss some of its properties.

Definition 14. A family T = {y,,y,,...,y:}, ofafuzzyseton
V UE is called a 2-quasi k-fuzzy total coloring of fuzzy graph
G = (V,0,p), if the following three conditions are met.

(i) Max{y; (v)} = o(v)forallv € V and Max{y, (u,v)} =
u(u,v), foralledges (u,v) € Ey; Ay; =0

(ii) For every adjacent vertex wu,v of Qsz(G),
Min{y; (u),y; W)} = 0.

The least number of colors possible is called 2-quasitotal
fuzzy chromatic number of Q,T #(G) and it is denoted by

ng (G).

Example 3. Consider a fuzzy graph G = (V, 0, 4) as shown
in Figure 5.

From the graph, we have the vertex set
V = {v1,v5,v3, v V5, 6} and edge set E = {v,v,, v, V3, V3V,
V4Vs, VsVe, VeVi 1, Whose membership functions can be
expressed as follows from the graph:

[ 0.2, fori=1,

0.7, fori=2,

0.5, fori=3,

o) =] 0.4, fori=4,
0.6, fori=>5,

| 0.3, fori=6,

. (35)
0.2, for (i, j) =(1,2),

0.5, for (i, j) = (2,3),
0.1, for (i, j) =(3,4),
0.4, for (i, j) = (4,5),
0.3, for (4, j) = (5,6),
| 0.1, for (i, j) = (6,1).

I
A

u(vv;)

The family of fuzzy sets T = {y,,y,} on V UE will be as
follows:

0.2, fori=1,

0.5, fori=3,

ri() = 0.6, fori=5,
0,  Otherwise,

(0.7, fori=2

0.4, fori=4

va() = 0.3, fori=6

L O, Otherwise,
(0.2, for (i, j) =(1,2),
0.1, for (i, j) = (3,4),
0.3, for (i, j) = (5,6),
L 0, Otherwise,
(0.5, for (i, j) = (2,3),
0.4, for (i, j) = (4,5),
0.1, for (i, j) = (6,1),
L 0, Otherwise.

(36)

va(vvs) =1
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v, 0.2 TaBLe 1: Example of the total coloring of a fuzzy graph
VeV, 0.1 ViV, = V.o, p).
vande y;, y, Max. 7y, Ay, Min.
Vg 0.3 v, 0.7
v 02 0 0.2 0 Mln{y,(vl) yi(»)}=0
e 05 v, 0 07 07 0 Min{y; (v,),y; (v3)} =0
Vsve 0.3 2’ vy 05 0 0.5 0 Min{y; (v3),y; (v))} = 0
vy 0 04 04 0 Min{y; (v,),y; (v5)} = 0
V5, 0.6 3,05 Vg 06 0 0.6 0 Min{y; (vs),y; (vg)} = 0
Ve 0 03 03 0 Min{y; (v),y; (v))} = 0
V3vy, 0.1 ViV, 0.2 0 0.2 0
Vavs 0.4 Do Vs 0 05 05 0
v Vv, 01 0 0.1 0
FiGure 5: Fuzzy graph of G. V4Vs 0 04 04 0
VeV 03 0 03 0
VeV 0 01 o0l 0
To justify that the family of fuzzy sets T’ = {y;,y,} defined
as above satisfies the definition of the total coloring of the (0.2, for (i, j) = (1,2),
fuzzy graph and determines its total chromatic number, o
XT (G), we use Table 1 to check for the three conditions of the 0.5, for (i, j) = (2,3),
total coloring of a fuzzy graph. 0.1, for (i, j) = (3,4),
From Table 1, we observe that the family of the fuzzy set to,r f(Vi, Vj) Y04 for(ii)=(45
= {y1,y,} satisfies the deﬁmtlon of the total coloring of a 4 for (i, j) = (4,.5),
fuzzy graph G. Hence, xr (G) 0.3, for (i, j) = (5,6),
When we come to our pomt of concern, we need to ..
. . . 0.1, for (i, j) = (6,1),
determine the chromatic number of 2-quasitotal fuzzy graph : -
of the fuzzy graph in Example 3. 0.2, for (i,ij) = (1,12),
Now, to construct a 2-quasitotal fuzzy graph 0.1, for (i,ij) = (1,61),
Qq,r, (G) = (VUE,0q,1 - tiq,r,)>  where. VUE = {vi, v o
v3,i/4,v5,v6,v vz,v2v3,12/3{/4,v:v5,v5v6,v6v1} The fuzzy sub- 0.5, for (i,ij) = (2,23), (38)
set of Qsz (G) will be as follows: 0.2, for (i,ij) = (2,12),
02, fori=1, 0.1, for (i,ij) = (3,34),
0.7, fori=2, o ) 0.5, for (i,ij) = (3,23),
Vi ViV
by | 05 fori=3 Har e YYi) = 04 for (i) = (4,45),
0] T V:) = < .
A 0.4, fori=4, 0.4, for (i,ij) = (4,34),
0.6, fori=5, 0.3, for (i,ij) = (5,56),
[ 0.3, fori=6, (37) 0.4, for (i,ij) = (5,45),
(0.2, for (i, j) = (1,2), 0.1, for (i,ij) = (6,61),
0.5, for (i, j) = (2,3), [ 0.3, for (i, ij) = (6,56).
oo, (v V. ) - 0.1, for (i, /) = (3,4), Hence, the 2-quasitotal fuzzy graph
S J 0.4, for (i, j) = (4,5), QQ2 (G) = (VUE, 9q,1p o, ) of the fuzzy graph G in
. Example 3 is as shown in Flgure 6.
0.3, f 5 = 5)6 >
or (i ) = (5.6) Let T = {y,,y,} be a family of fuzzy subset defined on
| 0.1, for (4, j) = (6,1). V UE as follows:

The fuzzy relation will be as follows: (i) For the vertex set:
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TaBLE 2: Example of 2-quasitotal coloring of a fuzzy graph

= (Vo)
vande y, y, Max. y; Ay, Min.
v 02 0 02 0 Min{y; (v;),y; (1)} =0
vy 0 07 07 0 Min{y; (v,),y; (v3)} =0
V3 05 0 05 0 Min{y; (v3),y; (v,)} =0
vy 0 04 04 0 Min{y; (v4) y;(v5)} =0
Vg 06 0 0.6 0 Min{y; (vs),y; (vg)} = 0
Ve 0.3 0.3 0 Min{y; (ve),y; (v))} =0
", 02 0 02 0 Min{y; (v;v,),y;(v,v3)} =0
VyV3 0 05 05 0 Min{y; (v,v3),y; (v3v4)} =0
ViV, 01 0 01 0 Mln{y, (v3v4),y; (v4v5)} = 0
) VyVs 0 04 04 0 Min{y; (v,vs), y; (vsv6)} = 0
FiGgure 6: Total fuzzy graph of fuzzy graph G. VeV, 03 0 03 0 Minly, (VsVs) yi(vev)} = 0
VeV, 0 01 o0l 0 Min{y; (vgv)),y;(mvp)} =0
02 foriel (v,v,) 02 0 02 0
’ ’ (vy,v3) 0 05 05 0
( ) 0.5, fori=3, (vs, 1) 01 0 0.1 0
Y1\Vi) = . (v, v3) 0 04 04 0
0.6, fori=5, (vsve) 03 0 03 0
0, Otherwise, (ve>v1) 0 01 0.1 0
) o (vi,vivy) 02 0 02 0
0.2, forij=12, (vi,vgv,)) 0 01 01 0
0.1, forij =34, (v),vyv3) 05 0 05 0
n(viv;) =1 ” (vpovv,) 0 02 02 0
0.3, forij =56, (v, v3v,) 04 0 04 0
0, Otherwise, (v 1v3) 0 05 05 0
} (39) (vivgvs) 04 0 04 0
0.7, fori=2, (vvsv,) O 04 04 0
0.4, fori=4, (vs,v5v6) 03 0 03 0
Y, (Vz‘) = 4 . (vs,vqvs) 0 04 04 0
0.3, fori=6, (ve»vvy) 01 0 0.1 0
0, Otherwise, (ve»vsv6) 0 03 0.3 0
0.5, for (i, j) =(2,3),
0.4, for (i, j) = (4,5),
2071 01 for (i, ]) = (6,1)
.1, 5 J > 1), (0.5, for (i, j) =(2,3),
L 0, Otherwise. 0.4, for (i, j) = (4,5),
200 =101 for (i, ) = (6, 1),
(ii) For the edge set:
[ 0,  Otherwise,
(0.2, for (i, j) = (1,2), (0.1, for (i,ij) = (1,61),
0.1, fOI‘ (i, j) — (3) 4), 0.2, fOl‘ (i, ij) = (2, 12), (40)
Vi Vi) =1 i
M) = 03, o = 5.6, 15 r i) -0
v v:v.) =4 04, for (i,ij) = (4, 34),
L 0, Otherwise, Y2 ( v ) ) J
0t 5 0.4, for (i,ij) = (5,45),
.2, ,17) = (1,12), .
or (i,ij) = (1,12) 0.3, for (i,ij) = (6,56),
0.5, for (i,ij) = (2,23), L 0, otherwise.
0.1, for (i,ij) = (3,34),
. Using Table 2 below, we can check whether I' satisfies the
v, v;v:) =1 0.4, for (4,if) = (4,45), & >
& ( ‘V]) (' ] )= (4.45) definition of 2-quasitotal fuzzy coloring of G.
0.3, for (i,ij) = (5,56), As shown in Table 1, T = {y,,y,} satisfies the definition
0.1, for (i,ij) = (6,61), of 2-quasitotal fuzzy colormg of a fuzzy graph G.
Therefore, XQ r(G) =
| 0,  otherwise,
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Note 4. Unfortunately, XélT (G) = XéZT(G) = 2 for this ex-
ample and no evidence that it is always true in this
manuscript.

6. Conclusion

This article has introduced the new concept of 2-quasitotal
tuzzy graph for a given fuzzy graph. The concept is clearly
explained with the particle examples by giving a fuzzy graph
and its 2-quasitotal fuzzy graph. Some properties of the 2-
quasitotal fuzzy graphs have been proposed and proved.
Further, the theorems and results obtained for 2-quasitotal
fuzzy graphs are compared with the existing properties of
total fuzzy graphs and 1-quasitotal fuzzy graphs. Lastly, it
has been defined 2-quasitotal coloring for a fuzzy graph and
its total coloring is exemplified.
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